Spectral shift function of the Schrödinger operator in the large coupling constant limit

A. B. Pushnitski

Abstract

We consider the spectral shift function ξ(λ; H_0 − αV, H_0), where H_0 is a Schrödinger operator with a variable Riemannian metric and an electro-magnetic field and V is a perturbation by a multiplication operator. We prove the Weyl type asymptotic formula for ξ(λ; H_0 − αV ; H_0) in the large coupling constant limit α → ∞. 0 Introduction

0.1 Let H_0 = −△ in L_2(R^d), d ≥ 1 and let V = V (x), x ∈ R^d, be a perturbation potential which decays rapidly enough as |x| → ∞. For a coupling constant α > 0 and a spectral parameter λ < 0 denote N(λ, α) = #{n ∈ N | λ_n(H_0 − αV ) < λ}, (0.1) where λ_n(H_0 − αV ) are the eigenvalues of H_0 − αV , numbered with the multiplicities taken into account. Under certain restrictions on V (which are different for d = 1, d = 2 and d ≥ 3), the following Weyl type asymptotic formula is valid (see, e.g., [24, 4] and references therein): lim_{α→∞} α^{−d/2}N(λ, α) = (2π)^{−d}ω_d ∫ V^{d/2}_+ (x)dx, λ < 0, (0.2)

where ω_d is the volume of a unit ball in R^d and V_+(x) = max{0, V (x)}.

Next, let H_0 be a Schrödinger operator of a more general type:

H_0 = (−i∇ − A(x))^2 + U(x), (0.3)

where A is a magnetic vector potential and U is an electric potential, which satisfy some regularity conditions. Then N(λ, α) again obeys (0.2) for λ < inf σ(H_0). This fact is well known and has been proved in many particular cases; to the author’s knowledge, the most general situation was considered in [3] and [7] (see also the review [4] and references therein). The spectrum σ(H_0) of the operator (0.3) may have gaps (apart from the semiinfinite gap (−∞, inf σ(H_0))). One can study the behaviour of the discrete spectrum of

H_0 − αV in these gaps for α → ∞. Let us discuss two generalizations of (0.2) known in this situation.

0.2 Let V ≥ 0; for α > 0 put^1

N_±(λ; H_0, √ V ; α) := #{t ∈ (0, α) | λ_n(H_0 ∓ tV ) = λ}, λ ∈ R \ σ(H_0). (0.4)

In other words, N_±(λ; H_0, √ V ; α) is the number of eigenvalues (counting multiplicities) of H_0 ∓ tV , which pass the point λ as t grows monotonically from 0 to α. Since V ≥ 0, it follows that the eigenvalues of H_0 ∓ αV are monotone functions of α. It is clear that

N(λ, α) = N_+(λ; H_0, √ V ; α), λ < inf σ(H_0). (0.5)

For the function N_+, a relation similar to (0.2) is valid in the gaps of σ(H_0) — see [12, 13, 1, 3, 7, 4] and references therein:

lim_{α→∞} α^{−d/2}N_+(λ; H_0, √ V ; α) = (2π)^{−d}ω_d ∫ V^{d/2}(x)dx, λ ∈ R \ σ(H_0). (0.6)

Allowing some naive speculation, one can consider (0.6) as an expression of some intuitively attractive “preservation law” for the eigenvalues of H_0 − αV : as α grows, the eigenvalues which “disappear” at the left edge of a gap, eventually reappear at the right edge of the next gap (located to the left from the first one). Thus, we deal with a “flow of eigenvalues” leftwards, which sometimes “disappears under the spectrum”.

0.3 Now suppose that the potential V is not necessarily of a definite sign: V = V_+−V_−, V_± ≥ 0. For α > 0 put^2 N(λ; H_0, √ V_+, √ V_−; α) := #{t ∈ (0, α) | λ_n(H_0 − tV ) = λ, d ds λ_n(H_0 − sV ) |_{s=t}< 0} −#{t ∈ (0, α) | λ_n(H_0 − tV ) = λ, d ds λ_n(H_0 − sV ) |_{s=t}> 0}, λ ∈ R \ σ(H_0). (0.7)

In other words, N(λ; H_0, √ V_+, √ V_−; α) is a difference of the numbers of eigenvalues (counting multiplicities) of H_0 − tV which cross λ leftwards and rightwards^3 as t grows from 0 to α. Obviously, for the perturbations of a definite sign, the counting function (0.7) coincides with ±N_±: N(λ; H_0, √ V_+, 0; α) = N_+(λ; H_0, √ V_+; α), λ ∈ R \ σ(H_0), (0.8) N(λ; H_0, 0, √ V_−; α) = −N_−(λ; H_0, √ V_−; α), λ ∈ R \ σ(H_0), and for λ < inf σ(H_0) — with N(λ, α) of (0.1): N(λ; H_0, √ V_+, √ V_−; α) = N(λ, α), λ < inf σ(H_0). (0.9)

1We write √ V in (0.4) in order to make our notation coherent with that of [3, 27].

2Definition (0.7) is correct due to the analyticity of λ_n(H_0 − αV ) in α — see [27] for the details. 3The eigenvalues which “turn” at the point λ, do not enter the expression (0.7) — see [27, 28].

Note also that the function (0.7) admits the representation (see [27]) N(λ; H_0, √ V_+, √ V_−; α) = N_+(λ; H_0 + αV_−, √ V_+; α) − N_−(λ; H_0, √ V_−; α). (0.10)

For the function (0.7), the following generalization of (0.2), (0.6) is valid (see [27]): lim_{α→∞} α^{−d/2}N(λ; H_0, √ V_+, √ V_−; α) = (2π)^{−d}ω_d ∫ V^{d/2}_+ (x)dx, λ ∈ R \ σ(H_0). (0.11)

In this connection, see also [1, 28] and references therein.

0.4 The aim of this paper is to present a certain analogue of (0.2), (0.6), (0.11) for λ lying on the spectrum of H_0. In this case the generalization of the counting functions (0.1), (0.4), (0.7) is given by the I. M. Lifshits–M. G. Krein spectral shift function (SSF). Let, as above, H_0 be the Schrödinger operator (0.3) and V = V (x) be a potential which decays sufficiently fast as |x| → ∞. We prove the following asymptotic formula for the SSF: lim_{α→∞} α^{−d/2}ξ(λ; H_0 − αV, H_0) = −(2π)^{−d}ω_d ∫ V^{d/2}_+ (x)dx, λ ∈ R (0.12)

(the precise statements are given in §1.4). Note that

ξ(λ; H_0 − αV, H_0) = −N(λ; H_0, √ V_+, √ V_−; α), λ ∈ R \ σ(H_0) (0.13)

(see Remark 6.4) and thus, by (0.8), (0.9),

ξ(λ; H_0 − αV, H_0) = −N_+(λ; H_0, √ V ; α), V ≥ 0, λ ∈ R \ σ(H_0); ξ(λ; H_0 − αV, H_0) = −N(λ, α), λ < inf σ(H_0). (0.14)

We see that (0.12) can be considered as a natural generalization of (0.2), (0.6), (0.11). Note, however, that the fact of existence of the SSF imposes strong restrictions on the rate of decay of V at infinity. For this reason, (0.12) makes sense for a poorer class of V ’s, than (0.2), (0.6), (0.11).

Formula (0.12) adds a new feature to our naive picture of the “flow of eigenvalues” of H_0 − αV leftwards as α → ∞. It shows that this “flow” can be noticed and controlled not only in the gaps, but also on the spectrum of H_0, where it obeys the same asymptotic “preservation law”.

The relation (0.12) means that the family of functions in the l.h.s., which depend on the parameter α, converges to a constant function in the r.h.s. as α → ∞. The type of convergence has to be specified. In fact, we prove two main results. Theorem 1.5 gives convergence in (0.12) for almost every λ ∈ R (see Remark 1.6). Theorem 1.7 gives convergence in the weighted space L_1(R; dμ(λ)) with some power type weight dμ(λ).

The hypothesis of Theorem 1.5 includes the requirement V ≤ 0. On the other hand, Theorem 1.7 is valid only for d ≥ 3. Thus, neither of these theorems is exhaustive, but together they provide a fairly complete picture. As a by-product of the proof of Theorems 1.5, 1.7, we obtain some information on the asymptotic behaviour of ξ(λ; H_0 + αV, H_0) as α → ∞ (for V ≥ 0) — see Theorem 1.8.

0.5 The proof of Theorems 1.5 and 1.7 is based on some new integral representation for the SSF, which was found in [21]. Namely, let a nonnegative operator V be factorized as V = G^∗G. The above mentioned representation for the SSF reads (see Propositions 3.3, 3.4 below):

ξ(λ; H_0 ± αV, H_0) = ±N_∓(λ; H_0, G; α). (0.15)

Here N_±(λ; H_0, G; α) (see (3.7)) is an integral of a counting function of eigenvalues of a family of compact operators, related to G and the resolvent of H_0. The functions N_± coincide with N_± for λ ∈ R \ σ(H_0). The relation (0.15) is of an abstract nature. To a certain extent, it can be considered as a Birman–Schwinger principle on the continuous spectrum.

The proof of Theorem 1.5 results from a straightforward analysis of the functions N_+(λ; H_0, √ V ; α) as α → ∞. The proof of Theorem 1.7 is based on the integral estimates on N_±, which were obtained in [22]. These proofs are independent of each other.

0.6 The paper is organized as follows. In §1 we give some necessary definitions and present the main results. We consider Schrödinger operators H_0 of a more general type than (0.3); namely, we allow for a variable metric of the space (see §1.3). The asymptotic formula (0.2) in this case has to be “corrected”: the metric enters the r.h.s. The proof of this formula is given in §2. In §3 we discuss the representation (0.15) and formulate some necessary results of [21, 22]. In §4, we prove some auxiliary estimates on the Schrödinger operator and discuss the existence of the SSF. Theorem 1.5 is proved in §5, and Theorem 1.7 — in §6.

