Centre de Physique Théorique^∗, CNRS Luminy, Case 907 F-13288 Marseille – Cedex 9

An exactly soluble model with non-conventional and non-extensive condensations

J.-B. BRU^1 and V.A. ZAGREBNOV^2

Abstract

We present a new exactly soluble model which is motivated by the Michoel-Schröder-Verbeure model [1] and our model [2]. It manifests two kinds of condensations which occur in two stages: for intermediate densities one has a non-conventional Bose condensation in the mode k = 0 due to a diagonal perturbation of the Imperfect Bose Gas Hamiltonian, whereas for large densities ρ it coexists with conventional (generalized, non-extensive) Bose-Einstein condensation corresponding to the standard mechanism of saturation.

Keywords : conventional/non-conventional Bose-condensations, generalized (non-extensive) Bose-Einstein condensation , (Weakly) Imperfect Bose Gas

anonymous ftp : ftp.cpt.univ-mrs.fr web : www.cpt.univ-mrs.fr April 1999 CPT-99/P.3???

�Unité Propre de Recherche 7061 1Allocataire de recherche MRT - Email : bru@cpt.univ-mrs.fr 2Université de la Méditerranée (Aix-Marseille II) - Email : zagrebnov@cpt.univ-mrs.fr

1. Introduction

Let us consider first the Imperfect Bose Gas (IBG) model introduced by Huang [3]. It is the system of bosons of mass m enclosed in a cube Λ ⊂ R^d of volume V = |Λ| centered at the origin defined by the Hamiltonian:

H^{IBG}_Λ = ∑ k∈Λ^∗ ε_ka^∗_ka_k + λ V N^2_Λ, ε_k ≡ ˝^2k^2/2m, λ > 0, (1.1)

where N_Λ = ∑ k∈Λ^∗ a^∗_ka_k ≡ ∑ k∈Λ^∗ N_k is the particle-number operator and ε_kcorrespond to the oneparticle kinetic-energy.

Here { a^#_k } k∈Λ^∗ are the boson creation/annihilation operators in the boson Fock space

F_Λ over L^2 (Λ) corresponding to the second quantization in the box Λ =^d×_{α=1} L with periodic boundary conditions, i.e. to the dual

Λ^∗ = { k ∈ R^d : k_α =^{2πnα}_L , n_α = 0, ±1, ±2, ..., α = 1, 2, ..., d } . Then for d > 2, for a given temperature θ = β^{−1} and for a total particle density ρ > ρ^P_c (θ) (here ρ^P_c (θ) ≡ ρ^P (θ^{−1}, μ = 0) where ρ^P (β, μ) is the total particle density of the Perfect Bose Gas (PBG) in the grand-canonical ensemble) the IBG manifests a Bose-Einstein condensation of the type I [4, 5, 6], i.e. a macroscopic occupation of only the ground-state level k = 0, see [7, 8] for classification of conventional Bose-Einstein condensations.

However in the recent paper [1] it is shown that in the IBG perturbed by the repulsive diagonal interaction ~U_Λ = λ 2V ∑ k∈Λ^∗ N^2_k , λ > 0, (1.2)

the Bose-Einstein condensation which occurs again for densities ρ > ρ^P_c (θ) or μ > 2λρ^P_c (θ) ≡ μ^I_c (θ) is spread out into the Bose-Einstein condensation of the type III (or non-extensive condensation), i.e. a condensation, when no levels are macroscopically occupied. This model for λ > 0 was introduced in [9]. Below we call it the Michoel-Schröder-Verbeure (MSV) model:

H^{MSV}_Λ ≡ H^{IBG}_Λ + ~U_Λ. (1.3)

Then the result [1] says that

lim_Λ ⟨N_k⟩_HMSV_Λ V = 0, k ∈ Λ^∗,

for any ρ, whereas one has the double limit

lim_{δ→0+}lim_Λ 1 V ∑ {k∈Λ^∗,0≤‖k‖≤δ} ⟨N_k⟩_HMSV_Λ = ρ − ρ^P_c (θ) > 0, for μ > μ^I_c (θ).

We denote by ⟨−⟩_HMSV_Λ (β, μ), β ≥ 0, μ ∈ R^1 , the grand-canonical Gibbs state for the Hamiltonian H^{MSV}_Λ . Notice that the model H^{IBG}_Λ − ~U_Λ is rigorously studied in [10], where it was shown that Bose-Einstein condensation is of the type I only in the zero mode k = 0.

