Scattering Theory Approach to Random Schrödinger Operators in One Dimension^∗

V. Kostrykin^† Lehrstuhl für Lasertechnik Rheinisch - Westfälische Technische Hochschule Aachen Steinbachstr. 15, D-52074 Aachen, Germany and R. Schrader^‡ Institut für Theoretische Physik Freie Universität Berlin, Arnimallee 14 D-14195 Berlin, Germany

February 15, 1998

Abstract

Methods from scattering theory are introduced to analyze random Schrödinger operators in one dimension by applying a volume cutoff to the potential. The key ingredient is the Lifshitz-Krein spectral shift function, which is related to the scattering phase by the theorem of Birman and Krein. The spectral shift density is defined as the “thermodynamic limit” of the spectral shift function per unit length of the interaction region. This density is shown to be equal to the difference of the densities of states for the free and the interacting Hamiltonians. Based on this construction, we give a new proof of the Thouless formula. We provide a prescription how to obtain the Lyapunov exponent from the scattering matrix, which suggest a way how to extend this notion to the higher dimensional case. This prescription also allows a characterization of those energies which have vanishing Lyapunov exponent.

∗Submitted to Reviews in Mathematical Physics †e-mail: kostrykin@ilt.fhg.de ‡e-mail: schrader@physik.fu-berlin.de

1

1 Introduction

In this paper we consider random Schrödinger operators H(ω) in L^2(R) of the form

H(ω) = H_0 + ∑ j∈Z α_j (ω)f(· − j), H_0 = − d^2 dx^2 , (1.1)

where {α_j(ω)}_{j∈Z} is a sequence of i.i.d. (independent, identically distributed) variables having a common density φ (i.e. P{α_j ∈ dy} = φ(y)dy), which is continuous and has support in the finite interval [α_−, α_+]. In what follows we always suppose that the singlesite potential f is piecewise continuous with suppf ⊆ [−1/2, 1/2]. Moreover, we require that f ≥ 0. The spectral properties of (1.1) were studied in detail in [30, 16, 31]. The results are most complete for the case when f is the point interaction (see [3]).

The main idea of our approach is to approximate the operator H(ω) (1.1) by means of the sequence

H^{(n)}(ω) = H_0 + j=n∑ j=−n α_j (ω)f(· − j) (1.2)

with unchanged H_0, which converges to H(ω) in the strong resolvent sense. This approximation gives the opportunity to use scattering theory in order to study the spectral properties of the limiting operator (1.1). In fact, we show how to recover the spectral characteristics of H(ω) from the limiting behaviour of the spectral characteristics of H^{(n)}(ω) in the “large support” limit n → ∞.

One of the important ingredients of our approach is the Lifshitz-Krein spectral shift function (see [6] for a review). Recently it has received renewed interest due to its applications to different problems in the theory of Schrödinger operators [25, 56, 22, 9, 10, 26, 52, 34, 19, 12, 21, 58, 35, 44]. In the context of our approach the spectral shift function naturally replaces the eigenvalue counting function, which is usually used to construct the density of states for the operator (1.1). The celebrated Birman-Krein theorem [4] relates the spectral shift function to scattering theory. In fact, up to a factor −π^{−1} it may be identified with the scattering phase for the pair (H^{(n)}(ω), H_0), i.e. ξ^{(n)}(E; ω) = −π^{−1}δ^{(n)}(E; ω) when E > 0,

δ^{(n)}(E; ω) = 1 2i log det S^{(n)}(E; ω) = 1 2i log det ( T^{(n)}ω (E) R^{(n)}ω (E) L^{(n)}ω (E) T^{(n)}ω (E) ) . Here |T^{(n)}(E)|^2 and |R^{(n)}(E)|^2 = |L^{(n)}(E)|^2 have the meaning of transmission and reflection coefficients, respectively, such that |T^{(n)}(E)|^2 + |R^{(n)}(E)|^2 = 1. For E < 0 ξ^{(n)}(E; ω) equals minus the counting function of H^{(n)}(ω).

These two properties of the spectral shift function, namely its relation to scattering theory and its replacement of the counting function in the presence of an absolutely continuous spectrum convinced the authors already some time ago that the spectral shift function could be applied to the theory of random Schrödinger operators. In fact, our previous articles [34, 19, 35] were in part preparatory investigations aiming at such an application. In

[19] we proved convexity and subadditivity properties of the spectral shift function with respect to the potential and the coupling constant, respectively. Such properties often show up when considering thermodynamic limits in statistical mechanics. In [34, 35] we studied cluster properties when the potential is a sum of two terms and the center of one is moved to infinity. Again such properties play an important role in statistical mechanics as well as in quantum field theory. Possible applications of the theory of the spectral shift function to random Schrödinger operators have also been envisaged by Simon [58]. Some other applications of the scattering theory in one dimension to the study of spectral properties of Schrödinger operators with periodic or random potentials can be found in [29, 53] and [31] respectively.

Below we prove some new inequalities for the spectral shift function, which reflect its “additivity” properties with respect to the potential being the sum of two terms with disjoint supports. These inequalities are closely related to the Aktosun factorization formula (2.25) [1] (see also [54, 2, 55]). Combined with the superadditive ergodic theorem they will allow us to prove the almost sure existence of the limit ξ(E) = lim_{n→∞} ξ^{(n)}(E; ω) 2n + 1

, (1.3)

which we call the spectral shift density. We prove the equality ξ(E) = N_0(E) − N(E), where N(E) and N_0(E) = π^{−1}[max(0, E)]^{1/2} are the integrated density of states of the Hamiltonians H(ω) and H_0, respectively. Also we reconsider the Aktosun factorization formula and show that it is a direct consequence of the propagator property of the fundamental (or transfer) matrix of the Schrödinger equation.

Another very important quantity associated with the Hamiltonian (1.1) is the Lyapunov exponent γ(E). In particular, according to the Ishii-Pastur-Kotani theorem [37] the set {E : γ(E) = 0} is the essential support of the absolute continuous part of the spectral measure for H(ω) (1.1).

We will establish that for E > 0 the function −γ(E) + iπ(N(E) − N_0(E)) can be interpreted as the density of the logarithm of the transmission amplitude T (E), lim_{n→∞} log T^{(n)}ω (E) 2n + 1 = −γ(E) + iπξ(E). (1.4) The connection between the Lyapunov exponent and the transmission coefficient |T^{(n)}ω (E)| was recognized long ago [39, 40], though a rigorous analysis was still absent. It is well known (see e.g. [13]) that the function w(E) = −γ(E) + iπN(E) can be analytically continued in the complex half-plane ImE > 0 as a Nevanlinna function (i.e. an analytic function which maps the upper complex half plane into itself). We will recover this property of w(E) directly from the analytic properties of the transmission amplitudes T^{(n)}ω (E). Moreover, as a direct consequence of these properties we give a new proof of the Thouless formula

γ(E) − γ_0(E) = − ∫ R log |E − E^′|dξ(E^′), (1.5) where γ_0(E) = [max(0, −E)]^{1/2} is the Lyapunov exponent for H_0.

Also we prove a new representation for the Lyapunov exponent for positive energies, γ(E) = lim_{n→∞} 1 2n + 1 log ‖ ‖ ‖ ‖ n∏ j=−n ~Λ_{αj (ω)}(E) ‖ ‖ ‖ ‖ , (1.6)

where

~Λ_α(E) = (_{ei}√_E T_α(E) − R_α(E) T_α(E) L_α(E) T_α(E) e^{−i√E} T_α(E)^∗ ) , (1.7)

and T_α(E), R_α(E), L_α(E) are elements of the S-matrix at energy E for the pair of Hamiltonians (H_0 + αf, H_0). This representation allows us to apply the theory of random matrices to prove that γ(E) > 0 for a.e. E > 0 almost surely, which in turn by Ishii-Pastur- Kotani theorem implies that the spectrum of H has no absolute continuous component in (0, ∞). We give also an explicit description of the set of special energies where γ(E) = 0. To our best knowledge this set was known explicitly only for the two particular cases when the single-site potential f is a δ-potential or the characteristic function of the interval [−1/2, 1/2] (see [48]).

We express the density of states N(E) for positive energies in terms of the product of matrices (1.7), N(E) = ∓ 1 π lim_{n→∞} 1 2n + 1 arg ( e_±, n∏ j=−n ~Λ_{αj (ω)}(E)e_± ) , (1.8)

with e_+ = (1, 0)^T , e_− = (0, 1)^T and (·, ·) being the inner product in C^2 . This representation is similar to the definition of the density of states through the rotation number of the fundamental solution of the Schrödinger equation [28].

Formulae (1.3), (1.4), (1.6), and (1.8) also provide very simple and efficient numerical algorithms to compute the density of states and the Lyapunov exponent of disordered systems in one dimension. In this context we also remark that the representations (1.3) and (1.8) for finite n and E > 0 give smooth approximations to the spectral shift density and density of states, respectively. This contrasts with the usual procedure (see e.g. [48]), where the density of states is approximated by step-like functions. As an example in Section 4 we have calculated the spectral shift density for the deterministic Kronig-Penney model.

Our approach is also applicable to deterministic Hamiltonians of the form H = H_0 + V with a potential V , which is supposed to be uniformly in L^1_{loc}(R) and for technical reasons also bounded, but without any assumption on its decay at infinity. Let {y_j}_{j∈Z} be a sequence of real numbers such that y_j → ±∞ as j → ±∞ and y_j < y_{j+1} for all j ∈ Z. In this case we approximate H through H^{(n)} = H_0 + V χ^{(n)} with χ^{(n)} being the characteristic function of the interval [y_{−n}, y_n]. Again we show that the relations analogous to (1.3), (1.4), (1.6), (1.8) hold.

An extension of ideas developed in the present paper to the case of higher dimensions will be given in [36].

Acknowledgements: We are indebted to J.M. Combes and V. Enss for valuable remarks.

2 Auxiliary Results

We start with a short discussion of some important properties of the spectral shift function ξ(E) = ξ(E; H, H_0) for a pair of self-adjoint Hamiltonians H = H_0 + V and H_0 = −d^2/dx^2 on L^2(R) with domain of definition being the Sobolev space W^{2,2}(R) (see e.g. [49] for the definition). Here V denotes the multiplication operator by the real valued function V (x), which is supposed to satisfy ∫ R (1 + |x|^2)|V (x)|dx < ∞. (2.1) The spectral shift function is defined by the trace formula

tr (ϕ(H) − ϕ(H_0)) = ∫ R ϕ^′(E)ξ(E)dE, (2.2) which is valid for a wide class of functions ϕ (see [6]). For instance, elements in C^∞_0 (R) are in this class. Relation (2.2) defines ξ(E) only up to an additive constant. We fix this ambiguity by the condition that ξ(E) = 0 for all E below the spectrum σ(H) of H.

With this normalization condition the function ξ(E) for E < 0 equals minus the number of the eigenvalues of H = H_0 + V less than E,

ξ(E − 0) = −n_{E−0}(V ). (2.3)

For E > 0 the relation between ξ(E) and the scattering matrix S(E) is given by the celebrated Birman-Krein theorem [6],

log det S(E) = −2πiξ(E). (2.4)

Here the branch of the logarithm is fixed by the condition ξ(E) → 0 as E → ∞ (see Lemma 2.1 below). Since S(E) is continuous for all E > 0 [18], so is ξ(E).

The relations (2.3) and (2.4) define ξ(E) everywhere, i.e. also for E < 0, except at the finite number of points of discontinuity at the eigenvalues of H and possibly at E = 0. We can redefine ξ(E) by requiring that ξ(E + 0) = ξ(E) for all E ∈ R such that ξ(E) becomes right semicontinuous.

We recall that the spectral shift function is monotone with respect to the perturbation, i.e. if H_1 and H_2 are self-adjoint operators such that H_1 ≤ H_2 in the sense of quadratic forms, then ξ(E; H_1, H_0) ≤ ξ(E; H_2, H_0) (see e.g. [59]).

The value of ξ(0) depends on the spectral properties of the point E = 0. We call the point E = 0 regular iff (I + V^{1/2}R_0(z)|V |^{1/2})^{−1} exists and is bounded at z = 0. In the opposite case E = 0 is called an exceptional point. Here we used the notation |V |^{1/2}(x) = |V (x)|^{1/2} and V^{1/2}(x) = signV (x)|V (x)|^{1/2} and R_0(z) = (H_0 − z)^{−1} is the resolvent of the free Hamiltonian H_0. Other characterizations of the exceptional case can be found in [7, 8, 2]. The Levinson theorem for Hamiltonians on a line [45, 7, 8] states that

ξ(0) = ξ(+0) = −n_0(V ) + 1 2 (2.5) if E = 0 is a regular point for H and

ξ(0) = ξ(+0) = −n_0(V ) (2.6)

if E = 0 is an exceptional point. An extension of (2.6) for potentials with slower decrease can be found in [46].

The scattering matrix S(E) for the pair of Hamiltonians (H, H_0) at fixed energy E ≥ 0 is a 2 by 2 unitary matrix (see [18, 15]) S(E) = ( T (E) R(E) L(E) T (E) ) . (2.7)

Below we will use the fact that due to unitarity the S-matrix can be parameterized by the absolute value of the transmission amplitude 0 ≤ |T (E)| ≤ 1 and two real valued phases δ(E) and θ(E): S(E) = ( |T (E)|e^{iδ(E)} i √ 1 − |T (E)|^2e^{iδ(E)+iθ(E)} i √ 1 − |T (E)|^2e^{iδ(E)−iθ(E)} |T (E)|e^{iδ(E)} ) . (2.8)

Here δ(E) is the scattering phase such that δ(E) = −πξ(E). For reflection symmetric potentials exp{2iθ(E)} ≡ 1.

Below we will need the following auxiliary results.

Lemma 2.1 Let V (x) satisfy the condition (2.1). Then there is a constant C_V > 0 such that |ξ(E)| ≤ C_V (2.9) for all E ∈ R . Moreover, there is a constant C > 0 independent of V and E such that |ξ(E)| ≤ C { 1 2 √ E ∫ R |V (x)|dx + 1 4E [∫ R |V (x)|dx ]_2} (2.10)

for all E > 0.

Proof. First we prove the inequality (2.10). By monotonicity of the spectral shift function we have ξ(E; H_0 − |V |, H_0) ≤ ξ(E) ≤ ξ(E; H_0 + |V |, H_0). The operator |V |^{1/2}R_0(z)|V |^{1/2} is trace class for all z ∈ C off the positive real semiaxis (see [50, Problem 161]). This operator has limiting values |V |^{1/2}R_0(E ± i0)|V |^{1/2} for all E > 0 in the Hilbert-Schmidt norm. Since the resolvent R_0(z) of H_0 is an integral operator with kernel R_0(x, y; z) =^i_2^√_z e^{i√z|x−y|}, it follows that Im|V |^{1/2}R_0(E + i0)|V |^{1/2} has the integral kernel 1 2 √ E |V (x)|^{1/2} cos( √ E(x − y))|V (y)|^{1/2} = 1 2 √ E |V (x)|^{1/2} cos( √ Ex) cos( √ Ey)|V (y)|^{1/2} + 1 2 √ E |V (x)|^{1/2} sin( √ Ex) sin( √ Ey)|V (y)|^{1/2}, (2.11) and thus has a rank 2 and is obviously positive semidefinite.

For positive energies the spectral shift function can be calculated as follows [45, 22],

ξ(E; H_0 ± |V |, H_0) = 1 2πi log det ( I ± |V |^{1/2}R_0(E + i0)|V |^{1/2} ) det (I ± |V |^{1/2}R_0(E − i0)|V |^{1/2})

, (2.12)

where the branch of the logarithm is fixed by the condition ξ(E) → 0 as E → ∞. Obviously, the operator |V |^{1/2}R_0(E ± i0)|V |^{1/2} has no real eigenvalues (otherwise for some value of the coupling constant α ∈ R the number −1 would be an eigenvalue of α|V |^{1/2}R_0(E ± i0)|V |^{1/2}, which implies that E ∈ σ^+_s (H_0 + α|V |) = ∅, the positive singular part of the spectrum of H_0 + α|V |). Therefore, estimating the r.h.s. of (2.12) as in [59] (Lemmas 2.2, 2.3, and proof of Theorem 3.1) for all E > 0 we obtain |ξ(E; H_0 ± |V |, H_0)| ≤ C [ ‖Im|V |^{1/2}R_0(E + i0)|V |^{1/2}‖_{J1}

+‖|V |^{1/2}R_0(E + i0)|V |^{1/2}‖^2_{J2} ] , where the constant C is independent of V and E. Here J_1 and J_2 denote the trace and Hilbert-Schmidt norms respectively.

Since Im|V |^{1/2}R_0(E + i0)|V |^{1/2} ≥ 0 is positive semidefinite it follows that

‖Im|V |^{1/2}R_0(E + i0)|V |^{1/2}‖_{J1} = trIm|V |^{1/2}R_0(E + i0)|V |^{1/2} = 1 2 √ E ∫ |V (x)|dx. Obviously, the r.h.s. is also a bound for ‖|V |^{1/2}R_0(E + i0)|V |^{1/2}‖_{J2} .

Now we estimate ξ(0). According to (2.5) and (2.6)

|ξ(0)| ≤ n_0(H) + 1 2 , where n_0(H) is a total number of eigenvalues of H. By the well-known Bargman-type estimate (see e.g. [50])

n_0(H) ≤ 1 + ∫ R |x||V (x)|dx we obtain |ξ(E)| ≤ 3 2 + ∫ R |x||V (x)|dx (2.13) for E = 0. Since ξ(E) is a nonincreasing function of E < 0 and ξ(E) = 0 for E < inf σ(H), the estimate (2.13) is valid for all E ≤ 0.

