Phase Transition in the Semiclassical Regime

Bernard Helffer^� Département de mathématiques, Bat 425

F-91405 Orsay Cédex, FRANCE and André Martinez^y Università di Bologna Dipartimento di Matematica Piazza di Porta San Donato, 5 40127 Bologna, ITALY

May, 28, 1999

Abstract

In continuation with [He1] and an unpublished paper by F. Daumer [Da], we would like to explore the variation of the splitting for a Schrödinger operator coming from field theory when the potential changes as a function of the temperature from a one-well situation to a double well situation. We are for the moment only able to treat the fixed dimension case. But, because the most interesting thing would be to analyze the dependence on the dimension (in the perspective of applications to statistical mechanics) we have tried to follow some of the steps in the proof with respect to the dimension. All this analysis was strongly motivated by a course by M. Kac where some heuristical discussion based on some Born-Oppenheimer analysis is presented. So our work can be considered as a first attempt for justifying this discussion.

1 Introduction

Our model is the following operator defined on IR^m :

P (h, ν) = −h^2Δ + m∑ i=1 [ νx^2_i + x^4_i ] + J m∑ i=1 |x_i − x_{i+1}|^2 . (1.1)

There are 4 parameters :

�Supported by the CNRS, UMR 8628 yInvestigation supported by the University of Bologna : Funds for selected research topics.

• m is the dimension. If we think of the origin to statistical mechanics, this corresponds to a family of potentials parametrized by a subset Λ of ZZ^d. Here d = 1 and Λ is identified to a periodic sublattice ZZ/mZZ. This choice is done through the convention that

x_{m+1} = x_1 , (1.2)

in (1.1). The treatment of similar questions with other boundary conditions in the large dimension limit is an interesting largely open problem. By other boundary conditions we mean for example the “free case”, corresponding to the potential :

V^{(m,f ree)} := m∑ i=1 [ νx^2_i + x^4_i ] + J m−1∑ i=1 |x_i − x_{i+1}|^2 ,

or, given some ω ∈ IR^{ZZ} , the problem with boundary ω, corresponding to the potential V^{m,ω} := V^{(m,f ree)} + J ( |x_1 − ω_0|^2 + |x_m − ω_{m+1}|^2 ) . • J is a positive parameter measuring the size of the interaction. The case J = 0 is not the most interesting because the operator becomes a model with separate variables which is easily analyzed by direct semi-classical analysis of the one dimensional model −h^2 d^2 dt^2 + νt^2 + t^4 , (1.3)

which was already analyzed in [He1] or in the pionneering work of [KaTh]. We shall recall some of the main results in the next section. This case corresponds to the case without interaction. In the future, when m > 1, we will take J > 0 fixed independently of the other parameters. This means that we will not treat the interaction perturbatively which is an independent interesting problem.

• The parameter ν represents the influence of the temperature. The value ν = 0 is critical in the sense that

{ when ν > 0 the electric potential

V^{(m)} := m∑ i=1 [ νx^2_i + x^4_i ] + J m∑ i=1 |x_i − x_{i+1}|^2 , (1.4)

has a unique non-degenerate minimum (and the potential is uniformly strictly convex) at X = 0, { when ν < 0, V^{(m)} has two non-degenerate minima which are symmetric through x → −x.

• h is the semi-classical parameter which will tend to 0.

Our main problem will be to analyze the transition between ν > 0 and ν < 0. This means that we no more assume that ν is fixed and that we shall analyze more carefully how the limits ν → 0 and h → 0 intertwin.

2 What is known?

2.1 The case m = 1.

The case m = 1 was analyzed in [He1]. We simply find the model (1.3). We know in this case from [Si1] that the splitting between the two lowest eigenvalues of the operator λ_2(ν, h)−λ_1(ν, h) is a monotonic increasing function of ν. When ν < 0, we know that the splitting is exponentially small

λ_2(ν, h) − λ_1(ν, h) ∼ h^{12} c_ν (h) exp − S_ν h , (2.1)

with S_ν = |ν|^{32} S_1 , (2.2) and S_1 =

∫ 1p_2

− 1p_2 ( 1 2 − t^2)dt = √ 2 3 . (2.3)

For the moment, the asymptotic is not uniform with respect to ν as ν → 0. But at least formally, it is clear that the nature of the splitting change as S_ν /h becomes bounded, and this strongly suggests to distinguish between three regions • ν ≤ −Ch^{23} , (2.4) • −Ch^{23} ≤ ν ≤ Ch^{23} , (2.5) • ν ≥ Ch^{23} , (2.6)

where C is some positive constant.

When ν > 0 (fixed), by standard semiclassical analysis one can use an harmonic approximation of the operator and obtain :

λ_2(ν, h) − λ_1(ν, h) = 2 √ ν h + r_ν (h) , (2.7)

with r_ν (h) = O_ν (h^2) .

If one want to control the uniformity of the remainder with respect to ν, it is probably better to make the change of variable t = ρy, and to choose ρ = √ ν . (2.8)

The initial operator becomes unitary equivalent to to the operator

ρ^4 ( −h̃^2 d^2 dy^2 + y^2 + y^4 ) (2.9)

with h̃ = h/ρ^3 . (2.10)

This gives the remainder in the form

r_ν (h) = ν^2O(h̃^2) = 1 ν O(h^2) . (2.11)

This has a meaning only when h̃ → 0, that is when^h_{ν 32} is small enough which is the condition we have met already.

As a side remark, we note that, when ν = 0, which is inside the second zone, we meet the semi-classical quartic oscillator and the splitting is given by

λ_2(h, 0) − λ_1(h, 0) = c_0h^{43} , (2.12)

where c_0 is the gap between the first two eigenvalues of the quartic oscillator −d^2/dx^2 + x^4.

2.2 The case m, ˚ and J fixed.

When these three parameters are fixed the analysis of the splitting as h → 0 is well understood.

Here we refer (for mathematical proofs) to the results by Helffer-Sjöstrand [HeSj1], [HeSj2] and B. Simon [Si2] and [Si3] when ν ≠ 0 and when ν = 0 to Martinez-Rouleux [MaRo].

2.3 The convex case.

When the potential is strictly convex, there is an explicit lower bound for the splitting which was first observed by J.Sjöstrand [Sj1] (see also [HeSj3]). This gives in our particular case the following uniform lower bound :

λ_2(ν, h) − λ_1(ν, h) ≥ 2 √ νh . (2.13)

We observe that, if this estimate is rather optimal as h → 0 for fixed ν, this is no more the case when ν → 0 as can be seen from (2.12) in the case m = 1.

2.4 Large dimension results

Although there exist folk theorems for this case, we are not sure that a complete answer to the problem is known. Of course, in the convex case, (2.13) gives a reasonable answer when ν > 0 is fixed. The estimate is indeed universal and independent of m.