The fact that a gentle repulsive interaction can produce a generalized non-extensive Bose- Einstein condensation without transforming the corresponding pressure of the non-perturbed Hamiltonian H^{IBG}_Λ has been also shown in our recent paper [2]. This was done in the context of a system: H^0_Λ = ∑ k∈Λ^∗\{0} ε_ka^∗_ka_k + ε_0a^∗_0a_0 + g_0 2V a^∗_0a^∗_0a_0a_0, (1.4)

with ε_0 ≠ ε_{k=0} ∈ R^1 and g_0 > 0 perturbed by the interaction

U_Λ = 1 V ∑ k∈Λ^∗\{0} g_k (V ) a^∗_ka^∗_ka_ka_k, 0 < g_− ≤ g_k (V ) ≤ γ_kV^{αk} , (1.5)

with α_k ≤ α_+ < 1 and 0 < γ_k ≤ γ_+. This perturbation U_Λ (similar to the interaction ~U_Λ when g_k = λ) leads to the Hamiltonian [2]:

H^{BZ}_Λ ≡ H^0_Λ + U_Λ. (1.6)

In contrast to the MSV model, the grand-canonical pressure for our model (1.6) p^{BZ}_Λ (β, μ) ≡ p_Λ [ H^{BZ}_Λ ] ≡ 1 βV ln T r_{FΛ} e^{−β}(^{HBZΛ −μNΛ}) (1.7)

is defined in thermodynamic limit only in domain Q = {μ ≤ 0} × {θ ≥ 0} and it is equal to

p^{BZ} (β, μ) ≡ lim_Λ p^{BZ}_Λ (β, μ) = lim_Λ p_Λ [ H^0_Λ ] = p^P (β, μ) − inf_{ρ0≥0} [ (ε_0 − μ) ρ_0 + g_0ρ^2_0 2 ] , (1.8)

see [2]. Here p^P (β, μ) is the pressure of the PBG in thermodynamic limit. Notice that the pressure (1.8) is independent of parameters {g_k (V )}_{k∈Λ}∗_{\{0}}, i.e. of the interaction (1.5).

Remark 1.1. Let domain D_{ε0} be defined by D_{ε0} ≡ { (θ, μ) ∈ Q : p^P (β, μ) < p^{BZ} (β, μ) } . (1.9)

Then the thermodynamic limit (1.8) says that to insure D_{ε0} ≠ {∅}, the ε_0 must be negative, i.e.

D_{ε0} = {(θ, μ) ∈ Q : ε_0 < μ ≤ 0} . (1.10) Below we consider only the case ε_0 < 0, d > 2.

We denote by ρ^{BZ}_Λ (β, μ), the total particle density in the grand-canonical ensemble for the model H^{BZ}_Λ : ρ^{BZ}_Λ (β, μ) ≡ ⟨ N_Λ V ⟩ H^{BZ}Λ (β, μ) . (1.11)

Then ρ^{BZ} (β, μ) ≡ lim_Λ ρ^{BZ}_Λ (β, μ) is the corresponding thermodynamic limit which, according to [2], is equal for ε_0 < 0 to:

ρ^{BZ} (β, μ) = ρ^P (β, μ) , (1.12)

for (θ, μ ≤ ε_0), ρ^{BZ} (β, μ) = ρ^P (β, μ) + μ − ε_0 g_0

, (1.13)

for (θ, ε_0 < μ < 0). Notice that for d > 2 one has a critical density ρ^{BZ}_c (θ) ≡ sup_{μ≤0} ρ^{BZ} ( θ^{−1}, μ ) = ρ^{BZ} ( θ^{−1}, μ = 0 ) = ρ^P_c (θ) − ε_0 g_0

< +∞. (1.14)

Proposition 1.2. [2] Let ρ > ρ^{BZ}_c (θ) (d > 2) and 0 < g_− ≤ g_k (V ) ≤ γ_kV^{αk} for k ∈ Λ^∗\ {0} , with α_k ≤ α_+ < 1 and 0 < γ_k ≤ γ_+. Then for any ε_0 < 0 we have: (i) (even if d < 3) a condensation in the mode k = 0, i.e.