Now let us fix some E_0 > 0. For all E /∈ [0, E_0] the estimate

|ξ(E)| ≤ C^{(1)}_V (2.14) with

C^{(1)}_V = max { 3 2 + ∫ R |x||V (x)|dx, C 2 √ E_0 ∫ R |V (x)|dx + C 4E_0 [∫ R |V (x)|dx ]_2}

is valid. The function ξ(E) is continuous on [0, E_0] and thus by the Weierstrass theorem attains its maximum and its minimum, which by (2.10) and (2.13) are finite. Therefore, there exists C^{(2)}_V such that |ξ(E)| ≤ C^{(2)}_V for all E ∈ [0, E_0]. This inequality combined with (2.14) gives the estimate (2.9) and completes the proof of the lemma. ■

Remarks: 1. The first term in the estimate (2.10) with C = 1/2 represents the highenergy asymptotics of the spectral shift function (see e.g. [18, 15]). Below (Lemma 6.1) we prove that for bounded potentials V with compact support the second term in (2.10) can be omitted (with C independent of V ).

2. The estimate (2.9) for E ≥ 0 also follows from the results in [56].

Lemma 2.2 Let V be piecewise continuously differentiable, satisfy (2.1) and ∫ R (1 + |x|) | | | dV (x) dx | | | dx < ∞. Then for each closed interval Δ ⊂ R − ∫ Δ Edξ(E) = tr( ~V^{1/2}E(Δ)| ~V |^{1/2}), (2.15)

where

~V (x) = V (x) + 1 2 x dV (x) dx and E(·) is the spectral resolution for the operator H.

Remark: A similar formula for the case of operators acting in L^2(R^d ) with d ≥ 2 and Δ ⊂ (0, +∞) was proved by Robert and Tamura [51] and by Jensen [26].

Proof. Our proof closely follows the ideas of [51]. Let f_±(x, E) be the solutions of the integral equations f_+(x, E) = e^{i√Ex} − ∫_∞ x sin √ E(x − y) √ E V (y)f_+(y, E)dy, (2.16) f_−(x, E) = e^{−i√Ex} + ∫_x −∞ sin √ E(x − y) √ E V (y)f_−(y, E)dy. (2.17) These functions are solutions of the Schrödinger equation ( − d^2 dx^2 + V (x) − E ) f_±(x, E) = 0.

Let us also consider the functions ψ_±(x, E) = T (E)f_±(x, E), where T (E) is the transmission amplitude. They satisfy the Lippmann-Schwinger equations which are integral equations of the Fredholm type [45],

ψ_±(x, E) = ψ^{(0)}_± − i 2 √ E ∫ R e^{i√E|x−y|}V (y)ψ_±(y, E)dy (2.18) with ψ^{(0)}_± (x, E) = e^{±i√Ex}. The functions ψ_±(x, E) are continuously differentiable with respect to x ∈ R and E ≥ 0 [18, 15]. Thus, ~ψ_±(x, E; σ) = ψ_±(x/σ, Eσ^2) are continuously differentiable with respect to σ. From (2.18) and since ∂ ∂σ ( σ^{−2}V (x/σ) ) σ=1 = −2 ~V (x), it follows that^{∂ ~ψ±}_{∂σ} |_{σ=1} satisfy the integral equation ∂ ∂σ ~ψ_±(x, E; σ) | |_{σ=1} = − i √ E ∫ R e^{i√E|x−y|} ~V (y)ψ_±(y, E)dy − i 2 √ E ∫ R e^{i√E|x−y|}V (y) ∂ ∂σ ~ψ_±(x, E; σ) | | |_{σ=1}dy. This easily gives ∂ ∂σ ~ψ_±(x, E; σ) | | σ=1 = 2 ∫ R R(E ± i0)(x, y) ~V (y)ψ_±(y, E)dy, (2.19) where R(z) is the resolvent of −d^2/dx^2 + V .

It is known [45] that the scattering matrix (2.7) can be calculated as S(E) = I − i 2 √ E ∫ R V (x)Ψ^{(0)}(x, E)^∗ Ψ(x, E)dx, (2.20)

where Ψ^{(0)}(x, E) = ( ψ^{(0)}_+ (x, E), ψ^{(0)}_− (x, E) ) , Ψ(x, E) = ( ψ_+(x, E), ψ_−(x, E) ) , I is the 2 by 2 unit matrix and ∗ denotes Hermitian conjugation, such that

Ψ^{(0)∗}Ψ = ( ψ^{(0)}_+ ψ_+ ψ^{(0)}_+ ψ_− ψ^{(0)}_− ψ_+ ψ^{(0)}_− ψ_− ) .

Now we calculate dS(E) dE = 1 2E ∂ ∂σ S(Eσ^2)|_{σ=1}, ∂ ∂σ S(Eσ^2)|_{σ=1} = − i 2 √ E ∫ R ( ∂ ∂σ σ^{−2}V (x/σ) ) σ=1 Ψ^{(0)}(x, E)^∗Ψ(x, E)dx − i 2 √ E ∫ R V (x)Ψ^{(0)}(x, E)^∗ ∂ ~Ψ ∂σ (x, E; σ)|_{σ=1}dx. By (2.19) and by the identity

ψ_±(x, E) = ψ^{(0)}_± (x, E) − ∫ R R(E ± i0)(x, y)V (y)ψ^{(0)}_± (y, E)dy we obtain ∂ ∂σ S(Eσ^2) | | |_{σ=1} = − i √ E ∫ R ~V (x)Ψ(x, E)^∗ Ψ(x, E)dx. Using the transformation property of the scattering matrix [45] ( ψ_+(x, E) ψ_−(x, E) ) = S(E) ( ψ_−(x, E) ψ_+(x, E) ) , we get tr ( S^∗(E) dS(E) dE ) = − i 2E^{3/2} ∑ ± ∫ R ~V (x)|ψ_±(x, E)|^2dx.

By the Birman-Krein theorem

ξ^′(E) = 1 2πi tr ( S^∗(E) dS(E) dE ) , and therefore

ξ^′(E) = − 1 4πE^{3/2} ∑ ± ∫ R ~V (x)|ψ_±(x, E)|^2dx

for all E > 0.

Now we use the spectral representation for the spectral decomposition of the operator −d^2/dx^2 + V (see e.g. [20]), E(x, y, Δ) = ∑ j:E_j ∈Δ_− ψ_j (x)ψ_j (y) + 1 4π ∑ ± ∫ Δ_+ ψ_±(x, E)ψ_±(y, E) dE √ E , where Δ_+ = Δ ∩ (0, +∞), Δ_− = Δ ∩ (−∞, 0) and ψ_j (x) are the eigenvectors of H with eigenvalues E_j < 0.

Since ~V^{1/2}E(Δ)| ~V |^{1/2} is trace class [57], we have tr ( ~V^{1/2}E(Δ)| ~V |^{1/2} ) = ∑ j:E_j ∈Δ_− ∫ R ~V (x)|ψ_j (x)|^2dx − ∫ Δ_+ Eξ^′(E)dE.

It remains to prove that ∑ j:E_j ∈Δ_− ∫ R ~V (x)|ψ_j (x)|^2dx = − ∫ Δ_− Edξ(E),

or equivalently tr ( ~V^{1/2}E(Δ_−)| ~V |^{1/2} ) = − ∫ Δ_− Edξ(E) = ∑ j:E_j ∈Δ_− E_j . (2.21)

The proof of (2.21) is quite elementary. It suffices to consider the case when Δ_− contains a single eigenvalue E_0 of H with eigenfunction ϕ_0 such that E(Δ_−) is the projector onto ϕ_0. Let D be the generator of dilations,

D = (2i)^{−1} ( x d dx + d dx x ) . In [27] it is shown that ~V = − i 2 [H, D] + H as a bounded operator from W^{2,2}(R) to W^{2,−2}(R), such that (ϕ_0, ~V ϕ_0) is well defined. Then

tr( ~V^{1/2}E(Δ_−)| ~V |^{1/2}) = (ϕ_0, ~V ϕ_0) = E_0 − i 2 (ϕ_0, [H, D]ϕ_0) = E_0. ■ Lemma 2.3 For every z with Imz > 0 the function log T (z) is analytic and given by

log T (z) = − ∫ R ξ(E)dE E − z . (2.22)

Moreover, for all real λ > 0 we have

log |T (λ)| = ∫ R log |E − λ|dξ(E), (2.23) where the integral is understood in the Riemann-Stieltjes sense.

Proof. The analyticity of log T (z) in the open upper complex half-plane C_+ is wellknown (see e.g. [18]). Also log T (z) is bounded in C_+ and

lim_{ϵ→+0} log T (E + iϵ) = log |T (E)| − iπξ(E)

in all points of continuity of ξ(E). Therefore, we can apply the Schwarz integral formula for the half-plane (see e.g. [38]) to reconstruct log T (z) from the limiting values of its imaginary part,

log T (z) = − ∫ R ξ(E)dE E − z + iC, (2.24)

with C being a real constant. For z → ∞ we have T (z) = 1 +^1_{2i}^√_z ∫ V (x)dx + O(|z|^{−1}) [18, 15]. Therefore, C in (2.24) must be zero. ■

Below we will make use of the Aktosun factorizarion formula [1], which we formulate in the following form.

Let V (x) be some real-valued locally integrable bounded function. Let {y_n}_{n∈Z} be a sequence of real numbers such that y_n → ±∞ as n → ±∞ and y_n < y_{n+1} for all n ∈ Z. Let χ_n(x) be the characteristic function of the interval [y_n, y_{n+1}]. We denote V_n(x) = V (x)χ_n(x) such that V^{(−n,m)}(x) = m∑ j=−n V_n(x) tends to V (x) as m, n → ∞. Let H^{(−n,m)} and H_j denote the Hamiltonians with domains of definition being the Sobolev space W^{(2,2)}(R),

H^{(−n,m)} = H_0 + V^{(−n,m)}, H_j = H_0 + V_j .

Let S^{(−n,m)}(E) and S_j (E) be the corresponding S-matrices, S^{(−n,m)}(E) = ( T^{(−n,m)}(E) R^{(−n,m)}(E) L^{(−n,m)}(E) T^{(−n,m)}(E) ) ,

S_j(E) = ( T_j(E) R_j (E) L_j (E) T_j(E) ) . We also consider the matrices

Λ^{(−n,m)}(E) =

(_1 T^{(−n,m)}(E) − R^{(−n,m)} (E) T^{(−n,m)}(E) L^{(−n,m)}(E) T^{(−n,m)}(E) 1 T^{(−n,m)}(E)^∗ )

and Λ_j(E) =

(_1 T_j (E) − R_j (E) T_j (E) L_j (E) T_j (E) 1 T_j (E)^∗ ) .

From the unitarity of the scattering matrix (see e.g. [18]) it follows that the matrices Λ^{(−n,m)}(E) and Λ_j(E) are unimodular. We note that in Faddeev’s terminology [18] the elements of Λ(E) are given by the coefficients c_{ij}( √ E). More precisely, 1 T (E) = c_{12}( √ E), − R(E) T (E) = −c_{22}( √ E), L(E) T (E) = c_{11}( √ E), 1 T (E)^∗ = c_{12}(− √ E). The Aktosun factorization formula states that

Λ^{(−n,m)}(E) = m∏ j=−n Λ_j (E). (2.25)

Here and below we understand the product ∏ in the ordered sense, i.e. m∏ j=−n Λ_j (E) = Λ_{−n}(E) · · · Λ_m(E).

The theorem below provides an alternative proof of (2.25). Actually we show that the factorization property of the matrices Λ is directly related to the propagator property of the fundamental solution of the corresponding Schrödinger equation.

Theorem 2.4 For arbitrary E > 0 consider the matrix U(x, x^′; E) ∈ SL(2; C ) which solves the initial value problem dU(x, x^′; E) dx = − i 2 √ E V (x)M(x, E)U(x, x^′; E), U(x, x; E) = I, (2.26) with M(x, E) = ( 1 e^{−2i√Ex} −e^{2i√Ex} −1 ) . The matrices Λ^{(−n,m)}(E) are related to U(x, x^′; E) such that

Λ^{(−n,m)}(E) = U(y_{−n}, y_m; E). (2.27)

The factorization formula (2.25) follows immediately from (2.27) and from the propagator property of U, U(x, x^{′′}; E)U(x^{′′}, x^′; E) = U(x, x^′; E).

Remarks: 1. The matrix U(x, x^′; E) is related to the fundamental solution ϕ(x, x^′; E) of the Schrödinger equation − d^2u dx^2 + V (x)u − Eu = 0, (2.28) which satisfies d dx ϕ(x, x^′; E) = ( 0 1 V (x) − E 0 ) ϕ(x, x^′; E), ϕ(x, x; E) = I. It is easy to see that ϕ(x, x^′; E) = P (x, E)U(x, x^′; E)P (x^′, E)^{−1}, where P (x, E) = ( e^{i√Ex} e^{−i√Ex} i √ Ee^{i√Ex} −i √ Ee^{−i√Ex} ) , such that ( 0 1 V (x) − E 0 ) = dP (x, E) dx P (x, E)^{−1} + 1 2i √ E V (x)P (x, E)M(x, E)P (x, E)^{−1}. 2. The formula (2.27) reduces the problem of the study of ϕ(y_{−n}, y_m; E) to the study of the scattering matrix for the corresponding single-site potential. Note that P (x, E)^∗P (x, E) is not a multiple of the identity operator. Therefore, the Hilbert-Schmidt norms of Λ^{(−n,m)}(E) and of ϕ(y_{−n}, y_m; E) are not equal. This will become relevant in Section 5.

3. The connection between the solutions of (2.26) and scattering characteristics was noted earlier in [42, 47].

Proof. To prove the theorem it suffices to consider V (x) supported on the interval [0, a] and to show that U(x, E) := U(x, x^′; E)|_x′_{=0}, i.e. the solution of the equation dU(x, E) dx = − i 2 √ E V (x)M(x, E)U(x, E), U(0, E) = I, satisfies

U(a, E) = Λ(E) =

(_1 T (E) − R(E) T (E) L(E) T (E) 1 T (E)^∗ ) , where T (E), R(E), and L(E) correspond to the potential V .

Consider the solutions ψ_±(x, E) of the equation (2.28), such that

ψ_+(x, E) = { e^{i√Ex} + R(E)e^{−i√Ex}, x < 0, T (E)e^{i√Ex}, x > a,

ψ_−(x, E) = { T (E)e^{−i√Ex}, x < 0, e^{−i√Ex} + L(E)e^{i√Ex}, x > a.

We introduce the 2 by 2 matrix W (x, E) = ( A_−(x, E) A_+(x, E) B_−(x, E) B_+(x, E) ) , where A_±(x, E) and B_±(x, E) are given by A_±(x, E) = 1 2 e^{i√Ex} [ ψ_±(x, E) + i √ E dψ_±(x, E) dx ] , B_±(x, E) = 1 2 e^{−i√Ex} [ ψ_±(x, E) − i √ E dψ_±(x, E) dx ] . It is easy to see that W (x, E) satisfies the equation dW (x, E) dx = − i 2 √ E V (x)M(x, E)W (x, E), (2.29) and W (0, E) = ( T (E) R(E) 0 1 ) . Also we have W (a, E) = ( 1 0 L(E) T (E) ) . Obviously, W (x, E)W (0, E)^{−1} also satisfies (2.29) and equals I for x = 0. Thus, U(x, E) = W (x, E)W (0, E)^{−1}. Moreover, U(a, E) = ( 1 0 L(E) T (E) ) ( T (E) R(E) 0 1 )_{−1} = Λ(E),

since T (E) − R(E)L(E) T (E) = 1 T (E)^∗ . Finally note that U(x, x^′; E), defined by (2.26), is given as U(x, x^′; E) = U(x, E)U(x^′, E)^{−1}. ■ 3 Cluster Property of the Spectral Shift Function

In this Section we establish a cluster property of the spectral shift function for Schrödinger operators in L^2(R) of the form H(d) = − d^2 dx^2 + V_d, V_d = V_1 + V_2(· − d), (3.1) where the V_i are in L^1 and have compact supports (see also [34, 35, 36] for results concerning cluster properties in the higher dimensional case). We study the behavior of the spectral shift function ξ(E; d) for the pair (H(d), H_0) when |d| is sufficiently large. More precisely let D = D(V_1, V_2) ⊂ R be such that the intersection of the minimal closed intervals containing suppV_1 and suppV_2(· − d) is at most a point. This implies that V_1(x)V_2(x − d) = 0 a.e. for all d ∈ D. We will henceforth assume that d ∈ D. Denote

ξ_{12}(E; d) = ξ(E; H(d), H_0) − ξ(E; H_1, H_0) − ξ(E; H_2, H_0) (3.2)

with H_i = H_0 + V_i (i = 1, 2). Also we set H_2(d) = H_0 + V_2(· − d) such that H_2 = H_2(d = 0). By the translation invariance of the spectral shift function, we have ξ(E; H_2(d), H_0) = ξ(E; H_2, H_0) for all d. For brevity in what follows we will write ξ(E; d) = ξ(E; H(d), H_0), ξ_i(E) = ξ(E; H_i, H_0), i = 1, 2.

