On the Stone-von Neumann Uniqueness Theorem and Its Ramifications

Stephen J. Summers Department of Mathematics University of Florida Gainesville, Florida 32611, U.S.A.

e-mail: sjs@math.ufl.edu^∗

July, 1998

Abstract

A brief history of the Stone-von Neumann uniqueness theorem and its ramifications is provided. The influence of this theorem on the development of quantum theory, which was its initial source of motivation, is emphasized. In addition, its impact upon mathematics itself is suggested by considering certain subsequent developments in originally unanticipated directions.

1. Introduction

In the mid to late 1920’s, the emerging theory of quantum mechanics had two main competing (and, initially, mutually antagonistic) formalisms — the wave mechanics of E. Schrödinger [60] and the matrix mechanics of W. Heisenberg, M. Born and P. Jordan [27][2][3].^1 Though a connection between the two was quickly pointed out by Schrödinger himself — see paper III in [60] — among others, the folk-theoretic “equivalence” between wave and matrix mechanics continued to generate more detailed study, even into our times. One outgrowth of this was associated with the canonical commutation relations (CCR): P Q − QP = h 2πi 1I , (1)

which had begun to play such an important role in quantum theory [9][27][2][3] and were particularly central in the matrix mechanics approach.

�To be published in John von Neumann and the Foundations of Quantum Mechanics (tentative title), edited by M. Redei and M. Stoelzner.

1Significant portions of [2] were obtained independently by P.A.M. Dirac [9].

Schrödinger found a representation of (1) in the context of his wave mechanics in paper III of [60]. Given in modern language, his Q is the multiplication operator (QΨ)(x) = xΨ(x) , x ∈ IR ,

on L^2(IR) and P is the differential operator

(P Ψ)(x) = −i h 2π dΨ dx (x) , x ∈ IR , on L^2(IR). Born and Jordan [2] had found another with P and Q formal matrices with infinitely many entries. Jordan [33] subsequently made a heuristic argument to the effect that these two representations of (1) are, in fact, equivalent in the sense described below. If that were indeed the case, it would be a very powerful confirmation that the physical content of matrix mechanics and wave mechanics coincided, since all physically relevant quantities can be expressed in terms of P and Q. And that, in turn, would enable physicists to employ with confidence whichever approach was most convenient.

However, much work remained to be done before this assertion could be mathematically well-formulated and then proven rigorously. First, quantum theory needed to be formulated in Hilbert space, a crucial step begun by D. Hilbert himself [30],^2 made explicit by von Neumann in [44], and reached culmination in von Neumann’s book [46].

Then, because there is no realization of P and Q satisfying (1) as bounded operators on Hilbert space [70][73]^3, one needed to address the fact that (1) could not be understood as an operator equation on all of Hilbert space. This difficulty was side-stepped by reformulating the problem [69]: formally, if P and Q satisfy (1), then, with U(a) and V (a) defined by U(a) = e �i2πaP_h and V (a) = e �i2πaQ_h , it follows that, for any a, b ∈ IR, U(a)V (b) = e^{i2πabh} V (b)U(a) . (2) This is the Weyl form of the CCR for one degree of freedom. U(a) and V (a) are, formally, unitary operators and therefore bounded; hence, (2) may be understood as an operator equation on all of the Hilbert space of states. In the Schrödinger representation we have

(U(a)Ψ)(x) = Ψ(x − a) and (V (b)Ψ)(x) = e �i2πbx_h Ψ(x) , (3)

2In the winter term of 1926-27, Hilbert gave lectures on the new quantum mechanics which were prepared in collaboration with his assistants, L. Nordheim and J. von Neumann. The notes of the lectures were written out by Nordheim, with von Neumann’s assistance, and were published in [30].

3Of course, the founders of quantum theory did not have these later results, but they had realized that all of their examples were unbounded.

for any Ψ ∈ L^2(IR), and these are, indeed, unitary operators on L^2(IR).

In 1930, M.H. Stone [65] stated^4 and, in 1931, von Neumann [45] proved the following theorem. Note that a representation of the Weyl form of the CCR is said to be irreducible if the only subspaces of the Hilbert space H of states left invariant by the operators {U(a) | a ∈ IR} ∪ {V (a) | a ∈ IR} are {0} and H itself.

Theorem 1 If {Ũ(a) | a ∈ IR} and {Ṽ (a) | a ∈ IR} are (weakly continuous^5) families of unitary operators acting irreducibly on a (separable^6) Hilbert space H such that

Ũ(a)Ũ(b) = Ũ(a + b) , Ṽ (a)Ṽ (b) = Ṽ (a + b) , Ũ(a)Ṽ (b) = e^{i2πab}h Ṽ (b)Ũ(a) , then there exists a Hilbert space isomorphism^7 W : H → L^2(IR) such that

W Ũ(a)W^{−1} = U(a) and W Ṽ (a)W^{−1} = V (a) ,

for all a ∈ IR, where U(a) and V (a) are the Weyl unitaries in the Schrödinger representation defined in (3).^8 If {Ũ, Ṽ , H} is not irreducible but H is separable, then H decomposes into a direct sum of countably many closed subspaces, on each of which the restriction of {Ũ, Ṽ } is once again unitarily equivalent to the Schrödinger representation {U, V, L^2(IR)}.

Hence, every irreducible Weyl representation of the CCR for one degree of freedom is unitarily equivalent to the Weyl form of the Schrödinger representation, and this is true, up to multiplicity, for reducible representations, as well. It therefore follows that the physical content of the irreducible representation {Ũ, Ṽ , H} is identical to that of the Schrödinger representation {U, V, L^2(IR)}. This theorem is usually referred to in the literature as the Stone-von Neumann uniqueness theorem.^9

This discussion has been presented for one degree of freedom, but it may be reformulated for any finite number of degrees of freedom, and, there again, any irreducible representation of the Weyl form of the CCR for n degrees of freedom is unitarily equivalent to the corresponding Schrödinger representation (with analogous results in the reducible case) [45]. Hence, if one is considering a quantum system with only finitely many degrees of freedom, then it matters not which representation one chooses to work in, and the “equivalence” of matrix

4with an indication of the elements of a proof 5As shown by von Neumann [47], this continuity assumption may be replaced by mere weak Lebesgue-measurability as long as the Hilbert space is separable.

6Note that if the weakly continuous Weyl representation {Ũ, Ṽ , H} is irreducible, then H must be separable.