0.7 Acknowledgments. The author is deeply grateful to M. Sh. Birman for suggesting the problem and for his constant attention to the work. The author is grateful to A. Laptev and G. Rozenblioum for useful discussions. Finally, the author expresses his gratitude to the Department of Mathematics of the Royal Institute of Technology, Stockholm, for the hospitality and to the ISF foundation for the financial support.

1 Main results

1.1 Notation

1) The standard inner product in C^d is denoted by ⟨·, ·⟩; 1 is a unit d × d-matrix. Integral without the domain of integration explicitly specified implies integration over R^d. By meas δ we denote the Lebesgue measure of a Borel set δ ⊂ R. We denote ω_d = volume{x ∈ R^d | |x| ≤ 1}. Formulas and statements with double indices (± and ∓) should be read as pairs of statements, in one of which all the indices take upper values and in another — the lower ones. A constant which appears in formula (i.j) is denoted by C_{i.j}. 2) Functions. The spaces L_p(R^d) and L_{p, loc}(R^d) are defined in a usual way. The space l_τ (Z^d; L_σ(Q^d)), τ > 0, σ ≥ 1, consists of the functions u ∈ L_{σ,loc}(R^d) such that the following functional is finite: ‖u‖^τ_{lτ (Lσ)} := ∑ j∈Z^d (∫ Q^d+j |u|^σdx )τ/σ , Q^d = (0, 1)^d ⊂ R^d.

For a real-valued function F we put F_± := (|F | ± F )/2. For an open set Ω ⊂ R^d, H^1(Ω) is a Sobolev space and H^1_0 (Ω) is the closure of C^∞_0 (Ω) in H^1(Ω).

3) Operators. Below H, H_1, H_2 are separable Hilbert spaces. For a linear operator A, the notations Dom A, Ran A, Ker A, A^∗, σ(A), ρ(A) are standard; A is the closure of A, I is the identity operator. For a selfadjoint operator A the symbol E_A(δ) denotes the spectral measure of a Borel set δ ⊂ R; A_± := (|A| ± A)/2. Resolvent of a selfadjoint operator H_0 is denoted by R_0(z) = (H_0 − zI)^{−1}. By B(H_1, H_2) and S_∞(H_1, H_2) we denote respectively the spaces of bounded and compact operators acting from H_1 into H_2; B(H) := B(H, H), S_∞(H) := S_∞(H, H). For T = T^∗ ∈ S_∞(H) and s > 0 we denote n_±(s, T ) := rank E_{T±} ((s, +∞)), and for T ∈ S_∞(H_1, H_2) put n(s, T ) := n_+(s^2, T^∗T ).

4) Classes of compact operators. For 0 < p < ∞ the Neumann-Schatten class S_p(H_1, H_2) ⊂ S_∞(H_1, H_2) is a set of operators V such that the following functional is finite: ‖T ‖_{Sp} := ( p ∫ ∞ 0 s^{p−1}n(s, T )ds )1/p . The functional ‖ · ‖_{Sp} is a norm for p ≥ 1 and a quasinorm for p < 1. For 0 < p < ∞ the class Σ_p(H_1, H_2) ⊂ S_∞(H_1, H_2) is a set of all compact operators T such that the following functional is finite:

‖T ‖_{Σp} := ( sup_{s>0} s^pn(s, T ) )1/p . The functional ‖ · ‖_{Σp} is a quasinorm. The classes Σ_p(H_1, H_2) are not separable (if dim H_1 = dim H_2 = ∞); a separable subspace Σ^0_p ⊂ Σ_p is defined by

Σ^0_p := {T ∈ Σ_p | lim_{s→+0} s^pn(s, T ) = 0}.

Note that S_p ⊂ Σ^0_p. For T = T^∗ ∈ S_∞ the following functionals are introduced:

Δ^{(±)}_p (T ) := lim sup_{s→∞} s^pn_±(s, T ), (1.1)

δ^{(±)}_p (T ) := lim inf_{s→∞} s^pn_±(s, T ), (1.2)

so that 0 ≤ δ^{(±)}_p (T ) ≤ Δ^{(±)}_p (T ) ≤ ∞. The functionals Δ^{(±)}_p , δ^{(±)}_p are continuous in Σ_p and do not change if their argument changes by an operator of the class Σ^0_p (the last statement is essentially due to H. Weyl).

1.2 Spectral shift function Let H_0 and H be selfadjoint operators in a Hilbert space H and let their difference, V , be a trace class operator:

V := H − H_0 ∈ S_1(H). (1.3)

Then the following Lifshits—Krein trace formula [17, 15] holds:

Tr (ϕ(H) − ϕ(H_0)) = ∫ ∞ −∞ ξ(λ; H, H_0)ϕ^′(λ)dλ. (1.4) Here ϕ is any function of some functional class and ξ(λ; H, H_0) is the SSF for the pair H_0, H, which is given by the Krein formula [15]

ξ(λ; H, H_0) = 1 π lim_{ε→+0} arg det(I + V R_0(λ + iε)), a. e. λ ∈ R. (1.5)

The branch of the argument in (1.5) is fixed by the condition arg det(I + V R_0(z)) → 0, Im z → +∞. For an exposition of the SSF theory, see [10, 35]. The SSF is monotonic in V [15]: ±V ≥ 0 ⇒ ±ξ(λ; H, H_0) ≥ 0. (1.6) If H_0 is semibounded from below, by choosing an appropriate ϕ in (1.4) one finds that ξ(λ; H, H_0) = −rank E_H ((−∞, λ)), λ < inf σ(H_0), (1.7) which coincides with (0.14). If the operators H_0, H_1, H_2 in H are such that H_2 − H_1 and H_1 − H_0 are trace class operators, then, clearly, ξ(λ; H_2, H_0) = ξ(λ; H_2, H_1) + ξ(λ; H_1, H_0). (1.8) In applications, instead of (1.3), it is usually possible to check the inclusion f(H) − f(H_0) ∈ S_1(H). (1.9) Here f : (a, b) → R is some smooth enough, monotone function and (a, b) ⊆ R is an interval which contains σ(H) ∪ σ(H_0). Then, the SSF for the pair H_0, H is defined by a natural formula ξ(λ; H, H_0) := sign f^′ · ξ(f(λ); f(H), f(H_0)). (1.10) In this case the trace formula (1.4) is, of course, still valid (only the class of admissible functions ϕ may have to be changed). Thus, (1.7) is also valid. The relation (1.6) in this case has been proved in [14] (see also [35, §8.10]) for f(λ) = (λ − λ_0)^{−m} with any m > 0 and λ_0 < inf(σ(H) ∪ σ(H_0)). Finally, note that if the operators H_0, H_1, H_2 in H are such that f(H_2) − f(H_1) and f(H_1) − f(H_0) are trace class operators, then (1.8) is still valid.

1.3 Schrödinger operator In R^d, d ≥ 1, we fix a real d × d–matrix valued function g = g(x) such that g_−1 ≤ g(x) ≤ g_+1, 0 < g_− ≤ g_+ < ∞, (1.11) a magnetic real vector potential A = A(x), A ∈ L_{2,loc}(R^d), (1.12) and a scalar electric potential U = U(x), U ∈ L_{1,loc}(R^d), U ≥ 0. (1.13) Define a quadratic form h^{(0)}_{g,A,U} [u, u] = d∑ k,j=1 ∫ g_{kj}(x) ( −i ∂u ∂x_k − A_ku ) ( −i ∂u ∂x_j − A_ju ) dx + ∫ U|u|^2dx (1.14) on the domain d[h^{(0)}_{g,A,U} ] = C^∞_0 (R^d).

Proposition 1.1 Under the conditions (1.11)–(1.13) the form h^{(0)}_{g,A,U} is closable and its closure h_{g,A,U} has the domain

d[h_{g,A,U} ] = {u ∈ L_2(R^d) | i∇u + Au ∈ L_2(R^d), U^{1/2}u ∈ L_2(R^2)}. (1.15)

Proposition 1.1 follows from the two-sided estimate g_−h^{(0)}_{1,A,U} [u, u] ≤ h^{(0)}_{g,A,U} [u, u] ≤ g_+h^{(0)}_{1,A,U} [u, u] (1.16) and the fact that h^{(0)}_{1,A,U} is closable and the domain of its closure is given by the expression in the right hand side of (1.15) — see [29]. Denote by H_0 = H_0(g, A, U) the selfadjoint operator corresponding to the form h_{g,A,U} . By (1.16), g_−H_0(1, A, U) ≤ H_0(g, A, U). (1.17) The relation (1.17), in particular, implies

Proposition 1.2 Let V be a multiplication by the function V = V (x) ≥ 0, x ∈ R^d. If V is (−△)–form compact, then V is H_0(g, A, U)–form compact.

Proof By (1.17), the problem is reduced to that of a flat metric g ≡ 1, in which case one just has to follow the reasoning of Theorems 2.5, 2.6 of [2]. 2

Let V be a multiplication by the function V = V (x), x ∈ R^d, such that |V | is (−△)– form compact. Define the operators

H_+(α) = H_0 + αV_−, H_−(α) = H_0 − αV_+, H(α) = H_0 − αV, α > 0 (1.18) as the form sums. This definition is correct by Proposition 1.2. Put N(λ, α) := rank E_{H(α)}((−∞, λ)), λ < inf σ(H_0), α > 0. (1.19) Proposition 1.3 Let the conditions (1.11) hold true and |A| ∈ L_{d,loc}(R^d) for d ≥ 3; |A|^2 log(1 + |A|) ∈ L_{1,loc}(R^2) for d = 2; A ≡ 0 for d = 1; (1.20) U ∈ L_{d/2,loc}(R^d), U ≥ 0 for d ≥ 3; U log(1 + U) ∈ L_{1,loc}(R^2), U ≥ 0 for d = 2; U ∈ L_{1,loc}(R), U ≥ 0 for d = 1; (1.21) V ∈ L_{d/2}(R^d) for d ≥ 3; V ∈ l_1(Z^2; L_σ(Q^2)), σ > 1 for d = 2; V ∈ l_{1/2}(Z^1; L_1(Q^1)) for d = 1. (1.22)

Then, for every λ < 0:

lim_{α→∞} α^{−d/2}N(λ, α) = C_{1.23}, (1.23)

where C_{1.23} := (2π)^{−d}ω_d ∫ V^{d/2}_+ (x)(det g(x))^{−1/2}dx.