Below we will need the following simple result:

Lemma 3.1 Suppose that H^{(1)}, H^{(1)}_0 and H^{(2)}, H^{(2)}_0 are semi-bounded self-adjoint operators in the Hilbert spaces H^{(1)} and H^{(2)} respectively, such that H^{(i)} − H^{(i)}_0 , i = 1, 2 are trace class. Then for a.e. E ∈ R

ξ(E; H^{(1)} ⊕ H^{(2)}, H^{(1)}_0 ⊕ H^{(2)}_0 ) = ξ(E; H^{(1)} ⊕ H^{(2)}_0 , H^{(1)}_0 ⊕ H^{(2)}_0 ) + ξ(E; H^{(1)}_0 ⊕ H^{(2)}, H^{(1)}_0 ⊕ H^{(2)}_0 ). (3.3)

Moreover,

ξ(E; H^{(1)} ⊕ H^{(2)}_0 , H^{(1)}_0 ⊕ H^{(2)}_0 ) = ξ(E; H^{(1)}, H^{(1)}_0 ), ξ(E; H^{(1)}_0 ⊕ H^{(2)}, H^{(1)}_0 ⊕ H^{(2)}_0 ) = ξ(E; H^{(2)}, H^{(2)}_0 ) (3.4)

a.e. on R.

Proof. Let H = H^{(1)} ⊕ H^{(2)}. For every f ∈ C^∞_0 (R) we have

tr_H ( f(H^{(1)} ⊕ H^{(2)}) − f(H^{(1)}_0 ⊕ H^{(2)}_0 ) )

= tr_H ( f(H^{(1)}) ⊕ f(H^{(2)}) − f(H^{(1)}_0 ) ⊕ f(H^{(2)}_0 ) )

= tr_H(1) ( f(H^{(1)}) − f(H^{(1)}_0 ) ) + tr_H(2) ( f(H^{(2)}) − f(H^{(2)}_0 ) )

= tr_H ( f(H^{(1)}) ⊕ f(H^{(2)}_0 ) − f(H^{(1)}_0 ) ⊕ f(H^{(2)}_0 ) )

+tr_H ( f(H^{(1)}_0 ) ⊕ f(H^{(2)}) − f(H^{(1)}_0 ) ⊕ f(H^{(2)}_0 ) )

= tr_H ( f(H^{(1)} ⊕ H^{(2)}_0 ) − f(H^{(1)}_0 ⊕ H^{(2)}_0 ) )

+tr_H ( f(H^{(1)}_0 ⊕ H^{(2)}) − f(H^{(1)}_0 ⊕ H^{(2)}_0 ) ) . From this it follows that (3.3) and (3.4) are valid up to an additive constant. From our normalization and from the semiboundedness of the operators involved it follows that this constant equals zero. ■

Theorem 3.2 For all d ∈ D(V_1, V_2) |ξ_{12}(E; d)| ≤ { 3/2, E ≥ 0 1, E < 0.

Proof. Let us fix some y ∈ R lying between the supports of V_1 and V_2(· − d). More precisely we require that y is such that suppV_1 ⊂ (−∞, y] and suppV_2(· − d) ⊂ [y, ∞) if d > 0 and suppV_2(· − d) ⊂ (−∞, y] and suppV_1 ⊂ [y, ∞) if d < 0. Without loss of generality we may suppose that d > 0. For every potential V satisfying (2.1) along with the Hamiltonian H we consider the self-adjoint Schrödinger operators on L^2(R) H^{(D,N)} = − d^2 dx^2 + V with Dirichlet and Neumann boundary conditions at x = y. In accordance with the decomposition L^2(R) = L^2(−∞, y) ⊕ L^2(y, ∞)

one can write H^{(D,N)} = H^{(D,N)}_− ⊕ H^{(D,N)}_+ . From Krein’s formula (see e.g. [14]) it follows that H^{(D)} and H^{(N)} are rank one perturbations of H. Also we have H^{(N)} ≤ H ≤ H^{(D)} (3.5) in the sense of quadratic forms. Since V_1 and V_2(· − d) have disjoint compact supports, we have H^{(D,N)}(d) = H^{(D,N)}_{1,−} ⊕ H^{(D,N)}_{2,+} (d). From Lemma 3.1 it follows that ξ(E; H^{(D,N)}, H^{(D,N)}_0 ) = ξ(E; H^{(D,N)}_{1,−} ⊕ H^{(D,N)}_{2,+} (d), H^{(D,N)}_0 ) = ξ(E; H^{(D,N)}_1 , H^{(D,N)}_0 ) + ξ(E; H^{(D,N)}_2 (d), H^{(D,N)}_0 ). (3.6) Now by the chain rule for the spectral shift function [6] and from (3.6) it follows that ξ(E; H(d), H_0) = ξ(E; H(d), H^{(D,N)}(d)) +ξ(E; H^{(D,N)}(d), H^{(D,N)}_0 ) + ξ(E; H^{(D,N)}_0 , H_0) = ξ(E; H(d), H^{(D,N)}(d)) + ξ(E; H^{(D,N)}_0 , H_0)

+ξ(E; H^{(D,N)}_1 , H^{(D,N)}_0 ) + ξ(E; H^{(D,N)}_2 (d), H^{(D,N)}_0 ). (3.7) On the other hand and again by the chain rule one has ξ(E; H_i, H_0) = ξ(E; H_1, H^{(D,N)}_1 )

+ξ(E; H^{(D,N)}_1 , H^{(D,N)}_0 ) + ξ(E; H^{(D,N)}_0 , H_0) (3.8) and analogously with H_1 replaced by H_2(d). From (3.7) and (3.8) it follows that ξ(E; H(d), H_0) = ξ(E; H_1, H_0) + ξ(E; H_2(d), H_0) +ξ(E; H(d), H^{(D,N)}(d)) − ξ(E; H^{(D,N)}_0 , H_0) −ξ(E; H_1, H^{(D,N)}_1 ) − ξ(E; H_2(d), H^{(D,N)}_2 (d)) such that ξ_{12}(E; d) = −ξ(E; H^{(D,N)}(d), H(d)) − ξ(E; H^{(D,N)}_0 , H_0) +ξ(E; H^{(D,N)}_1 , H_1) + ξ(E; H^{(D,N)}_2 (d), H_2(d)). (3.9) We note that in the terminology of Gesztesy and Simon [21] ξ(E; H^{(D)}(d), H(d)), ξ(E; H^{(D)}_i , H_i), i = 1, 2, and ξ(E; H^{(D)}_0 , H_0) are the xi-functions for the operators H(d), H_i, i = 1, 2, and H_0 respectively.

From (3.5) and from the fact that the absolute value of the spectral shift function for rank one perturbations is not greater than one, we have that for all real E 0 ≤ ξ(E; H^{(D)}, H) ≤ 1, −1 ≤ ξ(E; H^{(N)}, H) ≤ 0, where H stands for one of the operators H(d), H_1, H_2(d), or H_0. Also (see [21]) ξ(E; H^{(D)}_0 , H_0) = { 1/2, E ≥ 0 0, E < 0 , ξ(E; H^{(N)}_0 , H_0) = { −1/2, E ≥ 0 0, E < 0 . Therefore, from (3.9) we obtain −3/2 ≤ ξ_{12}(E; d) ≤ 3/2, E ≥ 0, −1 ≤ ξ_{12}(E; d) ≤ 2, E < 0 using Dirichlet boundary conditions and −3/2 ≤ ξ_{12}(E; d) ≤ 3/2, E ≥ 0, −2 ≤ ξ_{12}(E; d) ≤ 1, E < 0 using Neumann boundary conditions. This completes the proof of the theorem. ■ For our further purposes to be elaborated below Theorem 3.2 provides a completely sufficient information. However, we note that when E ≥ 0 the bound for ξ_{12}(E; d) can be improved:

Theorem 3.3 For all d ∈ D(V_1, V_2) and all E ≥ 0 |ξ_{12}(E; d)| ≤ 1/2. (3.10)

The proof of Theorem 3.3 will given below.

Theorems 3.2 and 3.3 imply that |ξ_{12}(E; d)| ≤ 1 for all d ∈ D(V_1, V_2) and all E ∈ R. Let us define the functions ~ξ^{(±)}(E, d) = ξ(E; d) ± 1, (3.11) ~ξ^{(±)}_j (E) = ξ_j (E) ± 1, j = 1, 2.

Corollary 3.4 For all E ∈ R the functions (3.11) satisfy the inequalities ~ξ^{(+)}(E; d) ≤ ~ξ^{(+)}_1 (E) + ~ξ^{(+)}_2 (E), (3.12) ~ξ^{(−)}(E; d) ≥ ~ξ^{(−)}_1 (E) + ~ξ^{(−)}_2 (E), (3.13) i.e. ~ξ^{(+)}(E) is a subadditive and ~ξ^{(−)}(E) is a superadditive function with respect to the potentials V_1 and V_2(· − d).

Proof. Due to (3.2) and Theorems 3.2, 3.3 we have

ξ(E; d) = ξ_1(E) + ξ_2(E) + ξ_{12}(E; d) ≤ ξ_1(E) + ξ_2(E) + 1. Adding 1 to both sides of this inequality we arrive at (3.12). Similarly, we have ξ(E; d) = ξ_1(E) + ξ_2(E) + ξ_{12}(E; d) ≥ ξ_1(E) + ξ_2(E) − 1.

Subtracting 1 from both sides yields (3.13). ■

Proof of Theorem 3.3. Recall (see [18, 15]) that the scattering matrix at energy E ≥ 0 for the pair of Hamiltonians (H_j = H_0 + V_j, H_0) is given by

S_j (E) = ( T_j(E) R_j (E) L_j (E) T_j(E) ) , j = 1, 2. We use the fact that for all d ∈ D(V_1, V_2) and all E > 0

ξ_{12}(E; d) = − 1 2πi log 1 − R_1(E)L_2(E)e^{2i√Ed} 1 − R_1(E)^∗L_2(E)^∗e^{−2i√Ed}

. (3.14)

The formula (3.14) has appeared earlier in [54] and follows from the Aktosun factorization formula 2.25 T (E; d) =

T_1(E)T_2(E) 1 − R_1(E)L_2(E)e^{2i√Ed} (3.15) and the identity (see e.g. [45]) T_j (E) T_j (E)^∗

= det S_j(E) = e^{−2πiξj (E)}, j = 1, 2. (3.16)

According to (2.7) the reflection amplitudes L_j(E) and R_j (E) can be represented in the form L_j (E) = A_j (E)e^{iδ(L)j} , R_j (E) = A_j (E)e^{iδ(R)j} with 0 ≤ A_j (E) ≤ 1. Moreover A_j (E) = 1 only when T_j (E) = 0. This in turn can happen only if E = 0 (see [18, 15]). Therefore log 1 − R_1(E)L_2(E)e^{2i√Ed} 1 − R_1(E)^∗L_2(E)^∗e^{−2i√Ed} = log

1 − A_1(E)A_2(E)e^{i(δ(R)1 +δ(L)2 +2√Ed)} 1 − A_1(E)A_2(E)e^{−i(δ(R)}1^{+δ(L)}2^{+2√Ed)} = −2i arctan

A_1(E)A_2(E) sin(δ^{(R)}_1 + δ^{(L)}_2 + 2 √ Ed) 1 − A_1(E)A_2(E) cos(δ^{(R)}_1 + δ^{(L)}_2 + 2 √ Ed) . Due to the fact that 0 ≤ A_j (E) < 1 for E > 0 the absolute value of this expression is strictly bounded by π. ■

Since the spectral shift function is right continuous the estimate |ξ_{12}(E; d)| ≤ 1/2 (3.17) holds also for E = 0. We note that the inequality (3.17) for E = 0 also follows from the Levinson theorem [7, 8], Theorem 3.1 of [33] and the results of [2]. We include this discussion (see also [54]) to show the different aspects of the problem. For brevity we set n(V ) = n_0(V ), the number of bound states below E = 0. Theorem 3.1 of [33] states in particular that n(V_1 + V_2(· − d)) = n(V_1) + n(V_2(· − d)) = n(V_1) + n(V_2) for all d such that d ∈ D(V_1, V_2) if E = 0 is an exceptional point for at least one of H_1 or H_2. If E = 0 is a regular point for both H_1 and H_2 then n(V_1) + n(V_2) − 1 ≤ n(V_1 + V_2(· − d)) ≤ n(V_1) + n(V_2).

Therefore, by (2.5) and (2.6) we have −ξ_1(0) − ξ_2(0) ≤ n(V_1 + V_2(· − d)) ≤ −ξ_1(0) − ξ_2(0) + 1 if E = 0 is a regular point for both H_1 and H_2, and n(V_1 + V_2(· − d)) = −ξ_1(0) − ξ_2(0) + 1/2 if E = 0 is an exceptional point for at least one of the operators H_1 and H_2. Then according to Theorem 2.3 of [2] we have the alternatives

(i) Let E = 0 be an exceptional point for exactly one of the operators H_1 and H_2. Then E = 0 is a regular point for H(d) and therefore

ξ(0; d) = ξ_1(0) + ξ_2(0).

(ii) Let E = 0 be an exceptional point for both operators H_1 and H_2. Then E = 0 is an exceptional point for H(d) and therefore

ξ(0; d) = ξ_1(0) + ξ_2(0) − 1/2.

Let now E = 0 be a regular point for both H_1 and H_2. The discussion at the end of Section 2 in [2] states that E = 0 is a regular point for H(d) for all except possibly one value d = d_0 ∈ R . Excluding this value d_0 (however, we found no proof that d_0 /∈ D(V_1, V_2)) we get that

ξ_1(0) + ξ_2(0) − 1 2 ≤ ξ(0; d) ≤ ξ_1(0) + ξ_2(0) + 1 2 . for all d ∈ D(V_1, V_2) with d ≠ d_0.

Now we reconsider the case E < 0. We recall that in this case the spectral shift function equals minus the number of eigenvalues less than E. The discussion below shows that the bound |ξ_{12}(E; d)| ≤ 1 for E < 0 in general cannot be improved.

Let E^{(i)}_{ki} < 0, k_i = 1, . . . , n_0(V_i), i = 1, 2 be the eigenvalues of H_i. Let E_k(d) < 0, k = 1, . . . , n_0(V_1+V_2(·−d)) be the eigenvalues of H(d). We recall some known properties of E_k(d) [33]. The functions E_k(d) are real analytic in d ∈ D = D(V_1, V_2). First let E < 0 be an eigenvalue of both H_1 and H_2. Then H(d) has two eigenvalues E_±(d), E_−(d) < E < E_+(d), which both converge to E as d → ∞. Moreover, E^′_− > 0 and E^′_+ < 0 (with prime denoting the derivative with respect to d) for all d ∈ D. Secondly, let E be an eigenvalue of (say) H_1 but not of H_2. Then the only eigenvalue E(d) of H(d) approaches E as d → ∞. Moreover, either E^′(d) > 0, or E^′(d) < 0, or E^′(d) = 0 for all d ∈ D. There are no eigenvalues of H(d) other than the ones described above. We note also that for all d ∈ D either E_k(d) ≠ E^{(i)}_k for any k, k_i and i, or E_k(d) = E^{(i)}_{ki} for some k, k_i and i. Indeed let us suppose that there is d_0 ∈ D such that E_k(d_0) = E^{(i)}_{ki} = E_0 for some k, k_i and i. Then inspecting the proof of Theorem 1.2 in [33] we see that this implies E_k(d) = E_0 for all d ∈ D. As is well known in the one-dimensional case the eigenvalues of H(d) are simple and therefore the E_k(d)’s cannot cross each other.

Now fix some E_0 < 0. There are two cases to be considered: (i) E_0 is an eigenvalue of neither H_1 nor H_2, (ii) E_0 is an eigenvalue of at least one of the Hamiltonians H_1, H_2. By the discussion above in case (i) there is d(E_0) > 0 such that for all d ≥ d(E_0) one has n_{E0} (V_1 + V_2(· − d)) = n_{E0} (V_1) + n_{E0} (V_2). When d ∈ D decreases only one of the curves E_k(d) can pass through E_0 (since the E_k(d)’s cannot cross each other) thus decreasing or increasing n_{E0} (V_1 + V_2(· − d)) by one. In case (ii) n_{E0} (V_1 + V_2(· − d)) does not depend on d ∈ D and equals n_{E0} (V_1) + n_{E0} (V_2) or differs from n_{E0} (V_1) + n_{E0} (V_2) by one.

4 Existence of the Spectral Shift Density

As stated in the Introduction we will consider random Schrödinger operators H(ω) in L^2(R) of the form (1.1) with {α_j(ω)}_{j∈Z} being a sequence of i.i.d. variables on a probability space (Ω, F, P) having a common density φ, which is continuous and has support in the finite interval [α_−, α_+] ⊂ R. Also the sequence {α_j(ω)}_{j∈Z} is supposed to form a stationary, metrically transitive random field, i.e. there are measure preserving, ergodic transformations {T_j}_{j∈Z} on Ω such that α_j (T_kω) = α_{j−k}(ω).

We suppose that the single-site potential f is in C(R) with suppf ⊆ [−1/2, 1/2] and f ≥ 0. First we introduce the Hamiltonians H^{(−n,m)}(ω) = − d^2 dx^2 + m∑ j=−n α_j(ω)f(· − j), (4.1) such that H^{(n)}(ω) = H^{(−n,n)}(ω). Let ξ^{(−n,m)}(E; ω) be the spectral shift function for the pair (H^{(−n,m)}(ω), H_0).