When ν < 0, it is thought that the splitting tends to 0 as m → +∞ and more optimistic but heuristic considerations lead to conjecture that there exists C, h_0 and S > 0 such that, for all m > 0 and all h ≤ h_0, we have λ_2(ν, h, m) − λ_1(ν, h, m) ≤ C exp − mS h . (2.14)

On the basis of formal WKB constructions, one can actually propose some asymptotic formula for the splitting in large dimension, of the type λ_2(ν, h, m) − λ_1(ν, h, m) ∼ A_m(h) exp − mS h , (2.15)

where A_m(h) is an elliptic semiclassical symbol.

This is done at a formal level in [DoKo] who propose an asymptotic formula for A_m(h) based on instantons considerations.

Unfortunately, we have no effective reference for proofs of these estimates. When (ZZ/mZZ) is replaced by (ZZ/mZZ)^d with d > 1, considerations based on infrared estimates lead to a proof of the first assertion : the splitting tends to 0 like 1/m^d as m → +∞. But the estimate is no more valid in full generality when d = 1, but only under the condition that for sufficiently small enough ϵ > 0, we have

m ≤ exp ϵ h . (2.16)

The analysis (see [He5] [He6] and references therein) is based on a uniform control as β → +∞ of exp −βH.

The common wisdom is that when d = 1, one has to analyze the problem through the Peierls method but we have no reference where it is done in detail (See [Re]).

If we consider the estimates where tunneling effect is measured, we know only, outside heuristical considerations by [Ka], the work by [HeSj3], [HeSj4] completed in [He3] which is done under the additional condition that there exists N such that m ≤ h^{−N} . (2.17) What is basically missing is a good analog of the Agmon estimates in the large dimension context.

3 The sufficiently deep double well case

3.1 Description

We consider in this section the case when the following condition is satisfied ν ≤ −C √ h , (3.1) where C is a sufficiently large positive constant.

We hope in this case to get a splitting which is of the same type as in the case ν < 0 fixed. We do not try to have the control with respect to the dimension and, at least as a first step, we concentrate our analysis to the proof of a rough upperbound for the splitting.

As it is now standard, this type of estimates is obtained by the conjonction of the formula λ_2 − λ_1 = inf {θ ; ∫_{θ u21 dx = 0}} ∫ |∇θ|^2u^2_1dx ∫ θ^2u^2_1dx

, (3.2)

where u_1 is the first eigenfunction of the operator, and of the control of the decay of u_1. We observe that by parity of the potential the lowest eigenfunction is even and, as far as upper bounds are considered, it is enough to look for an odd function θ equal to −1 near one well and +1 near the other well. From the analysis of the previous sections we recall that the two wells are given by ±x_c with x_c = ( √ −ν √ 2 , · · · , √ −ν √ 2 ) . (3.3)

Moreover, there exists for the Agmon distance a unique geodesics joining the two wells which is the segment [−x_c, +x_c] = {−(1 − t)x_c + tx_c | t ∈ [0, 1]}. This discussion is valid for fixed negative ν but may become dangerous as ν → 0. So we have to analyze the arguments carefully.

3.2 Adapted coordinates

Let us first perform a change of variables x = ρy with ρ like in (2.8): ρ = √ −ν . (3.4)

We obtain in this way, and dividing by ρ^4 the operator

−h̃^2Δ_y + m∑ j=1 (y^4_j − y^2_j ) + J ρ^2 m∑ j=1 |y_j − y_{j+1}|^2 , (3.5)

with h̃ = h ρ^3

= h|ν|^{− 32} . (3.6)

After this change of operator the new eigenvalues are related to the previous ones by λ̃_j = λ^j ρ^4 = λ_j ν^2

. (3.7)

Although we are mainly concerned by the operator on the form (3.5), we make a second change of coordinates (that will be usefull also in Section 4). Since the minima of the potential are always on the line {y_1 = y_2 = ... = y_m}, we can choose coordinates in such a way that e_1 := m^{−1/2}(1, ..., 1) becomes the first vector of the new orthonormal basis. In fact, we can at the same time diagonalize the quadratic form y? → ∑_m j=1 |y_j − y_{j+1}|^2 by taking as the j-th basis vector : e_j = ε_{j,m}m^{−1/2} ( 1, cos 2π(j − 1) m , cos 4π(j − 1) m , ..., cos 2π(m − 1)(j − 1) m )

where ε_{j,m} = 1 if 2(j − 1) ∈ mZZ, and ε_{j,m} = √ 2 if 2(j − 1) /∈ mZZ. Then one can verify that (e_1, ..., e_m) is an orthonormal basis of IR^m, in which the coordinates of y = (y_1, ...y_m) become (z_1, ..., z_m) with : z_j = ε_{j,m}m^{−1/2} m∑ k=1 y_k cos

2π(k − 1)(j − 1) m . (3.8)

In these new coordinates, our operator becomes :

−h̃^2Δ_z + m∑ k=1 ( 1 √ m z_1 + ℓ_k(z^′))^4 − |z|^2 + 4J ρ^2 q(z^′) (3.9)

where

ℓ_k(z^′) = m^{−1/2} m∑ j=2 ε_{j,m}z_j cos 2π(k − 1)(j − 1) m , k = 1, ·, m ,

and q(z^′) = Q(z_2, ..., z_m) = m∑ j=2 z^2_j sin^2 π(j − 1) m . 3.3 Lower bound for the splitting

Under the assumption (3.1), the parameter h̃ is small (we recover the condition (2.4) ), and we shall perform a semiclassical analysis with respect to h̃. This is a standard semiclassical problem outside the important point that the coefficient^J_{ρ2} of ∑_m j=1 |y_j − y_{j+1}|^2 is not bounded independently of the parameters.

Before analyzing the decay of the distorted eigenfunction ũ_1(y) := ρ^{− m2} u_1(ρy), let us first give a rough upperbound for the lowest eigenvalue. Rough gaussian quasimodes and the mini-max principle give the following lemma.

Lemma 3.1 .

There exists a constant C_0 and h_0 such that, for all h ∈]0, h_0], ν and C > 0 satisfying (3.1), one has : λ̃_1 ≤ − m 4 + C_0 C^2

. (3.10)

Proof.