ρ^{BZ}_0 (θ, μ) ≡ lim_Λ ⟨ a^∗_0a_0 V ⟩ H^{BZ}Λ = { 0, for (θ, μ) ∈ Q\D_{ε0} (_{μ−ε0} 2g0 ) , for (θ, μ) ∈ D_{ε0} } ; (1.15)

(ii) for any ε_0 ∈ R^1

lim_Λ ⟨ a^∗_ka_k V ⟩ H^{BZ}Λ = 0, k ∈ Λ^∗\ {0} , (1.16)

i.e. there is no macroscopic occupation of modes k ≠ 0 but we have a generalized (non-extensive) Bose-Einstein condensation:

lim_{δ→0+}lim_Λ 1 V ∑ {k∈Λ^∗: 0<‖k‖<δ} ⟨N_k⟩_HBZ_Λ = ρ − ρ^{BZ}_c (θ) > 0 (1.17)

which for ε_0 < 0 coexists with the condensation in the mode k = 0 if (θ, μ) ∈ D_{ε0} .

Therefore, Proposition 1.2 implies the coexistence of two kinds of Bose condensations in the model (1.6) for densities ρ > ρ^{BZ}_c (θ):

- a Bose condensation in the single mode k = 0 due to the term (ε_0a^∗_0a_0) which mimics for ε_0 < 0 an attraction by an external potential [11] giving rise to a non-conventional condensation of the type I ;

- a conventional Bose-Einstein condensation due to the saturation of the total particle density where (similar to the MSV model) the type III of this Bose-Einstein condensation is due to the elastic repulsive interaction U_Λ (1.5) of bosons in the modes k ≠ 0. Therefore in contrast to the value of the pressure (1.8) the interaction (1.5) is decisive for formation of the non-extensive Bose-Einstein condensation in the model (1.6).

The aim of the present paper is to study the model (1.6) stabilized by the IBG-interaction (1.1) as it is in the MSV-Hamiltonian (1.3):

H_Λ = ∑ k∈Λ^∗\{0} ε_ka^∗_ka_k + ε_0a^∗_0a_0 + g_0 2V N^2_0 + λ V N^2_Λ + g 2V ∑ k∈Λ^∗\{0} N^2_k , (1.18)

with λ > 0, g_0 > 0, g > 0 but ε_0 < 0. Notice that the model H_Λ for ε_0 = 0 and for λ = g = g_0 coincides with the MSV model (1.3).

In Section 2 we show that this generalization of the models (1.3) and (1.6) can be solved exactly. Bose condensations which occur in the model (1.18) are described in Section 3. We reserve Section 4 for concluding remarks and discussions.

2. Thermodynamic study

2.1 First we consider our model (1.18) in the canonical ensemble (β, ρ). This simplifies essentially the thermodynamic study of the model. We denote by f_Λ ( β, ρ =^n_V ) the free-energy density of the model H_Λ, i.e. f_Λ (β, ρ) ≡ − 1 βV ln T r_Hn_{Λ,S} ( e^{−βHΛ} ) , (2.1)

where H^n_{Λ,S} ≡ S (_n ⊗_{i=1} L^2 (Λ) ) is the symmetrized n-particle Hilbert space.

Theorem 2.1. Let λ > 0 , g > 0, g_0 > 0and ε_0 < 0, then we have

f (β, ρ) ≡ lim_Λ f_Λ (β, ρ)

= λρ^2+ inf_{ρ0∈[0,ρ]} { ε_0ρ_0 + g_0 2 ρ^2_0 + f^P (β, ρ − ρ_0) } , (2.2)

i.e. it is independent of g provided g > 0. Here f^P (β, ρ) is the free-energy of the PBG in thermodynamic limit, i.e.

f^P (β, ρ) ≡ lim_Λ f^P_Λ (β, ρ) (2.3)

with f^P_Λ (β, ρ) ≡ − 1 βV ln ∑ {n_k=0,1,2,...}_{k∈}Λ∗ e^{−β} ( ∑ k∈Λ∗ ε_kn_k ) δ ∑ k∈Λ∗ n_k=[ρV ], (2.4)

and [x] equals to the integer part of x ≥ 0.

Proof. By (1.18) and (2.1) we get

f_Λ (β, ρ) = − 1 βV ln [ρV ]∑

n0=0 e^{−βV h}(^{ρ, n0V} ) + λρ^2, (2.5)

where

h_Λ (ρ, ρ_0) ≡ ε_0ρ_0 + g_0 2 ρ^2_0 − 1 βV ln ∑ {n_k=0,1,2,...}_{k∈}Λ∗_{\{}0_} e^{−β} ( ∑ k∈Λ∗\{0}[ ε_kn_k+^g2_V n2_k] ) δ∑ k≠0 n_k=[ρV ]−[ρ0V ]. (2.6) By (2.5) one obtains the estimate

