Kirchhoff’s Rule for Quantum Wires

V. Kostrykin^∗ Lehrstuhl für Lasertechnik Rheinisch - Westfälische Technische Hochschule Aachen Steinbachstr. 15, D-52074 Aachen, Germany and R. Schrader^† Institut für Theoretische Physik Freie Universität Berlin, Arnimallee 14 D-14195 Berlin, Germany

June 12, 1998

Abstract

In this article we formulate and discuss one particle quantum scattering theory on an arbitrary finite graph with n open ends and where we define the Hamiltonian to be (minus) the Laplace operator with general boundary conditions at the vertices. This results in a scattering theory with n channels. The corresponding on-shell S-matrix formed by the reflection and transmission amplitudes for incoming plane waves of energy E > 0 is explicitly given in terms of the boundary conditions and the lengths of the internal lines. It is shown to be unitary, which may be viewed as the quantum version of Kirchhoff’s law. We exhibit covariance and symmetry properties. It is symmetric if the boundary conditions are real. Also there is a duality transformation on the set of boundary conditions and the lengths of the internal lines such that the low energy behaviour of one theory gives the high energy behaviour of the transformed theory. Finally we provide a composition rule by which the on-shell S-matrix of a graph is factorizable in terms of the S-matrices of its subgraphs. All proofs only use known facts from the theory of self-adjoint extensions, standard linear algebra, complex function theory and elementary arguments from the theory of Hermitean symplectic forms.

∗e-mail: kostrykin@t-online.de, kostrykin@ilt.fhg.de †e-mail: schrader@physik.fu-berlin.de, Supported in part by DFG SFB 288 “Differentialgeometrie und Quantenphysik”

1 Introduction

At present mesocopic quasi-one-dimensional structures like quantum [71, 74], atomic [42] and molecular [8] wires have become the subject of intensive experimental and theoretical studies. This kind of electronics is still far from being commercially useful. However, the enormous progress that has been made in the past years suggests that it will not be too long before the first molecule-sized electronic components become a reality (see e.g. [75, 76, 55]).

According to already traditional physical terminology a quantum wire is a graphlike structure on a surface of a semiconductor, which confines an electron to potential grooves of width of about a few nanometers. An accurate theory for these nanostructures must include confinement, coupling between closely spaced wires, rough boundaries, impurities, etc. The simplest model describing the conduction in quantum wires is a Hamiltonian on a planar graph. A similar model can be applied to molecular wire – a quasi-one-dimensional molecule that can transport charge carriers (electrons or holes) between its ends [68]. Atomic wires, i.e. lines of metal atoms on the surface of a semiconductor provide another example of such quasi-one-dimensional structures.

Probably it was Pavlov and Gerasimenko [37, 38] who initiated a rigorous mathematical analysis of such models, which later acquired the name of quantum wires. Here we do not intend to give a complete overview of the whole subject. We only mention some related studies. In [13] and [14] networks with leads were used to study adiabatic transport and Chern numbers. Two particle scattering theory on graphs was studied in [57]. Quantum waveguides [72, 10, 25, 19, 20, 21], where the influence of confining potentials walls is modeled by the Dirichlet boundary condition, give a more realistic description of quasi-one dimensional conductors. The wave function is allowed to have several mutually interacting transversal modes. In real quantum wires the number of these modes can be rather large (up to 10^2 – 10^3).

In this article we consider idealized quantum wires, where the configuration space is a graph, i.e. a strictly one-dimensional object and the Hamiltonian is minus the Laplacean with arbitrary boundary conditions at the vertices of the graph and which makes it a self-adjoint operator. The graph need not to be planar and may be bent when realized as a subset of the 3-dimensional Euclidean space R^3 . By now many explicit examples have been considered (see e.g. [37, 12, 26, 27, 28, 2, 11, 15, 22, 40, 43]) including also the Dirac operator with suitable boundary conditions [18]. Our approach gives a systematic discussion and covers in particular all these cases for the Laplace operator. In this article we will, however, not be concerned with the question, which of these boundary conditions could be physically reasonable. The physical relevance of different boundary conditions is discussed e.g. in [28, 31].

The scattering theory for these operators exhibit a very rich structure (see e.g. [78, 63, 53]) and by Landauer’s theory [56] provides the background for understanding conductivity in mesoscopic systems. The on-shell S-matrix at energy E is an n × n matrix if the graph has n open ends, which we will show to be given in closed matrix form in terms of the boundary conditions and the lengths of the internal lines of the graph. We exhibit covariance and invariance properties and show in particular that the on-shell S-matrix is symmetric for all energies if the boundary conditions are real in a sense which we will make precise. The main result of this article is that this on-shell S-matrix is unitary, continuous in the energy and even real analytic except for an at most denumerable set of energies without finite accumulation points. This set is given in terms of the boundary conditions and the lengths of the internal lines. This result may be viewed as the quantum version of Kirchhoff’s rule. For explicit examples this has been known (see e.g. [29, 31]), but again our approach provides a unified treatment. Physically this unitarity is to be expected since there is a local Kirchhoff rule. In fact, the boundary conditions imply that the quantum probability currents of the components of any wave packet associated to the different lines entering any vertex add up to zero. Our discussion of the boundary conditions will be based on Green’s theorem and will just reflect this observation. We will actually give three different proofs, each of which will be of interest in its own right.

Finally there is a general duality transformation on the boundary conditions (turning Dirichlet into Neumann boundary conditions and vice versa) which combined with an energy dependent scale transformation on the lengths of the internal lines relates the high energy behaviour of one theory to the low energy behaviour of the transformed theory.

This article is organized as follows. In Section 2 we discuss the simple case with one vertex only but with an arbitrary number of open lines ending there. This will allow us to present the main elements of our strategy, which is the general theory of self-adjoint extensions of symmetric operators and its relation to boundary conditions in the context of Laplace operators. This discussion uses some elementary facts about Hermitean symplectic forms. Although some results will be proven again for the general set-up in Section 3, for pedagogical reasons and because they are easier and more transparent in this simple case, we will also give proofs. In Section 3 we discuss the general case with the techniques and mostly with proofs, which extend those of Section 2. We start with a general algebraic formulation of boundary conditions involving a finite set of half lines and finite intervals but without any reference to local boundary conditions on a particular graph. At the end we show that any of these boundary conditions may be viewed as local boundary conditions on a suitable (maximal) graph.

In Section 4 we consider the question what happens if one decomposes a graph into two or more components by cutting some of its internal lines and replacing them by semi-infinite lines. One would like to compare the on-shell S-matrices obtained in this way with the original one. If the graph has two open ends and and its subgraphs are connected by exactly one line, the Aktosun factorization formula [3] (see also [64, 54, 67, 4, 69, 70, 33, 45, 50]) for potential scattering on the line easily carries over to this case. Such rules are reminiscent of the Cutkosky cutting rules [23] for one-particle reducible Feynman diagrams. Also such relations are well known in network theories and then the composition law for the S-matrices figures under the name star product [64, pp. 285-286] (we would like to thank M. Baake (Tübingen) for pointing out this reference), [65]. If the cutting involves more than one line, the situation becomes more complicated and leads to interesting phenomena related to the semiclassical Gutzwiller formula and the Selberg trace formula [53] (see also [13, 14, 54]). We provide a general composition rule for unitary matrices, which we will call a generalized star product and by which the on-shell S-matrix of an arbitrary graph (with local boundary conditions) can be factorized in terms of the S-matrices of its subgraphs. We expect that this general, highly nonlinear composition rule could also be of relevance in other contexts. Section 5 contains a summary and an outlook for possible applications and further investigations.

2 The Quantum Wire with a Single Vertex

In this section we will consider a quantum wire with n open ends and joined at a single vertex. This toy model will already exhibit most of the essential features of the general case and is also of interest in its own right. In particular the general strategy and the main techniques of our approach will be formulated in this section. Let the Hilbert space be given as

H = ⊕^n_{i=1}H_i = ⊕^n_{i=1}L^2([0, ∞)).

Elements ψ ∈ H will be written as (ψ_1, ψ_2, ..., ψ_n) and we will call ψ_j the component of ψ in channel j. The scalar product in H is ⟨ϕ, ψ⟩ = n∑ i=1 ⟨ϕ_i, ψ_i⟩_{Hi}

with the standard scalar product on L^2([0, ∞)) on the right hand side. We consider the symmetric operator Δ^0 on H, such that

Δ^0ψ = ( − d^2ψ_1 dx^2 , . . . , − d^2ψ_n dx^2 )

with domain of definition D(Δ^0) being the set of all ψ with each ψ_i, 1 ≤ i ≤ n being smooth and having compact support in the open interval (0, ∞) (ψ_i ∈ C^∞_0 (0, ∞)). It is clear that Δ^0 has defect indices (n, n), such that the set of all self-adjoint extensions can be parametrized (in a noncanonical way) by the unitary group U(n), which has real dimension n^2 (see e.g. [1, 66]).

There is an alternative and equivalent description of all self-adjoint extensions in terms of symplectic theory and which goes as follows (G. Segal, private communication). Let D ⊂ H be the set of all ψ such that each ψ_i, 1 ≤ i ≤ n is smooth - and we will then say ψ is smooth - and has compact support in the interval [0, ∞). On D consider the following consider the following skew-Hermitean quadratic form given as Ω(ϕ, ψ) = ⟨Δϕ, ψ⟩ − ⟨ϕ, Δψ⟩ = −Ω(ψ, ϕ) with the Laplace operator Δ = −d^2/dx^2 considered as a differential operator. Obviously Ω vanishes identically on D(Δ^0). Any self-adjoint extension of Δ^0 is now given in terms of a maximal isotropic subspace of D, i.e. a maximal (linear) subspace on which Ω vanishes identically. This notion corresponds to that of Lagrangean subspaces in the context of Euclidean symplectic forms (see e.g. [7]). To find these maximal isotropic subspaces we perform an integration by parts (Green’s theorem) and obtain with^′ denoting the derivative and ¯ complex conjugation Ω(ϕ, ψ) = n∑ i=1 (¯ ϕ_i(0)ψ^′_i(0) − ϕ̄^′_i(0)ψ_i(0) ) .

We rewrite this in the following form. Let [ ] : D → C^{2n} be the surjective linear map which associates to ψ and ψ^′ their boundary values at the origin:

[ψ] = (ψ_1(0), ...ψ_n(0), ψ^′_1(0), ...ψ^′_n(0))^T = ( ψ(0) ψ^′(0) ) . Here T denotes the transpose, so [ψ], ψ(0) and ψ^′(0) are considered to be column vectors of length 2n and n respectively. The kernel of the map [ ] is obviously equal to D(Δ^0). Then we have Ω(ϕ, ψ) = ω([ϕ], [ψ]) := ⟨[ϕ], J[ψ]⟩C 2n , where ⟨ , ⟩C 2n now denotes the scalar product on C^{2n} and where the 2n × 2n matrix J is the canonical symplectic matrix on C^{2n} : J = ( 0 I −I 0 ) . (1)

Here and in what follows I is the unit matrix for the given context. Note that the Hermitean symplectic form ω differs from the Euclidean symplectic form on C^{2n} [7].

To find all maximal isotropic subspaces in D with respect to Ω it therefore suffices to find all maximal isotropic subspaces in C^{2n} with respect to ω and to take their preimage under the map [ ]. The set of all maximal isotropic subspaces corresponds to the Lagrangean Grassmann manifold in the context of Euclidean symplectic forms [7]. Since J is non degenerate, such spaces all have complex dimension equal to n. This description is the local Kirchhoff rule referred to in the introduction. Moreover with M^⊥ denoting the orthogonal complement (with respect to ⟨·, ·⟩C 2n ) of a space M we have the

Lemma 2.1. A linear subspace M of C^{2n} is maximal isotropic iff M^⊥ = JM and iff M^⊥ is maximal isotropic.

The proof is standard and follows easily from the definition and the fact that J^2 =

−I and J^† = −J. We use this result in the following form. Let the linear subspace

M = M(A, B) of C^{2n} be given as the set of all [ψ] in C^{2n} satisfying

Aψ(0) + Bψ^′(0) = 0, (2)

where A and B are two n × n matrices. If the n × 2n matrix (A, B) has maximal rank equal to n then obviously M has dimension equal to n and in this way we may describe all subspaces of dimension equal to n. Also the image of C^{2n} under the map (A, B) is then all of C^n because of the general result that for any linear map T from C^{2n} into

C^n one always has dim Ker(T ) + dim Ran(T ) = 2n. Writing the adjoint of any (not

necessarily square) matrix X as X^† = X̄^T we claim

Lemma 2.2. Let A and B be be two n × n matrices such that (A, B) has maximal rank. Then M(A, B) is maximal isotropic iff AB^† is self-adjoint.

The proof is easily obtained by writing the condition (2) in the form ⟨Φ^k, [ψ]⟩C 2n = 0, 1 ≤ k ≤ n, where Φ^k is given as the k-th column vector of the 2n × n matrix (Ā, B̄)^T = (A, B)^†. Obviously they are linearly independent. Then by the previous lemma M(A, B) is maximal isotropic iff the space spanned by the Φ^k is maximal isotropic. This condition in turn amounts to the condition that (A, B)J(A, B)^† = 0, which means that AB^† has to be self-adjoint. The converse is also obviously true.

Example 2.1. (n ≥ 3, n odd) Consider

ψ_j(0) + c_j(ψ^′_{j−1}(0) + ψ^′_{j+1}(0)) = 0 for 1 ≤ j ≤ n

with a mod n convention. The resulting A is the identity matrix and AB^† is selfadjoint iff all c_j are equal (=c) and real. Then B is of the form B_{jk} = c(δ_{j+2 k} + δ_{j k+2}). (If n is even the condition is that c_j = c̄_{j+1} and c_j = c_{j+2} for all j)

Example 2.2. (n ≥ 3) Consider

ψ_j(0) + ψ_{j+1}(0) + c_j(ψ^′_j(0) − ψ^′_{j+1}(0)) = 0 for 1 ≤ j ≤ n

again with a mod n convention. The resulting A has maximal rank and AB^† is selfadjoint iff now all c_j are equal and purely imaginary.