The proof of Proposition 1.3 and references to the literature are given in §2. Note that the condition A ≡ 0 for d = 1 is motivated by the fact that in the one-dimensional case the magnetic field can be always gauged away.

The assumptions of Proposition 1.3 on the negative part of V may be considerably relaxed. It is sufficient to require that

V_− ∈ L_{d/2,loc}(R^d) for d ≥ 3, V_− log(1 + V_−) ∈ L_{1,loc}(R^2) for d = 2, V_− ∈ L_{1,loc}(R) for d = 1.

Moreover, if there exists an open set Ω ⊂ R such that V (x) ≥ 0 for x ∈ Ω and V (x) ≤ 0 for x ∈ R \ Ω, then it is sufficient to assume that V_− ∈ L_{1,loc}(R^d) for all d ≥ 1 (see, e.g., [9, Appendix 6]). For d ≥ 3 one can take λ = 0 in (1.23). If the potential U has a negative part which is (−△)–form bounded with a relative bound zero, formula (1.23) is still valid for λ < inf σ(H_0) — see [3]. For d ≥ 3, the condition V ∈ L_{d/2}(R^d) is not only sufficient but also necessary for the validity of the asymptotics (1.23).

1.4 SSF of the Schrödinger operator. Main results Below H_0 = H_0(g, A, U) is the Schrödinger operator defined in the previous subsection and H(α), H_±(α) are the operators (1.18). First discuss the existence of the SSF.

Proposition 1.4 Let (1.11)– (1.13) hold true and let the perturbation potential V = V (x), x ∈ R^d, be such that |V | is (−△)–form compact and

V ∈ L_1(R^d) for d ≤ 3, (1.24) V ∈ l_1(Z^d; L_2(Q^d)) for d ≥ 4. (1.25)

Then, the inclusion (H(α) − λ_0I)^{−k} − (H_0 − λ_0I)^{−k} ∈ S_1 (1.26) holds for all integer k > (d − 1)/2 and all λ_0 < 0 with large enough |λ_0| if d ≥ 4 and for k = 1 and all λ_0 ∈ ρ(H_0) ∩ ρ(H(α)) if d ≤ 3.

The proof (given in §4.2) follows the reasoning of [2, Theorem 2.11, Corollary 2.13] (where the case g ≡ 1 has been considered). The inclusion (1.26) allows us to define the SSF for the pair H_0, H(α) according to (1.10) for f(λ) = (λ − λ_0)^{−k}.

Theorem 1.5 Let (1.11), (1.20), (1.21) hold true and suppose that the perturbation potential V = V (x) ≥ 0, x ∈ R^d, satisfies the conditions

V ∈ L_{d/2}(R^d) ∩ l_1(Z^d; L_2(Q^d)) for d ≥ 4; V ∈ L_{d/2}(R^3) ∩ L_1(R^3) for d = 3; } (1.27)

V ∈ l_τ (Z^2; L_σ(Q^2)), τ < 1, σ > 1 for d = 2; V ∈ l_{1/2}(Z^1; L_1(Q^1)) for d = 1. } (1.28)

Then, for a.e. λ ∈ R:

lim_{α→∞} α^{−d/2}ξ(λ; H(α), H_0) = −C_{1.23}. (1.29)

Remark 1.6 For any α, the SSF ξ(λ; H(α), H_0) is defined for almost every λ ∈ R (see (1.5)). Thus, the meaning of (1.29) has to be clarified. We understand (1.29) in the following sense:

For any sequence α_n → ∞ there exists such a set M ⊂ R, meas (R \ M) = 0, that ξ(λ; H(α_n), H_0) is defined for all (λ, n) ∈ M × N and

lim_{n→∞} α^{−d/2}_n ξ(λ; H(α_n), H_0) = −C_{1.23}, ∀λ ∈ M. (1.30)

In the following theorem the potential V is not supposed to be of a definite sign.

Theorem 1.7 Let d ≥ 3; suppose that the conditions (1.11), (1.20), (1.21) hold true and the perturbation potential V = V (x), x ∈ R^d, satisfies (1.27). Then, for any E > 0 and p > d/2: lim_{α→∞} ∫ ∞ −E |α^{−d/2}ξ(λ; H(α), H_0) + C_{1.23}|(λ + 2E)^{−p}dλ = 0. (1.31)

Obviously, one can replace (λ + 2E)^{−p} in (1.31) by (λ + Ẽ)^{−p} with any Ẽ > E. Note that the conditions (1.20), (1.21) for d ≥ 3 mean simply that

|A|^2 + U ∈ L_{d/2,loc}(R^d), U ≥ 0.

1.5 Comments Theorem 1.5 raises a natural question on the behaviour of ξ(λ; H_+(α), H_0) as α → ∞. The approach of the present paper does not allow us to obtain any asymptotics for this quantity. However, some bounds for it can be proved. The integral estimates for ξ(λ; H_+(α), H_0) were obtained in [22] (see (3.24) below). As a by-product of the construction of the proof of Theorem 1.5, we get the following statement.

Theorem 1.8 Let the conditions (1.11)–(1.13) hold true and suppose that the perturbation potential V = V (x) ≥ 0, x ∈ R^d, is (−△)–form compact, satisfies (1.24), (1.25) and V ∈ l_τ (Z^d; L_1(Q^d)), 1/2 ≤ τ ≤ 1. (1.32)

Then, for a.e. λ ∈ R, lim_{α→∞} α^{−ρ}ξ(λ; H_+(α), H_0) = 0, (1.33)

where ρ = τ if τ < 1 and ρ > 1 — any number if τ = 1.

Formula (1.33) is understood in the same sense as (1.29) — see Remark 1.6. The proof of Theorem 1.8 is given in §5.

Note that the spectrum of H_0(g, A, U) may have extremely “unregular” structure; for example, the absolutely continuous spectrum may be empty.. At the same time, our results are formulated in terms which are “not sensible” to the spectrum of H_0. On the other hand, one can consider H_0’s with absolutely continuous spectrum and V ’s, which are H_0–smooth in some appropriate sense. In this framework, one can obtain estimates and asymptotics of the SSF which are locally uniform in λ. In this connection, see [33]. There exists a lot of literature devoted to the large energy and semiclassical asymptotics of the SSF; we do not touch this subject here.

Theorems 1.5, 1.7, 1.8 can be generalized for some differential operators H_0 of the order l ≠ 2 — see Remarks 5.8, 6.5.

2 Proof of Proposition 1.3

Proposition 1.3 has been proved in many particular cases — see, e.g., [9, 7, 26] and references therein. Once the spectral bounds of a correct order in α (see (2.1)–(2.3)) are established, the proof of asymptotics (1.23) by means of the local compactness technique of [7] becomes a routine procedure. Nevertheless, for the reader’s convenience, we give the complete proof.

2.1 The spectral bounds Proposition 2.1 Suppose that the conditions (1.11)–(1.13) and (1.22) hold. Then, the function N(λ, α), defined in (1.19), obeys: (i) for d ≥ 3: N(λ, α) ≤ C_{2.1}(d)α^{d/2}g^{−d/2}_− ∫ V^{d/2}_+ (x)dx, λ < 0; (2.1)

(ii) for d = 2 and any σ > 1: N(λ, α) ≤ C_{2.2}(λ, σ)αg^{−1}_− ‖V_+‖_{l1(Lσ)}, λ < 0; (2.2) (iii) for d = 1:

N(λ, α) ≤ C_{2.3}(λ)α^{1/2}g^{−1/2}_− ‖V_+‖^{1/2}_{l1/2(L1)}, λ < 0. (2.3)

The bound (2.1) follows from (1.17) and the magnetic variant of the Cwikel–Lieb– Rozenblum estimate — see [16, 30] or [18]. The bound (2.2) follows from (1.17) and the corresponding estimate for H_0(1, A, U), which has been recently proved in [26]. For d = 1, by using (1.17) and gauging away the magnetic field, the problem is reduced to H_0 = −△; in this case, the bound (2.3) is well-known (see, e.g., [8]).

Obviously, the bounds (2.1)–(2.3) do not, in fact, require any conditions on V_−, apart from the inclusion V_− ∈ L_{1,loc}(R^d), which is assumed in order to ensure that C^∞_0 (R^d) is a form core for H(α).

Remark 2.2 Denote

Z_±(λ) := R^{1/2}_0 (λ)V_±R^{1/2}_0 (λ), λ < 0. (2.4)

The Birman–Schwinger principle (see also (3.10) below) reads:

N(λ, α) = n_+(α^{−1}; Z_+(λ) − Z_−(λ)), λ < 0, α > 0. (2.5)

It follows that (2.1)–(2.3) are equivalent to the estimates: ‖Z_±(λ)‖^{d/2}_{Σd/2} ≤ C_{2.1}(d)g^{−d/2}_− ∫ V^{d/2}_± (x)dx, d ≥ 3; (2.6)

‖Z_±(λ)‖_{Σ1} ≤ C_{2.2}(λ, σ)g^{−1}_− ‖V_±‖_{l1(Lσ)}, d = 2; (2.7) ‖Z_±(λ)‖^{1/2}_{Σ1/2} ≤ C_{2.3}(λ)g^{−1/2}_− ‖V_±‖^{1/2}_{l1/2(L1)}, d = 1. (2.8)

2.2 Preliminary statements Proposition 2.3 Let Ω be an open ball in R^d, d ≥ 1, and let F ∈ L_{d/2}(Ω), d ≥ 3; F log(1 + |F |) ∈ L_1(Ω), d = 2; F ∈ L_1(Ω), d = 1.

(2.9)

Then the quadratic form ∫ Ω F |u|^2dx, u ∈ H^1(Ω), is compact in H^1(Ω).