λρ^2+ inf_{ρ0∈[0,ρ]} h_Λ (ρ, ρ_0) − 1 βV ln ([ρV ] + 1) ≤ f_Λ (β, ρ) ≤ λρ^2+ inf_{ρ0∈[0,ρ]} h_Λ (ρ, ρ_0) ,

which gives in thermodynamic limit:

f (β, ρ) ≡ lim_Λ f_Λ (β, ρ) = λρ^2 + lim_Λ inf_{ρ0∈[0,ρ]} h_Λ (ρ, ρ_0) . (2.7)

Notice that (2.6) can be rewritten as

h_Λ (ρ, ρ_0) = ε_0ρ_0 + g_0 2 ρ^2_0 − 1 βV ln ⟨ e^− βg 2V ∑ k∈Λ∗\{0} n2_k ⟩ ~HPΛ (β, ρ − ρ_0) , (2.8)

where ⟨−⟩_{~H}P_Λ (β, ρ − ρ_0) is the canonical Gibbs state for the PBG with excluded mode k = 0 at the density ρ − ρ_0, with f^P_Λ (β, ρ) defined by (2.4). Then the Jensen inequality ⟨ e^− βg 2V ∑ k∈Λ∗\{0} n2_k ⟩ ~HPΛ ≥ e −^{βg}2_V ⟨ ∑ k∈Λ∗\{0} n2_k ⟩ eHP Λ

and (2.8) imply the estimate

lim_Λ h_Λ (ρ, ρ_0) ≤ ε_0ρ_0 + g_0 2 ρ^2_0 + f^P (β, ρ − ρ_0) . (2.9)

Moreover, since e^{− βg2V n2k} ≤ 1, by (2.6) we have h_Λ (ρ, ρ_0) ≥ ε_0ρ_0 + g_0 2 ρ^2_0 + f^P_Λ (β, ρ − ρ_0) ,

which together with (2.9) gives (2.2). �

Remark 2.2. Let denote by f^{BZ}_Λ (β, ρ) the free-energy density corresponding to H^{BZ}_Λ (1.6) with g_k (V ) = g/2, i.e. f^{BZ}_Λ (β, ρ) ≡ − 1 βV ln T r_Hn_{Λ,S} ( e^{−βHBZΛ} ) . Then (1.6) (1.18) and (2.1) imply that

f_Λ (β, ρ) = λρ^2 + f^{BZ}_Λ (β, ρ) ,

from which by Theorem 2.1 we deduce

f^{BZ} (β, ρ) ≡ lim_Λ f^{BZ}_Λ (β, ρ) = inf_{ρ0∈[0,ρ]} { ε_0ρ_0 + g_0 2 ρ^2_0 + f^P (β, ρ − ρ_0) } , (2.10) and f (β, ρ) = λρ^2 + f^{BZ} (β, ρ) . (2.11)

Remark 2.3. Since the pressure p^{BZ} (β, μ) is a Legendre transform of the corresponding freeenergy density f^{BZ} (β, ρ), we get from (2.10) that

p^{BZ} (β, μ) = sup_{ρ≥0} { μρ − f^{BZ} (β, ρ) }

= sup_{ρ0≥0} { sup_{ρ≥ρ0} { μρ_0 − ε_0ρ_0 − g_0 2 ρ^2_0 + μ (ρ − ρ_0) − f^P (β, ρ − ρ_0) }}

= sup_{ρ0≥0} { p^P (β, μ) − (ε_0 − μ) ρ_0 − g_0 2 ρ^2_0 }

which coincides with (1.8) already announced in paper [2]. Notice that by explicit calculation one checks the strict convexity of the pressure p^{BZ} (β, μ) (1.8) for the chemical potential μ ≤ 0. Then f^{BZ} (β, ρ) is a strictly convex function of ρ. Therefore, the same is true for f (β, ρ) , see (2.2) and (2.11).

2.2 Now we study our model (1.18) in the grand-canonical ensemble (β, μ), where μ ∈ R^1 is the chemical potential of this ensemble. Let p_Λ (β, μ) ≡ 1 βV ln T r_{FΛ} e^{−β(HΛ−μNΛ)}. be the grand-canonical pressure corresponding to H_Λ.

Theorem 2.4. Let λ > 0 , g_0 > 0, g > 0,and ε_0 < 0, then (i) the domain of stability of H_Λ, i.e. ~Q ≡ {( θ ≥ 0, μ ∈ R^1 ) : lim_Λ p_Λ (β, μ) < +∞ } , (2.12)

is equal to ~Q = {θ ≥ 0} × {μ ∈ R^1 }; (ii) in the thermodynamic limit one gets

p (β, μ) ≡ lim_Λ p_Λ (β, μ) = inf_{α≤0} { p^{BZ} (β, α) + (μ − α)^2 4λ } (2.13) for (θ, μ) ∈ ~Q, where p^{BZ} (β, μ) is the pressure defined by (1.8). Therefore the pressure (2.13) is independent of the parameter g provided it is positive.