Example 2.3. (n = 2) (see e.g. [73, 22]) To relate this case to familiar examples we realize H as L^2(R) = L^2((−∞, 0]) ⊕ L^2([0, ∞)) and write the boundary conditions as ( ψ(0+) ψ^′(0+) ) = e^{iμ} ( a b c d ) ( ψ(0−) ψ^′(0−) ) . Then AB^† is self-adjoint iff the matrix ( a b c d )

belongs to SL(2, R) and μ is real. Up to a set of measure zero in U(n) this gives all self-adjoint extensions. The case a − 1 = d − 1 = b = 0, exp(2iμ) = 1 gives the familiar δ-potential of strength c at the origin. The case a − 1 = d − 1 = c = 0, exp(2iμ) = 1 gives the so called δ^′ -potential of strength b (see e.g. [5, 15] and references therein). In particular for the choice a − 1 = d − 1 = b = c = 0, exp(2iμ) = 1, the corresponding free S-matrix is given by

S^{free}_2 (E) = ( 0 1 1 0 ) . More generally for n lines (≃ R) with free propagation and with the appropriate labeling of the 2n ends the 2n × 2n on-shell S-matrix takes the form,

S^{free}_{2n} (E) = ( 0 I I 0 ) . (3)

We will make use of this observation in Section 4, where we will exploit the fact that this S^{free}_{2n} (E) serves as a unit matrix with respect to the generalized star product.

In what follows we will always assume that A and B define a maximal isotropic subspace M(A, B), such that the resulting operator, which we denote by Δ(A, B), is self-adjoint. A core of this operator D(Δ(A, B)) is given as the preimage of M(Δ(A, B)) under the map [ ]. Note that D(Δ^0) has codimension equal to n in any of these cores. Thus the quantum mechanical one particle Hamiltonians we will consider are of the form −Δ(A, B) for any boundary condition (A, B) defining a maximal isotropic subspace.

The self-adjointness of AB^† , i.e. the relation AB^† − BA^† = 0, will be the main Leitmotiv throughout this article, since combined with the maximal rank condition it encodes the self-adjointness of the operator Δ(A, B) and is the algebraic formulation of the local Kirchhoff rule. The proof of Lemma 2.2 combined with the previous lemma also shows that M(A, B)^⊥ = JM(A, B) = M(−B, A). Note that (A^†, B^†) does not necessarily define a maximal subspace if (A, B) does. As an example let H be selfadjoint and A invertible and set B = H(A^{−1})^†. Then (A, B) defines a maximal isotropic subspace since AB^† = H, but A^†B = A^†H(A^{−1})^†, B^†A = A^{−1}HA and these two expressions differ if AA^† and H do not commute. If A = 0 such that B is invertible we have Neumann boundary conditions and if B = 0 such that A is invertible we have Dirichlet boundary conditions.

We will now calculate the on-shell S-matrix S(E) = S_{A,B}(E) for all energies E > 0. This will be an n×n matrix whose matrix elements are defined by the following relations. We look for plane wave solutions ψ^k(·, E), 1 ≤ k ≤ n of the form ψ^k_j (x, E) = { S_{jk}(E)e^{i√Ex} for j ≠ k e^{−i√Ex} + S_{kk}(E)e^{i√Ex} for j = k (4) and which satisfy the boundary conditions. Thus S_{kk}(E) has the interpretation of being the reflection amplitude in channel k while S_{jk}(E) with j ≠ k is the transmission amplitude from channel k into channel j, both for an incoming plane wave exp(−i √ Ex) in channel k. This definition of the S-matrix differs from the standard one used in potential scattering theory [34, 24], where the equal transmission amplitudes build up the diagonal. In particular for n = 2 and general boundary conditions at the origin as described in Example 2.3 we have S(E) = ( R(E) T_1(E) T_2(E) L(E) )

= ( a − i √ Eb + ic √ E + d )_{−1} ( a − i√Eb −_{ic√} E − d 2e^{iμ} 2e^{−iμ} −a − i √ Eb −^{ic√}_E + d ) , whereas

S_{standard}(E) = S(E) ( 0 1 1 0 ) = ( T_1(E) R(E) L(E) T_2(E) ) . These S-matrices are unitarily equivalent iff Δ(A, B) is real (i.e. e^{2iμ} = 1 such that Δ(A, B) commutes with complex conjugation, see also below for a general discussion) and is invariant with respect to reflection at the origin. In the latter case T_1(E) = T_2(E) and R(E) = L(E).

We return to the Ansatz (4). After a short calculation the boundary conditions for the ψ^k take the form of a matrix equation for S(E) (A + i √ EB)S(E) = −(A − i √ EB). (5) To solve for S(E) we will establish the following

Lemma 2.3. For all E > 0 both matrices (A + i √ EB) and (A − i √ EB) are invertible.

Proof: Assume det(A + i √ EB) = 0. But then also

det(A^† − i √ EB^†) = det(A + i √ EB) = 0, so there is χ ≠ 0 such that (A^† − i √ EB^†)χ = 0. In particular 0 = ⟨χ, (A + i √ EB)(A^† − i √ EB^†)χ⟩ = ⟨A^†χ, A^†χ⟩ + E⟨B^†χ, B^†χ⟩, where we have used the fact that AB^† is self-adjoint. But this implies that A^†χ = B^†χ = 0. Hence ⟨Aϕ + Bϕ^′, χ⟩ = 0 for all ϕ, ϕ^′ ∈ C^n . But as already remarked the range of the map (A, B) : C^{2n} → C^n is all of C^n . Hence χ = 0 and we have arrived at a contradiction. This proves the lemma since the invertibility of A − i √ EB is proved in the same way. Also we have shown that AA^† + EBB^† is a strictly positive operator and hence an invertible operator on C^n for all E > 0. If A (or B) is invertible there is an easier proof of the lemma. Indeed, assume there is χ ≠ 0 such that (A + i √ EB)χ = 0. Then we have A^{−1}Bχ = i/ √ E · χ. But A^{−1}B is self-adjoint since AB^† is and therefore has only real eigenvalues giving a contradiction. To sum up we have proved the first part of

Theorem 2.1. For the above quantum wire with one vertex and boundary conditions given by the pair (A, B) the on-shell S-matrix is given as S_{A,B}(E) = −(A + i √ EB)^{−1}(A − i √ EB) = −(A^† − i √ EB^†)(AA^† + EBB^†)^{−1}(A − i √ EB) (6) and is unitary and real analytic in E > 0.

To prove unitarity, we observe that S^†(E) = −(A^† + i √ EB^†)(A^† − i √ EB^†)^{−1} and S(E)^{−1} = −(A − i √ EB)^{−1}(A + i √ EB). Now it is easy to see that these expressions are equal using again the fact that AB^† is self-adjoint. Note that unitarity follows from abstract reasoning. In fact the difference of the resolvents of the operators Δ(A = 0, B = I) (Neumann boundary conditions and with S-matrix equal to I) and Δ(A, B) by Krein’s formula (see e.g. [1]) is a finite rank operator since we are dealing with finite defect indices, so in particular this difference is trace class. Therefore by the Birman- Kato theory the entire S-matrix exists and is unitary. Also the S-matrix for Dirichlet boundary conditions (A = I, B = 0) is −I. The second relation in (6) can be used to discuss the bound state problem for Δ(A, B), which, however we will not do in this article.

Relation (6) is a remarkable matrix analogue of the representation in potential scattering theory of the on-shell S-matrix at given angular momentum l as a quotient of Jost functions, i.e. S_l(k = √ E) = f_l(k)/f_l(−k) (see [44, 58]). As in potential scattering theory the scattering matrix S_{A,B}(E) as a function of √ E can be analytically continued to a meromorphic function in the whole complex plane. In fact, by the self-adjointness of Δ(A, B) it is analytic in the physical energy sheet Im √ E > 0 except for poles on the positive imaginary axis corresponding to bound states and may have additional poles (i.e. resonances) in the unphysical energy sheet Im √ E < 0. If C is any invertible n × n matrix then obviously (CA, CB) defines the same boundary conditions as (A, B) such that M(CA, CB) = M(A, B) and Δ(CA, CB) = Δ(A, B) and this is reflected by the fact that S_{CA,CB}(E) = S_{A,B}(E). Conversely, if M(A, B) = M(A^′, B^′) then there is an invertible C such that A = CA^′, B = CB^′. This follows easily from the defining relation (2). We want to use this observation to show that the on-shell S-matrix uniquely fixes the boundary conditions. In fact assume that S_{A,B}(E) = S_A′_{,B}′ (E) or equivalently S_{A,B}(E)S_A′_{,B}′ (E)^† = I holds for some E > 0. By a short calculation this holds iff A^′B^† − B^′A^† = 0, i.e. (A^′, B^′)J(A, B)^† = 0. But by the proof of Lemma 2.2 this means that M(A, B)^⊥ = M(A^′, B^′)^⊥ so the two maximal isotropic subspaces M(A, B) and M(A^′, B^′) are equal as was the claim.

To fix the freedom in parametrizing a maximal isotropic subspace by the pair (A, B), consider the Lie group G(2n), consisting of all 2n × 2n matrices g which preserve the Hermitean symplectic structure, i.e. g^†Jg = J. We claim that this group is isomorphic to the classical group U(n, n) (see e.g. [41]). Indeed iJ is Hermitean, (iJ)^2 = I and Tr J = 0 such that the only eigenvalues ±1 are of equal multiplicity. Therefore there is a unitary W such that W iJW^{−1} = ( I 0 0 −I ) . Thus elements g in the group W G(2n)W^{−1} satisfy g^† ( I 0 0 −I ) g = ( I 0 0 −I )

such that W G(2n)W^{−1} = U(n, n). The group U(n, n) and hence G(2n) has real dimension 4n^2 and the latter acts transitively on the set of all maximal isotropic subspaces. In particular M(A, B) is the image of M(A = 0, B = I) under the map given by the group element ( B^†(AA^† + BB^†)^{− 1}2 A^†(AA^† + BB^†)^{− 1}2 −A^†(AA^† + BB^†)^{− 1}2 B^†(AA^† + BB^†)^{− 1}2 ) .

Let K(2n) be the isotropy group of M(A = 0, B = I), i.e. the subgproup which leaves M(A = 0, B = I) fixed. It is of real dimension 3n^2. The set of all maximal isotropic subspaces is in one-to-one correspondence with the right coset space G(2n)/K(2n) which has dimension n^2 as it should. Also this space may be shown to be compact. In Appendix A we will relate the present discussion of selfadjoint extensions of Δ^0 with von Neumann’s theory of selfadjoint extensions. In this context it is worthwhile to note that the parametrization of self-adjoint extensions in terms of maximal isotropic spaces is much more convenient for the description of these graph Hamiltonians, rather than the standard von Neumann’s parametrization. In particular the content of Appendix A is not needed for an understanding of the main material presented in this article.

Now we establish some properties of these on-shell S-matrices. Although we shall prove corresponding results in the general case they are more transparent and easier to prove in this simple situation. In particular, if the boundary condition (A, B) is such that A is invertible one may choose C = A^{−1} and similarly C = B^{−1} if B is invertible. To determine S_{A,B}(E) for all E in these cases it therefore suffices to diagonalize the selfadjoint matrices A^{−1}B and B^{−1}A respectively. Thus if A^{−1}B = V HV^{−1} with a unitary V and diagonal, self-adjoint H, then S_{A,B}(E) = −V (I+ i √ EH)^{−1}(I− i √ EH)V^{−1}. Thus in Example 2.1 H and V are given as H_{kl} = δ_{kl}2c cos 2π(l − 1)/n and V_{kl} = 1 √ n e^{2iπn (k−1)(l−1)} resulting in an on-shell S-matrix of the form S_{jk}(E) = − 1 n n∑ l=1 e^{2iπn (k−j)(l−1)} 1 − 2ic √ E cos^{2π}_n (l − 1) 1 + 2ic √ E cos^{2π}_n (l − 1)

. (7)

With the equivalence (A, B) ∼ (CA, CB) for invertible C in mind, it follows easily that S_{A,B}(E) is diagonal for all E iff A and B are both diagonal (Robin boundary conditions).

Let U be a unitary operator on C^n . Then U defines a unitary operator U on H in a natural way via (Uψ)_i = ∑_n j=1 U_{ij}ψ_j. As a special case this covers the situation where U is a gauge transformation of the form ψ_j → exp(iχ_j)ψ_j with constant χ_j. Also (AU, BU) defines a maximal isotropic subspace and we have Δ(AU, BU) = U^{−1}Δ(A, B)U. Correspondingly we have S_{AU,BU} (E) = U^{−1}S_{A,B}(E)U. Assume in particular that there is a unitary U and an invertible C such that CA = AU and CB = BU. Then the relations Δ(AU, BU) = U^{−1}Δ(A, B)U = Δ(A, B) and S_{A,B}(E) = U^{−1}S_{A,B}(E)U are valid. This has a special application. There is a natural unitary representation π → U(π) of the permutation group of n elements into the unitaries of C^n and analogously a representation π → U(π) into the unitaries of H. For any permutation π such that AU(π) = CA and BU(π) = CB holds for an invertible C = C(π) one has S_{A,B}(E) = U(π)^{−1}S_{A,B}(E)U(π). In Examples 2.1 and 2.2 one may take π to be the cyclic permutation and C(π) = U(π). Consequently the on-shell S-matrix for the Example 2.1 given by (7) satisfies S_{j+l k+l}(E) = S_{jk}(E) mod n for all l (see also e.g. [40] for other examples).

Next we claim that if A and B are both real such that A^† = A^T and B^† = B^T then S_{A,B}(E) equals its transpose. In particular the on-shell S-matrix (7) for the Example 2.1 is symmetric. This is in analogy to potential scattering on the line, where the Hamiltonian is also real (i.e. commutes with complex conjugation). There the transmission amplitude for the incoming plane wave from the left equals the transmission amplitude for the incoming plane wave from the right (see e.g. [34, 24]). In fact one has a general result. For given (A, B) defining the self-adjoint operator Δ(A, B), (Ā, B̄) also defines a self-adjoint operator Δ(Ā, B̄), since (Ā, B̄) has maximal rank and ĀB̄^† is also selfadjoint. It is easy to see that Δ(Ā, B̄) has domain D(Δ(Ā, B̄)) = {ψ | ψ̄ ∈ D(Δ(A, B)} and Δ(Ā, B̄)ψ = Δ(A, B)ψ̄. In particular Δ(A, B) is a real operator if the matrices A and B are real. Thus the Laplace operators obtained from Example 2.1 are real while those obtained from Example 2.2 are not real. In Example 2.3 (A, B) is real iff exp(2iμ) = 1. More generally we will say that the boundary conditions (A, B) are real if there is an invertible map C such that CA and CB are real. Thus Robin boundary conditions are real. For invertible A (or B) a necessary and sufficient condition is that the self-adjoint matrix A^{−1}B (or B^{−1}A) is real. We have the

Corollary 2.1. The on-shell S-matrices satisfy the following relation

S¯_{A,}¯_B(E)^T = S_{A,B}(E). (8)

For the proof observe that S¯_{A,}¯_B(E)^T = −(A^† − i √ EB^†)(A^† + i √ EB^†)^{−1} and the claim again easily follows from the fact that AB^† is self-adjoint.