7For Hilbert spaces, an isomorphism is a one-to-one linear norm-preserving transformation from one Hilbert space onto the other.

8If H is not separable and Ũ, Ṽ are not weakly continuous, then the conclusion of this portion of the theorem is false [13].

9Many authors refer to it simply as the von Neumann uniqueness theorem.

mechanics and wave mechanics is even more tightly knit. This seemed to satisfy the founders of quantum mechanics, though, much later, mathematical physicists found some clouds in this apparently brilliant sky when they refocussed their attention on the dynamical variables P and Q, as we shall see.

Returning to the unbounded operators P and Q, it should be noted that F. Rellich [52], followed by many authors (see [50][34] for references and recent results), provided sufficient conditions on the canonical conjugates P and Q in a representation of the CCR (1) which ensured that they are unitarily equivalent to the corresponding operators in the Schrödinger representation. The strategy ordinarily adopted was to find conditions on P and Q so that they may be exponentiated in such a way that (2) holds, and then to appeal to Theorem 1. As a useful and representative result of this type, we mention J. Dixmier’s theorem, once again stated here only for one degree of freedom.

Theorem 2 ([11]) Let P and Q be closed symmetric operators in a Hilbert space H. Let D be a dense, linear subspace of H contained in the domains of both P and Q such that P D ⊂ D and QD ⊂ D. If (1) holds on D and the restriction of P^2 + Q^2 to D is essentially self-adjoint, then H decomposes into a direct sum of closed subspaces, on each of which the restrictions of P and Q are unitarily equivalent to the corresponding operators in the Schrödinger representation.

On the other hand, there are many results (see [50] and [56] for references) to the effect that even if P and Q are essentially self-adjoint on a common invariant dense domain D, on which they satisfy (1), they need not be unitarily equivalent to the Schrödinger representation. In fact, K. Schmüdgen [56] has produced an uncountable set of pairwise inequivalent representations of this type! Of course, by Theorem 1, when these operators are exponentiated, the resulting unitaries do not satisfy (2). Are all of these examples physically pathological? And even if so, could there be others which are not? The answer to this latter question is positive. H. Reeh [51] has provided such an example arising in the description of a charged particle in the exterior of an infinitely long cylinder with a magnetic flux running through it. This is therefore a physically meaningful representation of the CCR with finitely many degrees of freedom (two, after the idealization of letting the radius of the cylinder go to zero) which is not unitarily equivalent to the corresponding Schrödinger representation. Seventy years ago, this example would have been a bombshell; however, now that the developments described in the next section have accustomed us to the nonequivalence of physically relevant representations, Reeh’s example^{10} was hardly noticed. Nonetheless, even physicists should be a bit more careful when they proclaim the equivalence of the Heisenberg and Schrödinger representations in their quantum mechanics lectures.

We have been led to representations of the Weyl form of the CCR through the physically motivated interest in representations of conjugate P ’s and Q’s. However, physically interesting applications have been found for representations

10There may well be other such physically motivated examples in the literature; we apologize in advance for not being aware of them.

{U, V, H} in nonseparable Hilbert spaces which have no connection with unbounded operators satisfying (1) at all — see the recent preprint [7] for references. In such representations the functions a → U(a) and a → V (a) are not weakly continuous; these representations are called nonregular. In [7] is given a generalization of Theorem 1 to the case of weakly measurable nonregular representations, which is sufficient to subsume the known physical models. We shall say no more about this interesting line of development here.

In this introduction, the mathematical level of the discussion has been deliberately held low. This will not be possible in the balance of the paper. We shall first consider the consequences of the fact that the analogue of Theorem 1 for infinitely many degrees of freedom is false; indeed, in that case, there is an enormously infinite number of unitarily inequivalent representations of the CCR in the Weyl form and, therefore, also of the original CCR. This fact was only slowly and painfully realized, because physicists chose to ignore the restriction in the hypothesis of the Stone-von Neumann uniqueness theorem. We shall indicate how this obduracy was overcome and what mathematical physicists have discovered in their exploration of this rich set of inequivalent representations in both its mathematical and physical aspects. We shall also discuss the correct generalization of Theorem 1 to infinitely many degrees of freedom. Finally, to trace another line of influence of the Stone-von Neumann uniqueness theorem, we shall briefly describe certain generalizations and their role in the harmonic analysis of locally compact groups, which has found particular application in such diverse fields as number theory, imaging science, communication theory and data/signal analysis. However, given the limitations of space imposed upon us, we have here no ambitions of completeness.

2. Infinitely Many Degrees of Freedom

Though the hypothesis of Theorem 1 clearly restricts its import to finitely many degrees of freedom and close examination of von Neumann’s proof makes it evident that the argument loses its mathematical validity when extended to infinitely many degrees of freedom, physicists have always trusted their physical “intuition” more than mathematical proof. Indeed, that which a physicist calls a proof is often viewed by a mathematician as a plausibility argument, at best. Physicists are, however, often justified in not waiting for the mathematicians, whose concern for rigor they regard with impatience, to firmly bolster the physicists’ ideas. If they were to do so, the natural sciences would not have advanced as rapidly as they have. Significantly, physicists have a source of conviction which mathematicians do not: mathematically unconstrained speculations can be checked, to a certain extent, in the laboratory. Nonetheless, important aspects of physicists’ theories of nature — their attempts to formalize the physical intuitions gleaned from the complex feedback loop between theory and experiment — have often enough either remained vague or revealed themselves to be incorrect, if not nonsensical.

An example of this is the physicists’ long-lived belief, based upon their experience with systems having finitely many degrees of freedom and the Stone-von Neumann uniqueness theorem, that the choice of representation of the CCR was merely a matter of convenience — one only needed to keep track of the number of degrees of freedom. It was realized quite early that quantum field theory necessitated infinitely many degrees of freedom in its canonical variables (see already [10]). When dealing with infinitely many degrees of freedom, they worked exclusively in the representation of the CCR associated with a Hilbert space containing a dense set of states describing only finitely many particles. This representation emerged heuristically in the first papers on quantum field theory by Heisenberg and W. Pauli [28] and was later formalized more completely by V. Fock [16] (see [8] for the first mathematically rigorous and Poincaré covariant presentation of this representation, now usually called the Fock^{11} representation). Since the Fock representation, using annihilation and creation operators and a distinguished vacuum vector, is so well-known, and it is equally well-known that the Schrödinger representation can be re-written as a Fock representation with only finitely many annihilation and creation operators, we shall not interrupt the flow of our story with the details (but see [4] or [12], if necessary).