The operators H^{(−n,m)}(T_kω) and H^{(−n−k,m−k)}(ω) are unitarily equivalent. In fact, consider the unitary shift operator U_j , j ∈ Z on L^2(R) given as U_j f(x) = f(x − j). Then one has H^{(−n,m)}(T_kω) = − d^2 dx^2 + m∑ j=−n α_j(T_kω)f(· − j)

= − d^2 dx^2 + m∑ j=−n α_{j−k}(ω)f(· − j)

= − d^2 dx^2 + m−k∑ j=−n−k α_j(ω)f(· − j − k) = U_kH^{(−n−k,m−k)}(ω)U^∗_k . (4.2) Since the spectral shift functions for pairs of unitarily equivalent operators are equal, we have ξ^{(−n,m)}(E; T_kω) = ξ^{(−n−k,m−k)}(E; ω). This remains true for the functions ξ^{(−n,m)} ± (E; ω) = ξ^{(−n−k,m−k)}(E; ω) ± 1. Now let k be an arbitrary integer such that −n ≤ k < m. Then due to Corollary 3.4 we have that ξ^{(−n,m)} + (E; ω) ≤ ξ^{(−n,k)}_+ (E; ω) + ξ^{(k,m)}_+ (E; ω) (4.3) and ξ^{(−n,m)} − (E; ω) ≥ ξ^{(−n,k)}_− (E; ω) + ξ^{(k,m)}_− (E; ω).

Now we show that

Γ_+ = inf_{m,n} 1 m + n + 1 E { ξ^{(−n,m)} + (E; ω) } > −∞, Γ_− = sup_{m,n} 1 m + n + 1 E { ξ^{(−n,m)} − (E; ω) } < ∞, where E denotes the expectation with respect to the probability measure P.

First we note that

Γ_− = sup_{m,n} 1 (m + n + 1) E { ξ^{(−n,m)} − (E; ω) }

= sup_{m,n} 1 (m + n + 1) E { ξ^{(−n,m)} + (E; ω) − 2 }

≤ sup_{m,n} 1 (m + n + 1) E { ξ^{(−n,m)} + (E; ω) } . From the inequality (4.3) it follows that ξ^{(−n,m)} + (E; ω) ≤ m∑ j=−n ξ(E; H_0 + α_j (ω)f, H_0) + (n + m + 1)

and then by the monotonicity theorem of the spectral shift function with respect to perturbations we have ξ^{(−n,m)} + (E; ω) ≤ (n + m + 1) [ξ(E; H_0 + α_+f, H_0) + 1] .

Hence by Lemma 2.1

Γ_− ≤ ξ(E; H_0 + α_+f, H_0) + 1 < ∞.

Similarly we can prove that Γ_+ > −∞. Indeed,

Γ_+ = inf_{m,n} 1 m + n + 1 E { ξ^{(−n,m)} + (E; ω) }

= inf_{m,n} 1 m + n + 1 E { ξ^{(−n,m)} − (E; ω) + 2 }

≥ inf_{m,n} 1 m + n + 1 E { ξ^{(−n,m)} − (E; ω) }

≥ inf_{m,n} 1 m + n + 1 m∑ j=−n (E {ξ(E; H_0 + α_j(ω), H_0)} − 1) ≥ ξ(E; H_0 + α_−f, H_0) − 1 > −∞. Thus we have proved

Theorem 4.1 For every E ∈ R the family ξ^{(−n,m)}_+ (E; ω) is a subadditive and ξ^{(−n,m)}_− (E; ω) is a superadditive random process.

Applying now the Akcoglu-Krengel superadditive ergodic theorem we obtain that for every E ∈ R there is a set Ω_E ⊂ Ω of full measure such that lim m,n→∞ ξ^{(−n,m)}(E; ω) n + m + 1

=: ξ(E) (4.4)

exists and is non-random. We call this limit the spectral shift density.

Now the problem is to show that the set Ω_E of full measure can be chosen to be independent of E as long as E is a point of continuity of the limit. We note that a priori the set ∩_{E∈R}Ω_E is not necessarily of full measure.

We recall how this problem is solved for the density of states N(E) (see e.g. [13, p. 312]). Once one has established the existence of the limit lim m,n→∞ N^{(−n,m)} ω (E) n + m + 1

= N(E) (4.5)

for every fixed E and P-almost all ω ∈ Ω, one can choose ~Ω as the intersection of all sets Ω_E when E runs through the rationals and redefine the limiting function N(E) to make it right continuous. Since N(E) is a monotone nondecreasing function of E, this could change the values of the limiting function on at most a countable set of discontinuities. Hence (4.5) is valid at every continuity point of N(E) for all ω ∈ ~Ω, which is obviously of full measure.

In our case the limiting function ξ(E) is not monotone. However intuition says that ξ(E) must be equal to N_0(E) − N(E) (this is indeed the case as will be proven below). Therefore, ξ(E) is expected to be at least of bounded variation. The simplest way to prove this is to show that (n + m + 1)^{−1}ξ^{(−n,m)}ω (E) are Lipshitz functions with Lipshitz constants bounded uniformly in n and m, which is nothing but a Wegner-type estimate [60] for the spectral shift density. This guarantees that ξ(E) is Lipshitz continuous.

We will need the spectral averaging theorem [5, 58]:

Lemma 4.2 Let H = H_0 + W with W ∈ L^1(R). Let V ∈ L^1(R) be nonnegative. E_s(·) the spectral decomposition of unity for H_s = H + sV . Then for any Borel set Δ ⊂ R ∫_{s1} s_0

tr(V^{1/2}E_s(Δ)V^{1/2})ds = ∫ Δ ξ(E; H_{s1} , H_{s0} )dE.

Remark: tr(V^{1/2}E_s(Δ)V^{1/2}) is well defined since for every f ∈ L^1(R) the operator f^{1/2}E_s(Δ)|f|^{1/2} is trace class (see [57]).

The present formulation of the spectral averaging theorem is a direct consequence of a slightly extended version of Theorem 4 in [58]. This extension is straightforward and therefore we do not discuss details here. Now we prove

Theorem 4.3 Let f be piecewise continuously differentiable with suppf ⊆ [−1/2, 1/2] and assume there is a constant c_f > 0 such that | | | |f(x) + x 2 df dx | | | | ≤ c^f f(x) for a.e. x ∈ suppf. Then Eξ(E) is Lipshitz continuous for all E ∈ R, i.e. for each closed interval Δ ⊂ R there is a constant C_Δ such that

|E_2ξ(E_2) − E_1ξ(E_1)| ≤ C_Δ|E_2 − E_1|

for all E_1, E_2 ∈ Δ.

Thus it suffices to determine ξ(E) for E running over a Lebesgue-dense set of R, say the rationals. We choose the set ~Ω as the intersection ∩_{E∈Q} Ω_E . The limit (4.4) then exists for all E ∈ R and all ω ∈ ~Ω.

Now we turn to the proof of Theorem 4.3. We note that the method of the proof is not restricted to the one-dimensional case and can be extended to higher dimensions (see [36]).

Proof of Theorem 4.3. We apply Lemma 2.2 to H = H^{(−n,m)}(ω). Let us set Δ_1 = [E_1, E_2] ⊆ Δ. Then we have

E_2 [ ξ^{(−n,m)}(E_2; ω) − E_1ξ^{(−n,m)}(E_1; ω) ] = ∫ Δ_1 ξ^{(−n,m)}(E; ω)dE + ∫ Δ_1 Edξ^{(−n,m)}(E; ω) = ∫ Δ_1 ξ^{(−n,m)}(E; ω)dE − m∑ j=−n α_j (ω)tr ( ~f^{1/2}(· − j)E^{(−n,m)}_ω (Δ_1)| ~f|^{1/2}(· − j) )

= ∫ Δ_1 ξ^{(−n,m)}(E; ω)dE − m∑ j=−n α_0(T_{−j}ω)tr ( ~f^{1/2}E^{(−n−j,m−j)} T_{−j} ω (Δ1)| ~f| 1/2 ) , where

~f = f + 1 2 x df dx , and E^{(−n,m)} ω (·) is the spectral resolution for H^{(−n,m)}(ω). Therefore E { E_2ξ^{(−n,m)}(E_2; ω) − E_1ξ^{(−n,m)}(E_1; ω) } = E {∫ Δ_1 ξ^{(−n,m)}(E; ω)dE } − m∑ j=−n E { α_0(ω)tr ( ~f^{1/2}E^{(−n−j,m−j)} ω (Δ_1)| ~f|^{1/2} )} . (4.6)

First let us estimate the second term on the r.h.s. of (4.6), | |E { α_0(ω)tr ( ~f^{1/2}E^{(−n−j,m−j)} ω (Δ_1)| ~f|^{1/2} )}| | ≤ α_+E {| |tr ( ~f^{1/2}E^{(−n−j,m−j)} ω (Δ_1)| ~f|^{1/2} )| | } .

Since for any A ∈ J_1 the inequality |trA| ≤ tr|A| holds, we have | |tr ( ~f_{1/2}E_{(−n−j,m−j)} ω (Δ_1)| ~f|^{1/2} )| | ≤ tr ( | ~f|^{1/2}E^{(−n−j,m−j)} ω (Δ_1)| ~f|^{1/2} ) ≤ c_f tr ( f^{1/2}E^{(−n−j,m−j)} ω (Δ_1)f^{1/2} ) . Let us denote H^{(−n,m)} α (ω) = H_0 + m∑ j=−n j≠0 α_j(ω)f(· − j) + αf,

and let E^{(−n,m)}ω,α (·) be the corresponding resolution of the identity. Then we have E { tr ( f^{1/2}E^{(−n−j,m−j)} ω (Δ_1)f^{1/2} )} = E {∫_{α+} α_− dαϕ(α)tr ( f^{1/2}E^{(−n−j,m−j)} ω,α (Δ_1)f^{1/2} ) }

≤ ‖ϕ‖_∞E {∫_{α+} α_− dαtr ( f^{1/2}E^{(−n−j,m−j)} ω,α (Δ_1)f^{1/2} )} . Now we apply Lemma 4.2, according to which we obtain ∫_{α+} α_− dα tr ( f^{1/2}E^{(−n−j,m−j)} ω,α (Δ_1)f^{1/2} )

= ∫ Δ_1 dE ξ(E; H^{(−n−j,m−j)} α_+ (ω), H (−n−j,m−j) α_− (ω)), where ξ(E; H^{(−n−j,m−j)} α_+ (ω), H (−n−j,m−j) α_− (ω)) stands for the spectral shift function of the pair (H^{(−n−j,m−j)} α_+ (ω), H (−n−j,m−j) α_− (ω)). By the chain rule and Corollary 3.4 we have ξ(E; H^{(−n−j,m−j)} α_+ (ω), H (−n−j,m−j) α_− (ω)) = ξ(E; H^{(−n−j,m−j)} α_+ (ω), H0) − ξ(E; H (−n−j,m−j) α_− (ω), H0) ≤ ξ(E; H^{(−n−j,m−j)} α=0 (ω), H_0) + ξ(E; H_0 + α_+f, H_0) + 1 −ξ(E; H^{(−n−j,m−j)} α=0 (ω), H_0) − ξ(E; H_0 + α_−f, H_0) + 1

= ξ(E; H_0 + α_+f, H_0 + α_−f) + 2.

Therefore, the second term on the r.h.s. of (4.6) can be bounded by

(n + m + 1)|E_2 − E_1|‖ϕ‖_∞ [ max E∈Δ_1 ξ(E; H_0 + α_+f, H_0 + α_−f) + 2 ] . (4.7)

By Lemma 2.1 and since ξ(E; H_0 + α_+f, H_0 + α_−f) = ξ(E; H_0 + α_+f, H_0) − ξ(E; H_0 + α_−f, H_0) the maximum of ξ(E; H_0 + α_+f, H_0 + α_−f) is bounded.

Now we estimate the first term on the r.h.s. of (4.6). By the Fubini theorem E {∫ Δ_1 ξ^{(−n,m)}(E; ω)dE }

= ∫ Δ_1 E { ξ^{(−n,m)}(E; ω) } dE.

Using monotonicity and Corollary 3.4 we obtain E { ξ^{(−n,m)}(E_1; ω) } ≤ (n + m + 1) [ξ(E_1; H_0 + α_+f, H_0) + 1] . (4.8)

The expressions in the square brackets in (4.7) and (4.8) are finite by Lemma 2.1.

Thus we have proved that

(n + m + 1)^{−1} | E_2E { ξ^{(−n,m)}(E_2; ω) } − E_1E { ξ^{(−n,m)}(E_1; ω) }| ≤ C_Δ|E_2 − E_1|. (4.9)

Now we note that by the Lebesgue dominated convergence theorem lim m,n→∞(n + m + 1) −1E { ξ^{(−n,m)} ω (E) } = ξ(E) for every fixed E ∈ R. Thus, taking the limit n, m → ∞ in (4.9) we arrive at the claim of theorem. ■

Theorem 4.4 The spectral shift density is the difference of the integrated densities of states for the free and the interacting Hamiltonians, ξ(E) = N_0(E)−N(E) for all E ∈ R.

Proof. Let D^{(−n,m)}(ω) and D^{(−n,m)}_0 be the self-adjoint Schrödinger operators corresponding to the differential expression (4.1) and H_0 = −d^2/dx^2 respectively on L^2(−n − 1/2, m + 1/2) with Dirichlet boundary conditions at x = −n − 1/2 and x = m + 1/2 (the Friedrichs extension of (4.1) on C^∞_0 (−n − 1/2, m + 1/2)). They have purely discrete spectrum and therefore the spectral shift function ξ(E; D^{(−n,m)}(ω), D^{(−n,m)}_0 ) is simply the difference of the corresponding counting functions N(E; D^{(−n,m)}_0 ) − N(E; D^{(−n,m)}(ω)). It is well known (see e.g. [13]) that for all E ∈ R N(E) = lim_{m,n→∞} N(E; D^{(−n,m)}(ω)) n + m + 1 , N_0(E) = lim_{m,n→∞} N(E; D^{(−n,m)}_0 ) n + m + 1 = √ E/π almost surely. Hence N_0(E) − N(E) = lim_{m,n→∞} ξ(E; D^{(−n,m)}(ω), D^{(−n,m)}_0 ) n + m + 1

(4.10)

for almost all ω ∈ Ω.

Now we prove that the difference ξ(E; H^{(−n,m)}(ω), H_0) − ξ(E; D^{(−n,m)}(ω), D^{(−n,m)}_0 ) is bounded in absolute value by 2 uniformly in n, m ∈ R and ω ∈ Ω. Therefore, the existence of the limit (4.10) immediately implies the existence of ξ(E) and the equality ξ(E) = N_0(E) − N(E). Thus, in fact we do not need Theorem 4.3 in this context.

By the chain rule for the spectral shift function we have ξ(E; H^{(−n,m)}(ω), H_0) = −ξ(E; H^{(−n,m)}_D (ω), H^{(−n,m)}(ω)) +ξ(E; H^{(−n,m)}_D (ω), H^{(−n,m)}_{0,D} ) + ξ(E; H^{(−n,m)}_{0,D} , H_0). (4.11) Here H^{(−n,m)} D (ω) denotes the operator (4.1) on L^2(R) with Dirichlet boundary conditions at x = −n − 1/2 and x = m + 1/2 such that H^{(−n,m)} D (ω) = D^{(−∞,−n)} 0 ⊕ D^{(−n,m)}(ω) ⊕ D^{(m,∞)}_0 (4.12) with respect to the direct decomposition of the Hilbert space L^2(R) = L^2(−∞, −n − 1/2) ⊕ L^2(−n − 1/2, m + 1/2) ⊕ L^2(m + 1/2, ∞). Similarly there is a decomposition of H^{(−n,m)} 0,D = − d^2 dx^2 with the same boundary conditions. From Krein’s formula it follows that H^{(−n,m)}_D (ω) and H^{(−n,m)} 0,D are rank two perturbations of H^{(−n,m)}(ω) and H_0, respectively. Thus, we immediately have 0 ≤ ξ(E; H^{(−n,m)}_D (ω), H^{(−n,m)}(ω)) ≤ 2, 0 ≤ ξ(E; H^{(−n,m)}_{0,D} , H_0) ≤ 2 (4.13) for all n, m ∈ N and ω ∈ Ω. Actually, (4.13) can be improved [25, Remark 5.2] such that 1 2 ≤ ξ(E; H^{(−n,m)}_{0,D} , H_0) ≤ 3 2 . From (4.12) by Lemma 3.1 it follows that ξ(E; H^{(−n,m)} D (ω), H^{(−n,m)}_{0,D} ) = ξ(E; D^{(−n,m)}(ω), D^{(−n,m)}_0 ). (4.14) This completes the proof of the theorem. ■

Remark: We comment on the formula (4.11). We note that ξ(E; H^{(−n,m)}(ω), H_0) is continuous in E > 0 although ξ(E; H^{(−n,m)}_D , H^{(−n,m)}_{0,D} ) is a step-like function being the difference of two counting functions. This means that the difference ξ(E; H^{(−n,m)} 0,D , H_0)) − ξ(E; H^{(−n,m)}_D (ω), H^{(−n,m)}(ω)) compensates the jumps of ξ(E; H^{(−n,m)}_D (ω), H^{(−n,m)}_{0,D} ) making the r.h.s. of (4.11) continuous. This was noted by Jensen and Kato [25]. A similar phenomenon was found for obstacle scattering in R^2 by Eckmann and Pillet [17].

As an illustration to Theorem 4.4 (see Fig. 1) we have calculated (n+m+1)^{−1}ξ^{(−n,m)}(E) (dotted line) for n = m = 3 with f taken to be the point interaction and α_j (ω) ≡ 1 (the Kronig-Penney model) and compared this result with N_0(E) − N(E) (solid line). The density of states N(E) for this case can be given in closed analytic form (see e.g. [3]).

Figure 1: Spectral shift density for the deterministic Kronig-Penney model (see text).