Proof. (i) Notice that the Hamiltonian H_Λ (1.18) is superstable, i.e. there are B = −ε_0 and C = λ such that H_Λ ≥ −N_ΛB + C V N^2_Λ (2.14)

for any box Λ. Therefore by (2.14) we have the existence of the infinite volume limit for the pressure p_Λ (β, μ) for any μ ∈ R^1 .

(ii) Since the pressure p (β, μ) is in fact a Legendre transform of the corresponding free-energy density f (β, ρ) (2.2) or (2.11), by Theorem 2.1 we get p (β, μ) = sup_{ρ≥0} {μρ − f (β, ρ)} = sup_{ρ≥0} { μρ − λρ^2 − f^{BZ} (β, ρ) } , (2.15)

with f^{BZ} (β, ρ) defined by (2.10). By straightforward calculations one obtains that

inf_{α≤0} { αρ + (μ − α)^2 4λ − f^{BZ} (β, ρ) } = μρ − λρ^2 − f^{BZ} (β, ρ) and thus (2.15) takes the form:

p (β, μ) = sup_{ρ≥0} { inf_{α≤0} { αρ + (μ − α)^2 4λ − f^{BZ} (β, ρ) }} (2.16)

Notice that the sup_{ρ≥0} and inf_{α≤0} generally don’t commute. However, convexity of the free-energy density f^{BZ} (β, ρ) (cf. Remark 2.3) implies that F (ρ, α) ≡ αρ + (μ − α)^2 4λ − f^{BZ} (β, ρ) (2.17)

is a strictly concave function of ρ and a strictly convex function of α, see Figure 1. This ensures the uniqueness of the stationary point (~ρ, ~α) such that ∂_αF (~ρ, ~α) = 0, ∂_ρF (~ρ, ~α) = 0, and F (~ρ, ~α) = sup_{ρ≥0} { inf_{α≤0} {F (ρ, α)} } = inf_{α≤0} { sup_{ρ≥0} {F (ρ, α)} } . (2.18)

Since sup_{ρ≥0} F (ρ, α) = { (μ − α)^2 4λ + p^{BZ} (β, α) } , (2.16)-(2.18) imply (2.13). �

3. Bose condensations

3.1 Let ρ_Λ (β, μ) denote the grand-canonical total particle density corresponding to the model (1.18), i.e. ρ_Λ (β, μ) ≡ ⟨ N_Λ V ⟩ HΛ = ∂_μp_Λ (β, μ) , (3.1)

where ⟨−⟩_{HΛ} (β, μ) represents the grand-canonical Gibbs state for the Hamiltonian H_Λ (1.18).

Theorem 3.1. For (θ, μ) ∈ ~Q (2.12) we have ρ (β, μ) ≡ lim_Λ ρ_Λ (β, μ) = ρ^{BZ} (β, ~α (β, μ)) . (3.2)

Here ~α (β, μ) ≤ 0 is a unique solution of ρ^{BZ} (β, ~α (β, μ)) + (~α (β, μ) − μ) 2λ = 0, (3.3)

when μ ≤ μ^{BZ}_c (θ) ≡ 2λρ^{BZ}_c (θ), whereas for μ > μ^{BZ}_c (θ) one gets ~α (β, μ) = 0 (see Figure 2) and ρ (β, μ) ≡ lim_Λ ρ_Λ (β, μ) = μ 2λ , (3.4) where ρ^{BZ}_c (θ) is defined by (1.14).

Proof. Let ~α (β, μ) ≤ 0 be defined by (2.13), i.e.

p (β, μ) = inf_{α≤0} { p^{BZ} (β, α) + (μ − α)^2 4λ } = p^{BZ} (β, ~α (β, μ)) + (μ − ~α (β, μ))^2 4λ . (3.5)

Since ∂_α [ p^{BZ} (β, α) + (μ − α)^2 4λ ] = ρ^{BZ} (β, α) + (α − μ) 2λ , (3.6)

then for μ ≤ μ^{BZ}_c (θ) (cf. (1.14)) there is a unique solution ~α (β, μ) ≤ 0 of (3.3) which corresponds to a minimum in (2.13). Since {p_Λ (β, μ)}_Λ are convex functions of μ ∈ R^1 then combining (3.1) and (3.5) with the Griffiths lemma [12, 13] we obtain the thermodynamic limit for the total particle density ρ (β, μ) = ∂_μp (β, μ) = (μ − ~α (β, μ)) 2λ , which together with (3.3) gives (3.2).

