On Absolute Continuity of the Periodic Schrödinger Operators

Zhongwei Shen^1 Department of Mathematics University of Kentucky Lexington, KY 40506 Email: shenz@ms.uky.edu

Abstract. This paper concerns the Schrödinger operator −Δ + V (x) in R^d , d ≥ 3, with periodic potential V . Under the assumption V ∈ L^{d/2}_{loc} (R^d ), it is shown that the spectrum of −Δ + V (x) is purely absolutely continuous. The condition on the potential V is optimal in the context of L^p spaces. The proof relies on certain uniform Sobolev inequalities on the d-torus. We also establish the absolute continuity of −Δ + V (x) with certain periodic potential V in the weak-L^{d/2} space. 1991 Mathematics Subject Classification. Primary 35J10. Key Words and Phrases. Schrödinger Operator, Periodic Potential, Absolute Continuous Spectrum, Uniform Sobolev Inequalities.

1. Introduction

Let V be a real periodic function on R^d , i.e.,

(1.1) V (x + e_j ) = V (x), j = 1, 2, . . . , d,

for some basis {e_j }^d_{j=1} of R^d . We shall be interested in the spectral properties of the periodic Schrödinger operator −Δ + V (x) in R^d .

When d = 3, L. Thomas [19] proved that the spectrum of −Δ + V is purely absolutely continuous (a.c.) if V ∈ L^2_{loc}(R^3 ). Thomas’ approach plays an important role in the subsequent development. In the book [14, vol.IV] by M. Reed and B. Simon, it was used to show that −Δ + V is a.c. if V ∈ L^r_{loc}(R^d ), where r ≥ d − 1

1Research supported in part by the Erwin Schrödinger Institute in Vienna, Austria, the AMS Centennial Research Fellowship, and the NSF grant DMS-9732894.

Typeset by AMS-TEX 1

if d ≥ 4, and r = 2 if d = 2 or 3. In [4] the basic idea of Thomas was applied to the Dirac operator with periodic potential. Recently, the absolute continuity of the magnetic Schrödinger operator (−i∇ − a(x))^2 + V (x), with periodic potentials a and V , was investigated by R. Hempel and I. Herbst [6,7], M. Birman and T. Suslina [1,2], A. Morame [13], and A. Sobolev [15]. In particular, the results in [2], pertaining to the case a = 0, give the absolute continuity of −Δ + V when d = 2 and V ∈ L^r_{loc}(R^2 ) for some r > 1. Very recently, M. Birman and T. Suslina [3] established the absolute continuity of −Δ + V for d = 3, V ∈ L^{3/2}_{loc} (R^3 ), and for d ≥ 4, V ∈ L^{d−2}_{loc} (R^d ).

In this paper we prove that the spectrum of −Δ + V is purely absolutely continuous if d ≥ 3 and V ∈ L^{d/2}_{loc} (R^d ). This improves the results in [3] when d ≥ 5. In the context of L^p spaces, it is best possible in the sense that, with periodic condition (1.1), L^{d/2}_{loc} is the largest space for which the self-adjoint operator −Δ + V may be defined by a quadratic form.

Let D = −i∇. For a d × d matrix A = (a_{jk}), we use DAD^T to denote ∑ j,k D_j a_{jk}D_k. The following is the main result of the paper.

Theorem 0.1. Let A = (a_{jk})_{d×d} be a symmetric, positive-definite matrix with real constant entries. Let V be a real periodic function on R^d . Suppose d ≥ 3 and V ∈ L^{d/2}_{loc} (R^d ). Then the spectrum of DAD^T + V is purely absolutely continuous.

We now describe the main idea of the proof. First, note that, by a change of variables, one may assume that e_j = 2π(0, . . . , 1, . . . , 0) in (1.1), i.e., V is periodic with respect to the lattice (2πZ)^d. Let Ω = [0, 2π)^d be a cell of the lattice. Fix a, b ∈ R^d . For t ∈ R, we consider the self-adjoint operator

(1.2) H_V (t) = (D + ta + b)A(D + ta + b)^T + V

on L^2(Ω), with periodic boundary conditions. It is known that H_V (t) has a discrete spectrum.

Next, using the Floquet-Bloch decomposition, we reduce the proof of Theorem 0.1 to the problem of showing that none of the eigenvalues E_j (t) of H_V (t) is constant as a function of t. See section 2 for details.

Now, following the Thomas approach, one argues by contradiction. Suppose that, for some j, E_j(t) ≡ E is a constant. By the analytic perturbation theory, E is an eigenvalue of H_V (z) for all z ∈ C . This will be impossible if one can prove (1.3) ‖H_V (z)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} → 0 as |Im z| → ∞ for some p ≤ 2. We remark that in all previous work, only the case p = 2 was considered. Our main estimate in this paper states that, if V ∈ L^{d/2}(Ω) and z = δ + iρ ( δ depends on a and b), then (1.3) holds for p = 2d/(d + 2).

To establish estimate (1.3), we write (1.4) H_V (z)^{−1} = H_0 (z)^{−1} { I + V H_0 (z)^{−1} }_{−1} . We will show that (1.5) ‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} → 0 as |ρ| → ∞, (see Theorem 2.1) and (1.6) ‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}q_{(Ω)} ≤ C with a constant C independent of ρ when |ρ| ≥ 1, where p = 2d/(d + 2), q = p^′ = 2d/(d−2) (see Theorem 2.2). Estimate (1.3) follows, since V ∈ L^{d/2}(Ω), (1.5)-(1.6) and Hölder inequality yield (1.7) ‖V H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} ≤ 1/2, when |ρ| is large.

While the proof of (1.5) is relatively straight forward, the proof of (1.6) is much involved. Note that (1/q) = (1/p) − (2/d), and (1.6) is equivalent to (1.8) ‖ψ‖_Lq_{(Ω)} ≤ C‖H_0 (δ + iρ)ψ‖_Lp_{(Ω)}, for ψ ∈ C^∞(Ω). (1.8) is in fact a uniform Sobolev inequality on the d-torus for the second order elliptic operator H_0 (δ + iρ). In the setting of R^d , similar inequalities were established by C. Kenig, A. Ruiz and C. Sogge [10]. Such estimates play a key role in the study of unique continuation properties of differential operators

(see e.g. [9]). Our estimate (1.8) may be viewed as an analogue on the d-torus. It is well known that the unique continuation properties can be used to eliminate the possibility of certain eigenfunctions. In the study of the absolute continuity of periodic Schrödinger operators, it turns out that the main issue is also to show the absence of eigenvalues in the spectrum [7], although this is not obvious in the Thomas method. In this regard, the use of uniform Sobolev inequalities seems to be quite natural in our case.

To prove (1.8), we shall adapt the approach developed in [10] for R^d . We remark that certain forms of uniform Sobolev inequalities for second-order elliptic operators on compact manifolds were obtained by C. Sogge [16]. However it is not clear how to apply directly the results in [16] to our case, although a general result on the spectral projection in [16] will be used in the localization process.

With some modifications, the method outlined above also gives the optimal condition for the absolute continuity of −Δ + V with periodic potentials in Lorentz spaces. Indeed, assuming V ∈ L^{d/2,∞}(Ω) where Ω be a periodic cell for V , we have the following result.

Theorem 0.2. Let A = (a_{jk})_{d×d} be a symmetric, positive-definite matrix with real constant entries. Let V be a real periodic function on R^d , d ≥ 3. Then there exists ε_0 > 0 depending on d, |Ω| and A, such that, if

(1.9) lim sup_{t→∞} t | | {x ∈ Ω : |V (x)| > t} | |^{2/d} < ε_0, then the spectrum of DAD^T + V is purely absolutely continuous.

To prove Theorem 0.2, we will show that

(1.10) ‖H_V (z)^{−1}‖_Lp,2_{(Ω)→L}p,2_{(Ω)} → 0 as |ρ| → ∞,

in the place of (1.3), where p = 2d/(d + 2) and z = δ + iρ as before (see section 6). We remark that in the case d = 3 or 4, the absolute continuity of −Δ + V with condition (1.9) was obtained in [3].