As a next observation we want to exploit the fact that A and B play an almost symmetric role. First we recall that if (A, B) defines a maximal isotropic subspace then (−B, A) also defines a maximal isotropic subspace, which is just the orthogonal complement. In particular Dirichlet boundary conditions turn into Neumann boundary conditions and vice versa under this correspondence. Although the Laplace operators Δ(A, B) and Δ(−B, A) are not directly related, there is a relation for their on-shell S-matrices. In fact from (6) we immediately obtain

Corollary 2.2. The on-shell S-matrices for Δ(A, B) and Δ(−B, A) are related by S_{−B,A}(E) = −S_{A,B}(E^{−1}) (9) for all E > 0.

Adapting the notation from string theory (see e.g. [62]) we call the map θ : (A, B) → (−B, A) a duality transformation and (9) a duality relation. On the level of Laplace operators and on-shell S-matrices θ is obviously an involution. Since M(−B, A) = M(A, B)^⊥ there are no selfdual boundary conditions.

We conclude this section by providing a necessary and sufficient condition for S_{A,B}(E) to be independent of E, i.e. to be a constant matrix. In fact this will occur if (A, B) is such that none of the linear conditions involve both ψ(0) and ψ^′(0). This means that the boundary conditions are scale invariant, i.e. invariant under the variable transformation x → λ^{−1}x, x, λ ∈ R^+ . The algebraic formulation is given by

Corollary 2.3. Assume the boundary condition is such that to any λ > 0 there is an invertible C(λ) with C(λ)A = A and C(λ)B = λB. Then both S_{A,B}(E) and S_{−B,A}(E) are independent of E. The only eigenvalues of S_{A,B}(E) are +1 and −1 with multiplicities equal to Rank B and Rank A. Also AB^† = 0 and both S_{A,B}(E) and S_{−B,A}(E) are Hermitean such that by unitarity they are also involutive maps. If in addition the boundary conditions are real, then S_{A,B}(E) and S_{−B,A}(E) are also real. Conversely if S_{A,B}(E) is constant then there is C(λ) with the above property.

Proof: The first part is obvious. To prove the second part recall (5). Since S_{A,B}(E) is constant this implies S_{A,B}(E)^†B^† = B^† and S_{A,B}(E)^†A^† = −A^†. Thus the column vectors of B^† and A^† are eigenvectors of S_{A,B}(E)^† = S_{A,B}(E)^{−1} and therefore of S_{A,B}(E) with eigenvalues +1 and −1 respectively. They span subspaces of dimensions equal to

Rank B^† = Rank B and Rank A^† = Rank A. To see that these vectors combined span all of C^n assume there is a vector ψ orthogonal to both these spaces. But this means that Aψ = Bψ = 0 and this is possible only if ψ = 0 since A − i √ EB is invertible.

Also eigenvectors for different eigenvalues are orthogonal which means AB^† = 0. The hermiticity of S_{A,B}(E) and S_{−B,A}(E) therefore follows easily from (6). The reality of S_{A,B}(E) and S_{−B,A}(E) if the boundary conditions are real follows from Corollary 2.1. As for the converse we first observe that by the above arguments a constant S_{A,B}(E) implies the previous properties concerning eigenvalues and eigenvectors. Let therefore U be a unitary map which diagonalizes S_{A,B}(E), i.e. US_{A,B}(E)U^{−1} = ( −I 0 0 I )

holds with an obvious block notation. Also trivially US_{A,B}(E)U^{−1}UA^† = −UA^†, US_{A,B}(E)U^{−1}UB^† = UB^†. Therefore A and B are necessarily of the form A = ( a^′_{11} 0 a^′_{21} 0 ) U, B = ( 0 b^′_{12} 0 b^′_{22} ) U, again in the same block notation. Since (A, B) and hence (AU, BU) has maximal rank, the matrix ( a^′_{11} b^′_{12} a^′_{21} b^′_{22} )

is invertible. Let D denote its inverse, such that DA = ( I 0 0 0 ) U, DB = ( 0 0 0 I ) U. Then C(λ) = D^{−1} ( I 0 0 λI ) D does the job, concluding the proof of the corollary.

The following example will be reconsidered in Section 4.

Example 2.4. (n = 3) Let the boundary conditions be given as

ψ_1(0) = ψ_2(0) = ψ_3(0), ψ^′_1(0) + ψ^′_2(0) + ψ^′_3(0) = 0,

i.e. A = 1 −1 0 0 1 −1 0 0 0 , B = 0 0 0 0 0 0 1 1 1 , C(λ) = 1 0 0 0 1 0 0 0 λ .

Thus A has rank 2, B rank 1 and AB^† = 0. The resulting on-shell S-matrix is given as

S(E) = −^1_3^2_3^2_3 2 3 −^1_3^2_3 2 3 2 3 −^1_3

for all E. Since it is Hermitean and unitary the eigenvalues are indeed ±1 with the desired multiplicities since Tr S(E) = −1.

3 Arbitrary Finite Quantum Wires

In this section we will discuss the general case employing the methods used in the previous section. Let E and I be finite sets with n and m elements respectively and ordered in an arbitrary but fixed way. Unless stated otherwise n ≠ 0, since we will mainly focus on scattering theory. The discussion in the previous section already covered the case m = 0 so we will also assume m ≠ 0. To each e ∈ E we associate the infinite interval [0, ∞) and to each i ∈ I the finite interval [0, a_i] where a_i > 0. The Hilbert space is now defined as H = ⊕_{e∈E} H_e ⊕_{i∈I} H_i = H_E ⊕ H_I, where H_e = L^2([0, ∞)) for e ∈ E and H_i = L^2([0, a_i]) for i ∈ I. H_E is called the exterior and H_I is called the interior component of H. Elements in H are written as

ψ = ({ψ_e}_{e∈E} , {ψ_i}_{i∈I} )^T = (ψ_E , ψ_I )^T .

Thus the previous case is the special case when I is empty. Let now Δ^0 be the Laplace operator with domain of definition D(Δ^0) being given as the set of all ψ with ψ_e, e ∈ E being smooth and having compact support in (0, ∞) while ψ_i is also smooth and has compact support in the open interval (0, a_i) for all i ∈ I. Obviously Δ^0 has defect indices (n + 2m, n + 2m). To find all self-adjoint extensions let now D be the set of all smooth ψ with ψ_e, e ∈ E having compact support in [0, ∞) while the ψ_i have compact support in [0, a_i], i ∈ I. Also the skew-Hermitean quadratic form Ω on D is now defined as Ω(ϕ, ψ) = ⟨Δϕ, ψ⟩ − ⟨ϕ, Δψ⟩ = −Ω(ψ, ϕ). Let [ ] : D → C^{2(n+2m)} be the surjective linear map which associates to each ψ the element [ψ] given as

[ψ] = ( (ψ_e(0)_{e∈E} , ψ_i(0)_{i∈I} , ψ_i(a_i)_{i∈I} )^T (ψ^′_e(0)_{e∈E} , ψ^′_i(0)_{i∈I} , −ψ^′_i(a_i)_{i∈I} )^T ) = ( ψ ψ^′ ) (10)

again viewed as a column vector with the ordering given by the ordering of E and I. Obviously D(Δ^0) is the kernel of the map [ ]. By partial integration we again obtain Ω(ϕ, ψ) = ω([ϕ], [ψ]) = ⟨[ϕ], J[ψ]⟩C 2(n+2m) where now J is the canonical symplectic form on C^{2(n+2m)} of the same form as in (1) and ⟨ , ⟩C 2(n+2m) is now the canonical scalar product on C^{2(n+2m)} . The formulation of the boundary condition is as in the previous section. Let now A and B be (n+2m)×(n+2m) matrices and let M(A, B) be the linear space of all [ψ] in C^{2(n+2m)} such that

Aψ + Bψ^′ = 0 (11)

Then M(A, B) has dimension n + 2m iff the (n + 2m) × 2(n + 2m) matrix (A, B) has maximal rank equal to n + 2m. If in addition AB^† is self-adjoint then M(A, B) is maximal isotropic. The resulting self-adjoint operator will again be denoted by Δ(A, B). Again in what follows we will always assume that the boundary conditions (A, B) have these properties.

Similar to the discussion in the case of single vertex graph (see Appendix A) we can relate von Neumann’s parametrization of self-adjoint extensions of Δ^0 to the matrices

A and B. Corresponding details can easily be worked out and the therefore we omit them.

To determine the resulting on-shell S-matrix, we now look for plane wave solutions ψ^k(·, E), k ∈ E of the stationary Schrödinger equation for −Δ(A, B) at energy E > 0 which satisfy the boundary conditions (A, B) and which are of the following form and which generalize (4)

ψ^k_j (x, E) = S_{jk}(E)e^{i√Ex} for j ∈ E, j ≠ k e^{−i√Ex} + S_{kk}(E)e^{i√Ex} for j ∈ E, j = k α_{jk}(E)e^{i√Ex} + β_{jk}(E)e^{−i√Ex} for j ∈ I. (12)

The aim is thus to determine the n × n matrix S(E) = S_{A,B}(E) and the m × n matrices α(E) = α_{A,B}(E) and β(E) = β_{A,B}(E). The physical interpretation of the matrix elements S_{jk}(E) is as before and the matrix elements of α(E) and β(E) are ’interior’ amplitudes. It is advisable to write matrices like A and B in a 3 × 3 block form, i.e. A = A_{11} A_{12} A_{13} A_{21} A_{22} A_{23} A_{31} A_{32} A_{33} ,

where A_{11} is an n×n matrix, A_{12} and A_{13} are n×m matrices etc. Thus for example the matrices A_{1i}, A_{i1}, B_{1i}, B_{i1}, i = 2, 3 describe the coupling of the exterior to the interior.

Correspondingly ψ and ψ^′ are written as (compare (10))

ψ = ψ_E (0) ψ_I(0) ψ_I (a) , ψ^′ = ψ^′_E (0) ψ^′_I (0) −ψ^′_I(a) ,

where a = (a_1, ...a_m). Also we introduce the diagonal m × m matrices exp(±i √ Ea) by exp(±i √ Ea)_{jk} = δ_{jk}e^{±i} √ Ea_j for j, k ∈ I. The equations for the matrices S(E), α(E) and β(E) now take the following form:

A S(E) + I α(E) + β(E) e^{i√Ea}α(E) + e^{−i√Ea}β(E) + i √ EB S(E) − I α(E) − β(E) −e^{i√Ea}α(E) + e^{−i√Ea}β(E) = 0,

which is a (n + 2m) × n matrix equation with matrix multiplication between (n + 2m) × (n + 2m) and (n + 2m) × n matrices. We rewrite this equation as an inhomogeneous equation generalizing equation (5),

Z_{A,B}(E) S(E) α(E) β(E) = −(A − i √ EB) I 0 0 (13)

where Z_{A,B}(E) = AX(E) + i √ EBY (E) with X(E) = I 0 0 0 I I 0 e^{i√Ea} e^{−i√Ea} and

Y (E) =

I 0 0 0 I −I 0 −e^{i√Ea} e^{−i√Ea} .

If det Z_{A,B}(E) ≠ 0 the scattering matrix S(E) = S_{A,B}(E) as well as the m × n matrices α(E) and β(E) can be uniquely determined by solving the equation (13), S(E) α(E) β(E) = −Z_{A,B}(E)^{−1}(A − i √ EB) I 0 0 . (14)

We recall that by the Birman-Kato theory S_{A,B}(E) is defined and unitary for almost all E > 0 because Δ(A, B) is a finite rank perturbation of Δ(A = 0, B = I). We denote by Σ_{A,B} = {E > 0 | det Z_{A,B}(E) = 0} the set of exceptional points for which Z_{A,B}(E) is not invertible. Now we prove

Theorem 3.1. For any boundary condition (A, B) the set Σ_{A,B} equals the set σ_{A,B} of all positive eigenvalues of −Δ(A, B). This set is discrete and has no finite accumulation points in R_+ .

Proof: First we prove that for every E ∈ Σ_{A,B} all elements of Ker Z_{A,B}(E) have the form (0, ^α^T , ^β^T )^T with ^α and ^β being (column) vectors in C^m . Let us suppose the converse, i.e. that there is a column vector (^s^T , ^α^T , ^β^T )^T ∈ C^{n+2m} such that

Z_{A,B}(E) ^s ^α ^β = 0, (15)

or equivalently

(A + i √ EB) ^s ^α e^{−i√Ea} ^β + (A − i √ EB) 0 ^β e^{i√Ea} ^α = 0.

As in the proofs of Lemma 2.3 and Theorem 2.1 A+i √ EB and A−i √ EB are invertible and (A + i √ EB)^{−1}(A − i √ EB) is unitary such that ^s ^α e^{−i√Ea} ^β = −(A + i √ EB)^{−1}(A − i √ EB) 0 ^β e^{i√Ea} ^α .

Since unitary transformations preserve the Euclidean norm we get ‖^s‖^2C n + ‖^α‖^2C m + ‖^β‖^2C m = ‖^α‖^2C m + ‖^β‖^2C m , such that ^s = 0.

Now for arbitrary (0, ^α^T , ^β^T )^T ∈ Ker Z_{A,B}(E) we consider

ψ_j(x) = { 0 for j ∈ E, ^α_je^{i√Ex} + ^β_je^{−i√Ex} for j ∈ I.

Obviously ψ(x) is the eigenfunction of −Δ(A, B). Thus we have proved that Σ_{A,B} ⊆ σ_{A,B}. We note that this inclusion is nontrivial, since a priori we cannot exclude real energy resonances.

Conversely, let E ∈ σ_{A,B}. Observing that positive energy eigenfunctions must have support on the internal lines of the graph and repeating the arguments, which led to equation (13), we see that there exists a nonzero vector (0, ^α^T , ^β^T )^T ∈ C^{n+2m} such that (15) is satisfied, and hence σ_{A,B} ⊆ Σ_{A,B}. We notice that det Z_{A,B}(E) is an entire function of √ E in the complex plane C . Also det Z_{A,B}(E) does not vanish identically since by the preceding arguments det Z_{A,B}(E) = 0 for E ∈ C \ R implies that E is an eigenvalue of −Δ(A, B), which in turn contradicts the self-adjointness. Thus all real zeroes of det Z_{A,B}(E) are isolated. This concludes the proof of the theorem.