For d ≥ 3 and d = 1, this follows from Hölder inequality and the standard Sobolev theorems on compactness of the embeddings H^1(Ω) ⊂ L 2d_{d−2} (Ω), d ≥ 3 and H^1(Ω) ⊂ L_∞(Ω), d = 1. For d = 2, this is the result of [34].

Lemma 2.4 Let Ω be an open ball in R^d, d ≥ 1; suppose that (1.11), (1.20), (1.21) hold. Then the form h_{g,A,U} [u, u] − h_{g,0,0}[u, u], u ∈ H^1(Ω), (2.10) is compact in H^1(Ω).

Proof Expand formula (2.10): h_{g,A,U} [u, u] − h_{g,0,0}[u, u] = ∫ Ω ⟨gAu, Au⟩dx + 2Re ∫ Ω ⟨gAu, i∇u⟩dx + ∫ Ω U|u|^2dx. By Proposition 2.3 and the conditions (1.11), (1.20), (1.21), the first and the last summands in the right hand side are compact in H^1(Ω). The second summand is compact due to the estimate | | | ∫ Ω ⟨gAu, i∇u⟩ | | | ≤ ‖gAu‖_{L2(Ω)}‖u‖_H1_{(Ω)}. 2 Let Ω be an open ball in R^d, d ≥ 1, V ∈ C^∞_0 (Ω) and let g obey (1.11). Consider the consecutive maxima of the quotient ∫ Ω V |u|^2dx/(h_{g,0,0}[u, u] − λ‖u‖^2_{L2(Ω)}), u ∈ H^1(Ω), (2.11) where λ < 0. Denote by n_±(s, (2.11)), s > 0, the distribution function of the maxima of (2.11). In other words, n_±(s, (2.11)) = n_±(s, X), where X is a compact operator generated by the form in the numerator in the Hilbert space H^1(Ω) with the metric h_{g,0,0}[u, u] − λ‖u‖^2_{L2(Ω)}. In what follows, we use the notations of the form Δ^{(±)}_p ((2.11)), δ^{(±)}_p ((2.11)) instead of Δ^{(±)}_p (X), δ^{(±)}_p (X). Along with (2.11), consider the same quotient in H^1_0 (Ω): ∫ Ω V |u|^2dx/(h_{g,0,0}[u, u] − λ‖u‖^2_{L2(Ω)}), u ∈ H^1_0 (Ω). (2.12)

Proposition 2.5 (see, e.g., [9]) For any λ < 0,

Δ^{(+)}_{d/2}((2.11)) = δ^{(+)}_{d/2} ((2.11)) = Δ^{(+)}_{d/2}((2.12)) = δ^{(+)}_{d/2} ((2.12)) = C_{1.23}.

Lemma 2.6 Let Ω be an open ball in R^d, d ≥ 1, V ∈ C^∞_0 (Ω) and λ < 0; suppose that (1.11), (1.20), (1.21) hold. For the quotients ∫ Ω V |u|^2dx/(h_{g,A,U} [u, u] − λ‖u‖^2_{L2(Ω)}), u ∈ H^1(Ω), (2.13) ∫ Ω V |u|^2dx/(h_{g,A,U} [u, u] − λ‖u‖^2_{L2(Ω)}), u ∈ H^1_0 (Ω), (2.14) one has

Δ^{(+)}_{d/2}((2.13)) = δ^{(+)}_{d/2} ((2.13)) = Δ^{(+)}_{d/2}((2.14)) = δ^{(+)}_{d/2} ((2.14)) = C_{1.23}.

Proof By Lemma 2.4, the form in the denominators of (2.13), (2.14) differs from that in the denominators of (2.11), (2.12) by a compact term. Relatively compact perturbations of the metric in the Hilbert space do not affect the leading term in asymptotics — see, e.g., [9, Lemma 1.16]. Thus, the statement follows from Proposition 2.5. 2 2.3 Proof of Proposition 1.3 By (2.5), the desired formula (1.23) is equivalent to

Δ^{(+)}_{d/2} (Z_+(λ) − Z_−(λ)) = δ^{(+)}_{d/2} (Z_+(λ) − Z_−(λ)) = C_{1.23}. (2.15)

By (2.6)–(2.8) and continuity of Δ^{(±)}_{d/2}, δ^{(±)}_{d/2} in Σ_{d/2}, it suffices to prove (2.15) for V ∈ C^∞_0 (R^d). Let Ω ⊂ R^d be an open ball and supp V ⊂ Ω. Due to the variational principle (Dirichle-Neumann bracketing), the upper and lower bounds for the spectrum of Z_+(λ) − Z_−(λ) are given by the spectra of (2.13), (2.14):

n_+(s, (2.14)) ≤ n_+(s, Z_+(λ) − Z_−(λ)) ≤ n_+(s, (2.13)), s > 0.

From here and Lemma 2.6 follows (2.15). 2

3 Representation for the SSF

In this section we collect the necessary statements from [21, 22] concerning a certain new representation for the SSF (see Propositions 3.3, 3.4 below).

3.1 Definition of N_± Let H be a “basic” and K — an “auxiliary” Hilbert space, H_0 be a selfadjoint semibounded from below operator in H, G be a closed linear operator which acts from H into K. For simplicity assume that H_0 ≥ 0; (3.1) besides, we suppose that GR^{1/2}_0 (−1) ∈ S_∞(H, K). (3.2) For z ∈ ρ(H_0) define compact in K operators

T (z; H_0, G) := GR_0(z)G^∗ = (GR^{1/2}_0 (−1))(H_0 + I)R_0(z)(GR^{1/2}_0 (−1))^∗, (3.3) A(z; H_0, G) := Re T (z; H_0, G), K(z; H_0, G) := Im T (z; H_0, G). (3.4) We shall write T (z), A(z), K(z) instead of T (z; H_0, G), etc., if the choice of H_0, G is clear from the context. Suppose that for some λ ∈ R a pair of operators H_0, G satisfies the following condition.

Condition 3.1 The limit lim_{ε→+0} T (λ + iε; H_0, G) =: T (λ + i0; H_0, G), (3.5) exists in the operator norm and K(λ + i0; H_0, G) ∈ S_1(K). (3.6) Then define

N_±(λ; H_0, G; α) := 1 π ∫ ∞ −∞ dt 1 + t^2 n_±(α^{−1}; A(λ + i0) + tK(λ + i0)), α > 0. (3.7) It is easy to see that conditions (3.5), (3.6) ensure the convergence of the integral (3.7). The functions N_±(λ; H_0, G; α) enjoy some natural properties — see [22].

Proposition 3.2 [22, Corollary 3.8] Suppose that for some open interval δ ⊂ R the following inclusion holds:

GE_{H0} (δ) ∈ S_2(H, K). (3.8) Then for a. e. λ ∈ δ the pair H_0, G satisfies Condition 3.1 and for any α > 0 N_±(λ; H_0, G; α) ∈ L_{1,loc}(δ).

In particular, if (3.8) is true for any bounded interval δ ⊂ R, then N_±(λ; H_0, G; α) ∈ L_{1,loc}(R).

Define the operators H_±(α) = H_0 ± αV, V = G^∗G, α > 0 (3.9) as form sums and let the counting function N_±(λ; H_0, G; α) be as defined by (0.4). The following relation is known as the Birman–Schwinger principle: N_±(λ; H_0, G; α) = n_±(α^{−1}, T (λ; H_0, G)), λ ∈ R \ σ(H_0). (3.10)

Comparing (3.10) and (3.7) and noting that for λ ∈ ρ(H_0) ∩ R one has K(λ + i0) = 0 and A(λ + i0) = T (λ + i0) = T (λ), we arrive at the formula

N_±(λ; H_0, G; α) = N_±(λ; H_0, G; α), λ ∈ R \ σ(H_0). (3.11)

In particular, by (0.5),

N_+(λ; H_0, G; α) = N(λ, α), λ < 0. (3.12)

3.2 Connection between N_± and SSF 1) Trace class perturbations. Let H_0 be a selfadjoint operator in H and G ∈ S_2(H, K). It is well-known that under these conditions^4 for a.e. λ ∈ R the limits (3.5) exist in the Hilbert-Schmidt norm and the inclusion (3.6) holds — see [5] or [35]. More precise results can be found in [19, 20] — see Proposition 5.3 below.

Proposition 3.3 [21, Theorem 1.1] Let H_0 be a selfadjoint operator in H and G ∈ S_2(H, K); then for any α > 0

ξ(λ; H_0 ± αG^∗G, H_0) = ±N_∓(λ; H_0, G; α), a.e. λ ∈ R. (3.13)

Note that for λ ∈ R \ σ(H_0) the relation (3.13) turns into the formula

ξ(λ; H_0 ± αG^∗G, H_0) = ±n_∓(α^{−1}; T (λ; H_0, G)),

which was proved earlier in [33].

2) Relatively trace class perturbations. Let H_0, G satisfy (3.1), (3.2) and for some m > 0:

GR^m_0 (−1) ∈ S_2(H, K). (3.14)

Then, by Proposition 3.2 (see also Lemma 5.7 below), for a.e. λ ∈ R the pair H_0, G satisfies Condition 3.1. Fix some α > 0 and define the operators (3.9) as form sums. In order to define the SSF for the pair H_0, H_±(α), assume that for some k > 0 and λ_0 < inf(σ(H_0) ∪ σ(H_±(α))) the inclusion

(H_±(α) − λ_0I)^{−k} − (H_0 − λ_0I)^{−k} ∈ S_1(H) (3.15)

holds. The inclusion (3.15) enables one to define the SSF via (1.10) with f(λ) = (λ−λ_0)^{−k}.