By monotonicity of the lowest eigenvalue with respect to ν, it is enough to prove

(3.10) under the additional condition that ν ≥ ν_0 for some fixed ν_0 < 0. Let us indeed prove the following inequality :

λ̃_1 ≤ − m 4 + C_0 h̃ ρ . (3.11)

It is easier to work in the z-variables. For the construction of the Gaussian quasi-modes, we now consider the quadratic approximation of (3.9) at the point

z^′ = 0, z_{1,c} = √_m 2 . Using that m∑ k=1 ℓ_k(z^′) = 0 and m∑ k=1 ℓ_k(z^′)^2 = |z^′|^2, this gives

the operator with separate variables :

−h̃^2Δ_z + 2(z_1 − z_{1,c})^2 − m 4 + 4J ρ^2 q(z^′) + 2|z^′|^2 . (3.12)

If we take as quasimode the eigenfunction of this operator corresponding to the lowest eigenvalue

λ̂_1 = − m 4 + √ 2 h̃ 1 + m∑ j=2 √ 1 + 2J ρ^2 sin^2( π(j − 1) m , (3.13)

which takes the form λ̂_1 = − m 4 + O( h̃ ρ ) , the error terms are easily seen (through the Laplace method) as contributions in R(h, ρ) = O(h̃^2) (3.14) This gives (3.11) and the lemma observing that h̃ ρ = h(−ν)^{−2} ≤ 1 C^2

. (3.15) ⋄ Now we write down the energy relation giving traditionally the decay of the eigenfunction associated with λ̃_1. We get, for any ϕ, ∫ |∇ ( e^{ϕ/h̃}ũ_1 ) |^2 + ∫ (Ṽ − |∇ϕ|^2 − λ̃_1)e^{2ϕ/h̃}|ũ_1|^2dy = 0 (3.16)

where Ṽ =^m ∑ j=1 (y^4_j − y^2_j ) + J ρ^2 m∑ j=1 |y_j − y_{j+1}|^2 .

In particular we get ∫ (Ṽ − |∇ϕ|^2 − λ̃_1)e^{2ϕ/h̃}ũ^2_1dy ≤ 0 . (3.17)

Let us now specify our choice of ϕ. The easiest way is to take as ϕ the Lipschitz function (1 − η)d_{J̃} where η > 0 and d_{J̃} is the Agmon distance (see [HeSj1]) relative to the potential

V_{J̃} = m∑ j=1 (y^4_j − y^2_j ) + J̃ m∑ j=1 |y_j − y_{j+1}|^2 . (3.18)

Here we observe that Ṽ ≥ V_{J̃} , (3.19) if J ρ^2 ≥ J̃ . We also observe that the minima and the Agmon distance relative to these two minima are actually independent of the parameter J̃ > 0 and that the minimum of the potential is −^m_4 .

Following the standard proof on the decay, we get that, for any ϵ > 0, there exist C_ϵ > 0, C^′_ϵ, h_ϵ

such that if C = C_ϵ, h ≤ h_ϵ, C^{32} h^{34} ≤ (−ν)^{32} ≤ (^J_{J̃} )^{32} , then || exp (1 − η)d_{J̃} h̃ ũ^1||^{L2} ≤ C^{′ϵ} exp ϵ h̃ . (3.20)

Coming back to the formula characterizing the splitting, we get, by chosing suitably η, that for any ϵ > 0, there exists a constant C^′_ϵ such that

λ̃_2 − λ̃_1 ≤ C^′_ϵ exp [ −(1 − ϵ)mS_1(−ν)^{32} /h ] , (3.21)

where S_1 = √ 2/3 is the Agmon distance relative to the one-dimensional potential t → t^4 − t^2 +^1_4 between −^{1√}_2 and^{1√}_2 (see (2.3)). Coming back to the initial operator, we obtain using (3.7) :

Proposition 3.2 .

For any ϵ > 0 annd ν_0 < 0, there exist C > 0, C^′ and h_0 > 0, such that, for (ν, h) satisfying (3.1), ν ≥ ν_0 and h ≤ h_0, then

λ_2 − λ_1 ≤ C^′ exp [ −(1 − ϵ)mS_1(−ν)^{32} /h ] , (3.22)

Remark 3.3 .

Of course it would be interesting to get the lower bound for the splitting. But the most important point would be to control the upper bound uniformly with respect to m.

4 The exact Feshbach reduction

In this section we turn back to the operator P (h, ν) in the general case. We start by the second change of variables introduced in Subsection 3.2 given by : x = (x_1, ...x_m) → (y_1, ..., y_m) with : y_j = ε_{j,m}m^{−1/2} m∑ k=1 x_kcos

2π(k − 1)(j − 1) m . (4.1)

In these new coordinates, P (h, ν) becomes :

P (h, ν) = −h^2Δ_y + m∑ k=1 ( y_1 √ m + ℓ_k(y^′)

)_4 + ν|y|^2 + 4J q(y^′) (4.2)

that is, using again that m∑ k=1 ℓ_k(y^′) = 0 and m∑ k=1 ℓ_k(y^′)^2 = |y^′|^2 :

P (h, ν) = −h^2Δ_y + 1 m y^4_1 + 6 m y^2_1 |y^′|^2 + 4 √ m y_1 m∑ k=1 ℓ_k(y^′)^3

+ m∑ k=1 ℓ_k(y^′)^4 + ν|y|^2 + 4J q(y^′). (4.3)

Then we make a change of scale by setting :

t = h^{−1/4}y_1 ; z = h^{−1/2}y^′.

We get P (h, ν) = h ~P (h, ν) with :

~P (h, ν) := h^{−1}P (h, ν) = −h^{1/2}∂^2_t + 1 m t^4 + ν √ h t^2 + Q_0(z, D_z) + r_1(t, z; h) (4.4)

where { Q_0(z, D_z) = −Δ_z + 4J q(z) + ν|z|^2 ; r_1(t, z; h) =^{6√h}_m t^2|z|^2 + h ∑_m k=1 ℓ_k(z)^4 +^{4h3/4√}_m t ∑_m k=1 ℓ_k(z)^3.

(4.5)

Now let us perform a Feshbach reduction on (4.4) by the use of a Grushin problem. We denote by u_0 = u_0(z) the first normalized eigenfunction of Q_0 on L^2(IR^{m−1}_z ), and μ_1 its first eigenvalue, the value of which is :

μ_1 = m∑ j=2 ( 4J sin^2 π(j − 1) m + ν )_{1/2} . Then, for any real number λ close enough to

λ_0 := μ_1 + inf_{t∈IR} ( t^4 m + νt^2 √ h )

(which is equal to μ_1 − ν^2m/4h when ν < 0), we consider on H := L^2(IR^m_{t,z}) ⊕ L^2(IR_t) the following operator :

P_λ = ( ~P (h, ν) − λ u_0 ⟨·, u_0⟩_z 0 ) (4.6)

where ⟨·, ·⟩_z denotes the scalar product in L^2(IR^{m−1}_z ). Then P_λ is self-adjoint with domain H_1 = D_P ⊕ L^2(IR_t)

where D_P = {u ∈ H^2(IR^m_{t,z}) ; (t^4 + |z|^4)u ∈ L^2(IR^m_{t,z})}

is the domain of ~P (h, ν).