Remark 3.1. The case n = 0 with no associated S-matrix is of interest in its own right. Then (13) takes the form of a homogeneous equation Z_{A,B}(E) ( ^α(E) ^β(E) ) = 0, (16)

with ^α(E) and ^β(E) being column vectors in C^m . It has solutions iff E ∈ R is such that det Z_{A,B}(E) = 0. By what has been said so far it is clear that the solutions of (16) give the eigenvalues and the eigenfunctions of a quantum wire without open ends. As a possible example one might consider the graph associated to the semiclassical description of the fullerene and choose appropriate boundary conditions at the vertices (see e.g. [59]).

Before we proceed further with the study of the equation (13) we consider several examples. Starting with the case, where everything works well without any singularities, we consider the following

Example 3.1. (n = m = 1) We choose the following realization of the Hilbert space H:

H = L^2([0, ∞)) = L^2([1, ∞)) ⊕ L^2([0, 1]).

We take Robin boundary conditions at the origin and a δ potential of strength c at x = 1, i.e.

sin φ ψ(0) + cos φ ψ^′(0) = 0 ψ(1+) − ψ(1−) = 0 ψ^′(1+) − ψ^′(1−) − cψ(1) = 0 .

S(E), α(E) and β(E) are now functions and a straightforward calculation gives the following result. Let S_R(E) denote the on-shell S-matrix for the Robin boundary condition alone, i.e.

S_R(E) = e^{2iδR(E)} = − sin φ − i √ E cos φ sin φ + i √ E cos φ . Then

S(E) =^{(2i} √ E+c)e^{i(√E+2δ}R^{(E))}+ce^{−i√E} (2i √ E−c)e^{−i√E}−ce^{i(√E+2δ}R^{(E))} e^{−2i√E}

α(E) =^{2i} √ Ee^{−i(√E−2δ}R^{(E))} (2i √ E−c)e^{−i√E} +ce^{i(√E+2δ}R^{(E))} β(E) =^{2i} √ Ee^{−i√E} (2i √ E−c)e^{−i√E} +ce^{i(√E+2δ}R^{(E))} . In particular these quantities are finite for all E > 0.

u u ’ & $ %

œ -

1 2

-

-

4

3

Figure 1: The graph from Example 3.2. The arrows show the positive direction for every segment.

Example 3.2. Consider the graph depicted in Fig. 1 with E = {1, 2}, I = {3, 4}, and with a_3 = a_4 = a, i.e. the internal lines have equal length. The arrows on the graph segments show the positive directions. We pose the following real boundary conditions, obviously defining a self-adjoint operator,

ψ_1(0) = ψ_3(0) = ψ_4(0), ψ_2(0) = ψ_3(a) = ψ_4(a), ψ^′_1(0) + ψ^′_3(0) + ψ^′_4(0) = 0, ψ^′_2(0) − ψ^′_3(a) − ψ^′_4(a) = 0.

Straightforward calculations yields

det Z(E) = (10 − e^{2i} √ Ea − 9 e^{−2i} √ Ea)E such that Σ_{A,B} = {^{n2π2}_{a2} , n ∈ N}. The corresponding wave functions have the form ψ_1 = ψ_2 ≡ 0, ψ_3(x) = −ψ_4(x) = sin(^{nπx}_a ). Note that these eigenfunctions for the embedded eigenvalues have compact support. This is in contrast to standard Schrödinger operators of the form −Δ + V , where bound state eigenfunctions can not have compact support due to the ellipticity of −Δ. The on-shell S-matrix can also be easily calculated, giving S(E) = − 1 e^{2i√Ea} − 9 ( 3(e^{2i√Ea} − 1) 8e^{i√Ea} 8e^{i√Ea} 3(e^{2i√Ea} − 1) ) . (17)

Equation (13) is solvable for all E ∈ Σ_{A,B} and defines S(E) uniquely. S(E) is well behaved for all E > 0 and there is no influence of the bound states, except that the (equal) reflection amplitudes vanish for E ∈ Σ_{A,B}. This is in contrast to Schrödinger operators of the form −Δ + λP with appropriate real λ and with P being the orthogonal projector onto any given one-dimensional linear subspace of the Hilbert space [17], or to Schrödinger operators with Wigner–von Neumann type potentials [47]. S(E) has poles only in the unphysical sheet (resonances), √ E_n = πn a − i log 9 2a , n ∈ Z.

The relation

lim_{a↓0} S(E) = ( 0 1 1 0 ) = S^{free}_2 (E)

holds as to be expected from the boundary conditions.

Let us observe that

det X(E) = det Y (E) = ∏ j∈I (−2i sin √ Ea_j).

Therefore if E ∈ Σ_a = ∪_{j∈I}Σ_a(j) = ∪_{j∈I}{E > 0 | sin √ Ea_j = 0} then Z_{A,B}(E) will not be invertible for (A, B) defining Dirichlet or Neumann boundary conditions, since then det Z_{A,B}(E) = det X(E). In particular in these two cases the exterior and the interior decouple such that then we have

Δ(A, B) = Δ_E (A, B) ⊕ Δ_I(A, B)

Here Δ_E (A, B) for both (A = I, B = 0) and (A = 0, B = I) have an absolutely continuous spectrum and Δ_I(A, B) has a purely discrete spectrum which on the set E > 0 equals Σ_a. This means that we have eigenvalues embedded in the continuum. Now the equation (13) for Dirichlet or Neumann boundary conditions has a unique solution S(E) = −I and S(E) = I, respectively, and α(E) = β(E) = 0 whenever E is not in Σ_a. If E is in Σ_a, then S(E) is still of this form but α(E) and β(E) are nonunique and of the form α(E) = β(E) and α(E) = −β(E) for Dirichlet and Neumann boundary conditions, respectively, with α_{jk} being arbitrary whenever E ∈ Σ_a(j) and zero otherwise.

A similar result is valid for arbitrary boundary conditions:

Theorem 3.2. For any boundary condition (A, B) and all E ∈ Σ_{A,B} the equation (13) is solvable and determines S_{A,B}(E) uniquely.

Proof: Let ψ be an arbitrary element of Ker Z(E)^†, i.e. ψ solves the adjoint homogeneous equation corresponding to (13), (X(E)^†A^† − i √ EY (E)^†B^†)ψ = 0. (18)

Suppose first that B = 0, such that A has full rank (Dirichlet boundary conditions). Moreover Σ_{A,B} = Σ_a. Any solution of (18) may be written as ψ = A^{†−1}χ with χ being a solution of X(E)^†χ = 0. χ is necessarily of the form χ = (0, ^α^T , ^β^T )^T for some ^α, ^β ∈ C^m . Let ϕ_i ∈ C^{n+2m} , i = 1, . . . , n be such that (ϕ_i)_k = δ_{ik}. Then

(ψ, Aϕ_i) = (A^†ψ, ϕ_i) = (χ, ϕ_i) = 0

for all i = 1, . . . , n. We now apply the Fredholm alternative as follows. First we note that Ker Z(E)^† = (Ran Z(E))^⊥, the orthogonal complement of the range of Z(E). Therefore the last relation states that all column vectors of

(A − i √ EB) I 0 0 = A I 0 0 are in the range of Z(E). Thus (13) has a solution and since all elements of Ker Z(E) are of the form (0, ^α^T , ^β^T )^T , the on-shell S-matrix S_{A,B}(E) is determined uniquely.

Now we suppose that B ≠ 0. First we consider the case E ∈ Σ_{A,B} and E /∈ Σ_a. From (18) it follows that A^†ψ = i √ EX(E)^{†−1}Y (E)^†B^†ψ, and thus (ψ, BA^†ψ) = i √ E(B^†ψ, X(E)^{†−1}Y (E)^†B^†ψ). (19) Since BA^† is self-adjoint the l.h.s. of (19) is real. To analyze the r.h.s. we note that

X(E)^{†−1}Y (E)^† =

I 0 0

0 0 0 0 0 0 − i 0 0 0 0 cotan( √ Ea) −^1_{sin(}^√_{Ea)} 0 −^1_{sin(}^√_{Ea)} cotan( √ Ea) , (20)

where the first term is self-adjoint and the second skew-self-adjoint. Therefore

Re(B^†ψ, X(E)^{†−1}Y (E)^†B^†ψ) = B^†ψ, I 0 0

0 0 0 0 0 0 B^†ψ .

Since the l.h.s. of (19) is real, it follows that

B^†ψ, I 0 0

0 0 0 0 0 0 B^†ψ = 0, (21)

and thus

(ϕ_i, B^†ψ) = 0 (22)

for all i = 1, . . . , n. Multiplying the equation (18) by ϕ_i from the left we obtain (ϕ_i, A^†ψ) − i √ E(ϕ_i, B^†ψ) = 0. Thus from (22) it follows that (ϕ_i, A^†ψ) = 0. Therefore (ψ, (A − i √ EB)ϕ_i) = 0

for all i = 1, . . . , n. Therefore we may again invoke the Fredholm alternative and obtain a unique on-shell S-matrix. Finally we turn to the case E ∈ Σ_{A,B} ∩ Σ_a. An important ingredient of the proof in this case is the Moore–Penrose generalized inverse (or pseudoinverse) (see e.g. [77]). Recall that for any (not necessary square) matrix M its generalized inverse M^⋆ is uniquely defined by the Penrose equations MM^⋆M = M, M^⋆MM^⋆ = M^⋆, (M^⋆M)^† = M^⋆M, (MM^⋆)^† = MM^⋆.

Also one has

(M^⋆)^† = (M^†)^⋆, Ran M^⋆ = Ran M^†, Ker M^⋆ = Ker M^†, and MM^⋆ = P_{Ran M} , M^⋆M = P_{Ran M} † , where P_H denotes the orthogonal projector onto the subspace H. Moreover, 0^⋆ = 0. If M is a square matrix of full rank M^⋆ = M^{−1}. However, the product formula for inverse matrices (M_1M_2)^⋆ = M^⋆_2 M^⋆_1 does not hold in general. The pseudoinverse of any diagonal matrix Λ with det Λ = 0 is given by

Λ^⋆ = λ_1

.. . λ_r 0 ... 0

⋆

= λ^{−1}_1 . .. λ^{−1}_r 0 . .. 0

.

Using the fact that (Q^†MQ)^⋆ = Q^†M^⋆Q for any unitary Q one can easily calculate the generalized inverse by means of the formulas

M^⋆ = (M^†M)^⋆M^† = M^†(MM^†)^⋆.

With these preparatory remarks we return to the proof. We will say that χ ∈ Ker X(E)^† is a basis element of Ker X(E)^† if χ = (0, ^α^T , ^β^T )^T with ^α_i = ^β_i = 0 for all i = 1, . . . , m except for some k = 1, . . . , m and ^α_k ≠ 0, ^β_k ≠ 0. For any basis element χ either

X(E)χ = 0 and Y (E)χ = c_Y χ (23) or Y (E)χ = 0 and X(E)χ = c_X χ (24)

with some c_X , c_Y ≠ 0. The proof is elementary and is left to the reader. Taking the scalar product of (18) with χ we obtain (X(E)χ, A^†ψ) = i √ E(Y (E)χ, B^†ψ). In the case (23) we have (χ, B^†ψ)=0, and in the case (24) (χ, A^†ψ) = 0.

Multiplying equation (18) by X(E)^{⋆†} we obtain

P_{Ran X(E)}A^†ψ = i √ EX(E)^{⋆†}Y (E)^†B^†ψ, and thus (ψ, BP_{Ran X(E)}A^†ψ) = i √ E(B^†ψ, X(E)^{⋆†}Y (E)^†B^†ψ). (25) The matrix X(E)^{⋆†}Y (E)^† has the form of the r.h.s. of (20), where the singular entries must be replaced by zeroes. Thus

Re(B^†ψ, X(E)^{⋆†}Y (E)^†B^†ψ) = B^†ψ, I 0 0

0 0 0 0 0 0 B^†ψ .

Using the relation P_{Ran X(E)} = I − P_{Ran X(E)}⊥ = I − P_{Ker X(E)}† we may rewrite the l.h.s. of (25) as (ψ, BP_{Ran X(E)}A^†ψ) = (ψ, BA^†ψ) − (B^†ψ, P_{Ker X(E)}† A^†ψ).

With χ_i (1 ≤ i ≤ dim Ker X(E)^†) being the basis elements of Ker X(E)^† we have

(B^†ψ, P_{Ker X(E)}† A^†ψ) =

dim Ker X(E)^† ∑ i=1 (χ_i, B^†ψ)(χ_i, A^†ψ). By the discussion above all terms in this sum are zero. Thus we again obtain (21). The rest of the proof is as in the preceding cases. Theorem 3.2 in particular says that the presence of bound states does not spoil the existence and uniqueness of the on-shell S-matrix. This is to be expected since bound states do not participate in the scattering. The same is true for resonances due to their finite lifetime.

We are now prepared to formulate the main result of this article

Theorem 3.3. For any boundary condition (A, B) defining self-adjoint Δ(A, B) and for all E ∈ R_+ the on-shell S-matrix S_{A,B}(E) is unitary.

Proof: The proof is quite elementary. By arguments used in the proof of Theorem 3.1 we obtain that any solution of (13) satisfies S(E) α(E) e^{−i√Ea}β(E) = −(A + i √ EB)^{−1}(A − i √ EB) I β(E) e^{i√Ea}α(E) .

Now (A + i √ EB)^{−1}(A − i √ EB) is unitary. Multiplying each side with its adjoint from the left we therefore obtain

S(E)^†S(E) + α(E)^†α(E) + β(E)^†β(E) = I+ β(E)^†β(E) + α(E)^†α(E)

which gives S(E)^†S(E) = I and which is unitarity. A second ’analytic’ proof is given in Appendix B (see also Section 4 for a third proof based on the generalized star product).

We now discuss some properties of S_{A,B}(E). Obviously Z_{A,B}(E) can be analytically continued to the complex √ E-plane. By the self-adjointness of Δ(A, B) the determinant det Z_{A,B}(E) cannot have zeroes for E with Im √ E > 0 except for those on the positive imaginary semiaxis corresponding to the bound states. It may have additional zeroes (resonances) in the unphysical energy sheet Im √ E < 0. By means of (14) the scattering matrix S_{A,B}(E) can be analytically continued to the whole complex plane as a meromorphic function of √ E. In fact it is a rational function in √ E, exp(i √ Ea_j), and exp(−i √ Ea_j). Therefore it is real analytic for all E ∈ R_+ \ Σ_{A,B}. Since S_{A,B}(E) for E ∈ Σ_{A,B} is well defined and unitary, it is also continuous for all E ∈ R.