The paper is organized as follows. In section 2, we provide the details of the Thomas approach which reduces Theorem 0.1 to estimates (1.5) and (1.6). Section

3 contains the proof of estimate (1.5). Sections 4 and 5 are devoted to the proof of the key estimate (1.6). In section 6 we give the proof of Theorem 0.2.

Throughout the rest of the paper, we will assume that d ≥ 3, Ω = [0, 2π)^d, V ∈ L^{d/2}(Ω) (except in section 6 where we assume V ∈ L^{d/2,∞}(Ω)) and is periodic with respect to the lattice (2πZ)^d. We shall use ‖ · ‖_p to denote the norm in L^p(Ω). Finally we will use C and c to denote positive constants which may depend on d and the matrix A, which are not necessarily the same at each occurrence.

2. The Thomas Approach

The materials in the subsections 2.1-2.3 below are standard. We include them here for the reader’s convenience.

2.1. The definition of DAD^T + V on R^d .

Let Ω = [0, 2π)^d. Given ε > 0, since V ∈ L^{d/2}(Ω), we may write V = V_1 + V_2 such that

(2.1) ‖V_1‖_{d/2} ≤ ε and ‖V_2‖_∞ ≤ C_ε.

Let f ∈ H^1(R^d ), i.e., f ∈ L^2(R^d ) and |∇f| ∈ L^2(R^d ). By the Sobolev imbedding, we have

(2.2)

∫ Ω |V | |f|^2dx ≤ ∫ Ω |V_1| |f|^2dx + ∫ Ω |V_2| |f|^2dx ≤ {∫ Ω |V_1|^{d2} dx } d_2 {∫ Ω |f|^{2dd−2} dx } d−2_d + C_ε ∫ Ω |f|^2dx ≤ εC {∫ Ω |∇f|^2dx + ∫ Ω |f|^2dx } + C_ε ∫ Ω |f|^2dx ≤ εC ∫ Ω |∇f|^2dx + (εC + C_ε) ∫ Ω |f|^2dx. Since V is periodic with respect to (2πZ)^d, it follows from (2.2), by summation, that

(2.3) ∫ R^{d |V | |f|} 2dx ≤ εC ∫ R^{d |∇f|} 2dx + ~C_ε ∫ R^{d |f|} 2dx for any ε > 0 and f ∈ H^1(R^d ).

Let < , > denote the usual inner product in C or in C^d . We define the quadratic form

(2.4) q[f, g] = ∫ R^{d {< (Df)A, Dg > + < V f, g >} dx} for f, g ∈ H^1(R^d ). Clearly, by (2.3), the symmetric quadratic form q is semibounded and closed. Thus there exists a unique self-adjoint operator, which we denoted by DAD^T + V , such that

(2.5) q[f, g] = ∫ R^{d < (DAD} T + V )f, g > dx for f ∈ Domain(DAD^T + V ) and g ∈ H^1(R^d ). Also,

(2.6) Domain(DAD^T + V ) = { f ∈ H^1(R^d ) : (DAD^T + V )f ∈ L^2(R^d ) } .

2.2. Definition of (D + k)A(D + k)^T + V on Ω. Let (2.7) H^1_{per}(Ω) = ψ ∈ L^2(Ω) : ψ(x) = ∑ n∈Z^d a_ne^{inx} and ∑ n∈Z^d |n|^2|a_n|^2 < ∞

be the Sobolev space on Ω of index one with periodic boundary conditions. For

k ∈ C^d , we introduce the quadratic form

(2.8) q(k)[ϕ, ψ] = ∫ Ω { < [(D + k)ϕ]A, (D + k̄)ψ > + < V ϕ, ψ > } dx for ϕ, ψ ∈ H^1_{per}(Ω), where k̄ denotes the conjugate of k. Using (2.2), we see that the form q(k) is strictly m-sectorial. It follows that there exists a unique closed operator, which we denote by (D + k)A(D + k)^T + V , such that

(2.9) q(k)[ϕ, ψ] = ∫ Ω < { (D + k)A(D + k)^T + V } ϕ, ψ > dx for any ϕ ∈ Domain ( (D + k)A(D + k)^T + V ) and ψ ∈ H^1_{per}(Ω). Furthermore,

(2.10)

Domain ( (D + k)A(D + k)^T + V ) = { ϕ ∈ H^1_{per}(Ω) : { (D + k)A(D + k)^T + V } ϕ ∈ L^2(Ω) } = { ϕ ∈ H^1_{per}(Ω) : (DAD^T + V )ϕ ∈ L^2(Ω) } , and (2.11) { (D + k)A(D + k)^T + V }_∗ = (D + k̄)A(D + k̄)^T + V.

2.3. The Floquet-Bloch decomposition.

Let Q = [0, 1)^d and (2.12) H =

L_∫ Q L^2(Ω)dk ≡ L^2(Q, L^2(Ω)).

For f ∈ C^∞_0 (R^d ), we define (2.13) Uf(k, x) = ∑ n∈Z^d e^{−ik(x+2πn)}f(x + 2πn), x ∈ Ω, k ∈ Q.

It is easy to check that (2.14) ‖Uf‖_H = ‖f‖_L2_(Rd_).

Furthermore, one may extend U to a unitary operator from L^2(R^d ) to H, by continuity.

A direct computation shows, for f, g ∈ C^∞_0 (R^d ), (2.15) q[f, g] = ∫ Ω q(k)[Uf(k, ·), Ug(k, ·)]dk. In particular, (2.16) ∫ R^{d |∇f|} 2dx = ∫ Q ∫ Ω |(D + k)Uf|^2dxdk. Proposition 2.1. U : H^1(R^d ) →

L_∫ Q H^1_{per}(Ω)dk ≡ L^2(Q, H^1_{per}(Ω)) is unitary.

Proof. It follows easily from (2.14) and (2.16) by a standard approximation argument that U(H^1(R^d )) ⊂

L_∫ Q H^1_{per}(Ω)dk.

8 To show U is onto, suppose that there exists η ∈

∫ L_{Q H1per(Ω)dk such that} ∫ Q ∫ Ω {< DUf, Dη > + < Uf, η >} dxdk = 0 for any f ∈ C^∞_0 (R^d ). Let g ∈ C^∞_0 (Ω) and f(x) = g(x − 2πn_0) for some n_0 ∈ Z^d. Then Uf(k, x) = e^{−ik(x+2πn0)}g(x) and DUf(k, x) = e^{−ik(x+2πn0)}(D − k)g(x).

Hence, ∫ Q e^{−2πin0k} ∫ Ω e^{−ikx} {< (D − k)g, Dη > + < g, η >} dxdk = 0. Since n_0 ∈ Z^d is arbitrary, we have ∫ Ω e^{−ikx} {< (D − k)g, Dη > + < g, η >} dx = 0, a.e. k ∈ Q. Finally, since g ∈ C^∞_0 (Ω) is arbitrary, we conclude that

e^{ikx}(−Δ + 1)η = 0 in Ω

(in the sense of distributions). Thus η = 0. The proof is complete.

Remark 2.1. It follows from Proposition 2.1 that (2.15) holds for any f, g ∈ H^1(R^d ).

Proposition 2.2. We have the following Floquet-Bloch decomposition of DAD^T + V in a direct integral:

U(DAD^T + V )U^{−1} =

L_∫ Q { (D + k)A(D + k)^T + V } dk. That is,

Domain ( U(DAD^T + V )U^{−1} ) = Domain

L_∫ Q { (D + k)A(D + k)^T + V } dk

≡ { ϕ ∈ H : ϕ(k, ·) ∈ Domain ( (D + k)A(D + k)^T + V ) for a.e. k ∈ Q and ∫ Q ‖ { (D + k)A(D + k)^T + V } ϕ‖^2dk < ∞ } , and, for any ϕ ∈ Domain ( U(DAD^T + V )U^{−1} ) , U(DAD^T + V )U^{−1}ϕ(k, x) = {(D + k)A(D + k)^T + V }ϕ(k, x).