The Fock representation was therefore viewed as the natural generalization of the Schrödinger representation to infinitely many degrees of freedom and inherited its royal mantle of distinction. Hence, quantum field models were written in the Fock representation by theoretical physicists, insofar as a representation was actually specified, with the firm belief that it was the only representation they needed.

It is an interesting aside that von Neumann apparently did not appreciate systems of infinitely many degrees of freedom. He wrote in his treatment of radiation in [46]:

Nun ist es formal unbequem und bedenklich, Systeme mit unendlich vielen Freiheitsgraden bzw. Wellenfunktionen mit unendlich vielen Argumenten zuzulassen.^{12}

In what is effectively the Fock representation, he therefore considered N degrees of freedom, computed energy spectrum, and then let N → ∞. In order to compute this spectrum, von Neumann performed a canonical transformation^{13} to obtain a second representation of the CCR in which the transformed Hamiltonian has a simpler form. For finite N this transformation is, by Theorem 1, unitarily implementable. However, in the limit N → ∞ the transformation is not unitarily implementable and the representations are unitarily inequivalent. In other words, without realizing it, von Neumann himself worked with unitarily inequivalent

11or Fock-Cook, among mathematicians 12Now it is inconvenient formally and of doubtful validity to admit systems with infinitely many degrees of freedom, or wave functions with infinitely many arguments. — See page 141, resp. page 265, of [46].

13in mathematical terms, a symplectic transformation

representations of the CCR. His argument about the energy spectrum is therefore suspect.^{14}

From the very beginning of the subject, quantum field theory was plagued by divergences; when one source of infinity was heuristically taken care of, yet another was stumbled upon. This became such an apparently insurmountable problem, that some of the founders became quite pessimistic (particularly Bohr and Dirac) and decided that yet another conceptual revolution would be required to transcend quantum field theory and avoid its apparently inherent problems. However, some researchers had not yet given up on the possibility of getting sensible answers from quantum field theory and were trying to discern and then engage the various sources of these infinities from increasingly profound starting points.

Of direct relevance to our story, L. van Hove examined a simple model and argued that the origin of the divergences of perturbation theory (which is always carried out in Fock space) could be located in the fact that the state vectors of the interacting model were “orthogonal” to the state vectors in Fock space. In modern terms, what he argued was that the folium of states^{15} of the interacting model was disjoint from the folium of states of the Fock representation. An immediate consequence of this observation would have been that the interacting representation for his model was unitarily inequivalent to the Fock representation. He did not quite get to this point.^{16}

Also in the early 1950’s, K.O. Friedrichs [17] undertook an influential attempt to reduce the hand-waving typical of quantum field theory up to that time. For our purposes here, the result of greatest interest was his construction of some representations of the CCR for infinitely many degrees of freedom which were not unitarily equivalent to the Fock representation. As he wrote:

Accordingly, there are different — non-equivalent — realizations of the basic field operators, and consequently different — non-equivalent — kinds of fields, a fact which seems worth noticing.^{17}

In point of fact, he constructed representations in which the number operator does not exist (cf. the discussion further below).^{18}

Though it would appear that not many theoretical physicists did take notice of Friedrichs’ results, at least a handful of mathematical physicists and mathematicians were paying attention. In particular, in the following year L. Gårding and A.S. Wightman [22], taking their cue from Friedrichs and trying to clas-

14We return to this point below.

15i.e. the set of states determined by the density matrices on the Hilbert space of the given representation

16It is of interest to note that van Hove perceived a connection between his model and von Neumann’s infinite product spaces [48]. With the benefit of hindsight, we see that he was anticipating the theory of infinite product representations of the CCR [35].

17See p. 3 of [17].

18It would seem that Friedrichs was not aware of either van Hove’s example nor von Neumann’s paper [48] when he did this work; they were mentioned only in the Comments and Corrections at the very end of the book [17], added after the work had been completed.

sify representations of the CCR using properties of a number operator,^{19} proved that there exists a large class of inequivalent representations of the CCR for infinitely many degrees of freedom.^{20} Indeed, it slowly emerged that there exists an unimaginably infinite number of inequivalent representations — the space of unitary equivalence classes of such representations cannot even admit a separable Borel structure [40][19]. The task of classifying these representations would thus appear to be hopeless.

Another researcher who reacted to the examples of van Hove and Friedrichs was R. Haag. Aware of these preceding works, he presented an argument to the effect that the interaction representation, widely in use in quantum field theory on the basis of its prior success in quantum mechanical scattering theory, did not exist unless there was no interaction at all! This important assertion found a number of mathematically rigorous formulations and proofs, which can, perhaps, be summarized into two types, represented in [66] and [12]. We state Haag’s theorem in a somewhat restricted form along the lines of [66].

Theorem 3 (Haag’s Theorem) Let ϕ(x) be a free hermitian scalar field^{21} of mass m > 0, and let ψ(x) be an irreducible local Poincaré-covariant field. If ϕ(x) and ψ(x), resp. the canonical conjugates ϕ̇(x) and ψ̇(x), are unitarily equivalent at some time t, then ψ(x) is also a free field of mass m.

Of course, the indicated hypothesis holds for the “free” field and the “interacting” field in the interacting representation. This was extremely inconvenient for the then-standard scattering theory for quantum fields. But it is clear that Haag’s theorem also implies that the representations which are of physical interest, precisely because they involve interaction, are to be found among those inequivalent to the Fock representation. Therefore, by 1955, both the existence and the necessity of using representations inequivalent to the Fock representation had been firmly established — though not established in all theorists’ minds: as late as 1961, a standard text on quantum field theory [61] could present the old scattering theory in the interaction representation with no mention of Haag’s theorem^{22}.

Before we turn to a recounting of the progress made in constructing representations inequivalent to the Fock representation, we answer the natural question: which representations are equivalent to the Fock representation? It was evident to Friedrichs that a necessary condition for this equivalence is the existence of a number operator in the representation. A series of papers followed Friedrichs’ lead and gave successively more general, rigorously proven content to the assertion “a representation of the CCR is unitarily equivalent to the Fock representation if and only if the number operator exists as a densely-defined self-adjoint positive

19They also made use of von Neumann’s paper on infinite products.