Denote also by F = {v ∈ H^2(IR_t) ; t^4v ∈ L^2(IR_t)}, μ_2 the second eigenvalue of Q_0, by Π the orthogonal projector defined on L^2(IR^m_{t,z} ) ∋ φ as :

Πφ := ⟨φ, u_0⟩_zu_0

and by Π^⊥ := 1 − Π.

Then we have :

Proposition 4.1 For λ < λ_0 + μ_2 − μ_1 the operator

P_λ : D_P ⊕ L^2(IR_t) → L^2(IR^m_{t,z}) ⊕ F

is invertible, and its inverse is given by :

P^{−1}_λ = ( X_λ u_0 − X_λ(·r_1u_0) ⟨(1 − r_1X_λ)(·), u_0⟩_z λ − A(λ) ) (4.7)

where X_λ = Π^⊥( ~P (h, ν)^′ − λ)^{−1}Π^⊥, ~P (h, ν)^′ is the restriction of Π^⊥ ~P (h, ν)Π^⊥ to the space Π^⊥(L^2(IR^m_{t,z})), and A(λ) is the self-adjoint operator on L^2(IR_t) defined by :

A(λ) = −h^{1/2}∂^2_t + 1 m t^4 + ν √ h t^2 + ⟨r_1u_0, u_0⟩_z + μ_1 − ⟨X_λ(·r_1u_0), r_1u_0⟩_z (4.8)

with domain D_A = F. Moreover, in (4.7), we have used the notation X_λ(·r_1u_0) for the operator : L^2(IR_t) ∋ v → X_λ(v r_1 u_0).

Proof - Although such a type of result is rather standard (see e.g. [Ma]), let us recall the procedure. The central observation here is that r_1(t, z; h) is a non negative function. In fact, since | | |^{4h3/4√}_m t ∑_m k=1 ℓ_k(z)^3 | | | ≤ ∑_m k=1 2 ( √_{5h1/4|tℓj (z)|} √ m ) (_{2√} 5 h^{1/2}ℓ_j (z)^2 ) ≤^{5√h}_m t^2|z|^2 +^{4h}_5 ∑_m k=1 ℓ_k(z)^4 , we even have : r_1(t, z; h) ≥ √ h m t^2|z|^2 + h 5 m∑ k=1 ℓ_k(z)^4. (4.9)

As a consequence, we can write :

Π^⊥( ~P (h, ν) − λ)Π^⊥ ≥ Π^⊥(−h^{1/2}∂^2_t + 1 m t^4 + ν √ h t^2 + Q_0(z, D_z) − λ)Π^⊥

≥ Π^⊥( 1 m t^4 + ν √ h t^2 + μ_2 − λ)Π^⊥

≥ (λ_0 + μ_2 − μ_1 − λ)Π^⊥

so that ~P (h, ν)^′ − λ is invertible from Π^⊥(D_P ) to Π^⊥(L^2(IR^m_{t,z})) if λ < λ_0 + μ_2 − μ_1. In particular, the operator X_λ introduced in the proposition has a well defined meaning, and then it is straightforward to verify that the expression given for P^{−1}_λ does invert the operator P_λ. ⋄

Now, let us make a few observations. The first one is that, by construction, we have the equivalence : λ ∈ σ( ~P (h, ν)) ⇐⇒ λ ∈ σ(A(λ)) (4.10) where, for a selfadjoint operator P , σ(P ) stands for the spectrum of P . Then we notice that, since u_0 is an even function of z, the quantity ⟨r_1u_0, u_0⟩_z appearing in the expression of A(λ) actually reduces to :

⟨r_1u_0, u_0⟩_z = 6 √ h m t^2ρ_1 + hρ_2 (4.11)

with

ρ_1 = ∫ IR^m�1 |zu_0(z)|^2dz ; ρ_2 = m∑ k=1 ∫ IR^m�1 ℓ_k(z)^4|u_0(z)|^2dz.

(4.12)

Finally, the last term appearing in the expression of A(λ) can be estimated on any function v ∈ F by :

‖⟨X_λ(vr_1u_0), r_1u_0⟩_z ‖ ≤ h -λ(4.13)where :

τ_0 = ‖ m∑ k=1 ℓ_k(z)^4u_0‖^2

τ_1 = 8 √ m ‖ m∑ k=1 ℓ_k(z)^4u_0‖.‖

∑_m k=1 ℓ_k(z)^3u_0‖ τ_2 =^{12}_m ‖z^2u_0‖.‖ ∑_m k=1 ℓ_k(z)^4u_0‖ +^{16}_m ‖ ∑_m k=1 ℓ_k(z)^3u_0‖^2 τ_3 =^{48}_{m3/2} ‖z^2u_0‖.‖ ∑_m k=1 ℓ_k(z)^3u_0‖ τ_4 =^{36}_{m2} ‖z^2u_0‖^2.In particular, we can conclude these remarks on the operator A(λ), which permits by (4.10) to study the spectrum of

~P (h, ν), by stating :

Proposition 4.2 For λ < λ_0 + μ_2 − μ_1, the operator A(λ) (see (4.7), (4.8)) satisfies :

A(λ) = −h^{1/2}∂^2_t + 1 m t^4 + ν √ h t^2 + 6 √ h m t^2ρ_1 + μ_1 + hρ_2 + R_λ

with ‖R_λv‖ ≤ C_m h(λ_0 + μ_2 − μ_1 − λ)^{−1}(‖t^4v‖ + h‖v‖) (4.14)

where C_m depends only on m and not on h. In particular, if ν ≥ −C √ h for some positive constant C, then R_λ has a relative bound of order O_m(h) with respect to

A_0 := −h^{1/2}∂^2_t + 1 m t^4 + ν √ h t^2 + 6 √ h m t^2ρ_1 + μ_1 + hρ_2 .

5 The semiclassical limit when ν ˘ �Ch^{2/3}

In this section we study the effective operator A(λ) found in Proposition 4.1, in order to get informations on the gap between the first two eigenvalues of P (h, ν). Here we consider m as fixed while h is allowed to tend to 0, and for the moment we restrict our study to ν ≥ −Ch^{2/3} where C > 0 is fixed arbitrarily (we postpone the case ν ≤ −Ch^{2/3} to Section 6).