Proof. First, note that, by (2.6),

Domain ( U(DAD^T + V )U^{−1} ) = { ϕ ∈ H : U^{−1}ϕ ∈ Domain(DAD^T + V ) } = { ϕ ∈ H : U^{−1}ϕ ∈ H^1(R^d ) and (DAD^T + V )U^{−1}ϕ ∈ L^2(R^d ) }

= ϕ ∈ L_∫ Q H^1_{per}(Ω)dk : (DAD^T + V )U^{−1}ϕ ∈ L^2(R^d )

where we have used Proposition 2.1 in the last equality.

Now, let ϕ ∈ Domain(U(DAD^T + V )U^{−1}). By Remark 2.1, for any ψ ∈

∫ L_{Q H1per(Ω)dk,} ∫ Q ∫ Ω [ < [(D+k)ϕ]A, (D + k)ψ > + < V ϕ, ψ > ] dxdk = ∫ Q q(k)[ϕ(·, k), ψ(·, k)]dk = q[U^{−1}ϕ, U^{−1}ψ] = ∫ R^{d < (DAD} T + V )U^{−1}ϕ, U^{−1}ψ > dx = ∫ Q ∫ Ω < U(DAD^T + V )U^{−1}ϕ, ψ > dxdk.

Since

∫ L_{Q H1per(Ω)dk is dense in H, we obtain} { (D + k)A(D + k)^T + V } ϕ = U(DAD^T + V )U^{−1}ϕ ∈ H.

This shows that the domain of U(DAD^T + V )U^{−1} is contained in the domain of

∫ L_{Q [(D + k)A(D + k)T + V ]dk. The other side of the inclusion can be shown in}

the same manner.

Fix a ∈ R^d such that (2.17) |a| = 1, aA = (s_0, 0, . . . , 0) and s_0 > 0.

Then any x ∈ R^d can be written as x = ta + b with < a, b >= 0. Note that, if x ∈ Q = [0, 1)^d, |x|^2 = t^2 + |b|^2 ≤ d. Hence, |t| ≤ √ d and |b| ≤ √ d. Next, let

(2.18) L = { b ∈ R^d : |b| ≤^√d and < b, a >= 0^} .

For each b ∈ L, we define

(2.19) J(b) = {t ∈ R : ta + b ∈ Q} .

Since Q is convex, J(b) must be an interval of R, if not empty.

We may now write

U(DAD^T + V )U^{−1} = ∫ Q { (D + k)A(D + k)^T + V } dk = ∫ b∈L {∫ t∈J(b) [ (D + ta + b)A(D + ta + b)^T + V ] dt } db.

By [14, vol. IV, p.284, Theorem XIII.85], we have

Proposition 2.3. If, for each b ∈ L, ∫ t∈J(b) [ (D + ta + b)A(D + ta + b)^T + V ] dt

has absolutely continuous spectrum, so does DAD^T + V .

2.4. The Thomas Approach.

Fix b ∈ L. We consider the family of operators

(2.20) H_V (z) = (D + za + b)A(D + za + b)^T + V, z ∈ C ,

defined by the quadratic form (2.9). Note that, by (2.10), the domain of H_V (z) is independent of z. Thus it is easy to check that {H_V (z)} is an analytic family of type (A) (see [8, p.375] for definition). Moreover, by (2.11), the family is self-adjoint in the sense that H_V (z)^∗ = H_V (z̄).

The resolvent of H_V (z) is not empty for any z ∈ C . This follows easily from (2.2). Also, since Domain(H_V (z)) ⊂ H^1_{per}(Ω), H_V (z) has compact resolvent. Now, consider the family of self-adjoint operators {H_V (t), t ∈ R}. By the analytic perturbation theory [8, p.392, Theorem 3.9], there exist real analytic functions E_j(t) and corresponding L^2(Ω) -valued functions η_j (t) so that, for each t ∈ R, {η_j (t)}^∞_{j=1} is an orthonormal basis for L^2(Ω) and

(2.21) H_V (t)η_j (t) = E_j (t)η_j (t).

Proposition 2.4. If, as a function of t ∈ R, no E_j (t) is constant, then DAD^T +V has absolutely continuous spectrum.

Proposition 2.4 follows directly from Proposition 2.3 and [14, vol.IV, p.286, Theorem XIII.86].

Let a = (a_1, . . . , a_d). For b = (b_1, . . . , b_d), choose

(2.22) δ = 1 a_1 ( 1 2 − b_1).

Note that, since a_1s_0 =< aA, a > and |a| = 1, a_1 ≠ 0.

We now state the main estimates of the paper

Theorem 2.1. Let δ be given by (2.22). Then, for ρ ∈ R, |ρ| ≥ 1, (i) ‖H_0 (δ + iρ)^{−1}‖_Lp_{Ω)→L}2_{(Ω)} → 0 as |ρ| → ∞ where 1 ≤ p ≤ 2 if d = 3, 2(d − 2)/d < p ≤ 2 if d ≥ 4,

(ii) there exists C > 0 depending only on the matrix A and d, such that, for |ρ| ≥ 1, ‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}2_{(Ω)} ≤ C

where 1 ≤ p ≤ 2 if d = 3, 1 < p ≤ 2 if d = 4, and 2(d − 2)/d ≤ p ≤ 2 if d ≥ 5.

Theorem 2.2. Let p = 2d(d + 2) and q = 2d/(d − 2). Then there exists C > 0 depending on A and d, such that, for |ρ| ≥ 1,

‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}q_{(Ω)} ≤ C.

Finally in this section, assuming Theorems 2.1 and 2.2, we give the

Proof of the Main Theorem. In view of Proposition 2.4, it suffices to show that E_j (t) is not a constant function. We shall argue by contradiction.

Suppose that E_j(t) ≡ E is a constant for some j. By the analytic perturbation theory [8, p.371, Theorem 1.10], E is an eigenvalue of H_V (z) for any z ∈ C . In particular, for ρ ∈ R, there exists ϕ_ρ ∈ Domain(H_V (δ + iρ)) such that ‖ϕ_ρ‖_2 = 1 and (2.23) H_V (δ + iρ)ϕ_ρ = Eϕ_ρ.

Since ϕ_ρ ∈ H^1_{per}(Ω), by the Sobolev imbedding, ϕ_ρ ∈ L^q(Ω) where q=2d/(d-2). Let p=2d/(d+2). Since (1/p)=(2/d)+(1/q), by Hölder’s inequality, V ϕ_ρ ∈ L^p(Ω). This implies that

(2.24) H_0 (δ + iρ)ϕ_ρ = H_V (δ + iρ)ϕ_ρ − V ϕ_ρ ∈ L^p(Ω).

We remark that H_0 (δ + iρ)ϕ_ρ may be defined initially as an element in the dual space of H^1_{per}(Ω).

We claim that, for |ρ| sufficiently large,

(2.25) ‖V H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} ≤ 1/2.

Assume (2.25) for a moment. It is well known that (2.25) implies that I + V H_0 (δ + iρ)^{−1} : L^p(Ω) → L^p(Ω) is invertible and

(2.26) ‖{I + V H_0 (δ + iρ)^{−1}}^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} ≤ 2 for |ρ| large .

Since ( I + V H_0 (δ + iρ)^{−1} ) H_0 (δ + iρ)ϕ_ρ = (H_0 (δ + iρ) + V )ϕ_ρ = Eϕ_ρ

in view of (2.24), we have

H_0 (δ + iρ)ϕ_ρ = E^{I + V H_0(δ + iρ)^{−1}−1} ϕ_ρ.

It follows that, for |ρ| sufficiently large, (2.27) ϕ_ρ = E H_0 (δ + iρ)^{−1} { I + V H_0(δ + iρ)^{−1} }_{−1} ϕ_ρ. Thus, by (2.26), ‖ϕ_ρ‖_p ≤ 2|E| ‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)}‖ϕ_ρ‖_p or 1 ≤ 2|E| ‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)}.