5 Density of the Transmission Coefficient and the Lyapunov Exponent

Now we turn to a discussion of the density of the transmission coefficient. Let T^{(−n,m)}ω (E) be the transmission amplitude at energy E > 0 for the Hamiltonian H^{(−n,m)}(ω) (4.1). We now prove

Theorem 5.1 For every fixed E > 0 and almost all ω ∈ Ω the limit lim n,m→∞ log |T^{(−n,m)} ω (E)| n + m + 1

=: −γ_T (E)

exists and is non-random.

Remark: For periodic deterministic potentials the behavior of T^{(−n,n)}(E) as n → ∞ was studied numerically in [53].

A very similar statement was proven earlier by Marchenko and Pastur [42]. Our proof is a slight modification of that given in [42]. We start with

Lemma 5.2 For all E ≥ 0 the transmission amplitude for the Hamiltonian (3.1) satisfies the inequality |T (E)| ≥ 1 2 |T_1(E)| |T_2(E)|.

Proof. By the Aktosun factorization formula T (E) = T_1(E)T_2(E) (1 − R_1(E)L_2(E))^{−1} .

By the unitarity of the scattering matrix |R_j(E)| ≤ 1 and |L_j(E)| ≤ 1, j = 1, 2 for all E ≥ 0. Hence |1 − R_1(E)L_2(E)| ≤ 2 and the claim follows. ■

Proof of Theorem 5.1 We set t^{(−n,m)} ω (E) = 1 2 log |T^{(−n,m)} ω (E)| ≤ 0. From the fact that T^{(−n,m)} T_kω (E) = T (−n−k,m−k) ω (E), k ∈ Z, which is is an immediate consequence of (4.2) we obtain t^{(−n,m)} T_kω (E) = t (−n−k,m−k) ω (E). By Lemma 5.2 we have t^{(−n,k)} ω (E) + t^{(k,m)}_ω (E) ≤ t^{(−n,m)}_ω (E) for all k with −n < k < m. Thus t^{(−n,m)}ω (E) is a superadditive random process. Theorem 5.1 now follows by Akcoglu-Krengel superadditive ergodic theorem. ■

Theorem 5.3 For every E > 0 γ_T (E) equals γ(E), the upper Lyapunov exponent for the fundamental matrix of the Schrödinger operator.

This observation (although without a complete proof) is known (see [39, 40]). We start with recalling the definition of the Lyapunov exponent (see e.g. [48]). Let ϕ_ω(x; E) be the fundamental matrix of the Schrödinger equation − d^2ψ dx^2 + ∑ j∈Z α_j (ω)f(· − j)ψ = Eψ (5.1) such that ( u(x) u^′(x) ) = ϕ_ω(x; E) ( u(0) u^′(0) )

for any solution of (5.1). The Lyapunov exponents γ^±_ω (E) are defined by

γ^±_ω (E) = lim_{x→±∞} 1 |x| log ‖ϕ_ω(x; E)‖. (5.2)

Actually it can be shown that γ^+_ω (E) = γ^−_ω (E) = γ(E) for fixed E and P-almost all ω. Moreover, lim can be replaced by lim (see e.g. [48]).

Now fix E > 0. We have to show that for P-almost all ω γ(E) = lim_{x→±∞} 1 |x| log ‖ϕ_ω(x; E)‖ = γ_T (E).

First let us redefine the fundamental matrix such that ( u(x + 1/2) u^′(x + 1/2) ) = ~ϕ_ω(x; E) ( u(1/2) u^′(1/2) ) . This obviously does not change the Lyapunov exponent, which we can calculate as a limit over integer x, γ(E) = lim_{n→∞} 1 n log ‖~ϕ_ω(n; E)‖. This implies that we can express ~ϕ_ω(n; E) in terms of the transmission and reflection amplitudes for the Hamiltonian H^{(1,n)}(ω). More precisely, let us consider the particular solutions ψ^{(±)}(x; E) of the Schrödinger equation with Hamiltonian H^{(1,n)}(ω) corresponding to the energy E > 0 and for x ≤ 1/2 having the form ψ^{(±)}_ω (x; E) = e^{±i√Ex}. Then it is easy to see (see [18] and Section 2), that for x ≥ n + 1/2 these solutions have the form

ψ^{(−)}_ω (x; E) = L^{(1,n)}ω (E) T^{(1,n)}ω (E) e^{i√Ex} + 1 T^{(1,n)}ω (E) e^{−i√Ex}, ψ^{(+)}_ω (x; E) = ψ^{(−)}ω (x; E),

where T^{(1,n)}ω (E) and L^{(1,n)}ω (E) are transmission and reflection amplitudes for the Hamiltonian H^{(1,n)}(ω), respectively. Therefore, the matrix elements of ~ϕ_ω(n; E) are given by [ ~ϕ_ω(n; E) ] 11 = 1 2 [ L^{(1,n)}ω (E)^∗ T^{(1,n)}ω (E)^∗ e^{−i√E(n+1)} + L^{(1,n)}ω (E) T^{(1,n)}ω (E) e^{i√E(n+1)} ]

+ 1 2 [ e^{i√En} T^{(1,n)}ω (E)^∗ + e^{−i√En} T^{(1,n)}ω (E) ] , [ ~ϕ_ω(n; E) ] 12 = 1 2i √ E [ L^{(1,n)}ω (E)^∗ T^{(1,n)}ω (E)^∗ e^{−i√E(n+1)} − L^{(1,n)}ω (E) T^{(1,n)}ω (E) e^{i√E(n+1)} ]

+ 1 2i √ E [ e^{i√En} T^{(1,n)}ω (E)^∗ − e^{−i√En} T^{(1,n)}ω (E) ] , [ ~ϕ_ω(n; E) ] 21 = − i √ E 2 [ L^{(1,n)}ω (E)^∗ T^{(1,n)}ω (E)^∗ e^{−i√E(n+1)} − L^{(1,n)}ω (E) T^{(1,n)}ω (E) e^{i√E(n+1)} ]

+ i √ E 2 [ e^{i√En} T^{(1,n)}ω (E)^∗ − e^{−i√En} T^{(1,n)}ω (E) ] , [ ~ϕ_ω(n; E) ] 22 = − 1 2 [ L^{(1,n)}ω (E)^∗ T^{(1,n)}ω (E)^∗ e^{−i√E(n+1)} + L^{(1,n)}ω (E) T^{(1,n)}ω (E) e^{i√E(n+1)} ]

+ 1 2 [ e^{i√En} T^{(1,n)}ω (E)^∗ + e^{−i√En} T^{(1,n)}ω (E) ] . Now using the relation (see (2.8))

L^{(1,n)}_ω (E) = i √ 1 − |T^{(1,n)}ω (E)|^2 e^{iδ(1,n)ω (E)−iθ(1,n)ω (E)}, we calculate the Hilbert-Schmidt norm of ~ϕ_ω(n; E). After some simple transformations we get that

‖~ϕ_ω(n; E)‖^2_{J2} = |T^{(1,n)}_ω (E)|^{−2} { 2(1 − |T^{(1,n)}_ω (E)|^2) cos^2 θ_1 + 2 cos^2 θ_2 + 1 E (√ 1 − |T^{(1,n)}ω (E)|^2 sin θ_1 − sin θ_2

)_2

+E (√ 1 − |T^{(1,n)}ω (E)|^2 sin θ_1 + sin θ_2

)_2 }

. (5.3)

Here for brevity we have introduced the notations

θ_1 = √ E(n + 1) − θ^{(1,n)}_ω (E) + π/2, θ_2 = √ En + δ^{(1,n)}_ω (E). Obviously, the expression in the braces on the r.h.s. of (5.3) is bounded from above for every E > 0 uniformly in n ∈ N by 4(1 + E + 1/E). In Appendix A we show that this expression is also bounded from below by the positive constant C(E) = 4E 1 + E^2 uniformly in n ∈ N. Thus, γ(E) = lim_{n→∞} 1 n log ‖~ϕ_ω(n; E)‖ = − lim_{n→∞} 1 n log |T^{(1,n)}_ω (E)|. (5.4) Now consider γ_T (E) = − lim_{n,m→∞} log |T^{(−m,n)} ω (E)| n + m + 1 = − lim_{k→∞} lim_{N→∞} log |T^{(1−k,N−k)} ω (E)| N = − lim_{k→∞} lim_{N→∞} log |T^{(1,N)}_{Tkω} (E)| N , where N = n + m + 1 and k = 1 + m. By (5.4) for P-almost all ω − lim_{N→∞} log |T^{(1,N)}ω (E)| N = γ(E) independently of k. ■

Now we recall that arg T^{(−n,m)}ω (E) = −πξ^{(−n,m)}(E; ω). Then by (4.4) and Theorems 5.1, 5.3 we have

Corollary 5.4 For every E > 0 and P-almost all ω lim m,n→∞ log T^{(−n,m)} ω (E) m + n + 1 = −γ(E) − iπξ(E). (5.5)

We note that Corollary 5.4 can be reformulated in such a way that it permits a generalization to the higher-dimensional case. We recall that (see [45]) T^{(−n,m)} ω (E)^{−1} = det ( I + V^{(−n,m)} ω 1/2 R_0(E + i0)|V^{(−n,m)}_ω |^{1/2} ) , (5.6) where V^{(−n,m)} ω (x) = m∑ j=−n α_j (ω)f(x − j).

Now we can rewrite (5.5) as follows lim m,n→∞ 1 m + n + 1 log det ( I + V^{(−n,m)} ω 1/2 R_0(E + i0)|V^{(−n,m)}_ω |^{1/2} ) = γ(E) + iπξ(E). In this form (5.5) can now be generalized to the higher-dimensional case, thus defining γ(E), which is something like the multi-dimensional Lyapunov exponent (for details see [36]). Also note that the above determinant equals the determinant of the Jost matrix [45].

We cannot use (5.5) to calculate γ(E) for E < 0. However, this can be done by means of analytic continuation (see Section 6).

We turn to the claim γ(E) > 0 for almost all E > 0. We start with some preparations. Let us denote

Λ^{(−n,m)}(E; ω) = 1 T^{(−n,m)} ω (E) − R^{(−n,m)} ω (E) T^{(−n,m)} ω (E) L^{(−n,m)} ω (E) T^{(−n,m)} ω (E) 1 T^{(−n,m)} ω (E)^∗ .

By the identity

‖Λ^{(−n,m)}(E; ω)‖^2_{J2} = 2 + |R^{(−n,m)}ω |^2 + |L^{(−n,m)}ω (E)|^2 |T^{(−n,m)} ω (E)|^2 = 4 − |T^{(−n,m)} ω (E)|^2 |T^{(−n,m)} ω (E)|^2 , and by Theorem 5.3 one has that for every E > 0 γ(E) = lim_{m,n→∞} 1 n + m + 1 log ‖Λ^{(−n,m)}(E; ω)‖ (5.7)

almost surely. Also (5.7) follows directly from the definition of the Lyapunov exponent (5.2) and Theorem 2.4.

Let H_α := H_0 + αf for some α ∈ R. The corresponding elements of the scattering matrix at energy E > 0 we denote by T_α(E), R_α(E), and L_α(E). Let

Λ_α(E) =

(_1 T_α(E) − R_α(E) T_α(E) L_α(E) T_α(E) 1 T_α(E)^∗ ) , and

Λ_j(E; ω) = 1 T_{αj (ω)}(E) − R_{αj (ω)}(E) T_{αj (ω)}(E) e 2i √ Ej L_{αj (ω)}(E) T_{αj (ω)}(E) e −2i √ Ej 1 T_{αj (ω)}(E)^∗ .

Obviously,

Λ_j(E; ω) = U^j_E Λ_{αj (ω)}(E)U^{−j}_E , where

U_E = ( e^{i√E} 0 0 e^{−i√E} ) . From the Aktosun factorization formula (2.25) it follows that

Λ^{(−n,m)}(E; ω) = m∏ j=−n Λ_j(E; ω) = m∏ j=−n U^j_E Λ_{αj (ω)}(E)U^{−j}_E

= U^{−n−1/2} E m∏ j=−n U^{1/2}_E Λ_{αj (ω)}(E)U^{1/2}_E · U^{−m−1/2}_E . (5.8)

Since U_E is unitary one obtains ‖Λ^{(−n,m)}(E; ω)‖ = ‖ ‖ ‖ ‖ m∏ j=−n ~Λ_{αj (ω)}(E) ‖ ‖ ‖ ‖ (5.9)

with

~Λ_α(E) = U^{1/2}_E Λ_α(E)U^{1/2}_E = (_{ei}√_E T_α(E) − R_α(E) T_α(E) L_α(E) T_α(E) e^{−i√E} T_α(E)^∗ ) . Since the α_j(ω) form a sequence of random i.i.d. variables, for every E > 0 the sequence ~Λ_{αj (ω)}(E) is a sequence of random i.i.d. SL(2; C )-valued variables with corresponding distribution ~φ_E . Recall that the distribution density φ is supposed to be continuous with compact support.

The matrices ~Λ_α(E) have the form ( a b b^∗ a^∗ ) . The closed subgroup of all matrices from SL(2; C ) having this form (which we denote by SL_R(2; C )) is isomorphic to SL(2; R). Indeed, ( a b b^∗ a^∗ ) = Q ( Rea + Reb −Ima + Imb Ima + Imb Rea − Reb ) Q^{−1}, with Q = 1 2 ( 1 − i 1 + i 1 − i −1 − i ) . Let ξ_α(E) be the spectral shift function for the pair of Hamiltonians (H_α, H_0) such that T_α(E) = |T_α(E)|e^{−iπξα(E)} for E > 0. It is well known (see e.g. [31]) that T_α(E), R_α(E), and L_α(E) at fixed energy E > 0 are real analytic functions of α ∈ R. Since f has compact support, T_α(E), R_α(E), and L_α(E) at fixed α ∈ R are real analytic with respect to E > 0 [15]. Moreover, they are jointly real analytic in α ∈ R and E > 0. Since T_α(E) ≠ 0 for all E > 0, |T_α(E)| and ξ_α(E) are also jointly real analytic in α ∈ R and E > 0. We recall that potentials with compact support cannot be reflectionless, i.e. R_α(E) = 0 for all E > 0 implies α = 0 [15].

By real analyticity the set

S_α = {E > 0 : R_α(E) = 0}

for every fixed α ≠ 0 is discrete or empty. Let

S = {E > 0 : R_α(E) = 0 for all α ∈ suppφ} .

By the assumption that suppφ has a positive Lebesgue measure and by real analyticity of R_α(E), the condition R_α(E) = 0 for all α ∈ suppφ or even for α in a subset of suppφ of positive measure implies that R_α(E) = 0 for all α ∈ R. Obviously, S = ∩_{α∈R}S_α and therefore is also discrete or even empty.

Remark: One can easily show that a necessary (but not sufficient) condition for E ∈ S is ∫ e^{2i√Ex}f(x)dx = 0. We know, however, no example of a potential with S ≠ ∅ and expect that actually S = ∅, since, intuitively, it is clear that for the potential f ≥ 0 at hand T_α(E) → 0 as α → ∞.

Now for every fixed E > 0, E /∈ S we define the functions

F^{(±)}_E (α) = i sin( √ E + πξ_α(E)) ∓ √ cos^2( √ E + πξ_α(E)) − |T_α(E)|^2 R_α(E)e^{iπξα(E)} Let S^{(±)} = { E > 0, E /∈ S : F^{(±)}_E (α) does not depend on α ∈ suppφ } . If for some E > 0 one of the functions F^{(±)}_E = C^{(±)} = const for all α ∈ suppφ, then √ cos^2( √ E + πξ_α(E)) − |T_α(E)|^2 = ∓iC^{(±)}R_α(E)e^{iπξα(E)} ± i sin( √ E + πξ_α(E)) is real analytic with respect to α ∈ R and hence F^{(±)}_E (α) = C^{(±)} for all α ∈ R. Also, it follows that the zeros of cos^2( √ E + πξ_α(E)) − |T_α(E)|^2 (if any) are all of even order.

Thus, we have that if E > 0 belongs to one of the sets S^{(±)}, then either

cos^2( √ E + πξ_α(E)) ≤ |T_α(E)|^2, (5.10) or cos^2( √ E + πξ_α(E)) ≥ |T_α(E)|^2, (5.11)

for all α ∈ R. Taking α = 0 in (5.11) and using ξ_{α=0}(E) = 0 and T_{α=0}(E) = 1 gives that E = (πn)^2 with some n ∈ N.

Now calculating the limit α → 0 of F^{(±)}_E (α) and taking into account that R_α(E) is not identically zero, we obtain that for E ∈ S^{(±)} sin √ E ∓ | sin √ E| = 0, respectively. Thus,

S^{(+)} ⊆ ∞⋃ n=0 [4π^2n^2, π^2(2n + 1)^2],

(5.12)

S^{(−)} ⊆ ∞⋃ n=0 [π^2(2n + 1)^2, 4π^2(n + 1)^2].

Now let us suppose that E belongs to the interior of the sets on the r.h.s. of (5.12). This implies that sin √ E > 0 if E ∈ S^{(+)} and sin √ E < 0 if E ∈ S^{(−)}. Then using R_α(E) = i|R_α(E)| exp{iθ_α(E) − iπξ_α(E)}, we calculate F^{(±)}_E (α) (with the corresponding choice of sign) for small α:

F^{(±)}_E (α) = sin( √ E + πξ_α(E)) ∓ | sin( √ E + πξ_α(E))| √ 1 −^{|Rα(E)|2} sin^2( √ E+πξ_α(E)) |R_α(E)|e^{iθα(E)} = ± |R_α(E)| 2| sin( √ E + πξ_α(E))| e^{−iθα(E)} + O(|R_α(E)|^3). Thus F^{(±)}_E (α = 0) = 0 and therefore F^{(±)}_E (α) = 0 for all α ∈ R. This implies that

i sin( √ E + πξ_α(E)) ∓ √ |R_α(E)|^2 − sin^2( √ E + πξ_α(E)) = 0

for all α ∈ R. Hence R_α(E) = 0 for all α ∈ R, which contradicts the assumption E /∈ S.