20As straightforward an operation as multiplying all the P ’s by 2 and all the Q’s by^1_2 produces a representation of the CCR which is unitarily inequivalent to the initial representation.

21and therefore irreducible, local and Poincaré-covariant 22and yet still cite [24] for other purposes!

operator in the representation.” However, as was emphasized by J.M. Chaiken [5], this result is very sensitive to the definition of “number operator”.^{23} The work of Gårding and Wightman did not provide an explicit construction of inequivalent representations. Wightman and S.S. Schweber [72] later constructed some classes of inequivalent representations of the CCR, as did I.E. Segal (see a later account [62] and the references given there). Many further classes of inequivalent representations have been constructed and brought under mathematical control since then. We mention the infinite product representations [35], coherent representations [36], quasi-free representations [54], quadratic representations [49] and higher-order representations [15]. These various classes of representations have found physical application and will surely prove to be of further use in the future.

But the most ambitious and difficult constructions of representations of the CCR have been carried out under the rubric “constructive quantum field theory.” This work was motivated by the desire to mathematically construct the sort of representations the quantum field theorists were tacitly referring to; in other words, to give some mathematical meaning to the quantum field models at the center of the theorists’ discourse. This latter goal has been approached from two different directions — on the one hand, various axiom systems have been erected which hope to subsume basic principles common to large classes of quantum fields: then theorems are proven to establish physically interesting properties of all quantum fields satisfying the given axioms; and on the other hand, concrete models have been constructed to show that the axiom systems are not vacuous: of course, in this connection, valiant efforts have been made to construct the standard models of the quantum field theorists. The axiomatic approach will not be further discussed here.^{24} Instead, we shall briefly indicate those results of constructive quantum field theory which are of direct relevance to the topic at hand.

We first discuss J. Glimm and A. Jaffe’s construction of the (ϕ^4)_2-model [20]. Let H_0 be the Fock space for a scalar hermitian Bose field ϕ(x, t) of mass m > 0. Let π(x, t) = ∂ϕ(x, t)/∂t and D ⊂ H_0 be the dense set of finite-particle vectors in H_0. Then, for every f in a dense subspace S(IR) of L^2(IR), the operator ϕ(f) ≡ ϕ(f, 0) = ∫ ϕ(x, 0)f(x)dx is essentially self-adjoint on D and ϕ(f)D ⊂ D (similarly for π(f)). Then one has on D the CCR^{25} ϕ(f)π(g) − π(g)ϕ(f) = i < f, g > 1I , (4) ϕ(f)ϕ(g) − ϕ(g)ϕ(f) = 0 = π(f)π(g) − π(g)π(f) , (5) for all f, g ∈ S(IR). When exponentiated, these operators provide a Weyl representation of the CCR. For each bounded open subset O ⊂ IR, denote by A(O)

23See [4] for further references and [55] for a recent paper on those representations which have a “generalized number operator”.

24We refer the interested reader to [66][25] and also, for a historical overview, [71]. 25As is customary in quantum field theory, we adopt physical units in which c = h/2π = 1.

the von Neumann algebra^{26} generated by the Weyl unitaries {e^{iϕ(f)}, e^{iπ(f)} | f ∈ S(IR) , supp(f) ⊂ O} . Note that, though there are many C^∗-algebras associated with the CCR in the Fock representation,^{27} they all have the same weak closure.

The total energy

H_0 = 1 2 ∫ : (π(x, 0)^2 + ∇ϕ(x, 0)^2 + m^2ϕ(x, 0)^2) : dx

of this field is a positive quadratic form on D × D and therefore determines uniquely a self-adjoint operator, which we also denote by H_0. With g ∈ L^2(IR) nonnegative of compact support, Glimm and Jaffe showed that, for each λ > 0, the cut-off interacting Hamilton operator

H(g) ≡ H_0 + λ ∫ : ϕ(x, 0)^4 : g(x)dx

is essentially self-adjoint on D,^{28} and its self-adjoint closure, also denoted by H(g), is bounded from below. By adding a suitable multiple of the identity we may take 0 to be the minimum of its spectrum. Then, 0 is a simple eigenvalue of H(g) with normalized eigenvector Ω(g) ∈ H_0.

For any t ∈ IR, let O_t denote the subset of IR consisting of all points with distance less than |t| to O. By choosing the cutoff function g to be equal to 1 on O_t, then for any A ∈ A(O) the operator σ_t(A) ≡ e^{itH(g)}Ae^{−itH(g)} is independent of g and is contained in A(O_t). For any bounded open O ⊂ IR^2 and t ∈ IR, let O(t) = {x ∈ IR | (x, t) ∈ O} be the time t slice of O. We define A(O) to be the von Neumann algebra generated by ⋃ s σ_s(A(O(s))).^{29} Finally, we let A denote the closure in the operator norm of the union ⋃ A(O) over all open bounded O ⊂ IR^2. Hence, σ_t is an automorphism on A and implements the time evolution associated with the interacting field. Similarly, “locally correct” generators for the Lorentz boosts and the spatial translations can be defined,

26so-called because they were introduced in [43] 27As opposed to the case of the canonical anticommutation relations, the C^�-algebra obtained here depends upon the choice of the dense subspace S(IR) of test functions — see [4] for a detailed discussion of this point. However, once the dense subspace of test functions has been fixed, the closure A_0 in the operator norm of the algebra generated by the set {e^{iϕ(f )}, e^{iπ(f )} | f ∈ S(IR)} has the property that to each, not necessarily continuous representation of the CCR, (4)- (5), there corresponds a representation of A_0 [64]. Moreover, A_0 is simple [42][64], so it is representation-independent — see the discussion further below.

28Without the cutoff g, the interacting Hamilton operator is not densely defined in Fock space._{29}

One can then show that the algebra A(O) coincides with the von Neumann algebra generated by bounded functions of the self-adjoint field operators ∫ ϕ(x, t)f(x, t)dxdt, with test functions f(x, t) having support in O.

resulting in an automorphic action on A of the entire Poincaré group in two spacetime dimensions.