Now let for μ > μ^{BZ}_c (θ). Then by definition of ρ^{BZ}_c (θ) (see (1.14)) one gets ∂_α [ p^{BZ} (β, α) + (μ − α)^2 4λ ] = ρ^{BZ} (β, α) + (α − μ) 2λ ≤ 0 which implies that

p (β, μ) = inf_{α≤0} { p^{BZ} (β, α) + (μ − α)^2 4λ } = p^{BZ} (β, 0) + μ^2 4λ , (3.7)

i.e. ~α (β, μ) = 0. Therefore, by the Griffiths lemma [9, 10] and (3.1), (3.7) we get (3.4). �

Theorem 3.2. Let ε_0 < 0. Then we have:

ρ_0 (θ, μ) ≡ lim_Λ ⟨ a^∗_0a_0 V ⟩ HΛ (β, μ)

= { 0, for (θ, μ) ∈ ~Q\ ~D_{ε0} (_{~α(β,μ)−ε0} g0 ) , for (θ, μ) ∈ ~D_{ε0} } , (3.8)

with ~α (β, μ) defined by equation (3.5), see Figure 2. Here domain ~D_{ε0} is defined by:

~D_{ε0} = { (θ, μ) ∈ ~Q : ε_0 < ~α (β, μ) } = = { (θ, μ) ∈ ~Q : ~μ_0 (θ) < μ } , (3.9)

see Figures 2 and 4, where we denote by ~μ_0 (θ) a unique solution of the equation

~α (β, μ) = ε_0. (3.10)

Proof. Since {p_Λ (β, μ)}_Λ are convex functions of ε_0 ∈ R^1 , then by ⟨ a^∗_0a_0 V ⟩ HΛ (β, μ) = −∂_{ε0} p_Λ (β, μ) , (3.11)

and by the Griffiths lemma [12, 13] we obtain that

lim_Λ ⟨ a^∗_0a_0 V ⟩ HΛ = −∂_{ε0} p (β, μ) . (3.12)

For μ ≤ μ^{BZ}_c (θ) ≡ 2λρ^{BZ}_c (θ) there is a unique ~α (β, μ) ≤ 0 defined by (3.5) which verifies (3.3), whereas for μ > μ^{BZ}_c (θ) according to (3.7) we obtain ~α (β, μ) = 0. Notice that by (1.8) for μ ≤ ε_0 we have p^{BZ} (β, μ) = p^P (β, μ) . Therefore, by (3.9), (3.12) one gets from (3.5) and (3.7) that

lim_Λ ⟨ a^∗_0a_0 V ⟩ HΛ (β, μ) = { 0, for ~α (β, μ) ≤ ε_0 < 0 (_{~α(β,μ)−ε0} g0 ) , for ε_0 ≤ ~α (β, μ) } , i.e. (3.8). �

Hence by Theorem 3.2, the domain ~D_{ε0} can be described as

~D_{ε0} = { (θ, μ) ∈ ~Q : ρ_0 (θ, μ) ≡ lim_Λ ⟨ a^∗_0a_0 V ⟩ HΛ > 0 } . (3.13)

Notice that in contrast to D_{ε0} , see (1.9), (1.10), the domain ~D_{ε0} has a temperature dependent boundary and lasts to the positive μ, see Figure 4. This macroscopic occupation of the mode k = 0 is a non-conventional Bose condensation which occurs due to the ”attraction” term ε_0a^∗_0a_0, i.e. when ε_0 < 0. It is similar to the first stage of condensation manifested by the model H^{BZ}_Λ (1.6) with g_k (V ) = g/2) [2] but for μ > 0. In particular, we again recover a saturation of the total particle density in the mode k = 0:

sup_{μ∈} R^1 ρ_0 (θ, μ) = ρ_0 ( θ, μ ≥ μ^{BZ}_c (θ) ) = − ε_0 g_0

, (3.14)

cf. (1.15) and Figure 3. Notice that for any μ lim_{β→0+} ~α (β, μ) = −∞. Thus, in contrast to the model (1.6) (with g_k (V ) = g/2), the non-conventional condensation in the model (1.18) depends on the temperature and there is ~θ_0 (μ) (solution of the equation ~α (θ^{−1}, μ) = ε_0, (3.10)) such that

ρ_0 (θ, μ) = ~α (β, μ) − ε_0 g_0

> 0, (3.15)

for θ ≤ ~θ_0 (μ) and ρ_0 (θ, μ) = 0, (3.16)

for θ > ~θ_0 (μ). This is another way to describe the phase diagram of the Figure 4: ~θ_0 (μ) is simply the inverse function to ~μ_0 (θ).