At first, let us consider the case ν > 0. Then we make the change of variable : t → s = ν̃^{1/4} h^{1/8} t where as before ν̃ = ν/ √ h, and we get :

A(λ) = μ_1 + h^{1/4}ν̃^{1/2} [ −∂^2_s + s^2 + h̃ s^4 m + 6h̃^2ν̃^2ρ_1s^2 + h̃^3ν̃^4R_2(λ, h̃) ]

still with h̃ = h^{1/4} ν̃^{3/2} = h ν^{3/2} . (5.1)

Here R_2(λ, h̃) is uniformly relatively bounded with respect to −∂^2_s + s^2 + h̃ s^4 m and depends analytically on λ in a h-independent neighborhood of λ_0 (which is equal to μ_1 here). As a consequence, if h̃ is small enough one can prove in a standard way (see e.g. [Ma], Section 4) that the first two values λ̃_1 and λ̃_2 of λ which satisfy λ ∈ σ(A(λ)) are of the form : λ̃_j (h) = μ_1 + h^{1/4}ν̃^{1/2}e_j + O(h̃ h^{1/4}ν̃^{1/2}) (j = 1, 2)

where e_1 and e_2 are the first two eigenvalues of −∂^2_s + s^2, that is : e_1 = 1 and e_2 = 3. If we transfer this result to P (h, ν) by using (4.10), (4.4) and (5.1), we get :

Proposition 5.1 There exists a positive constant C_m depending only on m such that if :

0 < C_mh^{2/3} ≤ ν ≤ ν_0 , for some fixed positive ν_0, then the gap Δλ between the first two eigenvalues of P (h, ν) satisfies : Δλ = 2h √ ν + O ( h^2 ν )

uniformly with respect to h and ν.

Remark 5.2 This is in complete accordance with (2.13), and actually specifies the parameters domain where (2.13) is optimal. Notice also that the result is the same as for the one dimensional case (see (2.7) and (2.11)).

To complete this section it remains to study the case where |ν| ≤ Ch^{2/3} with C ≥ C_m. Then we set : t = h^{1/12}s , so that A(λ) becomes :

A(λ) = μ_1 + h^{1/3} [ −∂^2_s + s^4 m + ν h^{2/3} s^2 +

6ρ_1h^{1/3} m s^2 + h^{2/3}R_1(λ, h) ]

where R_1(λ, h) is relatively uniformly bounded with respect to −∂^2_s + s^4 m + s^2.

Denoting β_1(μ) and β_2(μ) the first two eigenvalues of −∂^2_s + s^4 m + μs^2, we see that :

Proposition 5.3 Fix C > 0 arbitrarily. Then, if |ν| ≤ Ch^{2/3}, the gap Δλ between the first two eigenvalues of P (h, ν) satisfies :

Δλ = ( β_2(νh^{−2/3}) − β_1(νh^{−2/3}) ) h^{4/3} + O(h^{5/3})

uniformly for h (and therefore ν) small enough.

Remark 5.4 Since νh^{−2/3} remains uniformly bounded here, this result allows to get uniform estimates on Δλ. In particular, Δλ behaves like h^{4/3} as h tends to 0.

6 The weakly deep double well case

To study Δλ when ν ≤ −Ch^{2/3} and h small enough (m fixed), the idea is to try to re-write in a different spirit the Feshbach reduction of Section 4. More precisely, since the gap can now have an exponentially small behaviour, the estimates obtained on the remainder R_λ of Proposition 4.2 are not sufficient here. Indeed, R_λ has no more to be treated as a perturbation of A(λ), but rather as a specification of it. In order to do so, one must study its operator structure, and our purpose here is to show that it is essentially a nice semiclassical pseudodifferential operator. To this aim, we use a technique similar to the one already used for the study of molecules in the Born-Oppenheimer approximation (see e.g. [Ma] and [KMSW]), and which consists in working in the framework of the semiclassical pseudodifferential operators with operator-valued symbols (see [BK], or the appendix of [GMS]).

First of all notice that, thanks to Sections 3 and 6, we can reduce our study to the case : −C_1 √ h ≤ ν ≤ −Ch^{2/3} where C_1 > 0 is arbitrary, and C ≥ 1 can be taken large enough. With the notation ν̃ = ν/ √ h, this reads :

−C_1 ≤ ν̃ ≤ −Ch^{1/6}. (6.1)

Recalling (4.4), we first make the change of variable : t → s = 1 √ |ν̃| t , so that ~P (h, ν) becomes : ~P (h, ν) = ν̃^2 [ − h^{1/2} |ν̃|^3 ∂^2_s + s^4 m − s^2 + 1 ν̃^2

Q_0(z, D_z) + r_2(s, z) ]

with

r_2(s, z) = 6 √ h m|ν̃| s^2|z|^2 + h ν̃^2 m∑ k=1 ℓ_k(z)^4 +

4h^{3/4} |ν̃|^{3/2} √ m s m∑ k=1 ℓ_k(z)^3.

Then we set : A(h, ν) = − h^{1/2} |ν̃|^3 ∂^2_s + s^4 m − s^2 + 1 ν̃^2 Q_0(z, D_z) + χ(s, h^{1/8} |ν̃|^{3/4} z)r_2(s, z) (6.2)

where χ ∈ C^∞_0 (IR^m), χ ≥ 0 everywhere, χ(s, θ) = 1 for s^2 + 4J q(θ) ≤ 4mC.

We first show :

Lemma 6.1 The spectra of ν̃^{−2} ~P (h, ν) and A(h, ν) in (−∞, C^2m] coincide up to an error of order O(e^{−Cm|ν̃|3/2/h1/4} ) uniformly with respect to h and ν.

Proof - We still denote by

h̃ = h^{1/4} |ν̃|^{3/2} = h |ν|^{3/2} ∈ [ h1^/4 C3^/21 , 1 C3^/2 ] .(6.3)The change of variables : (s, z) → (s, θ) = (s, h̃^{1/2}z) transforms the two operators into :

ν̃^{−2} ~P (h, ν) = −h̃^2∂^2_s + 1 m s^4 − s^2 + 1 ν̃^2 [ −h̃Δ_θ + 1 h̃(4J q(θ) + ν|θ|^2) ] + r_3(s, θ; h̃)

A(h, ν) = −h̃^2∂^2_s + 1 m s^4−s^2+ 1 ν̃^2 [ −h̃Δ_θ + 1 h̃ (4J q(θ) + ν|θ|^2) ] +χ(s, θ)r_3(s, θ; h̃) with

r_3(s, θ; h̃) =

6h̃ν̃^2 m s^2|θ|^2 + h̃^2ν̃^4 m∑ k=1 ℓ_k(θ)^4 + h̃3/2ν̃3 √ m s m∑ k=1 ℓ_k(θ)^3.