For the sake of convenience we summarize some of the established properties of the sets S^{(±)}:

Lemma 5.5 The sets S^{(±)} are at most discrete. More precisely, S^{(±)} ⊆ {(πn)^2, n ∈ N}. If E ∈ S^{(±)} then either (5.10) or (5.11) holds.

Now we define ~S = (S^{(+)} ∪ S^{(−)}) ∩ {E > 0 : cos^2( √ E + πξ_α(E)) ≤ |T_α(E)|^2 for all α ∈ R}, which is at most discrete.

Theorem 5.6 For almost all E > 0 the upper Lyapunov exponent γ(E) > 0 almost surely. More precisely γ(E) vanishes for E ∈ S ∪ ~S and almost surely nowhere else.

Proof. We split the proof in several steps and start with the case E ∈ S. Calculating the eigenvalues of ~Λ_α(E)~Λ_α(E)^∗ one easily finds that

‖~Λ_α(E)‖^2 = 2 − |T_α(E)|^2 |T_α(E)|^2 + √( 2 − |T_α(E)|^2 |T_α(E)|^2 )_2 − 1 ≥ 1, where the norm is understood in the operator sense. Obviously, ‖~Λ_α(E)‖ = 1 iff R_α(E) = 0. Therefore, if E ∈ S then log ‖ ‖ ‖ ‖ m∏ j=−n ~Λ_{αj (ω)}(E) ‖ ‖ ‖ ‖ ≤ log m∏ j=−n ‖~Λ_{αj (ω)}(E)‖ = 0, and hence γ(E) = 0.

To proceed further we define the family of auxiliary periodic Hamiltonians

H^{(α)} = H_0 + α ∑ j∈Z f(· − j). (5.13)

The spectrum of every H^{(α)} is purely absolute continuous and has a band structure. We recall (see e.g. [41]) that the discriminant Δ_α(E) of (5.13) is defined by Δ_α(E) = u_1(1) + u^′_2(1), where u_1(x) and u_2(x) are solutions of H^{(α)}u_i = Eu_i with the initial data u_1(0) = u^′_2(0) = 1, u^′_1(0) = u_2(0) = 0. Δ_α(z) is an entire function of z ∈ C . The real solutions of the inequality |Δ_α(E)| > 2 determine the gaps in the spectrum of H^{(α)}, whereas |Δ_α(E)| < 2 implies that E belongs to the spectrum.

We say that E is in a gap of H^{(α)} for some α ∈ R if there is δ > 0 such that (E − δ, E + δ) ∩ σ(H^{(α)}) = ∅.

Keller [29] proved that for E > 0,

Δ_α(E) =

2 cos( √ E + πξ_α(E)) |T_α(E)| . Thus, E > 0 is in a gap of H^{(α)} iff cos^2( √ E + πξ_α(E)) > |T_α(E)|^2.

Remark: We sketch another proof of this fact based on the Ishii-Pastur-Kotani theorem [37]. If for some E > 0 cos^2( √ E + πξ_α(E)) > |T_α(E)|^2, then one of the eigenvalues of ~Λ_α(E),

λ_±(α) = cos( √ E + πξ_α(E)) |T_α(E)| ± √ cos^2( √ E + πξ_α(E)) |T_α(E)|^2 − 1, (5.14) is strictly larger than 1 in absolute value. Therefore, for the Lyapunov exponent corresponding to H^{(α)} we have γ_α(E) = lim_{m,n→∞} 1 n + m + 1 log ‖~Λ_α(E)^{n+m+1}‖ ≥ lim_{m,n→∞} 1 n + m + 1 log max_± |λ_±(α)|^{n+m+1}

= log max_± |λ_±(α)| > 0.

Since the spectrum of H^{(α)} is absolutely continuous, by the Ishii-Pastur-Kotani theorem E lies in a gap. Conversely, if cos^2( √ E + πξ_α(E)) ≤ |T_α(E)|^2, then both eigenvalues (5.14) lie on the unit circle and the Lyapunov exponent vanishes, γ_α(E) = lim_{m,n→∞} 1 n + m + 1 log ‖~Λ_α(E)^{n+m+1}‖ = 0.

Hence E belongs to the spectrum.

We proceed with the proof of Theorem 5.6. Let us suppose that E ∈ R \ S. Let G_E ⊂ SL(2; C ) be the smallest closed subgroup which contains the support of ~φ (recall that ~φ is the image of φ under the map α → ~Λ_α(E)). To establish that γ(E) > 0 for almost all E > 0 almost surely we will also use the sufficient conditions of the Furstenberg theorem [11, Theorem A.II.4.1, Proposition A.II.4.3] (in the complex form), i.e. for almost all E > 0 the group G_E is not compact and for any x ∈ C P^1 the set {G_E · x} ⊂ C P^1 has more than two elements.

We start with the second condition in the Furstenberg theorem. First we calculate the (non normalized) eigenvectors of ~Λ_α(E),

g^{(±)}_α (E) = 1 |T_α(E)| ( R_α(E)e^{iπξα(E)} i sin( √ E + πξ_α(E)) ∓ √ cos^2( √ E + πξ_α(E)) − |T_α(E)|^2 ) . In the case cos^2( √ E + πξ_α(E)) = |T_α(E)|^2 both eigenvectors coincide and the corresponding generalized eigenvector (i.e. the solution of (~Λ_α(E) − 1)~g_α(E) = g^{(±)}α (E)) is (0, −1)^T .

By means of the bijection p : C P^1 → C ∪ {∞}, p ( x_1 x_2 ) = {_{x2} x_1 , x1 ≠ 0,

∞, x_1 = 0,

we can identify the complex projective line C P^1 and C ∪ {∞}. Obviously,

p(g^{(±)}_α (E)) = F^{(±)}_E (α).

For fixed E the reflection amplitude R_α(E) as a function of α ∈ suppφ has at most a discrete set of zeros.

Actually (see [11, Problem 6.4]) for any subgroup G ⊆ SL_R(2; C ) one has the alternatives:

(i) G is finite,

(ii) there is Q ∈ GL(2; C ) such that Q^{−1}GQ ⊆ {( a 0 0 a^{−1} ) , a ∈ C \ {0} } ∪ {( 0 b^{−1} −b 0 ) , b ∈ C \ {0} } ,

(iii) there is Q ∈ GL(2; C ) such that Q^{−1}GQ ⊆ {( a b 0 a^{−1} ) , a ∈ C \ {0}, b ∈ C } ,

(iv) for any x ∈ C P^1 the set {G · x} ⊂ C P^1 has more than two elements.

Let us first suppose that G = G_E is finite. Since ~Λ_α(E) is real analytic with respect to α this implies that ~Λ_α(E) is constant for all α ∈ R and hence |T_α(E)| does not depend on α. Therefore |T_α(E)| = |T_{α=0}(E)| = 1 and thus E ∈ S.

Consider the case (ii) for G = G_E . Let us suppose that for some Q the matrices Q^{−1} ~Λ_α(E)Q are diagonal for all α in a subset of suppφ of positive measure. The existence of such Q implies that the eigenvectors of all ~Λ_α(E) are constant as elements of C P^1 and thus

p(g^{(±)}_α (E)) = C^{(±)} = const (5.15)

with C^{(+)} ≠ C^{(−)} for all such α. But then these relations hold for all α ∈ R by real analyticity. Thus E ∈ S^{(+)} ∩S^{(−)}. Conversely, if E ∈ S^{(+)} ∩S^{(+)} (such that cos^2 √ E = 1) and if in addition cos^2( √ E +πξ_α(E)) ≠ |T_α(E)|^2 for all α in a subset of suppφ of positive measure, then Q = ( 1 1 p(g^{(+)}α (E)) p(g^{(−)}α (E)) ) ∈ GL(2; C )

does not depend on α in this set and Q^{−1} ~Λ_α(E)Q is diagonal for all these α. Hence for this choice of Q and by real analyticity Q^{−1} ~Λ_αQ is diagonal for all α ∈ R. By the previous discussion (see Lemma 5.5) in case cos^2( √ E) ≤ |T_α(E)|^2 with equality for α only on a set of measure zero the eigenvalues of ~Λ_{αj (ω)}(E) lie on the unit circle. Therefore, since m∏ j=−n ~Λ_{αj (ω)}(E) = Q ( ∏_m j=−n λ+(αj (ω)) 0 0 ∏_m j=−n λ+(αj(ω)) ) Q^{−1},

we have ‖ ∏_m j=−n ~Λαj (ω)(E)‖ = 1. Thus γ(E) = 0.

Consider the opposite case when cos^2( √ E + πξ_α(E)) ≥ |T_α(E)|^2 with equality for α only on a set of measure zero. In this case |λ_+(α)| > 1 for almost all α ∈ suppφ. Since

E ∈ S^{(+)} ∩ S^{(−)} the eigenvalues of ∏_m j=−n ~Λαj (ω)(E) are given by ∏_m j=−n λ+(αj (ω)) and ∏_m j=−n λ−(αj (ω)) and thus γ(E) ≥ lim_{n,m→∞} 1 m + n + 1 m∑ j=−n log |λ_+(α_j(ω))|

= E {log |λ_+(α_j (ω))|} > 0

almost surely. Here we used the fact that {α_j (ω)}_{j∈Z} is metrically transitive and the Birkhoff-Khintchin theorem.

It remains to consider the case when E ∈ S^{(+)} ∩ S^{(−)} and cos^2( √ E) = |T_α(E)|^2 for almost all α in suppφ. By real analyticity this relation holds for all α ∈ R. But then λ_+(α) = λ_−(α) = 1 and hence Q^{−1} ~Λ_α(E)Q = ~Λ(E) = ±I for all α ∈ R. Evaluating at α = 0 gives T_α(E) = 1 for all α and thus E ∈ S. We note that from the real analyticity with respect to α it follows that if there exists Q ∈ GL(2; C ) such that Q^{−1} ~Λ_α(E)Q is diagonal for α on a set of positive measure, then Q^{−1} ~Λ_α(E)Q is diagonal for all α ∈ R.

To conclude the discussion of case (ii) for G = G_E suppose now that there is Q ∈ GL(2; C ) such that for almost all α ∈ suppφ

Q^{−1} ~Λ_α(E)Q = ( 0 b(α)^{−1} −b(α) 0 ) (5.16)

holds for some b(α) ∈ C \ {0}. By real analyticity in α of ~Λ_α(E) such a relation holds for all α ∈ R. Taking traces gives

cos( √ E + πξ_α(E)) = 0

for all α ∈ R. Again by real analyticity this implies ξ_α(E) = const = ξ_{α=0}(E) = 0. In particular, (5.16) cannot hold if cos √ E ≠ 0. In case cos √ E = 0 observe that for b ≠ 0 ( 0 b^{−1} −b 0 ) = R^{−1}_b ( i 0 0 −i ) R_b, R_b = ( b −i b i ) , and Q^{−1}_α ~Λ_α(E)Q_α = ( i 0 0 −i )

with

Q_α = ( R_α(E) R_α(E) i sin √ E − i|T_α(E)| i sin √ E + i|T_α(E)| ) .

Hence any matrix which diagonalizes ~Λ_α(E) is necessary of the form Q_α ( a 0 0 d ) with

ad ≠ 0. This implies that Q = ( q_1 q_2 q_3 q_4 ) = Q_α ( a(α) 0 0 d(α) ) R_{b(α)} (5.17) for almost all α ∈ suppφ, where a(α) and d(α) are suitable nonvanishing functions. Writing (5.17) explicitly gives

q_1 = b(α)(a(α) + d(α))R_α(E), q_2 = −i(a(α) − d(α))R_α(E), q_3 = ib(α)(a(α) + d(α)) sin √ E − ib(α)(a(α) − d(α))|T_α(E)|, q_4 = (a(α) − d(α)) sin √ E − (a(α) + d(α))|T_α(E)|. From this it follows that for all α ∈ suppφ

R_α(E)q_3 = iq_1 sin √ E + q_2|T_α(E)|, (5.18)

R_α(E)q_4 = iq_2 sin √ E + q_1 b(α) |T_α(E)|. (5.19)

From both (5.16) and (5.19) it follows that b(α)^{−1} is real analytic with respect to α ∈ R, and thus the relations (5.18), (5.19) hold for all α ∈ R. Taking α = 0 gives

iq_1 sin √ E + q_2 = 0, q_1 b(0)

+ iq_2 sin √ E = 0. The existence of a nontrivial solution in q_1 and q_2 of this system implies that b(0) = −1. Thus, we obtain q_1 = i sin √ Eq_2 and q_1q_2 ≠ 0. Inserting this in (5.18) we obtain R_α(E)q_3 = q_2(|T_α(E)| − 1) for all α ∈ R. This together with |T_α(E)|^2 + |R_α(E)|^2 = 1 obviously implies that |R_α(E)| is constant and thus R_α(E) = 0 for all α ∈ R. Thus E ∈ S. This completes the discussion of the case (ii).

Now consider the case (iii). As it is easy to see in this case that all ~Λ_α(E) have a common eigenvector, such that only one of the functions p(g^{(±)}α (E)) is constant or p(g^{(+)}α (E)) = p(g^{(−)}α (E)) = const (and thus cos^2( √ E + πξ_α(E)) = |T_α(E)|^2) for all α ∈ suppφ. In the first case either E ∈ S^{(+)} or E ∈ S^{(−)} but E /∈ S^{(+)} ∩ S^{(−)}. In the second case the matrices ~Λ_α(E) are not diagonalizable and

E ∈ S^{(+)} ∩ { E > 0 : cos^2( √ E + πξ_α(E)) = |T_α(E)|^2 for all α ∈ R }

= S^{(−)} ∩ { E > 0 : cos^2( √ E + πξ_α(E)) = |T_α(E)|^2 for all α ∈ R } . Conversely, if one of p(g^{(±)}α (E)) (say p(g^{(+)}α (E))) does not depend on α, then the matrix Q = ( 1 0 p(g^{(+)}α (E)) −1 )

is such that

Q^{−1} ~Λ_α(E)Q = ( λ_+(α)^{Rα(E)}_{Tα(E)} 0 λ_−(α) ) .

Let E ∈ S^{(+)} and cos^2( √ E + πξ_α(E)) ≤ |T_α(E)|^2 for all α. Then all eigenvalues of all ~Λ_α(E) lie on the unit circle. We have m∏ j=−n ~Λ_{αj (ω)}(E) = Q ·^m ∏ j=−n ( λ_+(α_j (ω))^{Rαj (ω)}_{Tαj (ω)} 0 λ_+(α_j(ω)) ) · Q^{−1}. Obviously, there is δ > 0 such that |R_α(E)| |T_α(E)| ≤ δ for all α ∈ suppφ. It is easy to see that if the numbers β_j are such that |β_j | = 1, then m∏ j=−n ( β_j b_j 0 β_j ) = ( ∏_m j=−n βj b 0 ∏_m j=−n βj ) (5.20)

with b satisfying the inequality |b| ≤ ∑_m j=−n |bj|. Thus, the norm of the matrix on the r.h.s.

of (5.20) is less or equal √ 2 + |b|^2. Therefore, ‖ ‖ ‖ ‖ m∏ j=−n ~Λ_{αj (ω)}(E) ‖ ‖ ‖ ‖ ≤ [ 2 + (n + m + 1)^2δ^2 ]_{1/2} , and thus γ(E) = 0.

Let now E ∈ S^{(+)} and cos^2( √ E + πξ_α(E)) > |T_α(E)|^2 for almost α ∈ suppφ. In this case |λ_+(α)| > 1 for almost all α ∈ suppφ. The eigenvalue of ∏_m j=−n ~Λαj (ω)(E) corresponding to g^{(+)}α (E) is given by ∏_m j=−n λ+(αj(ω)). Therefore log ‖ ‖ ‖ ‖ m∏ j=−n ~Λ_{αj (ω)}(E) ‖ ‖ ‖ ‖ ≥ m∑ j=−n log |λ_+(α_j(ω))|.

By the Birkhoff-Khintchin theorem we have lim m,n→∞ 1 m + n + 1 m∑ j=−n log |λ_+(α_j(ω))| = E {log |λ_+(α_j (ω))|}

almost surely. Since λ_+(α) > 1 for almost all α, we have E {log |λ_+(α_j (ω))|} > 0, and hence γ(E) = lim_{m,n→∞} 1 m + n + 1 log ‖ ‖ ‖ ‖ m∏ j=−n ~Λ_{αj (ω)}(E) ‖ ‖ ‖ ‖ > 0 almost surely. Similarly, in the case E ∈ S^{(−)} we have |λ_−(α)| < 1 for almost all α ∈ suppφ. Also log ‖ ‖ ‖ ‖ m∏ j=−n ~Λ_{αj (ω)}(E) ‖ ‖ ‖ ‖ ≥ − m∑ j=−n log |λ_−(α_j(ω))|, and obviously E {− log |λ_−(α_j(ω))|} > 0. Hence in anology to a previous argument γ(E) ≥ − lim_{m,n→∞} 1 m + n + 1 m∑ j=−n log |λ_−(α_j(ω))| = −E {log |λ_−(α_j(ω))|} > 0 almost surely.