Similar to the model (1.6), for d > 2 we encounter for large total particle densities another kind of condensation: a conventional non-extensive Bose-Einstein condensation in the vinicity of k = 0. In order to control this condensation we introduce an auxiliary Hamiltonian H_{Λ,γ} ≡ H_Λ − γ ∑ {k∈Λ^∗:‖k‖≥δ} a^∗_ka_k, (3.17)

for a fixed δ > 0, and we set p_Λ (β, μ, γ) ≡ 1 βV ln T r_{FΛ} e^{−βHΛ,γ (μ)}. (3.18)

Remark 3.3. Let γ < ε_δ ≡ ε_{‖k‖=δ}. Then the system with Hamiltonian H_{Λ,γ} has the same properties as the model H_Λ modulo the free-particle spectrum transformation:. ε_k → ε_{k,γ} ≡ ε_k − γ.χ_{[δ,+∞)} (‖k‖) (3.19) where χ_A (x) is the characteristic function of domain A. In particular the results of Theorem 2.1 and 2.4 remain unchanged. For (θ, μ) ∈ ~Q and γ < ε_δ we have

p (β, μ, γ) ≡ lim_Λ p_Λ (β, μ, γ) = inf_{α≤0} { p^{BZ} (β, α, γ) + (μ − α)^2 4λ } , (3.20)

where p^{BZ} (β, μ, γ) is the pressure (1.8) but with the free-particle spectrum (3.19): p^{BZ} (β, μ, γ) = p^P (β, μ, γ) − inf_{ρ0≥0} [ (ε_0 − μ) ρ_0 + g_0ρ^2_0 2 ]

= 1 β (2π)^d ∫ k∈R^d ln [( 1 − e^{−β}(^{εk,γ −μ}) )_{−1}] d^dk

− inf_{ρ0≥0} [ (ε_0 − μ) ρ_0 + g_0ρ^2_0 2 ] . (3.21)

Theorem 3.4. For any (θ, μ) ∈ ~Q we have

lim_Λ ⟨ a^∗_ka_k V ⟩ HΛ = 0, k ∈ Λ^∗\ {0} , (3.22)

i.e. there is no macroscopic occupation of modes k ≠ 0 whereas for μ ≥ μ^{BZ}_c (θ) ≡ 2λρ^{BZ}_c (θ) the model H_Λ (1.18) manifests a generalized (non-extensive) Bose-Einstein condensation for those modes:

lim_{δ→0+}lim_Λ 1 V ∑ {k∈Λ^∗: 0<‖k‖<δ} ⟨N_k⟩_{HΛ} = ρ (β, μ) − ρ^{BZ}_c (θ) = 1 2λ ( μ − μ^{BZ}_c (θ) ) > 0. (3.23)

Here ρ (β, μ) is defined by (3.4). For ε_0 < 0 this condensation coexists with the non-conventional condensation in the mode k = 0 (see Theorem 3.2).

Proof. Let g > 0 and Δg > 0 be such that g − Δg > 0. Then by the Bogoliubov inequality (see e.g. [14]), one gets:

0 ≤ Δg 2V^2 ∑ k∈Λ^∗\{0} ⟨ N^2_k ⟩ HΛ ≤ p_Λ H_Λ − Δg 2V ∑ k∈Λ^∗\{0} N^2_k

− p_Λ [H_Λ] . (3.24)

Notice that by Theorems 2.1 and 2.4 thermodynamic limits of pressures for two models (1.18) with g > 0 and g − Δg > 0 coincide with (2.13), i.e. one has

lim_Λ p_Λ H_Λ − Δg 2V ∑ k∈Λ^∗\{0} N^2_k

− p_Λ [H_Λ] = 0. (3.25)

Since for k ∈ Λ^∗\ {0} we have the estimate 0 ≤ ( ⟨N_k⟩_{HΛ} V )_2 ≤ ⟨N^2_k ⟩_{HΛ}

V^2 ≤ 1 V^2 ∑ k∈Λ^∗\{0} ⟨ N^2_k ⟩ HΛ ,

then combining it with (3.24) and (3.25) we obtain (3.22). Let δ > 0, then we have 1 V ∑ {k∈Λ^∗: 0<‖k‖<δ} ⟨N_k⟩_{HΛ} = ρ_Λ (β, μ) − ⟨ a^∗_0a_0 V ⟩ HΛ − 1 V ∑ {k∈Λ^∗:‖k‖≥δ} ⟨N_k⟩_{HΛ} . (3.26)