As for the low and high energy behaviour we have the following obvious property. If A is invertible then lim_{E↓0} S_{A,B}(E) = −Iand if B is invertible then lim_{E↑∞} S_{A,B}(E) = I. For arbitrary (A, B) the corresponding relations do not hold in general as may be seen from looking at the Dirichlet (A = I, B = 0) and Neumann (A = 0, B = I) boundary conditions.

Let C be an invertible map on C^{n+2m} such that Δ(CA, CB) = Δ(A, B). Correspondingly we have S_{CA,CB}(E) = S_{A,B}(E) as it should be, since Z_{CA,CB}(E) = CZ_{A,B}(E). Furthermore let U be a unitary map on C^n . Then U induces a unitary map Û on C^{n+2m} by Û =

U 0 0

0 I 0 0 0 I

and a unitary U on H via

(Uψ)_j = {∑ k∈E U_{jk}ψ_k for j ∈ E ψ_j otherwise ,

such that Δ(AÛ , BÛ) = U^{−1}Δ(A, B)U. We recall that all spaces H_e (e ∈ E) are the L^2 space L^2([0, ∞)), so the definition of U makes sense. Also Z_{AÛ,BÛ} (E) = Z_{A,B}(E)Û since Û commutes with X(E) and Y (E), such that Σ_{A,B} = Σ_{AÛ,BÛ} . Next we observe that Û S_{AÛ,BÛ} (E) α_{AÛ,BÛ} (E) β_{AÛ,BÛ} (E) = US_{AÛ,BÛ} (E) α_{AÛ,BÛ} (E) β_{AÛ,BÛ} (E) and

(AÛ − i √ EBÛ) I 0 0 = (A − i √ EB) I 0 0 U.

¿From this we immediately obtain first for E outside Σ_{A,B} and then by continuity for all E > 0

Corollary 3.1. The following covariance properties hold for all E > 0 S_{AÛ,BÛ} (E) = U^{−1}S_{A,B}(E)U α_{AÛ,BÛ} (E) = α_{A,B}(E)U β_{AÛ,BÛ} (E) = β_{A,B}(E)U. (26)

In particular if U is such that there exists an invertible C = C(U) with CA = AÛ and CB = BÛ then S_{A,B}(E) = U^{−1}S_{A,B}(E)U for all E > 0.

We have the following special application. There is a canonical representation π → U(π) of the permutation group of n elements into the unitaries of C^n . If there is a π and an invertible C = C(π) such that CA = AÛ(π) and CB = BÛ(π) then S_{A,B}(E) = U^{−1}(π)S_{A,B}(E)U(π) for all E > 0. The on-shell S-matrix in Example 3.2 is obviously invariant under the permutation 1 ↔ 2 of the two external legs.

Remark 3.2. This discussion may be extended to the case that some of the interval lengths a_i are equal resulting in more general covariance and possibly invariance properties described by some U, U and Û such that Û_{11} = U and Û_{i1} = Û_{1i} = 0 for i = 2, 3. We leave out the details, which may be worked out easily.

Corollary 2.1 has the following generalization

Corollary 3.2. For all boundary conditions (A, B) and all E > 0 the following relation holds

S¯_{A,}¯_B(E)^T = S_{A,B}(E). (27)

In particular for real boundary conditions the transmission coefficient from channel j to channel k, k ≠ j (j, k ∈ E) equals the transmission coefficient from channel k to channel j for all E > 0.

Proof: We start with two remarks. First the relation

(A − i √ EB) I 0 0 = (AX^′ − i √ EBY^′) I 0 0 holds for any X^′ of the form

X^′ =

I 0 0

0 X^′_{22} X^′_{23} 0 X^′_{32} X^′_{33}

and similarly for Y^′. Secondly the matrix S_{A,B}(E) α_{A,B}(E) β_{A,B}(E) constitutes the first n columns of the matrix −Z_{A,B}(E)^{−1}(AX^′ − i √ EBY^′B) with X^′ and Y^′ arbitrary as above. Assume for a moment that E is not in Σ_a. To prove the corollary for such E it therefore suffices to show that

(Z¯_{A,}¯_B(E)^{−1}(ĀY (E)^{−1T} − i √ EB̄X(E)^{−1T} ))^T = Z_{A,B}(E)^{−1}(AY (E)^{−1T} − i √ EBX(E)^{−1T} ), which is equivalent to (AX(E) + i √ EBY (E))(Y (E)^{−1}A^† − i √ EX(E)^{−1}B^†) = (AY (E)^{−1T} − i √ EBX(E)^{−1T} )(X(E)^T A^† + i √ EY (E)^T B^†). But this relation follows from the self-adjointness of AB^† and the observation that X(E)Y (E)^{−1} is symmetric, such that the relations X(E)Y (E)^{−1} = Y (E)^{−1T} X(E)^T and Y (E)X(E)^{−1} = X(E)^{−1T} Y (E)^T hold. Finally by continuity we may drop the condition that E is not in Σ_a, thus completing the proof. The on-shell S-matrix of Example 3.2 is obviously symmetric.

To generalize the duality map of the previous section, we have to take the a dependence into account, so we write S_{A,B,a} etc. The reason is that the length scales a_j induce corresponding energy scales. Also the Hilbert spaces depend on a, H = H_a, so we will compare on-shell S-matrices related to theories in different Hilbert spaces.

For given a let a(E) be given by a_i(E) = Ea_i, i ∈ I such that X_{a(E)}(E^{−1}) = X_a(E) and Y_{a(E)}(E^{−1}) = Y_a(E) for all E > 0. Also set

T = I 0 0 0 I 0

0 0 −I ,

such that T^† = T, T^2 = I and T X_a(E)T = Y_a(E). We now define θ(A, B) = (−BT, AT ). It is easy to see that θ(A, B) defines a maximal subspace. Also E^{−1} is not in Σ_{θ(A,B),a(E)} if E is not in Σ_{A,B,a} and vice versa.

This leads to following generalization of Corollary 2.2

Corollary 3.3. For all boundary conditions (A,B) and all E > 0 the following identities hold S_{θ(A,B),a(E)}(E^{−1}) = − S_{A,B,a}(E) α_{θ(A,B),a(E)}(E^{−1}) = − α_{A,B,a}(E) β_{θ(A,B),a(E)}(E^{−1}) = β_{A,B,a}(E). (28)

The proof is easy by observing that Z_{θ(A,B),a(E)}(E^{−1}) = i √ E Z_{A,B,a}(E)T and −BT − i √ E AT = − i √ E (A − i √ EB)T. We conclude this section by giving a geometrical description of an arbitrary boundary condition as a local boundary condition at the vertices of a suitable graph.

For given sets E and I and a, we label the halfline [0, ∞) associated to e ∈ E by I_e = [0_e, ∞_e) and the closed interval [0, a_i] associated to i ∈ I by I_i = [0_i, a_i] (considering a_i as a generic variable there should be no confusion between the number a_i and the label a_i). By I = ∪_{e∈E} I_e ∪_{i∈I} I_i we denote the disjoint union. Let V = ∪_{e∈E} {0_e} ∪_{i∈I} {0_i, a_i} ⊂ I be the set of ’endpoints’ in I. Clearly the number of points in V equals | E | +2 | I |= n + 2m. Consider a decomposition

V = ∪_{ξ∈Ξ}V_ξ (29)

of V into nonempty disjoint subsets V_ξ with Ξ being just an index set. We say that the points in V ⊂ I are equivalent (∼) when they lie in the same V_ξ. By identifying equivalent points in V ⊂ I we obtain a graph Γ, Γ = I/ ∼. In mathematical language Γ is a one-dimensional simplicial complex, which in particular is a topological space and noncompact if E is nonempty. Obviously the vertices in Γ are in one-to-one correspondence with the elements ξ ∈ Ξ. Note that Γ need not be connected. Also there may be ’tadpoles’, i.e. we allow that 0_i and a_i for some i ∈ I belong to a same set V_ξ. There is no restriction on the number of lines entering a vertex. In particular this number may equal 1 (so called dead end side branches [6]), see Example 3.1. The graph need not be planar.

Let {A, B} be the equivalence class of the boundary condition (A, B) with respect to the equivalence relation given as (A^′, B^′) ∼ (A, B) iff there exists an invertible C such that A^′ = CA, B^′ = CB. By our previous discussion Δ(A, B) only depends on {A, B}. We say that {A, B} has a description as a local boundary condition on the graph Γ if the following holds. First observe that we may label the columns of A and B by the elements v in V (see (10)). With this convention there is supposed to exist (A^′, B^′) ∈ {A, B} with the following properties. To each k labeling the rows of A^′ and B^′ there is ξ = ξ(k), such that A^′_{kv} = B^′_{kv} = 0 for all v not in V_ξ. In other words the boundary condition labeled by k only involves the value of ψ and its derivative at those points in V which belong to V_ξ and this set is in one-to-one correspondence with a vertex in Γ. Of course if Γ is the unique graph consisting of one vertex only then this Γ does the job for any boundary condition {A, B}. However, one may convince oneself that for any given boundary condition {A, B} there is a unique maximal graph Γ = Γ({A, B}) describing {A, B} as a local boundary condition, where maximal means that the number of vertices is maximal.

Let us briefly indicate the proof. Arrange the 2(n + 2m) columns of the (n + 2m) × 2(n + 2m) matrix (A, B) in such a way that the first n + 2m columns are linearly independent. Call this matrix X. Then there is an invertible matrix C such that the (n + 2m) × (n + 2m) matrix made of the first n + 2m columns of CX is the unit matrix. Now rearrange CX by undoing the previous arrangement giving (CA, CB).The decomposition (29) and hence Γ({A, B}) may be read off the “connectivity” of (CA, CB). The self-adjointness of AB^† may now be verified locally at each vertex (the local Kirchhoff rule), see Examples 3.1 and 3.2. Of course different boundary conditions may still give the same Γ in this way. Also in this sense the graphs associated to the discussion in Section 2 may actually consist of several disconnected parts, each with one vertex but without tadpoles.

In particular this discussion shows that the results of this section cover all local boundary conditions on all graphs with arbitrary lengths in the interior and which describe Hamiltonians with free propagation away from the vertices.

4 The Generalized Star Product and Factorization of the S-matrix

In this section we will define a new composition rule for unitary matrices not necessarily of equal rank. This composition rule will generalize the star product for unitary 2 × 2 matrices so we will call it a generalized star product. It will be associative and the resulting matrix will again be unitary. We will apply this new composition rule to obtain the on-shell S-matrix for a graph from the on-shell S-matrices at the same energy of two subgraphs obtained by cutting the graph along an arbitrary numbers of lines. By iteration this will in particular allow us to obtain the on-shell S-matrix for an arbitrary graph from the on-shell S-matrices associated to its vertices (see Section 2), thus leading to a third proof of unitarity.

Let V be any unitary p × p matrix (p > 0). The composition rule will depend on V and will be denoted by ∗_V , such that for any unitary n^′ × n^′ matrix U^′ with n^′ ≥ p and any unitary n^{′′} × n^{′′} matrix U^{′′} with n^{′′} ≥ p, 2p < n^′ + n^{′′} and subject to a certain condition (see below) there will be a resulting unitary n × n matrix U = U^′ ∗_V U^{′′} with n = n^′ + n^{′′} − 2p. This generalized star product may be viewed as an amalgamation of U^′ and U^{′′} and with V acting as an amalgam. To construct ∗_V we write U^′ and U^{′′} in a 2 × 2-block form

U^′ = ( U^′_{11} U^′_{12} U^′_{21} U^′_{22} ) , U^{′′} = ( U^{′′}_{11} U^{′′}_{12} U^{′′}_{21} U^{′′}_{22} ) , (30)

where U^′_{22} and U^{′′}_{11} are p × p matrices, U^′_{11} is an (n^′ − p) × (n^′ − p) matrix, U^{′′}_{22} is an (n^{′′} − p) × (n^{′′} − p) matrix etc. The unitarity condition for U^′ then reads

U^{′†}_{11}U^′_{11} + U^{′†}_{21}U^′_{21} = I U^{′†}_{12}U^′_{12} + U^{′†}_{22}U^′_{22} = I U^{′†}_{11}U^′_{12} + U^{′†}_{21}U^′_{22} = 0 U^{′†}_{12}U^′_{11} + U^{′†}_{22}U^′_{21} = 0

and similarly for U^{′′}.

Condition A: The p × p matrix V U^′_{22}V^{−1}U^{′′}_{11} does not have 1 as an eigenvalue.

Note that by unitarity of U^′, U^{′′} and V one has ‖ V U^′_{22}V^{−1}U^{′′}_{11} ‖≤ 1. Strict inequality holds whenever ‖ U^′_{22} ‖< 1 or ‖ U^{′′}_{11} ‖< 1 and then Condition A is satisfied. In general if Condition A is satisfied it is easy to see that the following p × p matrices exist.

K_1 = (I− V U^′_{22}V^{−1}U^{′′}_{11})^{−1}V = V (1 − U^′_{22}V^{−1}U^{′′}_{11}V )^{−1},

K_2 = (I− V^{−1}U^{′′}_{11}V U^′_{22})^{−1}V^{−1} = V^{−1}(1 − U^{′′}_{11}V U^′_{22}V^{−1})^{−1}.

An easy calculation establishes the following relations

K_1 = V + V U^′_{22}V^{−1}U^{′′}_{11}K_1 = V + V U^′_{22}K_2U^{′′}_{11}V

= V + K_1U^′_{22}V^{−1}U^{′′}_{11}V,

K_2 = V^{−1} + V^{−1}U^{′′}_{11}V U^′_{22}K_2 = V^{−1} + V^{−1}U^{′′}_{11}K_1U^′_{22}V^{−1}

= V^{−1} + K_2U^{′′}_{11}V U^′_{22}V^{−1}.

(31)

Note that formally one has

K_1 = ∞∑ m=0 (V U^′_{22}V^{−1}U^{′′}_{11})^mV,

K_2 = ∞∑ m=0 (V^{−1}U^{′′}_{11}V U^′_{22})^mV^{−1}.

(32)

With these preparations the matrix U = U^′ ∗_V U^{′′} is now defined as follows. Write U in a 2 × 2 block form as U = ( U_{11} U_{12} U_{21} U_{22} ) , where U_{11} is an (n^′ − p) × (n^′ − p) matrix, U_{22} is an (n^{′′} − p) × (n^{′′} − p) matrix etc. These matrices are now defined as U_{11} = U^′_{11} + U^′_{12}K_2U^{′′}_{11}V U^′_{21},

U_{22} = U^{′′}_{22} + U^{′′}_{21}K_1U^′_{22}V^{−1}U^{′′}_{12},

U_{12} = U^′_{12}K_2U^{′′}_{12},

U_{21} = U^{′′}_{21}K_1U^′_{21}.