Then we can perform Agmon-type estimates on these two operators, with a weight of the form :

f(s, θ; h̃) = exp [ ψ_1(s) + ψ_2(θ) h̃ ] . More precisely, since also χ and r_3 are both non-negative, we have with such an f : Min ( ⟨fν̃^{−2} ~P (h, ν)u, fu⟩ , ⟨fA(h, ν)u, fu⟩ )

≥ ⟨ ( s^4 m − s^2 − (ψ^′_1(s))^2 + 1 h̃ν̃2 ( 4J q(θ) + ν|θ|^2 − |∇ψ_2(θ)|^2 ) ) fu, fu⟩ for all u ∈ D_P . In particular, taking ψ_2 supported in {q(θ) ≥ Cm} such that : |∇ψ_2(θ)|^2 ≤ 2J Cm and ψ_1 supported in {s^2 ≥ 2Cm} such that :

(ψ^′_1(s))^2 ≤ 1 2 C^2m

we get for h̃ small enough : Min ( ⟨fν̃^{−2} ~P (h, ν)u , fu⟩ , ⟨fA(h, ν)u, fu⟩ )

≥ ⟨ 3 2 C^2mfu, fu⟩ + ⟨ ( s^4 m − s^2 ) fu , fu⟩.

As a consequence, if u is a normalized eigenfunction of ν̃^{−2} ~P (h, ν) or of A(h, ν) associated to an eigenvalue λ ≤ C^2m, it satisfies : ‖fu‖ = O(1) uniformly with respect to h̃. Then, specifying the choice of ψ_1 and ψ_2, we can manage so that :

ψ_1(t) + ψ_2(θ) ≥ Cm for s^2 + 4J q(θ) ≥ 4Cm

and thus we obtain that u (together with all its derivatives) is O(e^{−Cm/h̃}) on {χ(s, θ) ≠ 1}, and we can conclude e.g. by applying the spectral theorem. ⋄

In particular, for our study of the gap between the first two eigenvalues of P (h, ν), the previous lemma allows us to work with A(h, ν) instead of ν̃^{−2} ~P (h, ν). The gain is that now, the remainder χ(s, h̃^{1/2}z)r_2(s, z) is uniformly O(h̃ν̃^2) so that it can be treated as a regular perturbation of ν̃^{−2}Q_0(z, D_z).

Noticing that the domain of A(h, ν) is :

D_A = {u ∈ H^2(IR^m_{s,z}) ; (s^4 + |z|^2)u ∈ L^2(IR^m_{s,z})}

we now consider the operator :

A_E = ( A(h, ν) − E u_0 ⟨·, u_0⟩_z 0 ) : D_A ⊕ L^2(IR_s) →

L^2(IR^m_{s,z} ) ⊕ F(6.4)where u_0 and F are as in Section 4. Then A_E can be interpreted as a semiclassical operator with small parameter h̃ and with operatorvalued symbol given by : a_E (s, σ; h̃) = ( σ^2 +^{s4}_m − s^2 + ν̃^{−2}Q_0(z, D_z) + χ(s, h̃^{1/2}z)r_2(s, z) − E u_0 ⟨·, u_0⟩_z 0 )

(6.5) considered as an operator from D_Q ⊕ C to L^2(IR^{m−1}_z ) ⊕ C , with D_Q := {u ∈ H^2(IR^{m−1}_z ) ; |z|^2u ∈ L^2(IR^{m−1}_z )}. This means that we have :

A_E = a_E (s, h̃D_s; h̃) = Op^W_{h̃} (a_E )

where Op^W_{h̃} denotes the usual Weyl-quantization of symbols with small parameter h̃. Since χ(s, h̃^{1/2}z)r_2(s, z), together with all its derivatives, is O(h̃) uniformly, we also have a notion of principal symbol for A_E , given by :

a^0_E (s, σ) = ( σ^2 +^{s4}_m − s^2 + ν̃^{−2}Q_0(z, D_z) − E u_0 ⟨·, u_0⟩_z 0 ) . (6.6)

Notice that, since Q_0 is a non-negative operator, the presence of ν̃^{−2} in front of it does not create problems (and actually makes it even ‘more elliptic’). Then it is straightforward to verify that for all (s, σ) ∈ IR^2 and for E < ν̃^{−2}(λ_0 + μ_2 − μ_1), the operator a^0_E (s, σ) is a bijection from D_Q ⊕ C to L^2(IR^{m−1}_z ) ⊕ C . Moreover, its inverse is given by (using the same notations as in Section 4, apart Π which here acts on L^2(IR^{m−1}_z )) :

a^0_E (s, σ)^{−1} = ( Π^⊥(σ^2 +^{s4}_m − s^2 + ν̃^{−2}Q^′_0 − E)^{−1}Π^⊥ u_0 ⟨·, u_0⟩_z E − (σ^2 +^{s4}_m − s^2 + ν̃^{−2}μ_1) )

where Q^′_0 denotes the restriction of Q_0 on RanΠ^⊥. In particular, we see on these formulas that both a^0_E (s, σ) and a^0_E (s, σ)^{−1} admit good symbol estimates (e.g. in the sense of [GMS]). As a consequence, the semiclassical pseudodifferential calculus with operator-valued symbols can be applied (see e.g. [BK] or the appendix of [GMS]), and show that A_E is invertible and its inverse can be written as :

A^{−1}_E = Op^W_{h̃} (b_E ) + O(h̃^∞) in L(L^2(IR^m ⊕ F; L^2(IR^m) ⊕ L^2(IR)) ,

where the principal part of b_E(s, σ; h̃) is a^0_E (s, σ)^{−1}.

Moreover, for all s ∈ IR, b_E (s, σ; h̃) can be extended holomorphically with respect to σ in :

{σ ∈ C ; |Im σ|^2 < ν̃^{−2}μ_2 + s^4 m − s^2 − E} and this also permits to perform as in [Ma] (Section 3) or [KMSW] a formal pseudodifferential calculus acting on formal WKB-type series of the form : e^{−ψ(s)/h̃}c(s, θ; h̃) = e^{−ψ(s)/h̃} ∑ k≥0 c_k(s, θ)h̃^{k/2} (6.7)

where ψ is any smooth function satisfying :

(ψ^′(s))^2 < ν̃^{−2}μ_2 + s^4 m − s^2 − E. In particular, writing :

Op^W_{h̃} (b_E ) = ( H_E H^+_E H^−_E E − H^±_E )

one has at a formal level : (A(h, ν) − E)(e^{−ψ(s)/h̃}c(s, θ; h̃)) = 0 ⇐⇒ There exists α = α(s; h̃) such that (H^±_E − E)(e^{−ψ(s)/h̃}α(s; h̃)) = 0 and e^{−ψ(s)/h̃}c(s, θ; h̃) = H^+_E (e^{−ψ(s)/h̃}α(s; h̃)).