Thus, we have shown that the cases (i), (ii), (iii) occur iff E ∈ S ∪ S^{(+)} ∪ S^{(−)}. Moreover, γ(E) = 0 for E ∈ ~S and γ(E) > 0 almost surely for E ∈ (S^{(+)} ∪ S^{(−)}) \ ~S. For those and only those E > 0, which do not belong to S ∪ S^{(+)} ∪ S^{(−)} the case (iv) occurs, and thus the second condition of the Furstenberg theorem is fulfilled.

We turn to the first condition of the Furstenberg theorem.

If E is in a gap of H^{(α)} for at least one α ∈ suppφ, then one of the eigenvalues (5.14) is strictly larger than 1 in absolute value. Therefore ‖~Λ_α(E)^n‖ ≥ | max_± λ_±(α)|^n → ∞ as n → ∞, and hence G_E is not compact.

Now suppose that E is not in a gap of H^{(α)} for all α ∈ suppφ, i.e. cos^2( √ E + πξ_α(E)) ≤ |T_α(E)|^2 for such α. In this case the eigenvalues λ_±(α) lie on the unit circle.

Since suppφ contains at least two α’s such that the corresponding ~Λ_α’s have no common eigenvectors, by the assumed continuity of φ we can select them in such a way that either cos^2( √ E +πξ_α(E)) < |T_α(E)|^2 or cos^2( √ E +πξ_α(E)) = |T_α(E)|^2 for both α’s. In the first case we can apply the arguments of [43, 24] to construct a matrix, which belongs to G_E and has an eigenvalue strictly larger than 1. To treat the second case we consider two matrices

M_j = ( a_j b_j b^∗_j a^∗_j )

with no common eigenvectors, satisfying |Rea_j | = 1 for both j = 1, 2. Since M_j ∈ SL(2; C ) one has |Ima_j | = |b_j |. The matrices M_j are not diagonalizable, because to the eigenvalue λ_j = Rea_j corresponds the only eigenvector g_j = (ib_j , Ima_j )^T . Further we consider the matrices ~M_1, ~M_2, which are defined as follows: ~M_j = M^2_j , j = 1, 2 if Rea_1Ima_1Rea_2Ima_2 < 0; ~M_1 = M^2_1 , ~M_2 = M^{−2}_2 if Rea_1Ima_1Rea_2Ima_2 > 0. These matrices have the form ~M_j = ( ~a_j ~b_j ~b∗_j ~a∗_j ) ,

such that Re~a_j = (Rea_j )^2 = 1 and Im~a_1Im~a_2 < 0. We can write the matrices ~M_j in the following form ~M_j = I + iIm~a_j N_j , with

N_j = ( 1 e^{iϑj} −e^{−iϑj} −1 ) , where e^{iϑj} = −i~b_j /Im~a_j = −ib_j /Ima_j . Obviously, N^2_j = 0. Since by assumption the eigenvectors of the matrices M_j are linearly independent, we have that ϑ_1 ≠ ϑ_2. Now we calculate

tr(~M_1 ~M_2) = 2 − 4Im~a_1Im~a_2 sin^2 ϑ_1 − ϑ_2 2 > 2. Therefore, one of the eigenvalues of ~M_1 ~M_2 is strictly larger than 1.

Thus, by the Furstenberg theorem it follows that γ(E) > 0 almost surely for E /∈ S ∪ S^{(+)} ∪ S^{(−)}. This completes the proof of the theorem. ■

Let (·, ·) denote the inner product in C^2 . We note that ξ^{(−n,m)}(E; ω) = ± 1 π arg ( e_±, Λ^{(−n,m)}(E; ω)e_± )

with e_+ = (1, 0)^T , e_− = (0, 1)^T . From (5.8) it follows that ( e_±, Λ^{(−n,m)}(E; ω)e_± ) = ( e_±, U^{−n−1/2} E m∏ j=−n ~Λ_{αj (ω)}(E)U^{−m−1/2} E e_± )

= ( U^{n+1/2} E e_±, m∏ j=−n ~Λ_{αj (ω)}(E)U^{−m−1/2} E e_± ) . (5.21)

Obviously, U_E e_± = e^{±i√E}e_±. Therefore the r.h.s. of (5.21) equals e^{∓i√E(n+m+1)} ( e_±, m∏ j=−n ~Λ_{αj (ω)}(E)e_± ) . Thus we obtain ξ(E) = √ E π ± 1 π lim n,m→∞ 1 n + m + 1 arg ( e_±, m∏ j=−n ~Λ_{αj (ω)}(E)e_± ) .

Since ξ(E) = N_0(E) − N(E) = √ E/π − N(E), it follows that N(E) = ∓ 1 π lim n,m→∞ 1 n + m + 1 arg ( e_±, m∏ j=−n ~Λ_{αj (ω)}(E)e_± ) . This representation is similar to the definition of the density of states through the rotation number of fundamental solution of the Schrödinger equation [28].

The representations (5.7), (5.9) can also be rewritten in a similar form, γ(E) = lim_{m,n→∞} 1 m + n + 1 log | |(e_±, Λ^{(−n,m)}(E)) | | = lim_{m,n→∞} 1 m + n + 1 log | | | | ( e_±, m∏ j=−n ~Λ_{αj (ω)}(E)e_± )| | | | .

Example 1. Here we consider the Hamiltonian (1.1) where f is (formally) replaced by the Dirac δ-function. In this case the transmission and reflection amplitudes are given by

T_α(E) = ( 1 + iα 2 √ E ) ( 1 + α^2 4E )_{−1} , R_α(E) = −i α 2 √ E ( 1 + iα 2 √ E )_{−1} . Therefore S = ∅ and

F^{(±)}_E (α) = i ( 2 √ E α sin √ E + cos √ E )

± 4E α^2 [( cos √ E − α 2 √ E sin √ E )_2 − 1 ] , cos^2( √ E + πξ_α(E)) |T_α(E)|^2 = ( cos √ E − α 2 √ E sin √ E )_2 . Thus ~S = {(πk)^2, k ∈ N}. From Theorem 5.6 it follows that γ(E) is positive on (0, ∞) except for the set ~S. That γ(E) = 0 iff E = E_k = (πk)^2, k ∈ Z was proved by Ishii [24] (see also [48]). Kirsch and Nitzschner [32] proved that N(E_k) = N_0(E_k). Here we reconsider these facts once more.

The matrices Λ_j(E) can be calculated explicitly:

Λ_j(E) = I + iα_j (ω) 2 √ E A_j (E), where

A_j(E) = ( 1 e^{−2i√Ej} −e^{2i√Ej} −1 ) . For E = E_k, k ∈ N

A_j (E_k) = A = ( 1 1 −1 −1 ) . Obviously A is nilpotent, i.e. A^2 = 0. Therefore

Λ^{(−n,m)}(E_k; ω) = m∏ j=−n Λ_j(E_k) = m∏ j=−n ( I + iα_j (ω) 2 √ E_k A )

= I + i 2 √ E_k A m∑ j=−n α_j (ω).

From this it follows that ( e_±, Λ^{(−n,m)}(E_k; ω)e_± ) = 1 ± i 2 √ E_k m∑ j=−n α_j (ω), and hence arg ( e_±, Λ^{(−n,m)}(E_k; ω)e_± ) = ± arctan ( 1 2 √ E_k n∑ j=−n α_j (ω) ) , | |(e_±, Λ^{(−n,m)}(E_k; ω)e_±) | |^2 = 1 + 1 4E_k (_n ∑ j=−n α_j (ω)

)_2 . Since {α_j(ω)}_{j∈Z} is metrically transitive, by the Birkhoff – Khintchin ergodic theorem we have lim n,m→∞ 1 m + n + 1 m∑ j=−n α_j (ω) = lim_{n,m→∞} 1 m + n + 1 m∑ j=−n α_0(T_j ω) = E {α}. Therefore, the sum ∑_m j=−n αj(ω) in the limit m, n → ∞ increases not faster than (n +

m + 1). Hence

ξ(E_k) = 1 π lim m,n→∞ 1 m + n + 1 arg ( e_±, Λ^{(−n,m)}(E_k; ω)e_± ) = 0, γ(E_k) = lim_{m,n→∞} 1 m + n + 1 log | |(e_±, Λ^{(−n,m)}(E_k; ω)e_±) | | = 0. Example 2. [48, p.349-350] Consider the metrically transitive potential

V_ω(x) = ∑ j∈Z α_j(ω)χ_0(x − j), where χ_0(x) is a characteristic function of the interval [−1/2, 1/2] and the random variables α_j equal 0 or ~α. Their distribution is a point measure, F (dα) = βδ(α) + (1 − β)δ(α − ~α) with 0 < β < 1. Although Theorem 5.6 does not apply to this case, we can easily accommodate the arguments used in its proof. We redefine S = {E > 0 : R_{~α}(E) = 0} . Solving the Schrödinger equation for H_α = H_0 + αχ_0 explicitly we find that R_α(E) = −2i (E − E_α)e^{−i√Eα} sin √ E_α ( √ E_α + √ E)^2e^{−i√Eα} − ( √ E_α − √ E)^2e^{i√Eα} with E_α = E − α. Thus S = {~α + π^2n^2, n ∈ Z} and γ(E) = 0 if E ∈ S. Following the proof of Theorem 5.6 we can show that for positive E /∈ S the Lyapunov exponent is strictly positive.

6 Analytic Continuation and the Thouless Formula

In this Section we show that the analyticity of w(E) = −γ(E) + iπN(E) in the upper complex E-plane C_+ and the Thouless formula (1.5) are a direct consequence of the fact that the functions log T^{(−n,m)}(E) = log |T^{(−n,m)}(E)| + iπξ^{(−n,m)}(E) are analytic in C_+ for every n, m ∈ N.

By Lemma 2.3 we have

log T^{(−n,m)}(z) = − ∫ R ξ^{(−n,m)} ω dE E − z .

Lemma 6.1 Let E_0 = max_± {|α_±|} f_0 with f_0 = sup |f(x)|. Then there is a constant C independent of E and n, m ∈ N such that |ξ^{(−n,m)} ω (E)| ≤ C √ E (n + m + 1)

for all E > E_0.

Proof. By the monotonicity of the spectral shift function we have |ξ^{(−n,m)} ω (E)| ≤ ξ(E; H_0 + E_0χ^{(−n,m)}, H_0),

where χ^{(−n,m)} is the characteristic function of the interval [−n−1/2, m+1/2]. Calculating ξ(E; H_0 + E_0χ^{(−n,m)}, H_0) explicitly we find

ξ(E; H_0 + E_0χ^{(−n,m)}, H_0) = √ E π (n + m + 1) − 1 2πi log ( √ E − E_0 + √ E)^2e^{i√E−E0(n+m+1)} − ( √ E − E_0 − √ E)^2e^{−i√E−E0(n+m+1)} ( √ E − E_0 + √ E)^2e^{−i√E−E0(n+m+1)} − ( √ E − E_0 − √ E)^2e^{i√E−E0(n+m+1)} = √ E π (n + m + 1) − 1 π Arctan ( 2E − E_0 2 √ E √ E − E_0 tan( √ E − E_0(n + m + 1)) ) , where Arctan is the multivalued arctan function such that Arctan(C tan(x)) is continuous and nondecreasing with respect to x. Since 2E − E_0 2 √ E √ E − E_0 ≥ 1 for all E > E_0, it follows that

Arctan ( 2E − E_0 2 √ E √ E − E_0 tan x ) ≥ Arctan(tan x) = x.

Therefore

ξ(E; H_0 + E_0χ^{(−n,m)}, H_0) ≤ √ E − √ E − E_0 π (n + m + 1).

Obviously, √ E − √ E − E_0 ≤ E_0 √ E for all E ≥ E_0, thus proving the lemma. ■

Now to study the limit n, m → ∞ we can use the theorem on the continuity of the Stieltjes transform (see e.g. [48, Appendix A]). The applicability of this theorem is guaranteed by Lemma 6.1, from which it follows that ∫ R |ξ^{(−n,m)} ω (E)| 1 + |E| dE < ∞, and lim_{c→∞} sup_{n,m} (n + m + 1)^{−1} ∫_∞ c |ξ^{(−n,m)} ω (E)| |E| dE = 0. Therefore, since (n + m + 1)^{−1}ξ^{(−n,m)}ω (E) → ξ(E) for all E ∈ R and P-almost all ω ∈ Ω, and ξ(E) is nonrandom, we obtain that (n + m + 1)^{−1} log T^{(−n,m)}ω (E) converges for all z ∈ C with Imz > 0 and P-almost all ω ∈ Ω to some deterministic limit W (z), which is given by W (z) = − ∫ R ξ(E)dE E − z , (6.1)

and therefore is analytic for Imz > 0.

Since ξ(E) is continuous (moreover Hölder continuous) by the Sokhotski-Plemelj formula we have that W (E + i0) exists for all E ∈ R and ImW (E + i0) = iπξ(E). As in the proof of Lemma 2.3, since ξ(E) is continuous and is of bounded variation, we get ReW (E + i0) = ∫ R log |λ − E|dξ(λ). (6.2) On the other hand, by Lemma 2.3 we have log |T^{(−n,m)} ω (E)| = ∫ R log |λ − E|dξ^{(−n,m)}(λ; ω). (6.3) By Theorem 5.1 we have that for every fixed E > 0 −γ(E) = lim_{n,m→∞} ∫ R log |λ − E| dξ^{(−n,m)}(λ; ω) n + m + 1

(6.4) almost surely. Now we prove that for Lebesgue almost all E ∈ R there are subsequences n_j , m_j tending to infinity and such that for P-almost all ω lim_{j→∞} ∫ R log |λ − E| dξ^{(−nj ,mj )}(λ; ω) n_j + m_j + 1 = ∫ R log |λ − E|dξ(λ). (6.5) Thus, from (6.2) and (6.4) it will follow that ReW (E + i0) = −γ(E) and therefore γ(E) = − ∫ R log |λ − E|dξ(λ) for almost all E > 0.

The arguments used below are very similar to those of Pastur and Figotin [48, Theorem 11.6]. Consider the functions τ(E) = ∫ R log |λ − E|dξ(λ) = ∫ R log | | | λ − E i − E | | | dξ(λ), τ^{(−n,m)} ω (E) = ∫ R log |λ − E| dξ^{(−n,m)}(λ) n + m + 1 = ∫ R log | | |λ − E i − E | | | dξ^{(−n,m)}(λ) n + m + 1 . Let us fix some interval K ⊂ R and consider

t_B (λ) = ∫ B log | | | | λ − E i − E | | | | dE, where B ∈ B(K) (the set of all Borel subsets in K). The family of functions {t_B (λ), B ∈ B(K)} is uniformly bounded and equicontinuous on any bounded interval and sup B∈B(K) |t_B (λ)| ≤ C(1 + |λ|)^{−1} for some C > 0. Also we have ∫ B τ(E)dE = ∫ R t_B (λ)dξ(λ). Since the family t_B (λ) is uniformly bounded and equicontinuous and since (n + m + 1)^{−1}dξ^{(−n,m)}(λ; ω) converges vaguely to dξ(λ) almost surely, it follows that lim n,m→∞ sup B∈B(K) | | | | ∫ B ( τ^{(−n,m)} ω (E) − τ(E) ) dE | | | | = 0. (6.6)

On the other hand one has ∫ K |τ^{(−n,m)} ω (E) − τ(E)|dE = ∫ K∩{τ^{(−n,m)} ω (E)≥τ (E)} ( τ^{(−n,m)} ω (E) − τ(E) ) dE − ∫ K∩{τ^{(−n,m)} ω (E)<τ (E)} ( τ^{(−n,m)} ω (E) − τ(E) ) dE ≤ 2 sup_{B∈B(K)} | | | ∫ B ( τ^{(−n,m)} ω (E) − τ(E) ) dE | | | .

From (6.6) it follows that lim n,m→∞ ∫ K |τ^{(−n,m)} ω (E) − τ(E)|dE = 0. Denote by Ω_1 the subset of Ω such that P(Ω_1) = 1 and for which (n + m + 1)^{−1} dξ^{(−n,m)}(λ; ω) converges to dξ(λ). Taking an arbitrary ω ∈ Ω_1 we can choose subsequences n_j , m_j tending to infinity and such that lim_{j→∞} |τ^{(−nj ,mj )} ω (E) − τ(E)| = 0 (6.7)

for Lebesgue almost all E ∈ K. Since (n + m + 1)^{−1}dξ^{(−n,m)}(λ; ω) → dξ(λ) for almost all ω ∈ Ω, relation (6.7) remains valid for almost every ω ∈ Ω. Thus (6.5) is proven.

We have shown that ImW (E + i0) = iπξ(E) ReW (E + i0) = −γ(E)

for almost all E > 0. Therefore, W (z) is an analytic continuation of −γ(E) + iπξ(E) from the real semiaxis.

Let us consider the function w(z) = W (z) + w_0(z), where

w_0(z) = −γ_0(z) + iπN_0(z) = − √ −z with γ_0(E) being the Lyapunov exponent for H_0 = −d^2/dx^2. It is obviously analytic in the upper half-plane ImE > 0 and w(E + i0) = −γ(E) + iπN(E), E > 0. From (6.1) and from the fact that ξ(E) is given by the difference of two nonnegative functions N_0(E) and N(E), it follows that W (z) is the difference of two Nevanlinna functions. Since w_0(z) is a Nevanlinna function, so is w(z). Also from (6.5) it follows that the Thouless formula (1.5) holds.