For each A ∈ A, we set ω_g(A) =< Ω(g), AΩ(g) > to define the locally correct vacuum state ω_g of the interacting field. Taking a limit as the cutoff function g approaches the constant function 1, Glimm and Jaffe showed that ω_g(A) → ω(A), for each A ∈ A, defines a new (locally normal) state ω on A which is Poincaré invariant. By the GNS construction one then obtains a new Hilbert space H, a representation ρ of A as a C^∗-algebra acting on H, and a vector Ω ∈ H such that ρ(A)Ω is dense in H and ω(A) =< Ω, ρ(A)Ω > , for all A ∈ A . In addition, one obtains a strongly continuous unitary representation of the Poincaré group in two spacetime dimensions under which the algebras ρ(A(O)) transform covariantly. The axioms of both the algebraic [25] and the field approach [66] have been verified for this model.

It is in this representation (ρ, H) that the field equations for this model find a mathematically satisfactory interpretation [59]. And it is to the physically significant quantities in this representation that perturbation theory in λ is asymptotic — see the discussion in [21]. For this and other reasons, ω is interpreted as the exact vacuum state in the interacting theory, and its folium of states contains the physically admissible states of the interacting theory.

The generators of the strongly continuous Abelian unitary groups {ρ(e^{itϕ(f)}) | t ∈ IR} and {ρ(e^{itπ(f)}) | t ∈ IR} satisfy the CCR (4). However, this representation of the CCR in H is not unitarily equivalent to the initial representation in Fock space. Indeed, by taking different values of the coupling constant λ in the above construction, one obtains an uncountably infinite family of mutually inequivalent representations of the CCR (4) (see [18])!^{30} Similar constructions with similar results have been carried out for general polynomial interactions P (ϕ) and for the Yukawa model, both in two spacetime dimensions. For the sake of technical convenience, these constructions were redone in the Euclidean approach, and many additional models were constructed in that manner.^{31} Although the program of constructing the standard models of quantum field theory in four spacetime dimensions is not completed, the lessons taught by the constructions of interacting field models in lower dimensions cannot be overlooked. In particular, quantum fields with different interactions are associated with mutually inequivalent representations of the CCR, which are in turn inequivalent to the Fock representation. The choice of representation would thus appear to be quite significant. Tersely summarized, one could say that the kinematics of the physical system fixes the CCR-algebra and the dynamics determines the representation.^{32}

30Of relevance to quantum field theory, but particularly to quantum statistical mechanics, which also must face systems with infinitely many degrees of freedom [4], is the observation that also equilibrium states at different temperatures are associated with mutually inequivalent representations [67]. The Fock representation is associated with temperature zero.

31For an introduction to this work, as well as further references, see [21]. 32In fact, in a certain sense, the representation also determines the dynamics — see [1].

Though the original problem was stated in terms of unitary equivalence, there are, in fact, weaker notions of equivalence which are also of physical relevance. A notion of physical equivalence introduced by Haag and D. Kastler [26] will be discussed next.

Since one can carry out only finitely many experiments which themselves have only a finite accuracy, the experimental situation strictly limits our ability to test the many idealizations which are implicit in any physical theory and which are particularly strongly present in quantum mechanics and quantum field theory. These limitations on measurement and the statistical interpretation of the basic objects in the theory induce a natural topology on the set of states on the algebra of observables A. Let {A_i}^n_{i=1} ⊂ A be a set of observables of a system which has been prepared in the state ω. Let {a_i}^n_{i=1} be their measured average values to within the (respective) errors {ϵ_i}^n_{i=1}. Hence one has the n inequalities |ω(A_i) − a_i| < ϵ_i , i = 1, . . . , n . On the other hand, recall that the σ(A^∗, A)-topology on the set A^∗ of all continuous, linear complex-valued functions on A is generated by the seminorms N_A(ω) ≡ |ω(A)|, for each A ∈ A. In other words, the σ(A^∗, A)-topology is the locally convex topology with basis of neighborhoods at the origin given by {N_{{Ai}}n_{i=1,{ϵi}}n_{i=1} | n ∈ IN, {A_i}^n_{i=1} ⊂ A, {ϵ_i}^n_{i=1} ⊂ (0, ∞)} , where N_{{Ai}}n_{i=1,{ϵi}}n_{i=1} = {ω ∈ A^∗ | |ω(A_i)| < ϵ_i, i = 1, . . . , n} . Thus we see that any experiment (or set of experiments, necessarily finite) determines the state of the system only up to a neighborhood in the σ(A^∗, A)-topology.

For purely mathematical reasons, J.M.G. Fell introduced the following notion of equivalence of representations. If (ρ, H) is a representation of A, then its kernel is given by Ker(ρ) = {A ∈ A | ρ(A) = 0}.

Definition([14]) Two representations (ρ_1, H_1) and (ρ_2, H_2) of A are said to be weakly equivalent if Ker(ρ_1) = Ker(ρ_2).

Unitary equivalence implies weak equivalence, but the converse is false. Fell showed that two representations (ρ_1, H_1) and (ρ_2, H_2) of A are weakly equivalent if and only if given every state ω_1 on A determined by a density matrix on H_1 and given any σ(A^∗, A)-neighborhood N of ω_1, there exists a state ω_2 ∈ N determined by a density matrix on H_2. In other words, the σ(A^∗, A)-closure of the folium of states associated with (ρ_1, H_1) coincides with the σ(A^∗, A)-closure of the folium associated with (ρ_2, H_2).

Therefore, if the kernels of two representations of A coincide, then it is physically impossible to determine which representation one is in (and conversely)! But if (ρ, H) is a representation of A, then Ker(ρ) is a norm-closed two-sided ideal of A. Thus it follows that whenever A is simple, every representation of A must be faithful, and hence all representations of a simple algebra A are physically equivalent. What is more, in quantum field theory the quasilocal algebras A are typically simple!

So, have we returned to the physicists’ original point of view - the choice of representation is just a matter of convenience, even in systems with infinitely many degrees of freedom? Not exactly! Let us posit, once again, that we have chosen observables {A_i}^n_{i=1} ⊂ A and made measurements with results {a_i}^n_{i=1} to within errors {ϵ_i}^n_{i=1}, thereby determining a σ(A^∗, A)-neighborhood N of the actual state ω, normal in the true physical representation (ρ, H). If A is simple, then Fell’s theorem entails that we can find a state ρ_N , normal in any other fixed representation of A, which is contained in N and therefore yields predictions conforming with the results of this experiment. But the moment we improve the experiment, i.e. reduce the errors, or we change the experiment to include another set of observables (but still preparing the system in the same original state), then the neighborhood N changes (though ω does not change), and we must find another approximate state in the given “wrong” representation to reproduce the results of the new experiment. In other words, in order to have (correct) predictive power beyond the particular experiments to which one fitted the approximate state, one needs the correct state in the correct representation. This, surely, is not merely a matter of convenience!^{33}

J. Manuceau’s [42] and J. Slawny’s [64] observation that the minimal C^∗- algebra A_0 associated with the CCR is simple and hence all representations of A_0 are isomorphic can be seen as the correct generalization of Theorem 1 to infinitely many degrees of freedom. The existence of this algebraic isomorphism implies unitary equivalence in the finite case but not in the infinite case. This independence of representation enables the rigorous study of the canonical transformations commonly employed in theoretical physics (by von Neumann himself — see further above) as automorphisms on the C^∗-algebra A_0. In a given representation of A_0, the given automorphism may or may not be unitarily implementable. If it is, then the original Hamiltonian operator will have the same spectrum as the transformed (diagonalized) one; if not, then there need be no relation between the spectra of these operators.