(33)

In particular if n^′ = 2p then ( 0 I I 0 ) ∗_V U^{′′} = ( V^{−1} 0 0 I ) U^{′′} ( V 0 0 I ) . Similarly if n^{′′} = 2p then U^′ ∗_V ( 0 I I 0 ) = ( I 0 0 V ) U^′ ( I 0 0 V^{−1} ) .

In this sense the matrices ( 0 I I 0 ) serve as units when V = I.

A straightforward but somewhat lengthy calculation presented in Appendix C gives

Theorem 4.1. If Condition A is satisfied then the matrix U = U^′ ∗_V U^{′′} is unitary.

Analogously one may prove associativity. More precisely let U^{′′′} be a unitary n^{′′′} ×n^{′′′} and V^′ a unitary p^′ × p^′ matrix with p^′ ≤ n^{′′}, p^′ ≤ n^{′′′}. If p + p^′ ≤ n^′, then

U^′ ∗_V (U^{′′} ∗_V ′ U^{′′′}) = (U^′ ∗_V U^{′′}) ∗_V ′ U^{′′′}

holds whenever Condition A is satisfied for the compositions involved.

We apply this to the on-shell S-matrices of quantum wires as follows. For the special case V = I we introduce the notation ∗_p = ∗_{V =}I. Let Γ^′ and Γ^{′′} be two graphs with n^′ and n^{′′} external lines labeled by E^′ and E^{′′}, i.e. |E^′| = n^′, |E^{′′}| = n^{′′} and an arbitrary number of internal lines. Furthermore at all vertices we have local boundary conditions giving Laplace operators Δ(Γ^′) on Γ^′ and Δ(Γ^{′′}) on Γ^{′′} and on-shell S-matrices S^′(E) and S^{′′}(E). Let now E^′_0 and E^{′′}_0 be subsets of E^′ and E^{′′} respectively having an equal number (= p > 0) of elements. Also let φ_0 : E^′_0 → E^{′′}_0 be a one-to-one map. Finally to each k ∈ E^′_0 we associate a number a_k > 0. With these data we can now form a graph Γ by connecting the external line k ∈ E^′_0 with the line φ_0(k) ∈ E^{′′}_0 to form a line of length a_k. In other words the intervals [0_k, ∞_k) belonging to Γ^′ and the intervals [0_{φ0(k)}, ∞_{φ0(k)}) belonging to Γ^{′′} are replaced by the the finite interval [0_k, a_k] with 0_k being associated to the same vertex in Γ^′ as previously and a_k being associated to the same vertex in Γ^{′′} as 0_{ϕ0(k)} before in the sense of the discussion at the end of Section 3. Recall that the graphs need not be planar. Thus Γ has n = n^′ + n^{′′} − 2p external lines indexed by elements in (E^′ \ E^′_0) ∪ (E^{′′} \ E^{′′}_0 ) and p internal lines indexed by elements in E^′_0 in addition to those of Γ^′ and Γ^{′′}. There are no new vertices in addition to those of Γ^′ and Γ^{′′} so the boundary conditions on Γ^′ and Γ^{′′} define boundary conditions on Γ resulting in a Laplace operator Δ(Γ). The following formula relates the corresponding on-shell S-matrices S^′(E), S^{′′}(E) and S(E). First let the indices of E^′_0 in E^′ come after the indices in E^′ \ E^′_0 (in an arbitrary but fixed order) (see (30)). Via the map φ_0 we may identify E^{′′}_0 with E^′_0 so let these indices now come first in E^{′′}, but again in the same order. Finally let the diagonal matrix V (a) be given as

V (a) = ( exp i √ Ea 0 0 I ) , where exp(i √ Ea) again is the diagonal p × p matrix given by the p lengths a_k, kεE^′_0.

Then we claim that the relation

S(E) = S^′(E) ∗_p V (a)S^{′′}(E)V (a) (34)

holds. The operators K_1 and K_2 involved now depend on E and are singular for E in a denumerable set, namely when Condition A is violated. This follows by arguments similar to those made after Theorem 3.3. Thus these values have to be left out in (34). In the end one may then extend (34) to these singular values of E by arguments analogous to those after Remark 3.1. If Γ is simply the disjoint union of Γ^′ and Γ^{′′}, i.e. if no connections are made (corresponding to p = 0 and n = n^′ + n^{′′}), then S(E) is just the tensor product of S^′(E) and S^{′′}(E). In this sense the generalized star product is a generalization of the tensor product. Also by a previous discussion (see (3)) V^{−1}S(E)V = S^{free}_{2n} (E) ∗_V S(E) for any on-shell S-matrix with n open ends and any unitary n × n matrix V . Similarly S(E) ∗_V S^{free}_{2n} (E) = V S(E)V^{−1}. Using (34) the on-shell S-matrix associated to any graph and its boundary conditions is obtained from the on-shell S-matrices associated to its subgraphs each having one vertex only. In fact, pick one vertex and choose all the internal lines connecting to all other vertices. This

&%’$ &%’$

Γ^′ Γ^{′′}

   @@

 @

@

                 �

                   �

                     �

   �
 �
�

                 @@
                   @
                     @

Figure 2: Decomposition of the graph.

leads to two graphs and the rule (34) may be applied. Iterating this procedure L times, where L is the number of vertices, gives the desired result.

We will not prove the claim (34) here but only give formal and intuitive arguments which also apply in the physical context of the usual star product or Aktosun formula for potential scattering on the line and which are based on a rearrangement of the Born series for the on-shell S-matrix. For partial results in potential scattering in higher dimensions when the separation of two (or more) potentials tends to infinity see [48, 49]. The complete proof of (34) will be given elsewhere [52].

For the sake of definiteness we consider the amplitudes S(E)_{kl}, k, l ∈ E^′ \ E^′_0, which form U_{11} in this context, since we have U^′ = S^′(E) etc. The other amplitudes may be discussed analogously. The first nontrivial contribution is S^′(E)_{kl} corresponding to the first term in the first relation of (33). In next order the incoming plane wave in channel l may cross within Γ^′ into channel k^′ ∈ E^′_0 picking up a factor S^′(E)_k′_l. Then it propagates from Γ^′ to Γ^{′′} picking up a phase factor exp(i √ Ea_k′ ). To end up in channel k it then has to be transmitted within Γ^{′′} into another channel k^{′′} which is in E^{′′}_0 and which we have identified with E^′_0. Therefore it picks up a factor S^{′′}(E)_k′′_k′ and then a factor exp(i √ Ea_k′′ ) when propagating back to Γ^′ and finally comes the factor S^′(E)_{k k}′′ from propagation within Γ^′ before ending up in channel k. By the superposition principle summation has to be carried over all such k^′ and k^{′′}. This contribution therefore corresponds to the term with m = 0 in the expression for K_2 in (32) when inserted into the second term in the first relation of (33). The higher order contributions arise if the plane wave is reflected m + 1 > 1 times back and forth between Γ^′ and Γ^{′′}. Again by the superposition principle one finally has to sum over all m, giving the desired relation for S(E)_{kl}.

Example 4.1. Consider an arbitrary self-adjoint Laplacean Δ(A, B) with local boundary conditions on the graph depicted in Fig. 3, where the distance between the vertices is a. The composition rule (34) with

V (a) = ( e^{i√Ea} 0 0 1 ) easily gives

S_{11} = S^′_{11} + S^′_{12}S^{′′}_{11}S^′_{21}(1 − S^′_{22}S^{′′}_{11}e^{2ia} √ E)^{−1}, S_{22} = S^{′′}_{22} + S^′_{22}S^{′′}_{21}S^{′′}_{12}(1 − S^′_{22}S^{′′}_{11}e^{2ia} √ E)^{−1}, S_{12} = S^′_{12}S^{′′}_{12}(1 − S^′_{22}S^{′′}_{11}e^{2ia} √ E)^{−1}, S_{21} = S^{′′}_{21}S^′_{21}(1 − S^′_{22}S^{′′}_{11}e^{2ia} √ E)^{−1}, where the S-matrices are written in the form analogous to (30)

S^′ = ( S^′_{11} S^′_{12} S^′_{21} S^′_{22} ) , S^{′′} = ( S^{′′}_{11} S^{′′}_{12} S^{′′}_{21} S^{′′}_{22} ) , leaving out the E−dependence. These relations are equivalent to the Aktosun factorization formula applied to the Laplacean on a line with boundary conditions posed at x = 0 and x = a.

u u1 2 3

Figure 3: The graph from Example 4.1.

Example 4.2. Consider the Laplacean on the graph from Example 3.2 (Fig. 1). The relation (34) holds with

V (a) = e^{i√Ea} 0 0 0 e^{i√Ea} 0 0 0 1

and S^′ = S^{′′} calculated in the Example 2.4. It is easy to check that

K_1 = K_2 = (1 − e^{2i} √ Ea/9)^{−1}(1 − e^{2i} √ Ea)^{−1} ( 1 −^5_9 e^{2i√Ea} −^4_9 e^{2i√Ea} −^4_9 e^{2i√Ea} 1 −^5_9 e^{2i√Ea} ) . Therefore from (33) the formula (17) again follows. Note that K_1 = K_2 is singular at Σ_{A,B}, but these singularities disappear in the on-shell S-matrix.

As already remarked multiple application of (34) to an arbitrary graph allows one by complete induction on the number of vertices to calculate its S-matrix from the Smatrices corresponding to single-vertex graphs. If these single vertex graphs contain no tadpoles, i.e. internal lines starting and ending at the vertex, then (6) and (34) give a complete explicit construction of the S-matrix in terms of the on-shell S-matrices discussed in Section 2. In case when a resulting single-vertex graph contains tadpoles we proceed as follows. Let the graph Γ have one vertex, n external lines and m tadpoles of lengths a_i. To calculate the S-matrix of Γ we insert an extra vertex on each of the internal lines (for definiteness, say, at x = a_i/2). At these new vertices we impose trivial boundary conditions given by the choice a − 1 = d − 1 = b = c = 0, exp(2iμ) = 1 of Example 3.2. With these new vertices we may now repeat our previous procedure. Thus in the end we arrive at graphs with one vertex only and no tadpoles. But the unitarity of the associated on-shell S-matrices was established in Section 2, so unitarity in the general case follows from Theorem 4.1. This is our third proof of unitarity. As an illustration we consider the following u e ’ & $ %

œ^1

          -^2

Figure 4: The graph Γ with n = 1 and m = 1: a closed loop (i.e. tadpole) of length a plus one external line. The open circle denotes the vertex added.

Example 4.3. Consider the Laplacean on the graph Γ depicted in Fig. 4 with a circle of length a and the same boundary conditions at the 3-vertex as in Example 2.4. Then

S_{tadpole}(E) = e^i √ Ea e^{−i√Ea} − 3 e^{i√Ea} − 3 . An easy calculation shows that

S_{tadpole}(E) = S^{free}_2 (E) ∗_{p=2} V (a)S(E)V (a),

where S(E) is the on-shell S-matrix of Example 2.4 and

V (a) = e^{i√Ea/2} 0 0 0 e^{i√Ea/2} 0 0 0 1 .

In this case K_1 equals

K_1 = (1 − 1 3 e^i √ Ea)^{−1}(1 − e^i √ Ea)^{−1} ( 1 −^2_3 e^{i√Ea} −^1_3 e^{i√Ea} −^1_3 e^{i√Ea} 1 −^2_3 e^{i√Ea} ) ,

which is singular for E =^{(2πn)2}_{a2} .

The feature exhibited in this example (see also Example 3.2) may be generalized as follows. Let Γ be a graph with local boundary conditions at each vertex which are scale invariant in the sense of Corollary 2.3. Then by (34) the E dependence of the on-shell S-matrix S_Γ(E) for this graph only enters through the lengths a in the form exp(i √ Ea_j). In particular lim_{a→ 0} S_Γ(E) is independent of the energy. This observation might be helpful in deciding which boundary conditions might be physically realized in a given experimental context.

5 Conclusions and Outlook

In this article we have established unitaritity of the S-matrix for arbitrary finite quantum wires with a Hamiltonian given by an arbitrary self-adjoint extension of the Laplace operator. The explicit determination of the on-shell S-matrix has been reduced to a finite matrix problem, which thus is accessible to computer calculations. A quantum wire with two open ends but arbitrary interior and arbitrary boundary conditions may be viewed as a theory with point interaction and an internal structure (see e.g. [60, 61]). Ultimately relativistic, local quantum field theories provide the appropriate set-up for considering point-like interactions and internal structures. Thus for example the Φ^4-theory is the quantum field theoretic version of the δ-potential. The composition rule established in Section 4 gives a generalization to arbitrary graphs of the Aktosun factorization formula [3] for potential scattering on the line.

Our approach offers several generalizations. First it is possible to introduce a potential V on the entire wire thus replacing −Δ(A, B) by −Δ(A, B) + V (see e.g. [35], [32]). Although solutions for the on-shell S-matrix in closed form like above may not be obtainable in general, most structural properties should still hold, provided the potential is sufficiently strongly decaying at the infinities. Also one may construct lattice models in the following way. To each lattice site j ∈ Z^k in R^k one may associate an S-matrix with 2k open ends and connect neighboring lattice sites accordingly (see e.g. [11, 40, 30]). This would lead to the possibility of considering infinite quantum wires - obtained as ’thermodynamic’ limits of finite quantum wires - and study their conductance properties in the spirit of e.g. the analysis in [11]. Thus if one takes the same S-matrices at each site the resulting theory will be translation invariant. The generalized star product also offers the possibility of introducing a transfer matrix theory (see again [11]). For the case k = 1 this will generalize the Kronig-Penney model [15, 51]. Finally the S-matrices at the lattice sites could vary stochastically allowing the study of percolation effects.

The present discussion of Laplace operators on graphs could also be used to study Brownian motion and the associated diffusion process. More precisely we expect the heat kernel exp(tΔ(A, B))(x, y) to be nonnegative if the boundary conditions (A, B) are real. It would be interesting to obtain a representation in the spirit of the Selberg and Gutzwiller trace formula. If the boundary conditions are not real, reflecting the presence of a magnetic field say, we expect a corresponding Ito formula to be valid and Aharonov-Bohm like effects to show up.