Proposition 3.4 [21, Theorem 1.2] Suppose that the conditions (3.1), (3.2), (3.14), (3.15) hold. Then,

ξ(λ; H_±(α), H_0) = ±N_∓(λ; H_0, G; α), a.e. λ ∈ R. (3.16)

3.3 Pointwise estimates for N_± For the operators

A = A^∗ ∈ S_∞(K), K = K^∗ ∈ S_q(K), q ≤ 1, (3.17)

4Condition (3.1) in this case can be dropped; H_0 should not be necessarily semibounded.

introduce the quantities, “simulating” the integral (3.7): η_±(s; A, K) = 1 π ∫ ∞ −∞ dt 1 + t^2 n_±(s, A + tK), s > 0. (3.18) One easily checks that the conditions (3.17) (for q = 1) are sufficient for the convergence of the integral (3.18).

Proposition 3.5 [21, Lemma 2.1] For the quantities (3.18), the following estimates hold true: η_±(s; A, K) ≤ inf_{0<τ<1}(n_±(s(1 − τ), A) + (sτ)^{−q}μ_q(sτ, K)‖K‖^q_{Sq} ), (3.19) η_±(s; A, K) ≥ sup_{τ>0} (n_±(s(1 + τ), A) − (sτ)^{−q}μ_q(sτ, K)‖K‖^q_{Sq} ), (3.20)

where μ_q(τ, K) ≥ 0 obeys μ_q(τ, K) → 0 as τ → +0. (3.21)

3.4 Integral estimates for N_± Proposition 3.6 [22] Suppose that the operators H_0, G satisfy (3.1), (3.2) and (3.14) for some m > 1/2. Then for any E > 0 and α > 0 the following estimates hold: ∫ ∞ −E (N_+(λ; H_0, G; α) − N_+(−E; H_0, G; α(1 − θ)^{−2}))_+(λ + 2E)^{−2m}dλ

≤ αθ^{−1−m}‖GR^m_0 (−E)‖^2_{S2} , ∀θ ∈ (0, 1); (3.22) ∫ ∞ −E (N_+(λ; H_0, G; α) − N_+(−2E; H_0, G; α(1 + θ)^{−1}))_−(λ + 2E)^{−2m}dλ

≤ αθ^{−1}(2/(2m − 1) + 4)‖GR^m_0 (−2E)‖^2_{S2} , ∀θ > 0; (3.23) ∫ ∞ 0 N_−(λ; H_0, G; α)(λ + 2E)^{−2m}dλ ≤ α‖GR^m_0 (−2E)‖^2_{S2} . (3.24)

Estimates (3.22)–(3.24) are immediate consequences of Lemmas 4.3, 4.4 and 3.3 of [22] respectively.

4 Proof of Proposition 1.4

In this section we present some auxiliary statements on the Schrödinger operator H_0 = H_0(g, A, U), defined in §1.3, and prove Proposition 1.4. Our reasoning follows almost literally that of [2, §2]. Below we suppose that (1.11)–(1.13) hold true.

4.1 Schrödinger operator: auxiliary statements Proposition 4.1 For some constants M > 0 and β > 0, which depend only on g, the following pointwise estimate holds: |e^{−tH0} ψ| ≤ Me^{tβ△}|ψ|, ∀t > 0, ψ ∈ L_2(R^d). (4.1)

For a flat metric, Proposition 4.1 is a well-known diamagnetic inequality (see [29] and references therein); in this case M = β = 1. Essentially, in the above stated form Proposition 4.1 has been proved in [11]. An alternative scheme of proof was outlined in [22, §7].

Proposition 4.2 Let F be a multiplication by a function F ∈ l_{2q}(Z^d; L_2(Q^d)), 1/2 ≤ q ≤ 1. Then ‖F R^m_0 (−1)‖_{S2q} ≤ C_{4.2}(q, m, d, g)‖F ‖_{l2q(L2)}, m > d/(4q). (4.2) Proof The desired result was proved for H_0 = H_0(1, A, 0) in [2, Theorems 2.11, 2.12] and for H_0 = H_0(1, 0, U) (with some negative part of U allowed) in [31, Theorem B.9.2]. Our proof literally follows the same pattern.

1) Let q = 1. Due to the representation

(H_0 + E)^{−m} = (Γ(m))^{−1} ∫ ∞ 0 e^{−H0t}e^{−Et}t^{m−1}dt, the estimate (4.1) implies |R^m_0 (−1)ψ| ≤ M(β(−△) + I)^{−m}|ψ|, ∀m > 0, ψ ∈ L_2(R^d). (4.3) It follows that ‖F R^m_0 (−1)‖_{S2} ≤ M‖F (β(−△) + I)^{−m}‖_{S2} ≤ C(m, d, g)‖F ‖_{L2}, m > d/4. 2) Let q = 1/2. As in [2, Theorem 2.12], we take F ∈ L_2(R^d) with support in some cube Q^d + j, Q^d = (0, 1)^d, j ∈ Z^d, and write

F R^m_0 (−1) = [F R^{m/2}_0 (−1)(1 + |x|^2)^{m/2}][(1 + |x|^2)^{−m/2}R^{m/2}_0 (−1)], m > d/2. (4.4)

Each of the two factors in the right hand side of (4.4) is, by (4.3), pointwise dominated by the same object with M(β(−△)+I)^{−m} instead of R^m_0 (−1), in which case they are Hilbert– Schmidt operators (see, e.g., [31] or [32] for the first factor). Summing over j ∈ Z^d, we get (4.2) for q = 1/2.

3) Interpolating between q = 1/2 and q = 1, we obtain the desired result. 2 4.2 Proof of Proposition 1.4 1) Let d ≤ 3. Then, by (1.24) and Proposition 4.2 (for q = 1), for any λ_0 ∈ ρ(H_0) one has |V |^{1/2}R_0(λ_0) ∈ S_2. Thus, in the identity

R(λ_0; α) − R_0(λ_0) = −(sign V |V |^{1/2}R_0(λ_0))^∗(I + |V |^{1/2}R_0(λ_0)|V |^{1/2}sign V )^{−1} ×(|V |^{1/2}R_0(λ_0)), λ_0 ∈ ρ(H_0) ∩ ρ(H_0(α)), (4.5)

the right hand side is a trace class operator. This gives (1.26) for k = 1.

2) Let d ≥ 4. By (1.25) and Proposition 4.2 (for q = 1/2), one has V R^m_0 (λ_0) ∈ S_1 for all λ_0 ∈ ρ(H_0) and m > d/2. From here, by [23, Theorem XI.12], follows (1.26) for any integer k > m −^1_2 and any λ_0 < 0 with large enough |λ_0|. 2

5 Pointwise asymptotics

The aim of this section is to prove Theorems 1.5 and 1.8. First we state and prove two abstract results (Theorems 5.1 and 5.2) on the asymptotics of the functions N_+(λ; H_0, G; α) and N_−(λ; H_0, G; α) for α → ∞. Then, applying Proposition 3.4, we obtain the desired results for the SSF of the Schrödinger operator.

5.1 Statement of abstract results Let H be a “basic” and K — an “auxiliary” Hilbert space, H_0 ≥ 0 be a selfadjoint operator in H and G be a closed operator which acts from H into K so that

GR^{1/2}_0 (−1) ∈ Σ_{2κ}(H, K), κ > 0, (5.1) GE_{H0} ([0, R)) ∈ S_{2q}(H, K), q ≤ 1, ∀R > 0. (5.2)

By Proposition 3.2, for a.e. λ ∈ R the pair H_0, G satisfies Condition 3.1 and thus the functions N_±(λ; H_0, G; α) are well-defined.

Theorem 5.1 Let the conditions (3.1), (5.1), (5.2) be satisfied with κ ≥ q if q < 1 and κ > 1 if q = 1. Then, for a.e. λ ∈ R, the quantities

lim sup α→∞ α^{−κ}N_+(λ; H_0, G; α), lim inf_{α→∞} α^{−κ}N_+(λ; H_0, G; α) (5.3)

are finite and do not depend on λ.

Note that in [3], in the framework of a similar abstract scheme, but under broader conditions on G, H_0, it was proved that the quantities (5.3) do not depend on λ ∈ R \ σ(H_0). Our construction borrows some ideas of [3].

Next, in order to discuss N_−(λ; H_0, G; α), we relax the condition (5.1); it is sufficient to assume (3.2). Below for a number 0 < q ≤ 1 we introduce the notation

q_∗ = q if q < 1; q_∗ > 1 — any number if q = 1.

Theorem 5.2 Let the conditions (3.1), (3.2), (5.2) be satisfied. Then, for a.e. λ ∈ R:

lim_{α→∞} α^{−q∗} N_−(λ; H_0, G; α) = 0. (5.4)

5.2 Preliminary results.

Below we use the notations (3.3), (3.4).

Proposition 5.3 [5, 19] Let H_0 be a selfadjoint operator in H and G ∈ S_{2q}(H, K), q ≤ 1. Then for a.e. λ ∈ R the operator T (λ + iε; H_0, G) has limit values as ε → +0 in S_{q∗} (K) and K(λ + i0; H_0, G) ∈ S_q(K).

Proposition 5.2 for q = 1, q_∗ = 2 was proved in [5]; the general case was studied in [19]. Further information can be found in [20].

Lemma 5.4 Let the operators A, K be as in (3.17). Then, for any p ≥ q, the quantities (3.18) obey

lim sup s→+0 s^pη_±(s; A, K) = Δ^{(±)}_p (A), (5.5)

lim inf s→+0 s pη_±(s; A, K) = δ^{(±)}_p (A). (5.6)

Proof Let us fix 0 < τ < 1 and use (3.19): s^pη_±(s; A, K) ≤ s^pn_±(s(1 − τ), A) + s^{p−q}τ^{−q}μ_q(τs, K)‖K‖_{Sq} . Passing to the upper limits as ε → +0 and taking into account (3.21), we get lim sup s→+0 s^pη_±(s; A, K) ≤ (1 − τ)^{−p}Δ^{(±)}_p (A).

Since τ is arbitrary, this implies lim sup s→+0 s^pη_±(s; A, K) ≤ Δ^{(±)}_p (A).