To close this section, we remark that the significance of the Stone-von Neumann uniqueness theorem is further emphasized by the fact that for the other important types of algebraic relations — such as the canonical anticommutation relations and, more recently, supersymmetric commutation relations, p-adic commutation relations, and the deformed commutation relations of quantum groups — one of the first questions addressed is the validity of the counterpart of Theorem 1 in the given setting. For further reading, we mention the papers [57][37][23][32].

3. Generalizations to the Harmonic Analysis of Locally Compact Groups

33It is evident from this discussion that it is impossible to prove experimentally that a putative exact state is the correct one (and, thus, that the correct representation has been chosen). But at least it is logically possible to establish experimentally that it is not the correct one (if, in fact, it is not).

In 1949, G.W. Mackey [39] provided a generalization of the Stone-von Neumann uniqueness theorem to the setting of locally compact groups, which itself found many applications in mathematics and elsewhere and which may justifiably be seen as yet another impact of von Neumann’s work. For simplicity, we shall restrict our attention to Abelian groups, though Mackey formulated and proved an analogous result for arbitrary locally compact groups. With G a locally compact Abelian group and μ a Haar measure on G, one can naturally define the Hilbert space L^2(G, dμ). If G^∗ is the topological character group of G, i.e. each τ ∈ G^∗ is a continuous homomorphism from G into the multiplicative group of complex numbers of modulus 1, and G^∗ is endowed with the natural induced topology (so that it, too, becomes a locally compact Abelian group), then the analogue of the Weyl form of the Schrödinger representation is described by the following unitary operators on L^2(G, dμ):

(U_S(g)Ψ)(x) = Ψ(g^{−1}x) and (V_S(τ)Ψ)(x) = τ(x)Ψ(x) , (6)

for any Ψ ∈ L^2(G, dμ). (Compare with (3).)

Theorem 4 ([39]) Let G be an arbitrary separable^{34} locally compact Abelian group, and let G^∗ be its topological character group. Let U be a weakly continuous representation of G in the (separable) Hilbert space H. If V is a weakly continuous representation of G^∗ on H such that U(g)V (τ) = τ(g)V (τ)U(g), for all g ∈ G and τ ∈ G^∗, then H decomposes into a direct sum of at most countably many closed subspaces H_n, each invariant under {U(g) | g ∈ G} ∪ {V (τ) | τ ∈ G^∗}. Moreover, letting U_n, resp. V_n, denote the restriction of U, resp. V , to H_n, there exists a Hilbert space isomorphism W_n : H_n → L^2(G, dμ) with

W_nU_n(g)W^{−1}_n = U_S(g) and W_nV_n(τ)W^{−1}_n = V_S(τ) ,

for all g ∈ G and τ ∈ G^∗.

Subsequently, arguments which were more elementary than Mackey’s original proof were found, as well as some additional reformulations - see, e.g. [63][53]. Theorem 4 is often called the Stone-von Neumann-Mackey theorem.^{35} It has been placed by Mackey into the context of his theory of induced representations and there was seen to be a consequence of his imprimitivity theorem. The interested reader is referred to [41] for an introduction to this circle of ideas.

Theorem 1 is obtained as a special case of Theorem 4 by choosing G to be the additive group of reals (for more than one degree of freedom, G is chosen to be the additive group of vectors IR^n). Note that, in that case, G^∗ is isomorphic to G itself.

34Loomis [38] later showed that the assumption of separability of G could be dropped. 35It may be of interest to note that Theorem 4 was evoked in J. Slawny’s proof [64] of the existence and properties of the minimal C^�-algebra associated with the CCR, which was mentioned in the previous section.

From Theorem 4 follows one of the most useful theorems in Abelian harmonic analysis, which is in turn a generalization of the crucial Plancherel theorem in Fourier analysis (a special instance of Abelian harmonic analysis). (See [63] for a proof.)

Theorem 5 Let G be a locally compact Abelian group. Given any element f ∈ L^1(G, dμ) ∩ L^2(G, dμ), its Fourier transform f̂, defined by

f̂(τ) = ∫ τ(g)f(g)dμ(g) , is in L^2(G^∗, dμ^∗), and the mapping f → f̂ extends uniquely to a Hilbert space isomorphism from L^2(G, dμ) onto L^2(G^∗, dμ^∗) (with suitable normalization of the Haar measure μ^∗).

From this then follows the generalized Riemann-Lebesgue lemma: the Fourier transform of an integrable function on a locally compact Abelian group G vanishes at infinity on G^∗. It is surely evident by now how central a result the Stone-von Neumann-Mackey theorem is in Abelian harmonic analysis.

To take yet another perspective on this topic, consider the n-dimensional Heisenberg group, which is the universal covering group of the non-Abelian group of unitary operators on L^2(IR^n) generated by the translations

T_pf(x) = f(x + p) , p ∈ IR^n ,

and the multiplications M_qf(x) = e^{iq·x}f(x) , q ∈ IR^n . It is evident from the discussion in the introduction that the Stone-von Neumann uniqueness theorem may be used to classify the irreducible representations of the Heisenberg group. This again permits the proof of a corresponding Plancherel theorem, etc.. We refer the reader to [68] for a development of this theory, as well as indications of the many sorts of applications which have arisen. Here we only mention one buzzword: wavelets.

Finally, just to hint at further realms, we mention that Theorem 1 has also found applications to number theory (see, for example, [6]), function theory (see [58]) and invariant subspace theory(see [29]).

Acknowledgements: We have found [12] and [71] particularly useful during the preparation of this paper and further recommend them to the reader’s attention.