7 Some Extensions

Let V (x) be some real-valued uniformly locally integrable function. For simplicity we suppose that V (x) is uniformly bounded, i.e. |V (x)| ≤ V_0, V_0 > 0. The last assumption can be weakend but we do not go into details here. Let {y_j}_{j∈Z} be a sequence of real numbers such that y_j → ±∞ as j → ±∞ and y_j < y_{j+1} for all j ∈ Z. We suppose that {y_j}_{j∈Z} is such that all the differences y_{j+1} − y_j are finite (but not necessarily uniformly bounded). Let χ_j (x) be the characteristic function of the interval [y_j, y_{j+1}]. We denote V_j (x) = V (x)χ_j (x) such that V^{(−n,m)}(x) = m∑ j=−n V_j(x) tends to V (x) as m, n → ∞. By the above assumption one has |V_j(x)| ≤ V_0χ_j (x).

Let H, H_j and H^{(−n,m)} denote the Hamiltonians with domains of definition being the Sobolev space W^{(2,2)}(R), H = H_0 + V, H_j = H_0 + V_j, H^{(−n,m)} = H_0 + V^{(−n,m)}.

Let ξ_j(E), T_j (E) and ξ^{(−n,m)}(E), T^{(−n,m)}(E) be the spectral shift function and transmission amplitude for the pairs (H_j, H_0) and (H^{(−n,m)}, H_0), respectively. Also as above we denote ~ξ^{(−n,m)} ± (E) = ξ^{(−n,m)}(E) ± 1. By Corollary 3.4 and Theorem 5.2 we have ~ξ^{(−n,m)} + (E) ≤ ~ξ^{(−n,k)}_+ (E) + ~ξ^{(k,m)}_+ (E), ~ξ^{(−n,m)} − (E) ≥ ~ξ^{(−n,k)}_− (E) + ~ξ^{(k,m)}_− (E), |T^{(−n,m)}(E)| ≥ 1 2 |T^{(−n,k)}(E)||T^{(k,m)}(E)| for every k ∈ Z such that −n ≤ k ≤ m. By the monotonicity and superadditivity properties of the spectral shift function (Corollary 3.4) we also have

(y_m − y_{−n})^{−1} ~ξ^{(−n,m)}_+ (E) ≥ (y_m − y_{−n})^{−1} [ ξ(E; H_0 − V_0χ_{[y−n,ym]}, H_0) + 1 ] ≥ inf_{m,n}(y_m − y_{−n})^{−1} [ ξ(E; H_0 − V_0χ_{[y−n,ym]}, H_0) + 1 ] = lim_{m,n→∞}(y_m − y_{−n})^{−1} [ ξ(E; H_0 − V_0χ_{[y−n,ym]}, H_0) + 1 ] = −[max(0, E + V_0)]^{1/2}/π for all E ∈ R. Similarly, (y_m − y_{−n})^{−1} ~ξ^{(−n,m)}_− (E) ≤ (y_m − y_{−n})^{−1} [ ξ(E; H_0 + V_0χ_{[y−n,ym]}, H_0) − 1 ] ≤ [max(0, E − V_0)]^{1/2}/π.

Also we have that |T^{(−n,m)}(E)| < 1. Therefore, from the known property of subadditive functions (see e.g. [23, Theorem 6.6.1]) the existence of the limits ξ(E) = lim_{m,n→∞} ξ^{(−n,m)}(E) y_m − y_{−n} , γ^+_T (E) = − lim_{m→∞} log |T^{(0,m)}(E)| y_m , γ^−_T (E) = − lim_{n→∞} log |T^{(−n,0)}(E)| |y_{−n}| , γ_T (E) = − lim_{m,n→∞} log |T^{(−n,m)}(E)| y_m − y_{−n} follows. Clearly γ^+_T , γ^−_T , and γ_T may be unequal. Theorems 4.3 and 5.3 apply also to this case. Thus we have again that ξ(E) = N_0(E) − N(E) for all E ∈ R and γ^±_T (E) = γ^±(E), γ_T (E) = γ(E) for all positive E, where γ^±(E) = lim_{x→±∞} 1 |x| log ‖ϕ(0, x; E)‖, γ(E) = lim_{x→∞} 1 2x log ‖ϕ(−x, x; E)‖ are the upper Lyapunov exponents. Here ϕ(x, x^′; E) denotes the fundamental matrix of the Schrödinger equation with the potential V . Further we can again prove that γ(E) = lim_{m,n→∞} 1 y_m − y_{−n} log ‖ ‖ ‖ ‖ m∏ j=−n ~Λ_j(E) ‖ ‖ ‖ ‖ ,

N(E) = ∓ 1 π lim m,n→∞ 1 y_m − y_{−n} arg ( e_±, m∏ j=−n ~Λ_j(E)e_± ) , where

~Λ_j (E) = e i √ E(yj+1−yj−1)/2 T_j (E) − R_j (E) T_j (E) e −i √ E(y_{j+1}−2y_j +y_{j−1})/2

L_j (E) T_j (E) e i √ E(y_{j+1}−2y_j +y_{j−1})/2 e^{−i} √ E(yj+1−yj−1)/2 T_j (E)^∗ ,

and T_j (E), R_j (E), L_j (E) are transmission and reflection amplitudes corresponding to the potential V_j(· − y_j).

Appendix A

Here we prove that the expression in the braces on the r.h.s. of (5.3) is bounded from below by the constant C(E) = 4E/(1 + E^2). For brevity we set B = √ 1 − |T^{1,n}ω |^2, a = sin θ_1, and b = sin θ_2. Then the expression at hand can be written as follows

F (a, b, E, B) = 2B^2(1 − a^2) + 2(1 − b^2) + 1 E (Ba − b)^2 + E(Ba + b)^2.

We show that F (a, b) ≥ C(E) for all E > 0 independently of a, b ∈ [−1, 1] and B ∈ [0, 1].

First we note that F (a, b, E, B) = F (−a, −b, E, B) = F (a, −b, 1/E, B) = F (−a, b, 1/E, B). Since C(E) = C(1/E) it therefore suffices to consider the case a, b ∈ [0, 1]. Since ∂ ∂B F (a, b, E, B) = 2B(2 − 2a^2 + a^2/E + a^2E) + 2ab(E − 1/E) is nonnegative whenever E ≥ 1 we have

F (a, b, E, B) ≥ F (a, b; E, 0) = 2(1 − b^2) + b^2/E + Eb^2 ≥ 2 ≥ C(E) for such E. Here and in what follows we use the estimate E + 1/E ≥ 2 for all E > 0. Now take the case 0 < E < 1. Then for fixed E, a and b the function ∂ ∂B F (a, b, E, B) has exactly one zero as a function of B in the interval [0, ∞) at 0 < B_0 = −ab(E − 1/E) (E + 1/E − 2)a^2 + 2 , which is a minimum for F (a, b, E, ·). Hence F (a, b, E, B) ≥ F (a, b, E, B_0) = − a^2b^2(E − 1/E)^2 (E + 1/E − 2)a^2 + 2

+ 2 + (1/E + E − 2)b^2 =: G(a, b, E). It is easy to see that ∂ ∂a G(a, b, E) = − 4ab^2(E − 1/E)^2 [(E + 1/E − 2)a^2 + 2]^2 ≤ 0. Therefore G(a, b, E) ≥ G(1, b, E) = 2 + 2b^2 2 − 1/E − E E + 1/E ≥ G(1, 1, E) = 2 + 2 2 − 1/E − E E + 1/E = 4E 1 + E^2 , thus proving the claim.

References

[1] T. Aktosun, “A factorization of the scattering matrix for the Schrödinger equation and for the wave equation in one dimension”, J. Math. Phys. 33, 3865 - 3869 (1992).

[2] T. Aktosun, M. Klaus, and C. van der Mee, “Factorization of scattering matrices due to partitioning of the potentials in one-dimensional Schrödinger-type equations”, J. Math. Phys. 37, 5897 - 5915 (1996).

[3] S. Albeverio, F. Gesztesy, R. Høegh-Krohn and H. Holden, Solvable Models in Quantum Mechanics, Springer, Berlin, 1988.

[4] M.Sh. Birman and M.G. Krein, “On the theory of wave operators and scattering operators”, Sov. Math.-Doklady 3, 740 - 744 (1962).

[5] M.Sh. Birman and M. Z. Solomyak, “Remarks on the spectral shift function”, J. Sov.

Math. 3, 408 - 419 (1975).

[6] M.Sh. Birman and D.R. Yafaev, “The spectral shift function. Work by M.G.Krein and its further development”, St. Petersburg Math. J. 4, 833 - 870 (1993).

[7] D. Bollé, F. Gesztesy, and S.E.J. Wilk, “A complete treatment of low-energy scattering in one dimension”, J. Oper. Theory 13, 3 - 31 (1985).

[8] D. Bollé, F. Gesztesy, and M. Klaus, “Scattering theory for one-dimensional systems with ∫ dxV (x) = 0”, J. Math. Anal. Appl. 122, 496-518 (1987).

[9] D.Bollé, F. Gesztesy, H. Grosse, W. Schweiger, and B.Simon, “Witten index, axial anomaly and Krein’s spectral shift function in super-symmetric quantum mechanics”, J. Math. Phys. 28, 1512-1525 (1987).

[10] N.V. Borisov, W. Müller, and R. Schrader, “Relative index theorems and supersymmetric scattering theory”, Commun. Math. Phys. 14, 475-513 (1988).

[11] Ph. Bougerol and J. Lacroix, Products of Random Matrices with Applications to Schrödinger Operators, Boston, Birkhäuser, 1985.

[12] V. Bruneau, “Sur le spectre continu de l’opérateur de Dirac: formule de Weyl, limite non-relativiste”, C. R. Acad. Sci. Paris 322, 43-48 (1996).

[13] R. Carmona and J. Lacroix, Spectral Theory of Random Schrödinger Operators, Boston, Birkhäuser, 1990.

[14] J.M. Combes, P. Duclos, and R. Seiler, “Krein’s formula and one-dimensional multiple-well”, J. Funct. Anal. 52, 257-301 (1983).

[15] P. Deift and E. Trubowitz, “Inverse scattering on the line”, Commun. Pure Appl. Math.

32, 121 - 251 (1979).

[16] F. Delyon, B. Simon, and B. Souillard, “From power pure point to continuous spectrum in disordered systems”, Ann. Inst. Henri Poincaré, Phys. theor. 42, 283 - 309 (1985).

[17] J.-P. Eckmann and C.-A. Pillet, “Scattering phases and density of states for exterior domains”, Ann. Inst. Henri Poincaré, Phys. theor. 62, 383-399 (1995).

[18] L.D. Faddeev, “Properties of the S-matrix of the one dimensional Schrödinger equation”, AMS Transl. Ser. (2) 65, 139 - 166 (1967).

[19] R. Geisler, V. Kostrykin, and R. Schrader, “Concavity properties of Krein’s spectral shift function”, Rev. Math. Phys. 7, 161-181 (1995).

[20] F. Gesztesy, R. Nowell, and W. Pötz, “One-dimensional scattering theory for quantum systems with nontrivial spatial asymptotics”, Diff. Integr. Eq. 10, 521 (1997).

[21] F. Gesztesy and B. Simon, “The xi-function”, Acta Math. 176, 46 - 71 (1996).

[22] L. Guillopé, “Asymptotique de la phase de diffusion pour l’operateur de Schrödinger avec potentiel”, C.R. Acad. Sc. Paris 293, 601-603 (1981).

[23] E. Hille, Functional Analysis and Semi-Groups, Am. Math. Soc., New York, 1948.

[24] K. Ishii, “Localization of eigenstates and transport phenomena in the one-dimensional disordered system”, Progr. Theor. Phys. Suppl. 53, 77 - 138 (1973).

[25] A. Jensen and T. Kato, “Asymptotic behavior of the scattering phase for exterior domains”, Commun. Part. Diff. Eq. 3, 1165-1195 (1978).

[26] A. Jensen, “High energy asymptotics for the total scattering phase in potential scattering theory”, in H. Fujita, T. Ikebe, and S.T. Kuroda (Eds.) Functional-Analytic Methods for Partial Differential Equations, Lecture Notes in Mathematics 1450, Berlin, Springer, 1990.

[27] A. Jensen, “On Lavine’s formula for time-delay”, Math. Scand. 54, 253-261 (1983).

[28] R. Johnson and J. Moser, “The rotation number for almost periodic potentials”, Commun. Math. Phys. 84, 403-438 (1982).

[29] J.B. Keller, “Discriminant, transmission coefficient, and stability bands of Hill’s equation”, J. Math. Phys. 25, 2903-2904 (1984).

[30] W. Kirsch and F. Martinelli, “On the spectrum of Schrödinger operators with a random potential”, Commun. Math. Phys. 85, 329 - 350 (1982).

[31] W. Kirsch, S. Kotani, and B. Simon, “Absence of absolutely continuous spectrum for some one dimensional random but deterministic operators”, Ann. Inst. Henri Poincaré, Phys. theor. 42, 383 - 406 (1985).

[32] W. Kirsch and F. Nitzschner, “Lifshitz-tails and non-Lifshitz-tails for onedimensional point interactions”, in P. Exner and H. Neidhardt (Eds.) Order, Disorder and Chaos in Quantum Systems, Operator Theory: Advances and Applications Vol. 46, Basel, Birkhäuser, 1990, pp. 171 - 178.

[33] M. Klaus, “Some remarks on double-wells in one and three dimensions”, Ann. Inst.

Henri Poincaré, Phys. theor. 34, 405 - 417 (1981).

[34] V. Kostrykin and R. Schrader, “Cluster properties of one particle Schrödinger operators”, Rev. Math. Phys. 6, 833 - 853 (1994).

[35] V. Kostrykin and R. Schrader, “Cluster properties of one particle Schrödinger operators. II”, Rev. Math. Phys. (to appear).

[36] V. Kostrykin and R. Schrader, “Integrated density of states and the spectral shift density of random Schrödinger operators,” in preparation.

[37] S. Kotani, “Ljapunov indices determine absolutely continuous spectra of stationary random one-dimensional Schrödinger operators”, in K. Ito (Ed.) Stochastic Analysis, North-Holland Mathematical Library, Vol. 32, Amsterdam, North Holland, 1984, pp. 225 - 247.

[38] M.A. Lawrentjew, B.W. Schabat, Methoden der komplexen Funktionentheorie, Berlin, Deutscher Verlag der Wissenschaften, 1967.

[39] I.M. Lifshitz, S.A. Gredeskul, and L.A. Pastur, “Theory of the passage of particles and waves through randomly inhomogeneous media”, Sov. Phys. JETP 56, 1370 - 1378 (1982).

[40] I.M. Lifshitz, S.A. Gredeskul, and L.A. Pastur, Introduction to the Theory of disordered systems, New York, John Wiley & Sons, 1988.

[41] W. Magnus and S. Winkler, Hill’s Equation, New York, Interscience, 1966.

[42] A.V. Marchenko and L.A. Pastur, “Transmission of waves and particles through long random barriers”, Theor. Math. Phys. 68, 929 -940 (1986).

[43] H. Matsuda and K. Ishii, “Localization of normal modes and energy transport in the disordered harmonic chain”, Progr. Theor. Phys. Suppl. 45, 56 - 86 (1970).

[44] W. Müller, “Relative zeta functions, relative determinants and scattering theory”, Commun. Math. Phys. (to appear).

[45] R.G. Newton, “Inverse scattering. I. One dimension”, J. Math. Phys. 21, 493 - 505 (1980).

[46] R.G. Newton, “Low-energy scattering for medium range potentials”, J. Math. Phys.

27, 2720 - 2730 (1986).

[47] G.C. Papanicolaou, “Random matrices and waves in random media”, in J.E. Cohen, H. Kesten, and C.M. Newman (Eds.) Random Matrices and Their Applications, Contemporary Mathematics, Vol. 50, Am. Math. Soc., Providence, R.I., 1986, pp. 311- 317.

[48] L. Pastur and A. Figotin, Spectra of Random and Almost-Periodic Operators, Berlin, Springer, 1992.

[49] M. Reed and B. Simon, Methods of Modern Mathematical Physics, II: Fourier Analysis, Self-Adjointness, New York, Academic Press, 1975.

[50] M. Reed and B. Simon, Methods of Modern Mathematical Physics, IV: Analysis of Operators, New York, Academic Press, 1978.

[51] D. Robert and H. Tamura, “Semi-classical asymptotics for local spectral densities and time delay problems in scattering processes”, J. Funct. Anal. 80, 124 - 147 (1988).

[52] D. Robert, “Asymptotique de la phase de diffusion a haute ènergie pour des perturbations du second ordre du Laplacien”, Ann. scient. Èc. Norm. Sup., 4^e série 25, 107-134 (1992).

[53] C. Rorres, “Transmission coefficients and eigenvalues of a finite one-dimensional crystal”, SIAM J. Appl. Math. 27, 303 - 321 (1974).

[54] M. Sassoli de Bianchi and M. Di Ventra, “On the number of states bound by onedimensional finite periodic potentials”, J. Math. Phys. 36, 1753-1764 (1995).

[55] M. Sassoli de Bianchi, “Comment on “Factorization of scattering matrices due to partitioning of potentials in one-dimensional Schrödinger-type equations””, J. Math. Phys. 38, 4882-4883 (1997).

[56] R. Schrader, “High energy behaviour for non-relativistic scattering by stationary external merics and Yang-Mills potentials”, Z. Phys. C 4, 27 - 36 (1980).

[57] B. Simon, “Schrödinger semigroups”, Bull. Am. Math. Soc. 7, 447 - 526 (1982).

[58] B. Simon, “Spectral averaging and the Krein spectral shift”, preprint (1996).

[59] A.V. Sobolev, “Efficient bounds for the spectral shift function”, Ann. Inst. Henri Poincaré, Phys. theor. 58, 55 - 83 (1993).

[60] F. Wegner, “Bounds on the density of states in disordered systems”, Z. Phys. B 44, 9 - 15 (1981).