Similarly, using (3.20) instead of (3.19), we find lim sup s→+0 s^pη_±(s; A, K) ≥ Δ^{(±)}_p (A), which gives (5.5). In a similar way one proves (5.6). 2

Lemma 5.5 Conditions (5.1) and (5.2) for q ≤ κ imply GR_0(−1) ∈ Σ^0_{2κ}(H, K). (5.7)

Proof By (5.2), for any R > 0 one has GR_0(−1)E_{H0} ([0, R)) ∈ S_{2q}(H, K) ⊂ Σ^0_{2κ}(H, K).

Next,

‖GR_0(−1) − GR_0(−1)E_{H0} ([0, R))‖_{Σ2κ} = ‖GR_0(−1)E_{H0} ([R, ∞))‖_{Σ2κ} ≤ ‖GR^{1/2}_0 (−1)‖_{Σ2κ} (R + 1)^{−1/2} → 0, R → ∞.

Since Σ^0_{2κ} is closed in Σ_{2κ}, this gives (5.7). 2

Lemma 5.6 Assume the hypothesis of Theorem 5.1. Then, for a.e. λ ∈ R: (i) T (λ + iε; H_0, G) has limit values as ε → +0 in Σ_κ(K); (ii) K(λ + i0; H_0, G) ∈ S_q(K). For a.e. λ, μ ∈ R:

(iii) A(λ + i0; H_0, G) − A(μ + i0; H_0, G) ∈ Σ^0_κ(K).

Proof Fix an open bounded interval δ ∈ R. Below we check (i), (ii) for a.e. λ ∈ δ and (iii) for a.e. λ, μ ∈ δ.

1. One has T (z; H_0, G) = T (z; H_0, GE_{H0} (δ)) + T (z; H_0, GE_{H0} (R \ δ)). (5.8) By (5.2), GE_{H0} (δ) ∈ S_{2q}(H, K). Hence, by Proposition 5.3, the operator T (λ + iε; H_0, GE_{H0} (δ)) for a.e. λ ∈ R has limit values as ε → +0 in S_{q∗} (K) ⊂ Σ_κ(K) and

K(λ + i0; H_0, GE_{H0} (δ)) ∈ S_q(K). On the other hand, the limit T (λ + i0; H_0, GE_{H0} (R \ δ)) exists in Σ_κ(K) for all λ ∈ δ and K(λ + i0; H_0, GE_{H0} (R \ δ)) = 0. This proves (i), (ii).

2. Let us check (iii). For λ, μ ∈ δ and ε > 0 one has

A(λ + iε; H_0, G) − A(μ + iε; H_0, G) = A(λ + iε; H_0, GE_{H0} (δ)) −A(μ + iε; H_0, GE_{H0} (δ)) + (λ − μ)Re (GR_0(λ + iε)E_{H0} (R \ δ)(GR_0(μ − iε))^∗). (5.9)

The first two terms in the right hand side of (5.9) for a.e. λ, μ ∈ δ have limits as ε → +0 in S_{q∗} (K) ⊂ Σ^0_κ(K) (by Proposition 5.3). The third term for a.e. λ, μ ∈ δ has a limit as ε → +0, which can be written as (GR_0(−1))M(GR_0(−1))^∗ with some M ∈ B(H). From here, taking into account (5.7), we see that the third term is in Σ^0_κ, which gives (iii). 2 Lemma 5.7 Assume the hypothesis of Theorem 5.2. Then, for a.e. λ ∈ R: (i) T (λ + iε; H_0, G) has limit values^5 as ε → +0 in S_∞(K); (ii) K(λ + i0; H_0, G) ∈ S_q(K); (iii) (A(λ + i0; H_0, G))_− ∈ S_{q∗} (K).

Proof Fix arbitrary R > 0 and an interval δ = (−1, R). It suffices to check (i)–(iii) for a.e. λ ∈ δ. As in the proof of Lemma 5.6, we write the representation (5.8) and see that for a.e. λ ∈ R the first summand in the r.h.s. has limit values in S_{q∗} (K) and for all λ ∈ δ the second summand has limit values in S_∞(K), which are nonnegative selfadjoint operators. This proves (i), (iii). The statement (ii) follows from the inclusion K(λ + i0; H_0, GE_{H0} (δ)) ∈ S_q(K), a.e. λ ∈ R. 2

5.3 Proof of Theorems 5.1, 5.2 Proof of Theorem 5.1 By Lemmas 5.4, 5.6(ii), for a.e. λ ∈ R,

lim sup α→∞ α^{−κ}N_+(λ; H_0, G; α) = Δ^{(+)}_κ (A(λ + i0)),

lim inf α→∞ α^{−κ}N_+(λ; H_0, G; α) = δ^{(+)}_κ (A(λ + i0)).

By Lemma 5.6(i), the quantities in the right hand sides are finite. By Lemma 5.6(iii), they are independent of λ (for the functionals δ_κ, Δ_κ do not change if their argument changes by an operator of the class Σ^0_κ.) 2

Proof of Theorem 5.2 By Lemmas 5.4, 5.7(ii), for a.e. λ ∈ R:

lim sup α→∞ α^{−q∗} N_−(λ; H_0, G; α) = Δ^{(−)}_{q∗} (A(λ + i0)).

By Lemma 5.7(iii), (A(λ + i0))_− ∈ S_{q∗} (K) ⊂ Σ^0_{q∗} (K) and thus Δ^{(−)}_{q∗} (A(λ + i0)) = 0. 2 5.4 Proof of Theorems 1.5, 1.8 Proof of Theorem 1.5 1. Let us check the hypothesis of Theorem 5.1 for H = K = L_2(R^d), H_0 = H_0(g, A, U), G = √ V , κ = d/2. We choose q in (5.2) as follows: q = 1/2 if d = 1; q = max{1/2, τ} if d = 2 (remind that τ is an exponent from (1.28)); q = 1 if d ≥ 3. Now, by Proposition 4.2, GR^m_0 (−1) ∈ S_{2q}(H, K) (5.10)

5In fact, this statement follows from Proposition 3.2

for large enough m, where q is as specified above. Obviously, (5.10) implies (5.2). Finally, the inclusion (5.1) holds by (2.6)–(2.8).

2. For λ < 0, due to Proposition 1.3 and formula (3.12), the quantities (5.3) coincide and are equal to C_{1.23}. From here and Theorem 5.1 we see that there exists a set M_0 ⊂ R, meas (R \ M_0) = 0, such that

lim_{α→∞} α^{−d/2}N_+(λ; H_0, √ V ; α) = C_{1.23}, ∀λ ∈ M_0. (5.11)

3. Let a sequence α_n → ∞. By (5.1), (5.10) and Proposition 1.4, for every n ∈ N the hypothesis of Proposition 3.4 holds for the operators H_0, H(α_n). Thus, there exist such sets M_n ⊂ R, meas (R \ M_n) = 0, that

ξ(λ; H(α_n), H_0) = −N_+(λ; H_0, √ V ; α_n), ∀λ ∈ M_n, n ∈ N. (5.12) Combining (5.11) and (5.12), we see that (1.30) holds true for M = M_0 ∩ (∩_{n∈N}M_n). 2 Proof of Theorem 1.8 Let us check the hypothesis of Theorem 5.2 for H = K = L_2(R^d), H_0 = H_0(g, A, U), G = √ V and q = τ. Indeed, (3.1) and (3.2) hold by hypothesis. By Proposition 4.2,

GR^m_0 (−1) ∈ S_{2τ} (H, K) (5.13)

for large enough m > 0; (5.13) implies (5.2). Theorem 5.2 says that for a.e. λ ∈ R

lim_{α→∞} α^{−ρ}N_−(λ; H_0, √ V ; α) = 0,

where ρ is as specified in the statement of Theorem 1.8. Finally, as in part 3 of the proof of Theorem 1.5, taking into account Proposition 3.4, we obtain (1.33). 2 Remark 5.8 Theorems 5.1 and 5.2 allow one to consider some other operators H_0, as long as it is possible to establish some analogues of Propositions 2.1 and 4.2. In particular, one can take H_0 = (−△)^l, l > 0. In this case, the estimates of the type (2.1)–(2.3) and (4.2) are well-known — see, e.g., [8, 9, 32]. Here one can also consider perturbations V by differential operators of an order lower than l with decaying coefficients.

Another possibility is to consider the relativistic magnetic Schrödinger operator

H̃_0 = (H_0(1, A, 0) + I)^{1/2} + U(x). (5.14)

Here the bound similar to (2.1)–(2.3) can be obtained by using the Heintz inequality. In order to get the bounds of the type (4.2), one can exploit the pointwise inequality |e^{−tH̃0} ψ| ≤ e^{−t(−△+I)1/2} |ψ|, t > 0, ψ ∈ L_2(R^d), in the spirit of §4.1. In this connection, see also [25, 6].

6 Integral asymptotics

The aim of this section is to prove Theorem 1.7. First we prove an abstract result (Theorem 6.2) and then apply it to the Schrödinger operator.

6.1 Statement of an abstract result Let H_0 ≥ 0 be a selfadjoint operator in a “basic” Hilbert space H. Next, let K_+ and K_− be “auxiliary” Hilbert spaces, G_+ : H → K_+ and G_− : H → K_− be closed operators and G_−R^{1/2}_0 (−1) ∈ S_∞(H, K_−), (6.1) G_+R^{1/2}_0 (−1) ∈ Σ_{2κ}(H, K_+), κ > 0. (6.2)

Let V_+ = G^∗_+G_+, V_− = G^∗_−G_− and define the operators (1.18) as the form sums; denote

R_+(λ; α) = (H_+(α) − λI)^{−1}; R_−(λ; α) = (H_−(α) − λI)^{−1}; R(λ; α) = (H(α) − λI)^{−1}.

Before stating the result on the SSF, we discuss the asymptotics of a discrete spectrum below λ = 0. Introduce the notation (1.19) and for λ < 0 denote

Ω_κ(λ) := lim sup_{α→∞} α^{−κ}N(λ; α), ω_κ(λ) := lim inf_{α→∞} α^{−κ}N(λ; α). (6.3)

Proposition 6.1 Let the conditions (3.1), (6.1), (6.2) hold and suppose that for any R > 0 G_+E_{H0} ([0, R)) ∈ Σ^0_{2κ}(H, K_+). (6.4)

Then the quantities Ω_κ, ω_κ in (6.3) do not depend on λ < 0.