References

[1] H. Araki, Hamiltonian formalism and the canonical commutation relations in quantum field theory, J. Math. Phys., 1, 492–504 (1960).

[2] M. Born and P. Jordan, Zur Quantenmechanik, Zeitschr. f. Phys., 34, 858–888 (1925).

[3] M. Born, W. Heisenberg and P. Jordan, Zur Quantenmechanik II, Zeitschr. f. Phys., 35, 557–615 (1925).

[4] O. Bratteli and D.W. Robinson, Operator Algebras and Quantum Statistical Mechanics, Volume 1 (Springer Verlag, Berlin) 1979, Volume 2 (Springer Verlag, Berlin) 1981.

[5] J.M. Chaiken, Finite-particle representations and states of the canonical commutation relations, Ann. Phys., 42, 23–80 (1967).

[6] P. Cartier, Quantum mechanical commutation relations and theta functions, in: Algebraic Groups and Discontinuous Subgroups, edited by A. Borel and G.D. Mostow (American Mathematical Society, Providence, RI) 1966, pp. 361–383.

[7] S. Cavallaro, G. Morchio and F. Strocchi, A Generalization of the Stone-von Neumann theorem to non-regular representations of the CCR-algebra, preprint (mp-arc 98-498).

[8] J.M. Cook, The Mathematics of second quantization, Trans. Amer. Math. Soc., 74, 222–245 (1953).

[9] P.A.M. Dirac, The Fundamental equations of quantum mechanics, Proc. Roy. Soc, London, A109, 642–653 (1925).

[10] P.A.M. Dirac, The Quantum theory of the emission and absorption of radiation, Proc.

Roy. Soc. London, 114, 243–265 (1927).

[11] J. Dixmier, Sur la relation i(P Q − QP ) = 1, Comp. Math., 13, 263–270 (1958).

[12] G.G. Emch, Algebraic Methods in Statistical Mechanics and Quantum Field Theory (New York, John Wiley & Sons) 1972.

[13] G.G. Emch, Von Neumann’s uniqueness theorem revisited, in: Mathematical Analysis and Applications, Part A, edited by L. Nachbin (Academic Press, New York) 1981, pp. 361–368.

[14] J.M.G. Fell, The Dual spaces of C^�-algebras, Trans. Amer. Math. Soc., 94, 365–403 (1960).

[15] M. Florig and S.J. Summers, Further representations of the canonical commutation relations, preprint (mp-arc 97-489).

[16] V. Fock, Konfigurationsraum und zweite Quantelung, Zeitschr. f. Phys., 75, 622–647 (1932).

[17] K.O. Friedrichs, Mathematical Aspects of the Quantum Theory of Fields (Interscience Publishers, New York) 1953; see also Commun. Pure Appl. Math., 4, 161–224 (1951), ibid., 5, 1–56 (1952), ibid., 6, 1–72 (1953).

[18] J. Fröhlich, Verification of axioms for Euclidean and relativistic fields and Haag’s theorem in a class of P (ϕ)_2 models, Ann. Inst. Henri Poincaré, 21, 271–317 (1974).

[19] J. Glimm, Type I C^�-algebras, Ann. Math., 73, 572–612 (1961).

[20] J. Glimm and A. Jaffe, A λϕ^4 quantum field theory without cutoffs, I, Phys. Rev., 176, 1945–1951 (1968), II, Ann. Math., 91, 362–401 (1970), III, Acta Math., 125, 203–267 (1970), IV, J. Math. Phys., 13, 1568–1584 (1972).

[21] J. Glimm and A. Jaffe, Quantum Physics, (Springer Verlag, Berlin) 1981; Second, expanded edition appeared in 1987.

[22] L. Gårding and A.S. Wightman, Representations of the commutation relations, Proc.

Nat. Acad. Sci., 40, 622–626 (1954).

[23] H. Grosse and L. Pittner, A Supersymmetric generalization of von Neumann’s theorem, J. Math. Phys., 29, 110–118 (1988).

[24] R. Haag, On quantum field theories, Kong. Dan. Vidensk. Sels., Mat. Fys. Medd., 29, no. 12 (1955).

[25] R. Haag, Local Quantum Physics, (Springer Verlag, Berlin) 1992; Second, expanded edition appeared in 1996.

[26] R. Haag and D. Kastler, An algebraic approach to quantum field theory, J. Math. Phys.,

5, 848–861 (1964).

[27] W. Heisenberg, Über quantentheoretische Umdeutung kinematischer und mechanischer Beziehungen, Zeitschr. f. Phys., 33, 879–893 (1925).

[28] W. Heisenberg and W. Pauli, Zur Quantendynamik der Wellenfelder, Zeitschr. f. Phys.,

56, 1-61 (1929), II, ibid., 59, 168–190 (1929).

[29] H. Helson, Lectures on Invariant Subspaces (Academic Press, New York) 1964. [30] D. Hilbert, J. von Neumann and L. Nordheim, Über die Grundlagen der Quantenmechanik, Math. Ann., 98, 1–30 (1927).

[31] L. van Hove, Les difficultés de divergence pour un modèle particulier de champ quantifié, Physica, 18, 145–159 (1952).

[32] A. Iorio and G. Vitiello, Quantum groups and von Neumann theorem, Modern Phys.

Lett. B, 8, 269–276 (1994).

[33] P. Jordan, Über kanonische Transformationen in der Quantenmechanik, Zeitschr. f.

Phys., 37, 383–386 (1926).

[34] P.E.T. Jørgensen and R.T. Moore, Operator Commutation Relations (D. Reidel, Dordrecht) 1984.

[35] J.R. Klauder, J. McKenna and E.J. Woods, Direct-product representations of the canonical commutation relations, J. Math. Phys., 7, 822–828 (1966).

[36] J.R. Klauder and B.-S. Skagerstam, editors, Coherent States: Applications to Physics and Mathematical Physics (World Scientific, Singapore) 1985.

[37] A.N. Kochubei, P -adic commutation relations, J. Phys. A, 29, 6375–6378 (1996). [38] L.H. Loomis, Note on a theorem of Mackey, Duke Math. J., 19, 641–645 (1952). [39] G.W. Mackey, A Theorem of Stone and von Neumann, Duke Math. J., 16, 313–326 (1949).

[40] G.W. Mackey, Borel structures in groups and their duals, Trans. Amer. Math. Soc., 85, 134–165 (1957).