This is impossible since

‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} ≤ 2π‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}2_{(Ω)} → 0

as |ρ| → ∞, by Theorem 2.1.

It remains to prove the claim (2.25). For any ε > 0, we write V = V_1 + V_2 so that ‖V_1‖_{d/2} ≤ ε and ‖V_2‖_∞ ≤ C_ε.

Then

‖V H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)}

≤ ‖V_1H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} + ‖V_2H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} ≤ ε‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}q_{(Ω)} + C_ε‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} ≤ εC + C_ε‖H (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)}.

Choose ε small so that εC ≤ 1/4. Then let |ρ| be so large that C_ε‖H (δ + iρ)^{−1}‖_Lp_{(Ω)→L}p_{(Ω)} ≤ 1/4.

The claim is proved.

The next three sections are devoted to the proof of Theorems 2.1 and 2.2. We point out that Theorem 2.1 alone would give the absolute continuity of −Δ + V when d = 4, V ∈ L^r(Ω) for some r > 2, and d ≥ 5, V ∈ L^{d−2}(Ω). In the case d ≥ 5, this is the result obtained recently by Birman and Suslina [3].

3. The Proof of Theorem 2.1 Let ψ ∈ L^2(Ω), then (3.1) ψ(x) = ∑ n∈Z^d ψ̂(n)e^{inx}

where (3.2) ψ̂(n) = 1 (2π)^d ∫ Ω e^{−iyn}ψ(y)dy. Note that

H_0 (k)ψ(x) =^∑ n∈Z^d (n + k)A(n + k)^T e^{inx} where (n + k)^T denote the transpose of the 1 × d vector n + k. Hence, at least formally, (3.3) H_0 (k)^{−1}ψ(x) = ∑ n∈Z^d ψ̂(n)einx (n + k)A(n + k)^T .

Let (3.4) k = (δ + iρ)a + b where a is fixed in (2.17), b ∈ L, and δ is given by (2.22). Then

(n + k)A(n + k)^T = (n + b)A(n + b)^T + 2(δ + iρ)aA(n + b)^T + (δ + iρ)^2aAa^T = (n + b)A(n + b)^T + 2δ(n + b)Aa^T + (δ^2 − ρ^2)aAa^T + 2iρ(n + b + δa)Aa^T = (n + b)A(n + b)^T + 2δ(n_1 + b_1)s_0 + (δ^2 − ρ^2)a_1s_0 + 2iρ(n_1 + b_1 + δa_1)s_0 where we have used aA = (s_0, . . . , 0)(see (2.17)) in the last equality.

Note that, by (2.22), b_1 + δa_1 = 1/2. Thus

(3.5)

(n + k)A(n + k)^T = (n + b)A(n + b)^T + 2δ(n_1 + b_1)s_0 + (δ^2 − ρ^2)a_1s_0 + 2iρ(n_1 + 1 2 )s_0.

Since n_1 is an integer, |n_1 + 1/2| ≥ 1/2. It follows that (3.6) |Im (n + k)A(n + k)^T | ≥ |ρ|s_0.

Also, it is not hard to see that, if |ρ| ≥ 1, n ∈ Z^d, (3.7) |(n + k)A(n + k)^T | ≈ |(n + b)A(n + b)^T − ρ^2a_1s_0| + |ρ(n_1 + 1 2 )|.

Now, for ξ ∈ C , we consider the family of operators, (3.8) T_ξψ(x) = ∑ n∈Z^d ψ̂(n)einx [(n + k)A(n + k)^T ]^ξ .

Lemma 3.1. Suppose Re ξ ≥ 0 Then ‖T_ξψ‖_2 ≤ Ce^{π|Imξ|} |s_0ρ|^{Reξ} ‖ψ‖_2.

Proof. The lemma follows directly from the estimate (3.9) |[(n + k)A(n + k)^T ]^ξ| ≥ |s_0ρ|^{Reξ}e^{−π|Imξ|} for Re ξ ≥ 0.

Lemma 3.2. Suppose Re ξ = γ where γ = 1 if d = 3, γ > 1 if d=4, and γ ≥ (d/2) − 1 if d ≥ 5. Then ‖T_ξψ‖_2 ≤ C(ρ, γ)e^{π|Imξ|}‖ψ‖_1 with C(ρ, γ) bounded for |ρ| ≥ 1. Furthermore, C(ρ, γ) → 0 as |ρ| → ∞ for d = 3, γ = 1, and for d ≥ 4, γ > d/2 − 1.

Assuming Lemma 3.2, we now give the Proof of Theorem 2.1. Note that H_0 (δ+iρ)^{−1} = T_1. In the case d = 3, Theorem 2.1 follows directly from Lemma 3.2.

For d ≥ 4, we apply the Stein Interpolation Theorem [18, p.205, Theorem 4.1] with estimates in Lemmas 3.1 (Re ξ = 0) and 3.2. We obtain

‖H_0 (δ + iρ)^{−1}ψ‖_2 ≤^~C(ρ)‖ψ‖_p

where ~C(ρ) ≤ C[C(ρ, γ)]^M for some M > 0 and (3.10) 1 p = t 2 + 1 − t 1 , 1 = t · 0 + (1 − t) · γ.

From (3.10), we have p = 2γ/(γ + 1). Hence p=2(d-2)/d if γ = (d/2) − 1. An inspection of Lemma 3.2 now yields Theorem 2.1.

Finally in this section we give the proof of Lemma 3.2 which completes the proof of Theorem 2.1.

Proof of Lemma 3.2. Note that, for Re ξ = γ > 0,

‖T_ξψ‖^2 = (2π)^d ∑ n∈Z^d |ψ̂(n)|^2 | |[(n + k)A(n + k)T ]ξ | |^2 ≤ (2π)^de^{π|Imξ|} ∑ n∈Z^d |ψ̂(n)|^2 | |[(n + k)A(n + k)T ] | |^{2γ} ≤ (2π)^{−d}e^{π|Imξ|}‖ψ‖^2_1 ∑ n∈Z^d |ψ̂(n)|^2 | |[(n + k)A(n + k)T ] | |^{2γ} where we have used |ψ̂(n)| ≤ (2π)^{−d}‖ψ‖_1. Thus, by (3.7), we need to estimate

(3.11) ∑ n∈Z^d 1 { |(n + b)A(n + b)^T − ρ^2a_1s_0| + |ρ(n_1 +^1_2 )| }_{2γ} . We may assume ρ ≥ 1.

Let B be a d × d symmetric, positive-definite matrix such that A = B^2, i.e., B = √ A. Then, for ρ ≥ 1,

|(n + b)A(n + b)^T − ρ^2a_1s_0| = | ||(n + b)B|^2 − ρ^2a_1s_0 | | = {|(n + b)B| + ρ √ a_1s_0} | ||(n + b)B| − ρ√a_1s_0 | | ≈ (ρ + |n|) | |(n + b)B| − ρ √ a_1s_0 | . Thus, (3.11) is bounded by C{I_1 + I_2} where

I_1 = ∑ n∈Z^d |n|≥Cρ 1 |n|^{4γ} ,

and I_2 = ∑ n∈Z^d |n|<Cρ 1 ρ^{2γ} {| |(n + b)B| − ρ √ a_1s_0 | | + |n_1 +^1_2 |}^{2γ} .

Clearly,

(3.12) I_1 ≤ C ∫_∞ Cρ r^{d−1}dr r^{4γ} ≤ C_γ ρ^{4γ−d} where we have assumed that γ > d/4.