The proof is given in the next subsection. Note that the condition (6.1) in the hypothesis of Proposition 6.1 can be relaxed. In [27], in the framework of a similar abstract scheme but under slightly different conditions on H_0, G_+, G_−, the stability of the leading term of the asymptotics of N(λ; H_0, G_+, G_−; α) (see (0.7)) has been established for λ ∈ R \ σ(H_0). In contrast to Proposition 6.1, the proof of the main result of [27] requires the use of a fairly complicated technique.

The main result of this section (Theorem 6.2) deals with the SSF for the pair H_0, H(α). Its proof uses also the SSF for the pairs H_0, H_+(α) and H_+(α), H(α). In order to define these SSF, suppose that for all α > 0 and some k > 0, λ_0 < inf(σ(H_0) ∪ σ(H(α))), the following inclusions hold:

R^k_+(λ_0, α) − R^k_0(λ_0) ∈ S_1(H), (6.5) R^k(λ_0, α) − R^k_0 (λ_0) ∈ S_1(H). (6.6)

The numbers k, λ_0 may depend on α but must be the same in (6.5) and (6.6). From (6.5) and (6.6) it follows that R^k_+(λ_0, α) − R^k(λ_0, α) ∈ S_1(H). (6.7)

Theorem 6.2 Let the conditions (3.1), (6.1), (6.2) for κ > 1, and (6.5), (6.6) hold true. Next, suppose that for some m > 1/2: G_−R^m_0 (−1) ∈ S_2(H, K_−), (6.8) sup_{α>0} ‖G_+R^m_+ (−1; α)‖_{S2} =: C_{6.9} < ∞. (6.9) Then for any E > 0: lim_{α→∞} ∫ ∞ −E (α^{−κ}ξ(λ; H(α), H_0) + Ω_κ)_−(λ + 2E)^{−2m}dλ = 0, (6.10) lim_{α→∞} ∫ ∞ −E (α^{−κ}ξ(λ; H(α), H_0) + ω_κ)_+(λ + 2E)^{−2m}dλ = 0, (6.11) where Ω_κ, ω_κ are defined by (6.3) (and do not depend on λ by Proposition 6.1^6). In particular, if Ω_κ = ω_κ, then lim_{α→∞} ∫ ∞ −E |α^{−κ}ξ(λ; H(α), H_0) + Ω_κ|(λ + 2E)^{−2m}dλ = 0. (6.12)

6.2 Proof of Proposition 6.1 1. Obviously, N(λ_1, α) ≤ N(λ_2, α) if λ_1 ≤ λ_2 < 0. It follows that Ω_κ(λ_1) ≤ Ω_κ(λ_2), ω_κ(λ_1) ≤ ω_κ(λ_2), λ_1 ≤ λ_2 < 0.

Thus, it suffices to check the opposite inequalities Ω_κ(λ_1) ≥ Ω_κ(λ_2), ω_κ(λ_1) ≥ ω_κ(λ_2), λ_1 ≤ λ_2 < 0.

2. Denote X_±(λ) := G_±R^{1/2}_0 (λ), Z_±(λ) := X^∗_±(λ)X_±(λ), λ < 0. (6.13) Obviously, Z_±(λ_1) ≤ Z_±(λ_2) for λ_1 ≤ λ_2 < 0. Besides, below we will show that Z_+(λ_1) − Z_+(λ_2) =: M ∈ Σ^0_κ(H). (6.14) From here by (2.5) it follows that N(λ_1, α) = n_+(α^{−1}, Z_+(λ_1) − Z_−(λ_1)) ≥ n_+(α^{−1}, Z_+(λ_1) − Z_−(λ_2)) = n_+(α^{−1}, Z_+(λ_2) − Z_−(λ_2) + M), Ω_κ(λ_1) ≥ Δ^{(+)}_κ (Z_+(λ_2) − Z_−(λ_2) + M) = Δ^{(+)}_κ (Z_+(λ_2) − Z_−(λ_2)) = Ω_κ(λ_2).

Similarly, it follows that ω_κ(λ_1) ≥ ω_κ(λ_2).

6Condition (6.4) in the hypothesis of Proposition 6.1 follows from (6.9): (6.9) ⇒ G_+R^m_0 (−1) ∈ S_2 ⊂

�^0_{2κ} ⇒ (6.4).

3. Now we need to check (6.14). Clearly, (6.14) will follow if we prove X_+(λ_1) − X_+(λ_2) ∈ Σ^0_{2κ}(H, K_+). (6.15) One can write the operator from (6.15) as X_+(λ_1) − X_+(λ_2) = G_+R_0(−1)B, B ∈ B(H). (6.16) As in Lemma 5.5, we find that (6.4) and (6.2) imply G_+R_0(−1) ∈ Σ^0_{2κ}(H, K_+). From here and (6.16) follows (6.15). 2

6.3 Proof of Theorem 6.2 Lemma 6.3 Assume the hypothesis of Proposition 6.1. Denote

L(λ, α, a) := α^{−κ}N_+(λ; H_+(α), G_+; aα), λ < 0, α > 0, a > 0. (6.17) Then the quantities B(a) := lim sup_{α→∞} L(λ, α, a), b(a) := lim inf_{α→∞} L(λ, α, a) (6.18) do not depend on λ < 0 and depend continuously on a > 0. In particular, lim_{a→1} B(a) = Ω_κ, lim_{a→1} b(a) = ω_κ. (6.19)

Proof For α > 0 and β > 0 define the operators H(α, β) = H_0 + αV_− − βV_+ as the form sums. Clearly, N_+(λ; H_+(α), G_+; β) = rank E_{H(α,β)}((−∞, λ)), λ < 0.

Introducing the notations (6.13) and using (2.5), we find N_+(λ; H_+(α), G_+; aα) = n_+(α^{−1}; aZ_+(λ) − Z_−(λ)), and thus B(a) = Δ^{(+)}_κ (aZ_+(λ) − Z_−(λ)), b(a) = δ^{(+)}_κ (aZ_+(λ) − Z_−(λ)).

Now the continuity of L(a), l(a) follows from the continuity of Δ^{(+)}_κ , δ^{(+)}_κ in Σ_κ. The fact that L(a), l(a) do not depend on λ, follows from Proposition 6.1 (after the substitution G_+ → √ aG_+). 2 Proof of Theorem 6.2 1. First note that, by (1.8) and (6.5)–(6.7), ξ(λ; H(α), H_0) = ξ(λ; H(α), H_+(α)) + ξ(λ; H_+(α), H_0). (6.20) Next, by Proposition 3.4, ξ(λ; H(α), H_+(α)) = −N_+(λ; H_+(α), G_+; α), (6.21) ξ(λ; H_+(α), H_0) = N_−(λ; H_0, G_−; α). (6.22)

Denote F (λ, α) := −α^{−κ}ξ(λ; H(α), H_0), Q(λ, α) := α^{−κ}N_+(λ; H_+(α), G_+; α), J(λ, α) := α^{−κ}N_−(λ; H_0, G_−; α). Write the equality (6.20) as F (λ, α) = Q(λ, α) − J(λ, α). (6.23) Finally, we denote for brevity dμ(λ) := (λ + 2E)^{−2m}dλ for λ ≥ −E and dμ(λ) = 0 for λ < −E. In these notations, we need to prove that lim_{α→∞} ∫ (F (λ, α) − Ω_κ)_+dμ(λ) = 0, (6.24) lim_{α→∞} ∫ (F (λ, α) − ω_κ)_−dμ(λ) = 0. (6.25) 2. Let us prove (6.24). In (3.22), take H_+(α) for H_0 and G_+ for G. Using the notation (6.17), we obtain: ∫ (Q(λ, α) − (1 − θ)^{−2κ}L(−E, α, (1 − θ)^{−2}))_+dμ(λ) ≤ α^{1−κ}θ^{−1−m}‖G_+R^m_+ (−E, α)‖^2_{S2} ≤ max{1, E^{−2m}}C_{6.9}θ^{−1−m}α^{1−κ}. Next, taking into account (6.23) and the inequality J(λ, α) ≥ 0, (Q(λ, α) − (1 − θ)^{−2κ}L(−E, α, (1 − θ)^{−2}))_+ ≥ (F (λ, α) − (1 − θ)^{−2κ}L(−E, α, (1 − θ)^{−2}))_+ ≥ (F (λ, α) − Ω_κ)_+ − ((1 − θ)^{−2κ}L(−E, α, (1 − θ)^{−2}) − Ω_κ)_+.

From here we find ∫ (F (λ, α) − Ω_κ)_+dμ(λ) ≤ max{1, E^{−2m}}C_{6.9}θ^{−1−m}α^{1−κ} +((1 − θ)^{−2κ}L(−E, α, (1 − θ)^{−2}) − Ω_κ)_+ ∫ dμ(λ). Passing to the limit as α → ∞, we find (using the notations (6.18)):

lim sup α→∞ ∫ (F (λ, α) − Ω_κ)_+dμ(λ) ≤ ((1 − θ)^{−2κ}B((1 − θ)^{−2}) − Ω_κ)_+ ∫ dμ(λ). By (6.19), the right hand side of the last inequality goes to 0 as θ → +0, and we arrive at (6.24).

3. Let us prove (6.25). In (3.23), take H_+(α) for H_0 and G_+ for G. Using the notation (6.17), we obtain: ∫ (Q(λ, α) − (1 + θ)^{−κ}L(−2E, α, (1 + θ)^{−1}))_−dμ(λ) ≤ α^{1−κ}θ^{−1}(2/(2m − 1) + 4) ×‖G_+R^m_+ (−2E, α)‖^2_{S2} ≤ (2/(2m − 1) + 4) max{1, (2E)^{−2m}}C_{6.9}θ^{−1}α^{1−κ}.