Acknowledgements

The authors are indebted to Y. Avron, Th. Bröcker, J.M. Combes and M. Karowski for valuable comments.

Appendix A

In this Appendix we will describe Δ(A, B) defined on a graph with a single vertex from the viewpoint of von Neumann’s extension theory (see e.g. [66]). According to von Neumann’s theorem any self-adjoint extension Δ(A, B) of Δ^0 can be uniquely parametrized by a linear isometric isomorphism W_{A,B} : Ker(−Δ^{0†} − i) → Ker(−Δ^{0†} + i) according to the formula D(Δ(A, B)) = { ψ + ψ_+ + W_{A,B}ψ_+| ψ ∈ D(Δ^0), ψ_+ ∈ Ker(−Δ^{0†} − i) } , −Δ(A, B)(ψ + ψ_+ + W_{A,B}ψ_+) = −Δ^0ψ + iψ_+ − iW_{A,B}ψ_+.

To express W_{A,B} in terms of the matrices A and B we compare Δ(A, B) with another self-adjoint extension Δ(A^′, B^′) of Δ^0. For definiteness we take A^′ = I and B^′ = 0, which corresponds to the Dirichlet boundary conditions (but another choice would also be possible).

Let u_j ∈ Ker(−Δ^{0†} − i) and v_j ∈ Ker(−Δ^{0†} + i), j = 1, . . . , n be given as

(u_j(x))_k = δ_{jk}2^{1/4}e^{1√2 (−1+i)x}, (v_j(x))_k = δ_{jk}2^{1/4}e^{1√2 (−1−i)x}, k = 1, . . . , n. (A1)

One can easily verify that {u}^n_{j=1} and {v}^n_{j=1} are orthonormal bases for Ker(−Δ^{0†} − i) and Ker(−Δ^{0†} + i), respectively. Denote by W_{A,B} the unitary matrix representation of W_{A,B} with respect to the bases {u}^n_{j=1} and {v}^n_{j=1}, i.e. W_{A,B}u_j = n∑ k=1 (W_{A,B})_{kj} v_k. It is easy to see that W_A′_=I_{,B}′_{=0} = −I. Our strategy will be to apply Krein’s formula (see e.g. [1]) to obtain W_{A,B} in terms of the matrices A and B. To construct Δ(A, B) in the sense of von Neumann we proceed in two steps. In the first step let ~Δ be the maximal common part of Δ(A, B) and Δ(A^′ = I, B^′ = 0), i.e. ~Δ is the largest closed extension of Δ^0 with

D( ~Δ) = D(Δ(A, B)) ∩ D(Δ(A^′ = I, B^′ = 0)) = { ψ| ψ(0) = 0, Bψ^′(0) = 0 } . Obviously, ~Δ is a symmetric operator with defect indices (r, r), r = Rank B (0 ≤ r ≤ n). Also one has Ker(− ~Δ^† ∓ i) ⊆ Ker(−Δ^{0†} ∓ i) such that we may decompose

Ker(−Δ^{0†} ∓ i) = Ker(− ~Δ^† ∓ i) ⊕ M_±. (A2)

Performing, if necessary, a renumeration of the basis elements we may assume that {u}^r_{j=1} and {v}^r_{j=1} are bases for Ker(− ~Δ^† − i) and Ker(− ~Δ^† + i) respectively.

Von Neumann’s theorem describes ~Δ as a symmetric extension of Δ^0. All such extensions are parametrized by linear partial isometries W^′ : Ker(−Δ^{0†} −i) → Ker(−Δ^{0†} +i). For the case at hand it is easy to see that the isometry corresponding to ~Δ defines an isometric isomorphism ~W: M_+ → M_− and therefore

D( ~Δ) = { ψ + ψ_+ + ~Wψ_+| ψ ∈ D(Δ^0), ψ_+ ∈ M_+ } , − ~Δ(ψ + ψ_+ + ~Wψ_+) = −Δ^0ψ + iψ_+ − i ~Wψ_+.

Denoting by ~W the matrix representation of ~W in the bases {u}^n_{j=r+1} and {v}^n_{j=r+1} we get that ~W = −I.

In the second step let ~W_{A,B} : Ker(− ~Δ^† − i) → Ker(− ~Δ^† + i) be the linear isometric isomorphism parametrizing Δ(A, B) as a self-adjoint extension of ~Δ. Denote by ~W_{A,B} its unitary matrix representation with respect to the bases {u}^r_{j=1} and {v}^r_{j=1}. Again it is easy to see that ~W_A′_=I_{,B}′_{=0} = −I (r × r matrix). Also from the discussion above it follows that W_{A,B} = ~W_{A,B} ⊕ (−I) (A3) with respect to the decomposition (A2).

Krein’s formula (see e.g. [1]) now states that the difference of the resolvents of −Δ(A, B) and −Δ(A^′ = I, B^′ = 0) at the point z = i is given by

R_{A,B}(i) − R_A′_=I_{,B}′_{=0}(i) = r∑ j,k=1 ~P_{jk}(v_k, ·)v_j , (A4)

with some r × r matrix ~P of maximal rank. By Corollary B.3 of [39] it follows that ~P = i 2 (I+ ~W^{−1}_{A,B}). (A5)

Obviously, relation (A4) can be rewritten in the form

R_{A,B}(i) − R_A′_=I_{,B}′_{=0}(i) = n∑ j,k=1 P_{jk}(v_k, ·)v_j , (A6)

with P being n × n matrix of rank r such that P = ~P ⊕ 0 with respect to the decomposition (A2). Thus from (A5) and (A3) it follows that P = i 2 (I+ W^{−1}_{A,B}). (A7)

The resolvent R_A′_=I_{,B}′_{=0}(i) of Δ(A^′ = I, B^′ = 0) can be given explicitly. Its integral kernel (Green’s function) for x < y has the form

R_A′_=I_{,B}′_{=0}(x, y; i) = I sin √ ix √ i e^{1√2 (−1+i)y}, such that

R_A′_=I_{,B}′_{=0}(0, y; i) = 0,

∂R_A′_=I_{,B}′_{=0} ∂x (0, y; i) = Ie^{1√2 (−1+i)y}.

Since the boundary conditions take the form AR_{A,B}(0, y; i) + B ∂R_{A,B} ∂x (0, y; i) = 0

for all y > 0 in terms of the resolvents, from (A6) we obtain ( A + 1 √ 2 (−1 + i)B ) P = − 1 √ 2 B. Comparing this with (A7) we obtain W^{−1}_{A,B} = − ( A + 1 √ 2 (−1 + i)B )_{−1} ( A − 1 √ 2 (1 + i)B ) . Note that ( ^A, ^B) given as ^A = A − 1√ 2 B, ^B = 1 √ 2 B also defines a maximal isotropic subspace and W^{−1}_{A,B} = S b_{A,} b_B(E = 1) (the S-matrix for the single vertex theory) holds, such that in particular W_{A,B} is unitary and satisfies W_{A,B} = W_{CA,CB} for any invertible C, as it should be. As an example, for A = 0 and

B = I (Neumann boundary conditions) this gives W_{A=0,B=I} = iI, again as it should be.

Appendix B

Here we give an alternative ’analytic’ proof of Theorem 3.3, i.e. of the unitarity of the on-shell S-matrix. We resort to an argument which is a modification of well known arguments used to prove orthogonality relations for improper eigenfunctions of Schrödinger Hamiltonians (see also the remark at the end of this appendix) and which is instructive in its own right. For this purpose we introduce Hilbert spaces H_R indexed by R > 0 and given as H_R = ⊕_{e∈E} H_{e,R} ⊕_{i∈I} H_i, where the spaces H_i are as before and where H_{e,R} = L^2([0, R]) for all e ∈ E. Then ψ^k(·, E) ∈ H_R for all e ∈ E and all 0 < R < ∞. Let ⟨ , ⟩_R denote the canonical scalar product on H_R. Also we have Δψ^k(·, E) = −Eψ^k(·, E) such that for all E, E^′ ∈ R \Σ_{A,B} and all k, l ∈ E ⟨Δψ^k(·, E), ψ^l(·, E^′)⟩_R − ⟨ψ^k(·, E), Δψ^l(·, E^′)⟩_R = (E^′ − E)⟨ψ^k(·, E), ψ^l(·, E^′)⟩_R. (B1) Now all terms in this equation are smooth in E, E^′ ∈ R \ Σ_{A,B} and R. We may therefore take the limit E^′ → E. This gives for the right hand side of (B1) lim E^′→E (E^′ − E)⟨ψ^k(·, E), ψ^l(·, E^′)⟩_R = 0. On the other hand we may evaluate the left hand side of (B1) by performing a partial integration. Since both ψ^k(·, E) and ψ^l(·, E^′) satisfy the boundary conditions (A, B), the only contributions arise at the n ’new’ boundaries x = R, i.e. ⟨Δψ^k(·, E), ψ^l(·, E^′)⟩_R − ⟨ψ^k(·, E), Δψ^l(·, E^′)⟩_R = ∑ e∈E ( ψ̄^{k ′}_e (R, E) ψ^l_e(R, E^′) − ψ̄^k_e (R, E) ψ^{l ′}_e (R, E^′) )

= −i( √ E^′ + √ E)e^{i(√E′−√E)R} ∑ e∈E S_{ek}(E)S_{el}(E^′)

+i( √ E^′ + √ E)e^{−i(√E′−√E)R} δ_{kl} +i( √ E^′ − √ E)e^{i(√E′+√E)R} S_{lk}(E) −i( √ E^′ − √ E)e^{i(√E′+√E)R} S_{kl}(E^′). The limit of the right hand side as E^′ → E equals −2i √ E ( ∑ e∈E S_{ek}(E)S_{el}(E) − δ_{kl} ) , which by the preceding arguments is zero, concluding this second proof of unitarity.

We could have chosen E^′ = E from the very beginning. However, the present discussion may be applied to show general orthogonality properties for the improper eigenfunctions ψ^k(·, E). This is achieved by first dividing (B1) by E^′ − E and then taking the limit R → ∞ in the sense of distributions in E^′ and E.

Appendix C

This appendix is devoted to a proof of Theorem 4.1. We start with the following observation. For U^′ written in block form as in (30) we define a map U^′ → U^{′τ} with τ = τ(n^′ − p, p) given as

U^{′τ} = ( U^′_{22} U^′_{21} U^′_{12} U^′_{11} ) , which amounts to interchanging the first n^′ − p indices with the last p indices while keeping the order of the indices otherwise fixed. U^{′′τ} and U^τ are defined analogously with τ = τ(p, n^{′′} − p) and τ = τ(n^′ − p, n^{′′} − p) respectively. From the definition of ∗_V it follows immediately that the following ’transposition law’ holds U^τ = U^{′′τ} ∗_V −1 U^{′τ} whenever U = U^′ ∗_V U^{′′}. To prove Theorem 4.1 we have to show that the following four relations hold

U^†_{11} U_{11} + U^†_{21} U_{21} = I, U^†_{11} U_{12} + U^†_{21} U_{22} = 0, U^†_{12} U_{12} + U^†_{22} U_{22} = I, U^†_{12} U_{11} + U^†_{22} U_{21} = 0.

By our previous observation it suffices to prove only the first two relations. To prove the first one, we insert the definition of U and obtain

U^†_{11} U_{11} + U^†_{21} U_{21} = U^{′†}_{11} U^′_{11} + U^{′†}_{11} U^′_{12} K_2 U^{′′}_{11} V U^′_{21} +U^{′†}_{21} V^{−1} U^{′′†}_{11} K_2 U^{′†}_{12} U^′_{11} +U^{′†}_{21} V^{−1}U^{′′†}_{11} K^†_2 U^{′†}_{12} U^′_{12} K_2 U^{′′}_{11} V U^′_{21} +U^{′†}_{21} K^†_1 U^{′′†}_{21} U^{′′}_{21} K_1 U^′_{21} = 5∑ i=1 a_i. We now use the unitarity relations for U^′ and U^{′′}. This gives 5∑ i=2 a_i = U^{′†}_{21}{−U^′_{22} K_2 U^{′′}_{11} V − V^{−1} U^{′′†}_{11} K^†_2 U^′_{22}

+V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{12} U^′_{12} K_2 U^{′′}_{11} V + K^†_1 U^{′′†}_{21} U^{′′}_{21} K_1}U^′_{21} = U^{′†}_{21}{−U^′_{22} K_2 U^{′′}_{11} V − V^{−1} U^{′′†}_{11} K^†_2 U^′_{22} + V^{−1} U^{′′†}_{11} K^†_2 K_2 U^{′′}_{11} V −V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} U^′_{22} K_2 U^{′′}_{11} V + K^†_1 K_1 − K^†_1 U^{′′†}_{11} U^{′′}_{11} K_1}U^′_{21}.

To establish

∑_5

i=1 a_i = I it therefore suffices to show that the expression in braces equals

I. Using one of the relations in (31) and its adjoint we have

K^†_1K_1 = I+ U^′_{22} K_2 U^{′′}_{11} V + V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} +V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} U^′_{22} K_2 U^{′′}_{11} V and K^†_1 U^{′′†}_{11} U^{′′}_{11} K_1 = V^{−1} (I+ U^{′′†}_{11} K^†_2 U^{′†}_{22} V^{−1}) U^{′′†}_{11} U^{′′}_{11}(I+ V U^′_{22} K_2 U^{′′}_{11})V.

Hence it suffices to show that

−(I+ U^{′′†}_{11} K^†_2 U^{′†}_{22} V^{−1})U^{′′†}_{11} U^{′′}_{11}(I+ V U^′_{22} K_2 U^{′′}_{11}) + U^{′′†}_{11} K^†_2 K_2 U^{′′}_{11} = 0.

To show this it suffices in turn to prove that K^†_2K_2 = I+ K^†_2 U^{′†}_{22} V^{−1} U^{′′†}_{11} + U^{′′}_{11} V U^′_{22} K_2 +K^†_2 U^{′†}_{22} V^{−1} U^{′′†}_{11} U^{′′}_{11} V U^′_{22} K_2.

But this relation follows by inserting the relation K_2 = V^{−1} + V^{−1} U^{′′}_{11} V U^′_{22} K_2 and its adjoint into the left hand side. To sum up we have proved the first of the unitarity relations for U. To prove the second relation we again insert the definition of U, use the unitarity relations for U^′ and U^{′′} twice and obtain U^†_{11} U_{12} + U^†_{21} U_{22} = U^{′†}_{21}{−U^′_{22} K_2 + V^{−1} U^{′′†}_{11} K^†_2 K_2 −V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} U^′_{22} K_2 −K^†_1 U^{′′†}_{11} + K^†_1 K_1 U^′_{22} V^{−1} −K^†_1 U^{′′†}_{11} U^{′′}_{11} K_1 U^′_{22} V^{−1}}U^{′′}_{12}.