To estimate I_2, note that, if x ∈ R^d and |x − n| ≤ 1/4, then | ||xB|−ρ√a_1s_0 | | + |x_1| + 1 ≤ C {| | |(n + b)B| − ρ√a_1s_0 | | + |n_1 + 1 2 | }

where we have used the fact that |b| ≤ √ d and |n_1 + 1/2| ≥ 1/2. It follows that

I_2 ≤ C ρ^{2γ} ∫ x∈R^d |x|≤Cρ dx {| |xB| − ρ √ a_1s_0 | | + |x_1| + 1}^{2γ} ≤ C ρ^{2γ} ∫ y∈R^d |y|≤Cρ dy {| |y| − ρ √ a_1s_0 | + |(B^{−1}y)_1| + 1 }_{2γ} ≤ C ρ^{2γ} ∫ x∈R^d |x|≤Cρ dx {| |x| − ρ √ a_1s_0 | | + |x_1| + 1}^{2γ}

where the last inequality follows by a rotation. A dilation now gives

I_2 ≤ C ρ^{4γ−d} ∫ x∈R^d_{|x|≤C}^{dx} {| ||x| − √a_1s_0 | | + |x_1| +^1_ρ }_{2γ} .

To take the advantage of the term |x_1| in the integrand, we use polar coordinates

in R^d with x_1 = r cos θ. We obtain

I_2 ≤ C ρ^{4γ−d} ∫_C 0 r^{d−1}dr ∫ π_2 0 (sin θ)^{d−2}dθ { |r − √ a_1s_0| + r cos θ +^1_ρ }_{2γ}

≤ C_γ ρ^{4γ−d} ∫_C 0 r^{d−2}d r { |r − √ a_1s_0| +^1_ρ }_{2γ−1}

≤ C_γ ρ^{4γ−d} ∫_C 0 d r { r +^1_ρ }_{2γ−1}

≤ C_γ ρ^{2γ−d+2} + C_γ ρ^{4γ−d} ∫_C 1 ρ d r r^{2γ−1} . This, together with (3.12), shows that, if γ > d/4, the sum (3.11) is bounded by C_γ ρ^{2γ−d+2} + C_γ ρ^{4γ−d} ∫_C 1 ρ d r r^{2γ−1} . Thus, if d = 3 and γ = 1, ‖T_ξψ‖_2 ≤ Ce^{π|Imξ|} 1 |ρ|^{1/2} {1 + log |ρ|}^{1/2} ‖ψ‖_1, and ‖T_ξψ‖_2 ≤ C_γ e^{π|Imξ|} 1 |ρ|^{γ−1} ‖ψ‖_1 if d = 4, Re ξ = γ > 1, ‖T_ξψ‖_2 ≤ C_γ e^{π|Imξ|} 1 |ρ|^{γ− d}2^{+1} ‖ψ‖_1 if d ≥ 5, Re ξ = γ ≥ d 2 − 1. The lemma is proved.

4. The Uniform Sobolev Inequalities

The goal of this section is to establish the following uniform Sobolev inequalities.

Theorem 4.1. Let p = 2d/(d + 2), q = 2d/(d − 2), and b ∈ R^d . Let z ∈ C such that Im z ≠ 0 and Re √ z ≥ c_0 > 0, then ‖ ( (D + b)A(D + b)^T + z )_{−1} ψ‖_q ≤ C‖ψ‖_p with a constant C independent of b and z.

In the next section we will deduce Theorem 2.2 from Theorem 4.1 by a localization argument. We remark that our proof of Theorems 2.2 and 4.1 is based on an approach developed in [10] for the similar estimates in R^d .

For ξ ∈ C , we consider the family of operators

(4.1) S_ξψ(x) = (ξ − d 2 ) ∑ n∈Z^d ψ̂(n)einx [|(n + b)B|^2 + z]^ξ

where B = √ A, b ∈ R^d , and z ∈ C satisfies the conditions in Theorem 4.1. Clearly,

(4.2) S_1 = (1 − d 2 ) ( (D + b)A(D + b)^T + z )_{−1} .

We begin with a L^2 − L^2 estimate

Lemma 4.1. Suppose Re ξ ≥ 0 Then

‖S_ξψ‖_L2_{(Ω)} ≤ C(|ξ| + 1)e^{π|Imξ|} |Im z|^{Reξ} ‖ψ‖_L2_{(Ω)}.

As for Lemma 3.1, the proof of Lemma 4.1 is easy.

To apply the Stein interpolation theorem, we need to establish the L^1 − L^∞ estimate for Re ξ = d/2. To this end, we write

(4.3) S_ξψ(x) = ∫ Ω G_ξ(x − y)ψ(y)dy

where

(4.4) G_ξ(x) =

(ξ −^d_2 ) (2π)^d ∑ n∈Z^d e^{inx} [|(n + b)B| + z]^ξ .

Let F_ξ(·) denote the Fourier transform of [| · |^2 + z]^{−ξ} in R^d .

Lemma 4.2. The formula

G_ξ(x) = ξ −^d_2 det(B) ∑ n∈Z^d e^{−ib(x+2πn)}F_ξ((x + 2πn)B^{−1})

holds for any ξ with which the right hand side converges absolutely.

Proof. We may assume Re ξ is large in order to justify the following computation. The formula can be extended then to any ξ for which the right hand side converges absolutely, by analytic continuation.

Note that

(4.5) F_ξ(y) = 1 (2π)^d ∫ R^d e^{−ixy}dx [|x|^2 + z]^ξ . By a change of variables,

F_ξ(yB^{−1}) = det(B) (2π)^d ∫ R^d e^{−ixy}dx [|xB|^2 + z]^ξ . The inverse Fourier transform then gives 1 [|xB|^2 + z]^ξ = 1 det(B) ∫ R^{d e} ixyF_ξ(yB^{−1})dy = 1 det(B) ∑ m∈Z^d ∫ Ω e^{ix(y+2πm)}F_ξ((y + 2πm)B^{−1})dy = 1 det(B) ∫ Ω e^{ixy} ∑ m∈Z^d e^{2πixm}F_ξ((y + 2πm)B^{−1})dy.

In particular, if we let x = −(n + b), 1 [|(n + b)B|^2 + z]^ξ = 1 det(B) ∫ Ω e^{−iny}e^{−iby} ∑ m∈Z^d e^{−2πimb}F_ξ((y + 2πm)B^{−1})dy.

This implies that ∑ n∈Z^d e^{inx} [|(n + b)B|^2 + z]^ξ = (2π)^d det(B) ∑ n∈Z^d e^{−i(x+2πn)b}F_ξ((x + 2πn)B^{−1}).

The lemma follows.

By Lemma 4.2, we have (4.6) |G_ξ(x) ≤ C|ξ − d 2 | ∑ n∈Z^d |F_ξ((x + 2πn)B^{−1})|.

To estimate the sum, we use the following formula [5, pp. 288-289]:

(4.7) F_ξ(x) = 2^{1−ξ} (2π)^{d/2}Γ(ξ) [ z |x|^2 ] 1_{2 (} d_{2 −ξ)} K d_{2 −ξ}( √ z|x|^2)

where Γ(ξ) is the Gamma function and K_η is the modified Bessel function of the third kind [12, p.108].

We need two estimates on K_η for Re η = 0: |K_η(ω)| ≤ Ce^{C|Imη|} e^{−Re ω} |ω|^{1/2} if |ω| ≥ 1, Re ω > 0, (4.8) | sin(πη)K_η(ω)| ≤ Ce^{C|Imη|} if |ω| ≤ 1, Re ω > 0. (4.9)

We remark that (4.8) follows from the formula

K_η(ω) = ( π 2ω )_{1/2} e−ω Γ(η +^1_2 ) ∫_∞ 0 e^{−s}s^{η− 12} ( 1 + s 2ω )_{η−} 1_2 ds which is valid for Re η > −1/2 and | arg ω| < π [12, p.140], while (4.9) is a consequence of

2 sin(πη)K_η(ω) = π { ( ω 2 )_η^∞∑ j=0 (^ω_2 )^{2j} Γ(j + 1)Γ(j + η + 1) − ( ω 2 )_{−η}^∞∑ j=0 (^ω_2 )^{2j} Γ(j + 1)Γ(j − η + 1) }

[12, p.108].

Lemma 4.3. Suppose Re ξ = d/2, then ‖S_ξψ‖_∞ ≤ Ce^{C|Imξ|}‖ψ‖_1.