Next, taking into account (6.23),

(Q(λ, α) − (1 + θ)^{−κ}L(−2E, α, (1 + θ)^{−1}))_− = (F (λ, α) − ω_κ + J(λ, α) + (ω_κ − (1 + θ)^{−κ}L(−2E, α, (1 + θ)^{−1})))_− ≥ (F (λ, α) − ω_κ)_− − J(λ, α) − (ω_κ − (1 + θ)^{−κ}L(−2E, α, (1 + θ)^{−1}))_+.

From here we find: ∫ (F (λ, α)−ω_κ)_−dμ(λ) ≤ (2/(2m−1)+4) max{1, (2E)^{−2m}}C_{6.9}θ^{−1}α^{1−κ} + ∫ J(λ, α)dμ(λ) +(ω_κ − (1 + θ)^{−κ}L(−2E, α, (1 + θ)^{−1}))_+ ∫ dμ(λ). (6.26)

By (3.24),

lim sup α→∞ ∫ J(λ, α)dμ(λ) ≤ lim sup_{α→∞} α^{1−κ}‖G_−R^m_0 (−2E)‖^2_{S2} = 0.

Passing to the limit as α → ∞ in (6.26) and taking into account the last relation, we obtain:

lim sup α→∞ (F (λ, α) − ω_κ)_−dμ(λ) ≤ (ω_κ − (1 + θ)^{−κ}b((1 + θ)^{−1}))_+ ∫ dμ(λ). By (6.19), the right hand side of the last inequality goes to 0 as θ → +0, and we obtain (6.25). 2

Remark 6.4 Under the hypothesis of Theorem 6.2, formula (0.13) is valid. Indeed, using (0.10), (6.20)–(6.22), for λ ∈ R \ σ(H_0) we obtain:

ξ(λ; H(α), H_0) = −N_+(λ; H_+(α), G_+; α) + N_−(λ; H_0, G_−; α) = −N_+(λ; H_+(α), G_+; α) + N_−(λ; H_0, G_−; α) = −N(λ; H_0, G_+, G_−; α).

6.4 Proof of Theorem 1.7 Let us check the hypothesis of Theorem 6.2 for H_0 = H_0(g, A, U), G_± = √ V_±, H = K_+ = K_− = L_2(R^d) and κ = d/2. Inclusions (6.1), (6.2) follow from (2.6). Conditions (6.8), (6.9) follow from (4.2) (for q = 1); while checking (6.9), we include the term +αV_− into the background potential U and use the fact that the constant C_{4.2} does not depend on U ≥ 0. Conditions (6.5), (6.6) follow from Proposition 1.4.

Next, by Proposition 1.3, Ω_κ = ω_κ = C_{1.23}. Thus, (6.12) gives (1.31) with p = 2m. 2 Remark 6.5 Let us comment on the possibility of applying Theorem 6.2 to other differential operators H_0. Here the main difficulty is in the check of the condition (6.9), which in our case required the use of rather specific technique of pointwise estimates for the Gaussian kernels. This technique is applicable to the elliptic differential operators of the order l ≤ 2. Thus, one can apply Theorem 6.2 to the relativistic magnetic Schrödinger operator (5.14).

References

[1] S. Alama, P. A. Deift, R. Hempel, Eigenvalue branches of the Schrödinger operator H − λW in a gap of σ(H), Commun. Math. Phys. 121 (1989), 291–321.

[2] J. Avron, I. Herbst, B. Simon, Schrödinger operators with magnetic fields. I. General interactions, Duke Math. J. 45 (1978), 847–883.

[3] M. Sh. Birman, Discrete spectrum in the gaps of a continuous one for perturbations with large coupling constant, Adv. in Sov. Math. 7 (1991), 57–73.

[4] M. Sh. Birman, The discrete spectrum of the periodic Schrödinger operator perturbed by a decreasing potential. (Russian) Algebra i Analiz 8, no. 1 (1996), 3–20. English translation in St. Petersburg Math. J., 8 (1997), no. 1, 1–14.

[5] M. Sh. Birman and S. B. Entina, The stationary approach in abstract scattering theory, Izv. Akad. Nauk SSSR Ser. Mat. 31 (1967), 401-430; English transl. in Math. USSR Izv. 1 (1967).

[6] M. Sh. Birman, A. B. Pushnitski, Discrete spectrum in the gaps of the perturbed pseudorelativistic Hamiltonian. (Russian) Zap. nauchn. seminarov POMI, 249 (1997), 102–117.

[7] M. Sh. Birman, G. D. Raikov, Discrete spectrum in the gaps for perturbations of the magnetic Schrödinger operator, Adv. in Sov. Math. 7 (1991), 75–84.

[8] M. Sh. Birman, M. Z. Solomyak, Estimates for the number of negative eigenvalues of the Schrödinger operator and its generalizations. Estimates and asymptotics for discrete spectra of integral and differential equations (Leningrad, 1989–90), 1–55. Adv. Soviet Math., 7, Amer. Math. Soc., Providence, RI, 1991.

[9] M. Sh. Birman, M. Z. Solomyak, Quantitative analysis in Sobolev imbedding theorems and applications to spectral theory. Translated from Russian. American Mathematical Society Translations, Series 2, 114. American Mathematical Society, Providence, R.I., 1980.

[10] M. Sh. Birman, D. R. Yafaev, The spectral shift function. The papers of M. G. Kreĭn and their further development. (Russian) Algebra i Analiz 4, no. 5 (1992), 1–44. English translation in: St. Petersburg Math. J. 4, no. 5 (1993), 833–870.

[11] M. Demuth, E. M. Ouhabaz, Scattering theory for Schrödinger operators with magnetic fields, Math. Nachr. 185 (1997), 49–58.

[12] R. Hempel, A left-indefinite generalized eigenvalue problem for Schrödinger operators, Habilitationsschrift, Univ. München, 1987.

[13] R. Hempel, On the asymptotic distribution of the eigenvalue branches of a Schrödinger operator H − λW in a spectral gap of H, J. Reine Angew. Math. 399 (1989), 38–59.

[14] L. S. Koplienko, On the theory of the spectral shift function, Problemy Mat. Fiz. 5 (1971), 62-79. (Russian)

[15] M. G. Krein, On the trace formula in perturbation theory, Mat. Sb. 33 (75), no. 3 (1953), 597-626. (Russian)

[16] E. Lieb, The number of bound states of one-body Schrödinger operators and the Weyl problem, Proc. Am. Math. Soc. Symposia Pure Math. 36 (1980), 241–252.

[17] I. M. Lifshits, On a problem in perturbation theory, Uspekhi Mat. Nauk 7 (1952), no.

1 (47), 171-180. (Russian)

[18] M. Melgaard, G. Rozenblum, Spectral estimates for magnetic operators, Math. Scand.

79 (1996), 237–254.

[19] S. N. Naboko, On boundary problems for analytic operator valued functions with positive imaginary part. (Russian) Zap. Nauchn. Seminarov LOMI, 157 (1987), 55– 69. [20] S. N. Naboko, Non-tangent boundary values of operator R-functions in the half-plane, Algebra i Analiz, 1 (1989), no.5, 197–222; English transl. in Leningrad Math. J., 1 (1990), no.5.

[21] A. B. Pushnitski, Representation for the spectral shift function for perturbations of a definite sign. (Russian) Algebra i Analiz, 9, no. 6 (1997), 197–213. English translation to appear in St. Petersburg Math. J.

[22] A. B. Pushnitski, Integral estimates for the spectral shift function. (Russian) Algebra i Analiz, 10, no. 6 (1998), to appear.

[23] M. Reed, B. Simon, Methods of modern mathematical physics, vol. 3, Academic Press, 1979..

[24] M. Reed, B. Simon, Methods of modern mathematical physics, vol. 4, Academic Press, 1978.

[25] G. V. Rozenblum, M. Z. Solomyak, CLR-estimate for the generators of positivity preserving and positively dominated semigroups. (Russian) Algebra i analiz 9, no. 6 (1997), 214–236. English translation to appear in St. Petersburg Math. J.

[26] G. Rozenblum, M. Solomyak, On the number of negative Eigenvalues for the twodimensional magnetic Schrödinger operator, “Differential Operators and Spectral Theory. Collection of papers, dedicated to the 70-th birthday of M. Sh. Birman” (to appear).

[27] O. L. Safronov, Discrete spectrum in a gap of the continuous spectrum for variable sign perturbation with large coupling constant. (Russian) Algebra i Analiz 8, no. 2 (1996), 162–194; English translation in St. Petersburg Math. J. 8, no. 2 (1997), 307–331.

[28] O. L. Safronov, The discrete spectrum in the gaps of the continuous one for nonsigndefinite perturbations with a large coupling constant, Commun. Math. Phys. 193 (1998), 233–243.

[29] B. Simon, Maximal and minimal Schrödinger forms, J. Oper. Theory 1 (1979), 37–47.

[30] B. Simon, Functional integration and quantum physics, Academic Press, NY, 1979.

[31] B. Simon, Schrödinger semigroups, Bull. Amer. Math. Soc. 7 (1982), 447–526.

[32] B. Simon, Trace Ideals and Their Applications, Cambridge University Press, Cambridge University Press, Cambridge 1979.

[33] A. V. Sobolev, Efficient bounds for the spectral shift function, Ann. Inst. H. Poincare Phys. Theor. 58, no. 1 (1993), 55–83.

[34] M. Z. Solomyak, Piecewise-polynomial approximation of functions from H^l((0, 1)^d), 2l = d, and applications to the spectral theory of the Schrödinger operator, Israel J. Math. 86 (1994), 253–276.

[35] D. R. Yafaev, Mathematical scattering theory. General theory, Amer. Math. Soc., Providence, RI, 1992.

Department of Mathematical Physics Faculty of Physics St-Petersburg State University 198904, St.Petersburg, Ul’yanovskaya, 1 RUSSIA E-mail: pushnit@mph.phys.spbu.ru