Hence it suffices to show that the expression in braces (= a_6) vanishes. But

−K^†_1 U^{′′†}_{11} − K^†_1 U^{′′†}_{11} U^{′′}_{11} K_1 U^′_{22} V^{−1} = −K^†_1 U^{′′†}_{11} V K_2 = −V^{−1}(I+ U^{′′†}_{11} K^†_2 U^{′†}_{22} V^{−1})U^{′′†}_{11} V K_2 = −V^{−1} U^{′′†}_{11} V K_2 − V^{−1} U^{′′†}_{11} (K^†_2 − V )K_2 = −V^{−1} U^{′′†}_{11} K^†_2 K_2 implies a_6 = −U^′_{22} K_2 − V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} U^′_{22} K_2 + K^†_1 K_1 U^′_{22} V^{−1}.

The chain of equalities

K^†_1 K_1 U^′_{22} V^{−1} = (I+ V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22})(I+ U^′_{22} K_2 U^{′′}_{11} V )U^′_{22} V^{−1} = U^′_{22} V^{−1} + U^′_{22} K_2 U^{′′}_{11} V U^′_{22} V^{−1} +V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} U^′_{22} K_2 U^{′′}_{11} V U^′_{22} V^{−1} +V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} U^′_{22} V^{−1} = U^′_{22} V^{−1} + U^′_{22}(K_2 − V^{−1}) +V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} U^′_{22}(K_2 − V^{−1}) +V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} U^′_{22} V^{−1} = U^′_{22} K_2 + V^{−1} U^{′′†}_{11} K^†_2 U^{′†}_{22} U^′_{22} K_2 finally leads to a_6 = 0 as desired concluding the proof of Theorem 4.1.

References

[1] N.I. Achieser and I.M. Glasmann, Theorie der linearen Operatoren im Hilbert- Raum, Berlin, Akademie Verlag, 1968.

[2] V.M. Adamyan, “Scattering matrices for microschemes”, in T. Ando and I. Gohberg (Eds.), Operator Theory and Complex Analysis, Oper. Theory, Adv. Appl., Vol. 59, pp. 1-10. Basel, Birkhäuser, 1993.

[3] T. Aktosun, “A factorization of the scattering matrix for the Schrödinger equation and for the wave equation in one dimension”, J. Math. Phys. 33, 3865 - 3869 (1992).

[4] T. Aktosun, M. Klaus, and C. van der Mee, “Factorization of scattering matrices due to partitioning of the potentials in one-dimensional Schrödinger-type equations”, J. Math. Phys. 37, 5897 - 5915 (1996).

[5] S. Albeverio, F. Gesztesy, R. Høegh-Krohn, and H. Holden, Solvable Models in Quantum Mechanics, Springer, Berlin, 1988.

[6] S. Alexander, “Superconductivity of networks. A percolation approach to the effects of disorder”, Phys. Rev. B 27, 1541-1557 (1983).

[7] V.I. Arnold and A.B. Givental, “Symplectic geometry”, in V.I. Arnold and S.P.

Novikov (Eds.), Dynamical Systems IV, Berlin, Springer, 1990.

[8] A. Aviram and M. Ratner (Eds.), Molecular Electronics: Science and Technology, Ann. New York Acad. Sci., 1998 (to appear).

[9] Y. Avishai and Y. Band, “Ballistic conductance of wide orifice”, Phys. Rev. B 41, 3523-3525 (1990).

[10] Y. Avishai, D. Bessis, B.G. Giraud, and G. Mantica, “Quantum bound states in open geometries”, Phys. Rev. B 44, 8028-8034 (1991).

[11] Y. Avishai and J.M. Luck, “Quantum percolation and ballistic conductance on a lattice of wires”, Phys. Rev. B 45, 1074-1095 (1992).

[12] J.E. Avron, A. Raveh, and B. Zur, “Adiabatic transport in multiply connected systems”, Rev. Mod. Phys. 60, 873-915 (1988).

[13] J.E. Avron and L. Sadun, “Chern numbers and adiabatic charge transport in network with leads”, Phys. Rev. Lett. 62, 3082-3084 (1989).

[14] J.E. Avron and L. Sadun, “Adiabatic quantum transport in networks with macroscopic component”, Ann. Phys. 206, 440-493 (1991).

[15] J.E. Avron, P. Exner, and Y. Last, “Periodic Schrödinger operators with large gaps and Wannier-Stark ladders”, Phys. Rev. Lett. 72, 869-899 (1994).

[16] K.-F. Berggren and Zhen-Li Ji, “Resonant tunneling via quantum bound states in a classically unbound system of crossed narrow channels” , Phys. Rev. B 43, 4760-4763 (1991).

[17] M. Bolsterli, “Continuity of phase shift at continuum bound state”, Phys. Rev. 182, 1095-1096 (1969).

[18] W. Bulla and T. Trenckler, “The free Dirac operator on compact and noncompact graphs”, J. Math. Phys. 31, 1157-1163 (1990).

[19] W. Bulla, F. Gesztesy, W. Regner, and B. Simon, “Weakly coupled bound states in quantum waveguides”, Proc. Am. Math. Soc. 125, 1487-1495 (1997).

[20] J.P. Carini, J.T. Londergan, D.P. Murdock, D. Trinkle, and C.S. Yung, “Bound states in waveguides and bent quantum wires. I. Applications to waveguide systems”, Phys. Rev. B 55, 9842-9851 (1997).

[21] J.P. Carini, J.T. Londergan, and D.P. Murdock, “Bound states in waveguides and bent quantum wires. II. Electrons in quantum wires”, Phys. Rev. B 55, 9852-9859 (1997).

[22] M. Carreau, “Four-parameter point-interaction in 1D quantum systems”, J. Phys.

A: Math. Gen. 26, 427-432 (1993).

[23] R.E. Cutkosky, “Singularities and discontinuities of Feynman amplitudes”, J. Math.

Phys. 1, 429 - 433 (1960).

[24] P. Deift and E. Trubowitz, “Inverse scattering on the line”, Commun. Pure Appl.

Math. 32, 121 - 251 (1979).

[25] P. Duclos and P. Exner, “Curvature induced bound states in quantum waveguides in two and three dimensions”, Rev. Math. Phys. 7, 73-102 (1995).

[26] P. Exner and P. Šeba, “Quantum mechanical splitters: How should one understand them?”, Phys. Lett. A 128, 493-496 (1988).

[27] P. Exner, P. Šeba, and P. Štovíček, “Quantum interference on graphs controlled by an external electric field”, J. Phys. A: Math. Gen. 21, 4009-4019 (1988).

[28] P. Exner and P. Šeba, “Free quantum motion on a branching graphs”, Rep. Math.

Phys. 28, 7-26 (1989).

[29] P. Exner and E. Šerešová, “Appendix resonances on a simple graph”, J. Phys. A:

Math. Gen. 27, 8269-8278 (1994).

[30] P. Exner, “Lattice Kronig-Penney models”, Phys. Rev. Lett. 74, 3503-3506 (1995).

[31] P. Exner, “Contact interactions on graph superlattices”, J. Phys. A: Math. Gen.

29, 87-102 (1996).

[32] P. Exner, “Weakly coupled states on branching graph”, Lett. Math. Phys. 38, 313- 320 (1996).

[33] P. Exner and M. Tater, “Evanescent modes in a multiple scattering factorization”, Czech. J. Phys. (to appear).

[34] L.D. Faddeev, “Properties of the S-matrix of the one dimensional Schrödinger equation”, AMS Transl. Ser. (2) 65, 139 - 166 (1967).

[35] A. Gangopadhyaya, A. Pagnamenta, and U. Sukhatme, “Quantum mechanics of multi-prong potentials”, J. Phys. A 28, 5331-5347 (1995).

[36] P.-G. de Gennes, “Champ critique d’une boucle supraconductrice ramefieé”, C. R.

Acad. Sc. Paris 292B, 279-282 (1981).

[37] N.I. Gerasimenko and B.S. Pavlov, “Scattering problems on compact graphs”, Theor. Math. Phys. 74, 230-240 (1988).

[38] N.I. Gerasimenko, “The inverse scattering problem on a noncompact graph”, Teoret. Mat. Fiz. 75, 187-200 (1988).

[39] F. Gesztesy and E. Tsekanovskii, “On matrix-valued Herglotz functions”, preprint mp-arc 97-626 (1997).

[40] J. Gratus, C.J. Lambert, S.J. Robinson, and R.W. Tucker, “Quantum mechanics on graphs”, J. Phys. A: Math. Gen. 27, 6881-6892 (1994).

[41] S. Helgason, Differential Geometry and Symmetric Spaces, New York, Academic Press, 1962.

[42] C. Joachim and S. Roth (Eds.), Atomic and Molecular Wires, NATO Adv. Ser.: E Appl. Sci., Vol. 341, Dordrecht, Kluwer, 1997.

[43] Th. Jonckheere and J. M. Luck, ”Dielectric resonances of binary random networks”, J. Phys. A: Math. Gen. 31, 3687-3717 (1998).

[44] R. Jost, “Über die falschen Nullstellen der S-Matrix”, Helv. Phys. Acta. 20, 256-266 (1947).

[45] W. Jung, “Multiple reflections in one-dimensional quantum scattering”, preprint (1997).

[46] T. Kato, Perturbation Theory for Linear Operators, Berlin-Heidelberg-New York, Springer Verlag, 1966.

[47] M. Klaus, “Asymptotic behaviour of Jost functions near resonance points for Wigner-von Neumann type potentials”, J. Math. Phys. 32, 163-174 (1991).

[48] V. Kostrykin and R. Schrader, “Cluster properties of one particle Schrödinger operators”, Rev. Math. Phys. 6 833-853 (1994).

[49] V. Kostrykin and R. Schrader, “Cluster properties of one particle Schrödinger operators. II”, Rev. Math. Phys. 10 (1998) (to appear).

[50] V. Kostrykin and R. Schrader, “Scattering theory approach to random Schrödinger operators in one dimension”, Rev. Math. Phys (to appear).

[51] V. Kostrykin and R. Schrader, in preparation. [52] V. Kostrykin and R. Schrader, in preparation.

[53] T. Kottos and U. Smilansky, “Quantum chaos on graphs”, Phys. Rev. Lett. 79, 4794-4797 (1997).

[54] D. Kowal, U. Sivan, O. Entin-Wohlman, and Y. Imry, “Transmission through multiply-connected wire systems”, Phys. Rev. B 42, 9009-9018 (1990).

[55] L. Kouwenhoven, “Single-molecule transistors”, Science 275, 1896-1897 (1997). [56] R. Landauer, “Electrical transport in open and closed systems”, Z. Phys. B: Cond.

Matter 68, 217-228 (1987).

[57] Yu. B. Melnikov and B. S. Pavlov, “Two-body scattering on a graph and application to simple nanoelectronic devices”, J. Math. Phys. 36, 2813-2825 (1995).

[58] R. G. Newton, “Analytical properties of radial wave functions”, J. Math. Phys. 1, 319-347 (1960).

[59] D. Porath and O. Milo, “Single electron tunneling and level spectroscopy of isolated C_{60} molecules”, J. Appl. Phys. 81, 2241-2244 (1997).

[60] B. S. Pavlov, “A model of zero-radius potential with internal structure”, Theor.

Math. Phys. 59, 544-580 (1984).

[61] B. S. Pavlov, “The theory of extensions and explicitly solvable models”, Russian.

Math. Surveys 42, 127-168 (1987).

[62] J. Polchinski, “What is string theory?”, preprint hep-th/9411028.

[63] W. Porod, Zhi-An Shao, and C. S. Lent, “Transmission resonances and zeros in quantum waveguides with resonant coupled cavities”, Appl. Phys. Lett. 61, 1350- 1352 (1992).

[64] R. Redheffer, “Difference equations and functional equations in transmission-line theory”, in E. F. Beckenbach (Ed.) Modern Mathematics for the Engineer, New York, McGraw-Hill, 1961.

[65] R. Redheffer, “On the relation of transmission line theory to scattering and transfer”, J. Mathematics and Physics 41, 1-41 (1962).

[66] M. Reed and B. Simon, Methods of Modern Mathematical Physics, II: Fourier Analysis, Self-Adjointness, New York, Academic Press, 1975.

[67] M. G. Rozman, P. Reineker, and R. Tehver, “One dimensional scattering: Recurrence relations and differential equations”, Phys. Rev. A 49, 3310-3321 (1994).

[68] K. Ruedenberg and C.W. Scherr, “Free-electron network model for conjugated systems, I. Theory”, J. Chem. Phys. 21, 1565-1581 (1953).

[69] M. Sassoli de Bianchi and M. Di Ventra, “On the number of states bound by onedimensional finite periodic potentials”, J. Math. Phys. 36, 1753-1764 (1995).

[70] M. Sassoli de Bianchi, “Comment on “Factorization of scattering matrices due to partitioning of potentials in one-dimensional Schrödinger-type equations””, J. Math. Phys. 38, 4882-4883 (1997).

[71] M. Scheffler and R. Zimmermann (Eds.), The Physics of Semiconductors, Proceedings of 23rd Int. Conf., Berlin, July 21-26, 1996, Vol. 2. Singapore, World Scientific, 1996.

[72] R.L. Schult, D.G. Ravenhall, and H.W. Wyld, “Quantum bound states in a classically unbound system of crossed wires”, Phys. Rev. B, 39, 5476-5479 (1989).

[73] P. Šeba, “The generalized point interaction in one dimension”, Czech. J. Phys. 36, 667-673 (1986).

[74] P.A. Serena and N. Garcia (Eds.), Nanowires, NATO Adv. Ser.: E Appl. Sci., Vol.

340, Dordrecht, Kluwer, 1997.

[75] F. Sols, M. Macucci, U. Ravaioli, and K. Hess, “Theory of a quantum modulated transistor action”, J. Appl. Phys. 66, 3892-3906 (1989).

[76] F. Sols, M. Macucci, U. Ravaioli, and K. Hess, “On the possibility of transistor action based on quantum interference phenomena”, Appl. Phys. Lett. 54, 350-352 (1989).

[77] G. Strang, Linear Algebra and Its Applications, New York, Academic Press, 1980.

[78] E. Tekman and T. E. Bagwell, “Fano resonances in quasi-one-dimensional quantum waveguides”, Phys. Rev. B 48, 2553-2559 (1993).