Notice also that the principal part of H^±_E is a Schrödinger operator with sym-

metric double well potential : 1 m s^4 − s^2 + ν̃^{−2}μ_1. Then, since the two wells

are ± √ m 2 , if we denote A_0(h, ν) the Dirichlet realization of A(h, ν) e.g. on (−∞, √ m 2 ] (so that A_0(h, ν) is a single-well problem), and if we use the same arguments as in [Ma] Sections 4 and 5, one can show the following properties :

• The lowest eigenfunction of A_0(h, ν) admits, as h̃ → 0, a WKB asymp-

totics of the form (6.7) with ψ(s) = | | | | ∫_s − √_{m/2} ( 1 m t^4 − t^2 + m 4 )_{1/2} dt | | | | = | | | | m 3 √ 2 − s √ m ( s^2 3 − m 2 )| | |, for s in any compact subset of (−∞, √ m 2 ) ; • The gap ΔE between the first two eigenvalues of A(h, ν) admits, as h̃ → 0, an asymptotic expansion of the form : ΔE ∼ h̃^{1/2}e^{−Sm/h̃} ∞∑ k=0 E_kh̃^{k/2} (6.8)

where S_m = ψ( √ m/2) = mS_1, S_1 is as in (3.21), and E_k (k ≥ 0) are h̃-independent real numbers with E_0 > 0.

Summing up, using Lemma 6.1 we can conclude this section by stating :

Proposition 6.2 If C_1 > 0 is fixed arbitrarily and C ≥ 1 is fixed large enough, then for −C_1 √ h ≤ ν ≤ −Ch^{2/3} the gap Δλ between the first two eigenvalues of P (h, ν) satisfies : Δλ = |ν|^{5/4} √ hE_0(m)e^{−mS1|ν|3/2/h} [ 1 + O ( √ h |ν|^{3/4} )]

uniformly with respect to h and ν, where E_0(m) > 0 depends only on m.

Remark 6.3 Taking ν = −Ch^{2/3} in this result, one recovers the behaviour in h^{4/3} of Δλ that we had in the previous section.

7 A model in large dimension

In this section we assume ν ≥ 0, and in view of Proposition 4.2, we decide to forget the remainder term R_λ in the expression of A(λ), and therefore to limit our study to the operator A_0. Of course, when the dimension becomes large, it is not clear that R_λ remains small. However (and since not much can be said about it), the study of A_0 should permit at least to make ourselves an idea of which kind of problems can be encountered as m → +∞.

Since we are mainly interested in the behaviour of the gap between the first two eigenvalues of A_0, let us first observe that the values of μ_1 and ρ_2 are completely irrelevant. Therefore, it is worth-while to work directly with :

A_1 := A_0 − μ_1 − hρ_2 = −h^{1/2}∂^2_t + 1 m t^4 + ν √ h t^2 + 6 √ h m t^2ρ_1. (7.1)

At first, let us compute ρ_1 more precisely. If we denote by

λ_j = λ_j (m, ν) := ( ν + 4J sin^2 π(j − 1) m )_{1/2}

then, for z = (z_2, ..., z_m) ∈ IR^{m−1}, we know that

u_0(z) = c_m m∏ j=2 e^{−λj z2j /2} with c_m = π^{−(m−1)/4} m∏ j=2 λ^{1/4}_j .

Therefore, using (4.12) we find :

ρ_1 = c^2_m m∑ k=2 ∫ IR z^2_ke^{−λk z2k} dz_k ∏ j≠k ∫ IR e^{−λj z2j} dz_j = π^{−1/2} m∑ k=2 √ λ_k ∫ IR z^2_ke^{−λk z2k} dz_k

that is : ρ_1 = 1 2 m∑ k=2 1 λ_k . (7.2)

In particular as m → +∞, the ratio ρ_1/m behaves like :

ρ_1 m ∼ 1 2 ∫_{(m−1)π/m} π/m dt √ ν + 4J sin^2t = ∫_{π/2} π/m dt √ ν + 4J sin^2t (m → +∞) that is, more precisely :

ρ_1 m = ∫_{π/2} π/m dt √ ν + 4J sin^2t

+ O(1)

uniformly with respect to m ≥ 2 and ν ≥ 0. Therefore, we also have :

ρ_1 m = ∫_{π/2} π/m cost √ ν + 4J sin^2t dt + O(1)

= [ 1 2 √ J ln ( 2 √ J sint + √ ν + 4J sin^2t )]π/2 π/m + O(1) and thus : ρ_1 m = 1 2 √ J ln ( m 2π √ J + √ νm^2 + 4π^2J ) + O(1). (7.3)

If one studies the expression appearing in (7.3) by separating the two cases νm^2 ≥ 1 and νm^2 ≤ 1, one can easily see that for some constant C_J ≥ 1 depending only on J , one has : 1 C_J ln ( Min( 1 √ ν , m) ) ≤ ρ_1 m ≤ C_J ln ( Min( 1 √ ν , m) ) (7.4)

for all m ≥ 2 and ν ≥ 0. In particular, ρ_1/m behaves like ln m if ν = 0, and like | ln ν| if ν > 0 (possibly depending on h) and m is large enough.

Now, let us come back to the operator A_1 of (7.1), and denote by :

ρ̃ =

6ρ_1 m ; ν̃ = ν √ h (7.5)

so that A_1 becomes :

A_1 = −h^{1/2}∂^2_t + 1 m t^4 + (ν̃ + ρ̃ √ h)t^2. Making the change of variable : t = ( m(ν̃ + ρ̃ √ h) )_{1/2} s we get :

A_1 = m(ν̃ + ρ̃ √ h)^2 [ − √ h m^2(ν̃ + ρ̃ √ h)^3

∂^2_s + s^4 + s^2 ] . (7.6)

Finally, applying a well-known semiclassical result (see e.g. [HeSj1]), and noticing that, by (7.4) and (7.5), the quantity ν̃ + ρ̃ √ h behaves like : h^{−1/2} ( ν + h ln(Min(ν^{−1/2}, m)) ) , we deduce from the previous analysis :

Proposition 7.1 There exists a constant C_J > 0 such that if m ≥ 2 and : h^2 m^2 ( ν + h ln(Min(ν^{−1/2}, m))

)_3 ≤ 1 C_J (7.7)

then the gap ΔE between the first two eigenvalues of the operator A_0 introduced in Proposition 4.2 satisfies : 1 C_J ( ν + h ln(Min(ν^{−1/2}, m)) )_{1/2} ≤ ΔE ≤ C_J ( ν + h ln(Min(ν^{−1/2}, m)) )_{1/2} . (7.8)

Remark 7.2 Using Proposition 4.2, the previous result suggests that the gap between the first two eigenvalues of P (h, ν) should behave like : h √ ν + h ln(min(ν^{−1/2}, m)).

This seems in rather good accordance with (2.13), although most probably some restrictions has to be made on the dimension m in order to make such a result true (see also the next remark).