Proof. In view of (4.3) and (4.6), it suffices to show that, for Re ξ = d/2,

(4.10) |Im ξ| ∑ n∈Z^d | F_ξ((x + 2πn)B^{−1}) | ≤ Ce^{C|Imξ|}, x ∈ Ω. To this end, we first note that, by (4.7), the left hand side of (4.10) is bounded by (4.11) C|Im ξ|e^{C|Imξ|} ∑ n∈Z^d | |K_{−iImξ}(√z|(x + 2πn)B^{−1}|) | |.

Next, we write the sum in (4.11) as I_1 + I_2, where I_1 is the sum over all n such that Re √ z|(x + 2πn)B^{−1}| ≤ C. It is easy to see that, by (4.8)-(4.9) and the estimate |Im ξ| | sin(πiIm ξ)| ≤ Ce^{C|Imξ|},

(4.12) I_1 ≤ Ce^{C|Imξ|} ∑ n∈Z^d |x+2πn|≤ eC 1 ≤ Ce^{C|Imξ|}.

To estimate I_2, we use (4.9) to obtain I_2 ≤ Ce^{C|Imξ|} ∑ n∈Z^d Re √ z|x+2πn|≥C e^{−cRe√z|x+2πn|} · 1 |z|^{1/4}|x + 2πn|^{1/2} .

Note that, if |y − x| ≤ c_0/Re √ z ≤ 1, then e^{−cRe√z|x+2πn|} · 1 |z|^{1/4}|x + 2πn|^{1/2} ≤ Ce^{−cRe√z|y+2πn|} · 1 [Re √ z|y + 2πn|]^{1/2} . Thus, e^{−cRe√z|x+2πn|} · 1 |z|^{1/4}|x + 2πn|^{1/2} ≤ C ( Re √ z c_0 )_d ∫ |y−x|≤^{c0}_{Re}√_z e^{−cRe√z|y+2πn|}dy [Re √ z|y + 2πn|]^{1/2} . This yields, by summation, that I_2 ≤ Ce^{C|Imξ|} ( Re √ z c_0 )_d ∫ |y|≥^c_{Re}√_z e^{−cRe√z|y|}dy [Re √ z|y|]^{1/2} ≤ Ce^{C|Imξ|} ∫_∞ 0 e^{−cr} dr √ r ≤ Ce^{C|Imξ|} which, together with (4.12), gives (4.10). The proof is finished.

We are now in a position to give the Proof of Theorem 4.1. With estimates in Lemmas 4.1 (Re ξ = 0) and 4.3, we apply the Stein interpolation theorem [18, p.205, Theorem 4.1] to obtain ‖ { (D + b)A(D + b)^T + z }_{−1} ψ‖_q ≤ C‖ψ‖_p where q = p^′ and (4.13) 1 p = t 2 + 1 − t 1 , 1 = t · 0 + (1 − t) · d 2 . The theorem follows since, by (4.13), t = 1 − 2 d and p = 2 2 − t = 2d d + 2 .

5. The Proof of Theorem 2.2 In this section we give the proof of Theorem 2.2 and thus complete the final step in the proof of Theorem 0.1.

Recall that (5.1) H_0 (δ + iρ)^{−1}ψ = ∑ n∈Z^d ψ̂(n)einx (n + k)A(n + k)^T where k = (δ + iρ)a + b (see (3.3) - (3.5)) and we need to show (5.2) ‖H_0 (δ + iρ)^{−1}ψ‖_q ≤ C‖ψ‖_p for p = 2d/(d + 2), q = p^′ with a constant C independent of ρ when |ρ| ≥ 1. We may assume ψ ∈ C^∞_0 (Ω).

First, we write ψ = ∑_∞ j=−∞ ψj where

(5.3) ψ_j = ∑ n∈Z^d n_1∈[2^{j−1},2^j −1]

ψ̂(n)e^{inx} for j ≥ 1,

ψ_j = ∑ n∈Z^d n_1∈[−2^{−j} +1,−2^{−j−1}]

ψ̂(n)e^{inx} for j ≤ −1,

and ψ_0 = ψ̂(0).

Lemma 5.1. If estimate (5.2) holds for ψ_j with a constant C independent of j, then it holds for ψ.

Proof. Since H_0 (δ+iρ)^{−1} is a multiplier operator, by the one-dimensional Littlewood- Paley theory on [0, 2π] [20, Chapter XV], we have

‖H_0 (δ + iρ)^{−1}ψ‖_q ≤ C‖ ∞∑ j=−∞ |H_0 (δ + iρ)^{−1}ψ_j |^2 1/2 ‖_q

≤ C ∞∑ j=−∞ ‖H_0 (δ + iρ)^{−1}ψ_j ‖^2_q 1/2

≤ C ∞∑ j=−∞ ‖ψ_j‖^2_p 1/2

≤ C‖ ∞∑ j=−∞ |ψ_j |^2 1/2 ‖_p ≤ C‖ψ‖_p where we used the Minkowski’s inequality [17, p.271] and q > 2 > p in the second and fourth inequalities.

We will give the estimate of H_0 (δ + iρ)^{−1}ψ_j for j ≥ 1 in details. The case j ≤ 0 may be handled in the same manner.

Fix j ≥ 1. Note that, n_1 ≈ 2^j if ψ̂_j (n) ≠ 0. In view of (3.5), we let (5.4) z_j = −ρ^2a_1s_0 + 2iρ · 2^j · s_0 and consider the operator (5.5) ( (D + b)A(D + b)^T + z_j )_{−1} ψ = ∑ n∈Z^d ψ̂(n)einx |(n + b)B|^2 + z_j (see (4.1)-(4.2)).

Lemma 5.2. Let j ≥ 1 and ρ ∈ R, |ρ| ≥ 1. Then there exists a constant C independent of j and ρ, such that

‖H_0 (δ + iρ)^{−1}ψ_j −^((D + b)A(D + b)^T + z_j^{)−1} ψ_j‖_q ≤ C‖ψ_j ‖_p.

Proof. Note that, by (5.1) and (5.5),

(5.6)

H_0 (δ + iρ)^{−1}ψ_j −^((D + b)A(D + b)^T + z_j^{)−1} ψ_j = ∑ n∈Z^d ψ̂_j(n)einx {|(n + b)B|2 + z_j − (n + k)A(n + k)T } [(n + k)A(n + k)^T ] · [|(n + b)B|^2 + z_j ] = ∞∑ M=1 ∑ n∈Z^d M−1≤|nB|<M ψ̂_j (n)einx {|(n + b)B|2 + z_j − (n + k)A(n + k)T } [(n + k)A(n + k)^T ] · [|(n + b)B|^2 + z_j ] .

Now we consider the second order elliptic operator P = DAD^T on the d-torus [0, 2π)^d ≈ R^d /(2πZ)^d. P has a complete set of eigenfunctions {e^{inx}, n ∈ Z^d} with the corresponding eigenvalues {nAn^T , n ∈ Z^d}. Thus

(5.7) χ_M ϕ = ∑ n∈Z^d nAn^T ∈[(M−1)^2,M^2)

ϕ̂(n)e^{inx} = ∑ n∈Z^d |nB|∈[M−1,M) ϕ̂(n)e^{inx}

is the projection of ϕ to the subspace of L^2(Ω), spanned by eigenfunctions with eigenvalues in [(M − 1)^2, M^2). It then follows from a general result in [16, p.127, Theorem 2.2, part (i)] that, for any ϕ ∈ L^2(Ω),

(5.8) ‖χ_M ϕ‖_2 ≤ CM^{1/2}‖ϕ‖_p.

since p = 2d/(d + 2) < p_d = 2(d + 1)/(d + 3) and σ(p, d) = d[^1_p −^1_{p′} ] − 1 = 1. By duality, (5.8) implies that, if q = p^′,

(5.9) ‖χ_M ϕ‖_q ≤ CM^{1/2}‖ϕ‖_2.