[41] G.W. Mackey, Induced Representations of Groups and Quantum Mechanics (W.A. Benjamin, Inc., New York) 1968.

[42] J. Manuceau, C^�-algébre de relations de commutation, Ann. Inst. Henri Poincaré, 8, 139–161 (1968).

[43] F.J. Murray and J. von Neumann, On rings of operators, Ann. Math., 37, 116–229 (1936); or in: J. von Neumann, Collected Works, Volume 3, edited by A.H. Taub (Pergamon Press, New York and Oxford) 1961, pp. 6–119.

[44] J. von Neumann, Mathematische Begründung der Quantenmechanik, Nachr. Akad.

Wiss. Göttingen, 1, 1–57 (1927); or in: J. von Neumann, Collected Works, Volume 1, edited by A.H. Taub (Pergamon Press, New York and Oxford) 1961, pp. 151–207.

[45] J. von Neumann, Die Eindeutigkeit der Schrödingerschen Operatoren, Math. Ann., 104, 570–578 (1931); or in: J. von Neumann, Collected Works, Volume 2, edited by A.H. Taub (Pergamon Press, New York and Oxford) 1961, pp. 221–229.

[46] J. von Neumann, Mathematische Grundlagen der Quantenmechanik (Springer Verlag, Berlin) 1932; English translation: Mathematical Foundations of Quantum Mechanics (Princeton University Press, Princeton) 1955.

[47] J. von Neumann, Über einen Satz von Herrn M.H. Stone, Ann. Math., 33, 567–573 (1932); or in: J. von Neumann, Collected Works, Volume 2, edited by A.H. Taub (Pergamon Press, New York and Oxford) 1961, pp. 287–293.

[48] J. von Neumann, On infinite direct products, Compos. Math., 6, 1–77 (1938); or in: J.

von Neumann, Collected Works, Volume 3, edited by A.H. Taub (Pergamon Press, New York and Oxford) 1961, pp. 323–399.

[49] M. Proksch, G. Reents and S.J. Summers, Quadratic representations of the canonical commutation relations, Publ. Res. Inst. Math. Sci., Kyoto Univ., 31, 755–804 (1995).

[50] C.R. Putnam, Commutation Properties of Hilbert Space Operators (Springer Verlag, Berlin) 1967.

[51] H. Reeh, A Remark concerning canonical commutation relations, J. Math. Phys., 29, 1535–1536 (1988).

[52] F. Rellich, Der Eindeutigkeitssatz für die Lösungen der quantenmechanischen Vertauschungsrelationen, Nachr. Akad. Wiss. Göttingen, Math. Phys., Kl. II, 11A, 107–115 (1946).

[53] M.A. Rieffel, On the uniqueness of the Heisenberg commutation relations, Duke Math.

J., 39, 745–752 (1972).

[54] D.W. Robinson, The Ground state of the Bose gas, Commun. Math. Phys., 1, 159–171 (1965).

[55] R. Schaflitzel, Some particle representations of the canonical commutation relations, Rep. Math. Phys., 25, 329–344 (1988).

[56] K. Schmüdgen, On the Heisenberg commutation relations, II, Publ. Res. Inst. Math.

Sci., Kyoto Univ., 19, 601–671 (1983).

[57] K. Schmüdgen, Operator representations of IR^2_q , Publ. Res. Inst. Math. Sci., Kyoto Univ.,

28, 1029–1061 (1992).

[58] K. Schmüdgen, An Operator-theoretic approach to a cocycle problem in the complex plane, Bull. London Math. Soc., 27, 341–346 (1995).

[59] R. Schrader, Local operator products and field equations in P (ϕ)_2 theories, Fortschr. d.

Phys., 22, 611–631 (1974).

[60] E. Schrödinger, Quantisierung als Eigenwertproblem, I, Ann. Phys., 79, 361–376 (1926), II, ibid., 79, 489–527, III, ibid., 79, 734–756, IV, ibid., 80, 109–139; reprinted in: E. Schrödinger, Abhandlungen zur Wellenmechanik (J.A. Barth, Leipzig) 1928; English translation: Collected Papers on Wave Mechanics (Blackie and Sons, London and Glasgow) 1928.

[61] S.S. Schweber, An Introduction to Relativistic Quantum Field Theory (Row, Peterson and Co., Evanston, IL) 1961.

[62] I.E. Segal, Mathematical Problems of Relativistic Physics (American Mathematical Society, Providence, R.I.) 1963.

[63] I.E. Segal and R.A. Kunze, Integrals and Operators (McGraw-Hill, New York) 1968;

Second, enlarged edition published by Springer Verlag in 1978.

[64] J. Slawny, On factor representations and the C^�-algebra of canonical commutation relations, Commun. Math. Phys., 24, 151–170 (1972).

[65] M.H. Stone, Linear transformations in Hilbert space, III: Operational methods and group theory, Proc. Nat. Acad. Sci. U.S.A., 16, 172–175 (1930).

[66] R.F. Streater and A.S. Wightman, PCT, Spin and Statistics, and All That (Benjamin/Cummings Publ. Co., Reading, Mass.), 1964; Second, expanded edition published in 1978.

[67] M. Takesaki, Disjointness of the KMS states of different temperatures, Commun. Math.

Phys., 17, 33–41 (1970).

[68] M.E. Taylor, Noncommutative Harmonic Analysis (American Mathematical Society, Providence, R.I.) 1986.

[69] H. Weyl, Zeitschr. f. Phys., 46, 1–46 (1927); see also H. Weyl, Gruppentheorie und Quantenmechanik (Hirzel, Leipzig) 1928; English translation: The Theory of Groups and Quantum Mechanics (Dover, New York) 1949.

[70] H. Wielandt, Über die Unbeschränktheit der Schrödingerschen Operatoren der Quantenmechanik, Math. Ann., 121, 21 (1949).

[71] A.S. Wightman, Hilbert’s sixth problem: Mathematical treatment of the axioms of physics, in: Mathematical Developments Arising From Hilbert Problems, edited by F. Browder, (American Mathematical Society, Providence, R.I.) 1976, pp. 147–240.

[72] A.S. Wightman and S.S. Schweber, Configuration space methods in relativistic quantum field theory, I, Phys. Rev., 98, 812–837 (1955).

[73] A. Wintner, The Unboundedness of quantum-mechanical matrices, Phys., Rev., 71, 738–739 (1947).