Remark 7.3 If for instance we try to apply the previous result with ν = 0, then by (7.4) the condition (7.7) means that m^2h(ln m)^3 must be large enough. In this case, (7.8) says that the gap behaves like √ h ln m. In particular, in the parameters region m = O(h^{−N} ) for some N ≥ 1 (or equivalently h = O(m^{−1/N} )), this gap goes to 0 as m → +∞. On the contrary, if m goes to infinity while h is keeped fixed, then the gap increases like √ ln m. In this latter case, however, most probably the approximation we have made (by forgetting the remainder R_λ appearing in Proposition 4.2) has no reason at all to be valid.

Remark 7.4 On the contrary, if ν is positive (possibly depending on h), our result says that if m is large enough (in the sense that m ≥ ν^{−1/2} and m^2(ν + h | ln ν|)^3 >> h^2), then the gap behaves like √ ν + h | ln ν|. For ν > 0 fixed, this does not tell us more than the universal estimate (2.13). However, if ν = ν(h) is such that h | ln ν| >> ν (e.g. if ν ≤ h), then our result suggests that (2.13) is no more optimal in this case.

Acknowledgements - B.H. would like to gratefully acknowledge the financial support of the European Union through the TMR network FMRX-CT 960001. Moreover, a large part of this work has been achieved while A.M. was visiting the Department of Mathematics of the University of Orsay, to which he expresses his gratitude for this invitation.

References

[BK] A. Balazard-Konlein : Calcul fonctionnel pour des opérateurs hadmissibles à symbole opérateur et applications. Ph.D. Thesis, University of Nantes (1985).

[BruHe] M. Brunaud and B. Helffer : Un problème de double puits provenant de la théorie statistico-mécanique des changements de phase (ou relecture d’un cours de M.Kac). Preprint LMENS, March 1991.

[CDS] J.M. Combes, P. Duclos, R. Seiler : Krein’s formula and one dimensional multiple well, Journal of Functional Analysis 52, p. 257-301 (1983).

[Da] F. Daumer : Splitting pour P (h, n) = −h^{2 d2}_{dx2} + x^2 − ln cosh √ 2n x. Unpublished (1996).

[DoKo] S. Yu. Dobrokhotov, V. N. Kolokoltsov : The double-well splitting of the low energy levels for the Schrödinger operator of discrete ϕ^4-models on tori. Journal of Mathematical Physics 36, No 3, p. 1038-1053 (1995).

[GMS] C. Gérard, A. Martinez, J. Sjöstrand : A mathematical approach to the effective Hamiltonian in perturbed periodic problems. Comm. Math. Physics 142 (1991).

[He1] B. Helffer: Problèmes de double puits provenant de la théorie statisticomécanique des changements de phase, II Modèles de Kac avec champ magnétique. étude de modèles près de la température critique. Preprint LMENS, March 1992.

[He2] B. Helffer : Semi-classical analysis for the Schrödinger operator and applications, Lecture Notes in Mathematics, Vol. 1336, Springer-Verlag.

[He3] B. Helffer : Recent results and open problems on Schrödinger operators, Laplace integrals and transfer operators in large dimension. Advances in PDE, Schrödinger operators, Markov semigroups, Wavelet analysis, Operator algebras, édité par M. Demuth, B.W. Schulze, E. Schrohe et J. Sjöstrand, Akademie Verlag, Vol. 11, p. 11-162 (1996).

[He4] B. Helffer : Semiclassical analysis for Schrödinger operators, Laplace integrals and transfer operators in large dimension: an introduction. Cours de DEA, Paris Onze Edition (1995).

[He5] B. Helffer : Splitting in large dimension and infrared estimates, In ”Microlocal Analysis and Spectral Theory”. Edited by L. Rodino. NATO ASI Series. Series C: Mathematical and Physical Sciences- Vol. 490. Kluwer Academic Publishers, p. 307-348 (1997).

[He6] B. Helffer : Splitting in large dimension and infrared estimates II - Moment inequalities, Journal of Mathematical Physics, Vol. 39, No 2, February 98, p. 760-776.

[HeSj1] B. Helffer, J. Sjöstrand : Multiple wells in the semiclassical limit. I Comm. in PDE 9(4), p. 337-408, (1984).

[HeSj2] B. Helffer, J. Sjöstrand : Puits multiples en limite semi-classique V. Etude des minipuits. Current Topics in PDE. Volume in honor of S.Mizohata 1986. Kinokuniya Company Ltd (Tokyo).

[HeSj3] B. Helffer, J. Sjöstrand : Semiclassical expansions of the thermodynamic limit for a Schrödinger equation. Astérisque 210 (1992), p. 135-181.

[HeSj4] B.Helffer and J.Sjöstrand: Semiclassical expansions of the thermodynamic limit for a Schrödinger equation II. Helvetica Physica Acta, Vol. 65, (1992), p. 748-765 and Erratum, Vol. 67, (1994), p. 1-3.

[Ka] M. Kac : Mathematical mechanisms of phase transitions. Brandeis lectures (1966), Gordon and Breach.

[KaTh] M. Kac, C. Thompson : Phase transition and eigenvalue degeneracy of a one dimensional anharmonic oscillator. Studies in Applied Mathematics, 48 (1969), p. 257-264.

[KMSW] M. Klein, A. Martinez, R. Seiler, X.P. Wang : On the Born- Oppenheimer Expansion for Polyatomic Molecules. Comm. Math. Phys. 143, p. 607-639 (1992).

[Ma] A. Martinez : Développements asymptotiques et effet tunnel dans l’approximation de Born-Oppenheimer. Ann. IHP, Vol. 49, No 3 (1989).

[MaRo] A. Martinez, M. Rouleux : Effet tunnel entre puits dégénérés. Comm.

Part. Diff. Eq., 13(9), p. 1157-1187 (1988).

[Re] A.L. Rebenko : Peierls Arguments and Long Range Behaviour of Quantum Lattice Systems with Unbounded Spin. Lecture in Ascona (June 1996).

[Si1] B. Simon : The P (ϕ)_2 Euclidean quantum field theory. Princeton Series in Physics (1974).

[Si2] B. Simon : Instantons, double wells and large deviations. Bull. AMS 8, p. 323-326 (1983).

[Si3] B. Simon : Semiclassical Analysis of low lying eigenvalues.

I Ann. Inst. Poincaré 38, p. 295-307 (1983). II Annals of Mathematics 120, p. 89-118 (1984).

[Sj1] J. Sjöstrand : Potential wells in high dimensions I. Ann. Inst. Poincaré, Section Physique Théorique, 58 (1), (1993).

[Sj2] J. Sjöstrand : Potential wells in high dimensions II, more about the one well case. Ann. Inst. Poincaré, Section Physique Théorique, 58 (1), (1993).

[Tho] C.J. Thompson : Mathematical statistical mechanics. The Macmillan company New York, (1972).