Hence, by (5.6), the Minkowski’s inequality and (5.8)-(5.9), we have

‖H_0 (δ + iρ)^{−1}ψ_j −^((D + b)A(D + b)^T + z_j^{)−1} ψ_j ‖_q ≤ ∞∑ M=1 ‖ ∑ n∈Z^d M−1≤|nB|<M ψ̂_j (n)einx {|(n + b)B|2 + z_j − (n + k)A(n + k)T }

[(n + k)A(n + k)^T ] · [|(n + b)B|^2 + z_j ] ‖_q

≤ C ∞∑ M=1 M^{1/2}‖ ∑ n∈Z^d M−1≤|nB|<M ψ̂_j (n)einx {|(n + b)B|2 + z_j − (n + k)A(n + k)T }

[(n + k)A(n + k)^T ] · [|(n + b)B|^2 + z_j ]

‖_2

≤ C ∞∑ M=1 M^{1/2} sup n∈Z^d n_1∈[2^{j−1},2^j −1] |nB|∈[M−1,M)

| | | | { |(n + b)B|^2 + z_j − (n + k)A(n + k)^T } [(n + k)A(n + k)^T ] · [|(n + b)B|^2 + z_j ] | | | |

· ‖ ∑ n∈Z^d |nB|∈[M−1,M) ψ̂_j (n)e^{inx}‖_2

≤ C‖ψ_j ‖_p ∞∑ M=1 M sup n∈Z^d n_1∈[2^{j−1},2^j −1] |nB|∈[M−1,M)

| | | | { |(n + b)B|^2 + z_j − (n + k)A(n + k)^T } [(n + k)A(n + k)^T ] · [|(n + b)B|^2 + z_j ] | | | |

≤ C‖ψ_j ‖_p ∞∑ M=1 M sup n∈Z^d |nB|∈[M−1,M) |ρ|2^j {| |(n + b)B|^2 − ρ^2a_1s_0 | + 2^j|ρ| }_2

where we have used (3.5), (3.7) and (5.4) in the last inequality.

It remains to show that, for ρ ∈ R and |ρ| ≥ 1,

(5.10) ∞∑ M=1 M sup n∈Z^d |nB|∈[M−1,M) |ρ|2^j {| |(n + b)B|^2 − ρ^2a_1s_0 | | + 2j|ρ|}^2 ≤ C.

We may assume ρ ≥ 1.

To prove (5.10), note that, if |nB| ∈ [M − 1, M) and M ≥ Cρ,

| ||(n + b)B|^2 − ρ^2a_1s_0| + 2^jρ ≥ c(M^2 + 2^jρ).

On the other hand, if |nB| ∈ [M − 1, M) and M ≤ Cρ, | ||(n + b)B|^2 − ρ^2a_1s_0 | | + 2^j ρ

= (|(n + b)B| + ρ √ a_1s_0) | ||(n + b)B| − ρ√a_1s_0 | | + 2^j ρ ≥ ερ | ||(n + b)B| − ρ√a_1s_0 | | + 2^j ρ ≥ ερ | ||nB| − ρ√a_1s_0 | | + (2^j − ε|bB|)ρ ≥ ερ | |M − ρ√a_1s_0 | | + (2^j − ε|bB| − ε)ρ ≥ ερ { |M − ρ √ a_1s_0| + 2^j } if ε is small. Thus, the left hand side of (5.10) is bounded by C ∑ 1≤M≤Cρ M2^j ρ { |M − ρ √ a_1s_0| + 2^j

}_2 + C ∑ M≥Cρ Mρ2^j (M^2 + 2^j ρ)^2

= I_1 + I_2.

It is not hard to see that, if |r − M| ≤ 1/2 and M ≥ 1, M2^j ρ { |M − ρ √ a_1s_0| + 2^j

}_2 ≤ Cr2^j ρ { |r − ρ √ a_1s_0| + 2^j

}_2 .

It follows that

I_1 ≤ C ∫_{Cρ} 0 r2^jdr ρ { |r − ρ √ a_1s_0| + 2^j

}_2 ≤ C ∫_C 0 2^jρ^{−1}dr { |r − √ a_1s_0| + 2^j ρ^{−1}

}_2 ≤ C ∫ |r− √ a_1 s_0|≤2^j ρ^{−1} dr 2^jρ^{−1} + C ∫ |r− √ a_1s_0|≥2^j ρ^{−1}

2^j ρ^{−1}dr |r − √ a_1s_0|^2 ≤ C. Similarly,

I_2 ≤ C ∫_∞ Cρ ρ2^jrdr (r^2 + 2^j ρ)^2 ≤ C ∫_∞ 0 rdr (r^2 + 1)^2 ≤ C. (5.10) is now proved and thus the proof of Lemma 5.2 is complete.

Finally we are ready to give the

Proof of Theorem 2.2. In view of Lemmas 5.1 and 5.2, it suffices to show ‖ ( (D + b)A(D + b)^T + z_j )_{−1} ψ_j ‖_q ≤ C‖ψ_j ‖_p.

But this follows immediately from Theorem 4.1, since for z_j = −ρ^2a_1s_0 +2iρ·2^j ·s_0, we have Im z_j = 2ρ · 2^j · s_0 ≠ 0 and Re √ z_j =|z_j |^{1/2} cos ( 1 2 arg(z_j ) ) ≥ 1 2 · |Im z_j | |z_j |^{1/2} ≥ c|ρ|2^j |ρ| + √ |ρ|2^j ≥ c min(2^j , √ |ρ|2^j) ≥ c_0 > 0.

6. Potentials in weak-L^{d/2}(Ω) space In this section we give the proof of Theorem 0.2. We will use ‖ · ‖_{p,q} to denote the norm in the Lorentz space L^{p,q}(Ω) where 1 < p ≤ ∞, 1 ≤ q ≤ ∞ (see [18, Chapter V]). We will need the following inequalities: (6.1) ‖f‖_{q0,2} ≤ C{‖∇f‖_2 + ‖f‖_2} and (6.2) ‖fg‖_{p0,2} ≤ C‖g‖_{d/2,∞}‖f‖_{q0,2} where p_0 = 2d/(d+2) and q_0 = 2d/(d−2). (6.2) and (6.3), which may be proved by the real interpolation, are substitutes, in the case of Lorentz spaces, for the usual Sobolev inequality and Hölder inequality.

Let V ∈ L^{d/2,∞}(Ω) be a real function satisfying the condition (1.9). We may write V = V_1 + V_2 such that

(6.3) ‖V_1‖_{d/2,∞} ≤ ε_0 and ‖V_2‖_∞ ≤ C.

It follows from (6.1)-(6.2) that

(6.4) ∫ Ω |V | |f|^2dx ≤ Cε_0 ∫ Ω |∇f|^2dx + C ∫ Ω |f|^2dx. Using the same arguments as in section 2, we see that, if ε_0 is sufficiently small, we may define the operators DAD^T + V on R^d and (D + k)A(D + k)^T + V on Ω through the corresponding quadratic forms.

Next, note that, by (6.1)-(6.2), V ϕ ∈ L^{p0,2}(Ω) if V ∈ L^{d/2,∞}(Ω) and ϕ ∈ H^1_{per}(Ω). With this observation, a careful inspection of the arguments in the proof of Theorem 0.1 in section 2 shows that Theorem 0.2 follows from the following estimates:

‖H_0 (δ + iρ)^{−1}‖_Lp0,2_{(Ω) →L}p0,2_{(Ω)} → 0 as |ρ| → ∞,

(6.5)

‖H_0 (δ + iρ)^{−1}‖_Lp0,2_{(Ω)→L}q0,2_{(Ω)} ≤ C for |ρ| ≥ 1.

(6.6)

Also it is not hard to see that (6.5) is a direct consequence of Theorem 2.1 and the real interpolation (see [18], p.197, Theorem 3.15). We omit the details.

To show (6.6), we need the following theorem.

Theorem 6.1. Let p_1 ≤ p ≤ p_2 and (1/q) = (1/p) − (2/d) where p_1 = 2d(d + 1)/(d^2 + 3d + 4) and p_2 = 2(d + 1)/(d + 3). There there exists C > 0 depending on A and d, such that, for |ρ| ≥ 1,

(6.7) ‖H_0 (δ + iρ)^{−1}‖_Lp_{(Ω)→L}q_{(Ω)} ≤ C.

Note that p_0 = 2d/(d + 2) ∈ (p_1, p_2). Estimate (6.6) follows from Theorem 6.1, again by the real interpolation. Finally we give the

Proof of Theorem 6.1. By the same localization arguments as in the proofs of Lemmas 5.1 and 5.2, we may reduce the estimate (6.6) to

(6.8) ‖ ( (D + b)A(D + b)^T + z )_{−1} ψ‖_q ≤ C‖ψ‖_p where b ∈ R^d , z ∈ C , Imz ≠ 0 and Re √ z ≥ c_0 > 0. We should point out that in the place of (5.8)-(5.9) in the proof of Lemma 5.2, one needs to use the assumption p_1 ≤ p ≤ p_2. This gives q^′ ≤ p_d = 2(d+1)/(d+3), p ≤ p_d and σ(q^′, d) = d[^1_{q′} −^1_q ]−1, σ(p, d) = d[^1_p −^1_{p′} ] − 1. The result in [16, p.127, Theorem 2.2] then implies that

(6.9) ‖χ_M ‖_L2_{→L}q ‖χ_M ‖_Lp_{→L}2 = ‖χ_M ‖_Lq′_{→L}2 ‖χ_M ‖_Lp_{→L}2 ≤ CM^{σ(q′,d)/2}M^{σ(p,d)/2} = CM where we also used (1/q) = (1/p) − (2/d) in the last equality.

To prove (6.8), we define S_ξψ as in (4.1). We claim that, if Re ξ = (d − 1)/2, then (6.10) |G_ξ(x)| ≤ Ce^{C|Imξ|} 1 + ∑ |x+2πn|≤C 1 |x + 2πn| where G_ξ(·) is the integral kernel of the operator S_ξ (see (4.4)). Indeed, by (4.6)- (4.7), we have (6.11) |G_ξ(x)| ≤ Ce^{C|Imξ|} ∑ n∈Z^d |z|^{1/4} |x + 2πn|^{1/2} · | |K_{12 −iImξ}(√z|(x + 2πn)B^{−1}|) | |.

We need the following estimates on the Bessel function K_η(ω) for Re η = 1/2: |K_η(ω)| ≤ Ce^{C|Imη|} |ω|^{1/2} if |ω| ≤ 1, (6.12) |K_η(ω)| ≤ Ce^{C|Imη|}e^{−Reω} |ω|^{1/2} if |ω| ≥ 1 and Re w > 0.

(6.13)

Using (6.12)-(6.13), we obtain from (6.11) that |G_ξ(x)| ≤ Ce^{C|Imξ|} ∑ |z|^{1/2}|(x+2πn)B^{−1}|≤1 |z|^{1/4} |x + 2πn|^{1/2} · 1 |z|^{1/4}|x + 2πn|^{1/2} + Ce^{C|Imξ|} ∑ |z|^{1/2}|(x+2πn)B^{−1}|>1 |z|^{1/4} |x + 2πn|^{1/2} · e^{−Re√z|(x+2πn)B−1|} |z|^{1/4}|x + 2πn|^{1/2} ≤ Ce^{C|Imξ|} ∑ |x+2πn|≤C 1 |x + 2πn| + Ce^{C|Imξ|} ∑ |x+2πn|≥C e^{−c|x+2πn|} |x + 2πn|

≤ Ce^{C|Imξ|} 1 + ∑ |x+2πn|≤C 1 |x + 2πn| where we also used the assumption Re √ z ≥ c_0. (6.10) is then proved.

It follows from (6.10) and the well-known fractional integral estimates that, for Re ξ = (d − 1)/2, (6.14) ‖S_ξψ‖_{q̃} ≤ C‖ψ‖_{p̃}, where

(6.15) 1 q̃ = 1 p̃ − d − 1 d and 1 < p̃ < d d − 1 . With (6.14) and the L^2-estimate in Lemma 4.1 for Re ξ = 0 at our disposal, we now apply the Stein complex interpolation theorem. We conclude that (6.16) ‖S_1ψ‖_q ≤ C‖ψ‖_p where

(6.17)

1 = t · 0 + (1 − t) · d − 1 2 , 1 q = t 2 + 1 − t q̃ , 1 p = t 2 + 1 − t p̃ . An inspection of (6.15) and (6.17) shows that (6.16), hence(6.8) holds for 1 q = 1 p − 2 d , and 1 2 + 2 d − 1 d − 1 < 1 p < 1 2 + 1 d − 1 . In particular, (6.8) is true for any p ∈ [p_1, p_2]. The proof is then complete.

Acknowledgments. The work presented in this paper was done partly during the workshop “Schrödinger Operators with Magnetic Fields” at the Erwin Schrödinger Institute in Vienna, Austria. The author would like to thank T. Hoffmann-Ostenhof for his invitation and hospitality, and to the Institute for financial support. The author also wish to express thanks to I. Herbst for helpful conversations and suggestions, and to M. Birman and T. Suslina for making the English translation of their papers [1,2] available.

References

[1] M.Sh. Birman and T.A. Suslina, Two-dimensional periodic magnetic Hamiltonian is absolutely continuous, Algebra i Analiz 9(1) (1997), 32-48; English transl. in St. Petersburg Math. J. 9(1) (1998), 21-32.

[2] , Absolute continuity of the two-dimensional periodic magnetic Hamiltonian with discontinuous vector-valued potential, Algebra i Analiz 10(4) (1998); English transl. in St. Petersburg Math. J. 10(4) (1999).

[3] , Periodic magnetic Hamiltonian with a variable metric. The problem of absolute continuity, Preprint.

[4] L. Danilov, On the spectrum of the Dirac operator with periodic potential in Rn , Theor. and Math. Phys. 85 (1990), 1039-1048.

[5] I.M. Gelfand and G.E. Shilov, Generalized Functions, vol. I, Academic Press, 1964. [6] R. Hempel and I. Herbst, Strong magnetic fields, Dirichlet boundaries, and spectral gaps, Comm. Math. Phys. 164 (1995), 237-259.

[7] , Bands and gaps for periodic magnetic Hamiltonians, in Operator Theory: Advances and Applications 78 (1995), 175-184.

[8] T. Kato, Perturbation Theory for Linear Operators, Second edition (1979), Springer-Verlag. [9] C.E. Kenig, Restriction theorems, Carleman estimates, uniform Sobolev inequalities and unique continuation, Lecture Notes in Math. 1384 (1989), 69-90.

[10] C.E. Kenig, A. Ruiz, and C.D. Sogge, Uniform Sobolev inequalities and unique continuation for second order constant coefficient differential operators, Duke Math. J. 55(2) (1987), 329-347.

[11] P. Kuchment, Floquet theory for partial differential equations, Birkhäuser Verlag, 1993. [12] N.N. Lebedev, Special Functions and Their Applications, Dover Publications, New York, 1972.

[13] A. Morame, Absence of singular spectrum for a perturbation of a two-dimensional Laplace- Beltrami operator with periodic electro-magnetic potential, J. Phys. 31 (1998), 7593-7601.

[14] M. Reed and B. Simon, Methods of Modern Mathematical Physics,, vol. II and IV, Academic Press, 1978.

[15] A.V. Sobolev, Absolute continuity of the periodic magnetic Schrödinger operator, ESI preprint 495 (1997).

[16] C.D. Sogge, Concerning the Lp norm of spectral clusters of second order elliptic operators on compact manifolds, J. Funct. Analysis 77(1) (1988), 123-138.

[17] E.M. Stein, Singular Integrals and Differentiability Properties of Functions, Princeton Univ.

Press, 1970.

[18] E.M. Stein and G. Weiss, Introduction to Fourier Analysis on Euclidean Spaces, Princeton Univ. Press, 1971.

[19] L.E. Thomas, Time dependent approach to scattering from impurities in a crystal, Comm.

Math. Phys. 33 (1973), 335-343.

[20] A. Zygmund, Trigonometric Series, vol. II, Cambridge Univ. Press, 1968.