Now we can follow the same line of reasoning as in proofs of Theorems 3.1 and 3.2: we have the set {p_Λ (β, μ, γ)}_Λ of convex functions of γ ∈ (−∞, ε_δ] with 1 V ∑ {k∈Λ^∗:‖k‖≥δ} ⟨N_k⟩_{HΛ,γ} = ∂_γ p_Λ (β, μ, γ) ,

which by the Griffiths lemma [12, 13] and (3.20), (3.21) implies for γ = 0 that

lim_Λ 1 V ∑ {k∈Λ^∗:‖k‖≥δ} ⟨N_k⟩_{HΛ} = ∂_γ p (β, μ, γ = 0) . (3.27)

Then by definitions (3.19), (3.20) and Theorem 3.1, see (3.2), (3.4), together with explicit formula (1.13) we get: ∂_γ p (β, μ, γ = 0) = 1 (2π)^d ∫ ‖k‖≥δ d^dk e^{β(εk−~α(β,μ))} − 1 (3.28)

for μ < μ^{BZ}_c (θ) and ∂_γ p (β, μ, γ = 0) = 1 (2π)^d ∫ ‖k‖≥δ d^dk e^{βεk} − 1 (3.29)

for μ ≥ μ^{BZ}_c (θ). Now taking account (3.4), (3.14) and definition (1.14) we obtain (3.23) from (3.26), (3.27) and (3.29) by taking thermodynamic limit and the limit δ → 0^+. �

4. Concluding remark

We have presented a new exactly soluble model (1.18) which is inspired by the MSV model [1] and our model [2]. Due to an ”attractive”-type interaction in the mode k = 0 it belongs to the family of models which manifest two types of condensations: non-conventional one in the mode k = 0 and conventional (generalized) Bose-Einstein condensation in modes k ≠ 0, see [2, 15, 16]. They coexist for large total particle densities.

The important feature of models (1.18) and [1, 2] (in contrast to [15]) is that the repulsion between bosons with k ≠ 0 is strong enough to produce a generalized type III (i.e. non-extensive) Bose-Einstein condensation. Notice that in the Bogoliubov Weakly Imperfect Bose Gas [15, 16], the Bose-Einstein condensation is of the type I.

It seems that the model [1] and then [2] together with the present one give a first example when the non-extensive Bose-Einstein condensation is produced by the interaction between particles and not by geometry or by external fields, see [7, 8] and [17, 18, 19].

Acknowledgments.

We thank Tom Michoel and André Verbeure for discussions of their paper [1] prior to publication.

References

[1] Michoel T. and Verbeure A. 1999 Nonextensive Bose-Einstein condensation model J. Math.

Phys. 40 1268

[2] Bru J.-B. and Zagrebnov V.A. 1999 Exactly soluble model with two kinds of Bose-Einstein condensations Physica A 268 309

[3] Huang K., 1963 Statistical Mechanics (New-York: Wiley)

[4] Davis E.B. 1972 The thermodynamic limit for an Imperfect Boson Gas Com. Math. Phys.

28 69

[5] Fannes M. and Verbeure A. 1980 The condensed phase of the imperfect Bose gas J. Math.

Phys. 21 1809

[6] van den Berg M., Lewis J.T. and de Smedt Ph. 1984 Condensation in the Imperfect Boson Gas J. Stat. Phys. 37 697

[7] van den Berg M. and Lewis J.T. 1982 On generalized condensation in the free boson gas Physica A 110 550

[8] van den Berg M. 1982 On boson condensation into an infinite number of low-lying levels J. Math. Phys. 23 1159

[9] Schröder M. 1990 On the Bose Gas with Local Mean-Field Interaction J. Stat. Phys. 58 1151

[10] van den Berg M., Lewis J.T. and Pulé J.V. 1988 The large deviation principle and some models of an interacting Boson Gas Com. Math. Phys. 118 61

[11] Papoyan Vl. V. and Zagrebnov V.A. 1985 On condensation of a one-dimensional nonideal Boson Gas Phys. Lett. A 113 8

[12] Griffiths R. 1964 A proof that the free energy of a spin system is extensive J. Math. Phys.

5 1215 [13] Hepp K. and Lieb E. H. 1973 Equilibrium statistical mechanics of matter interacting with the quantized radiation field Phys. Rev. A 8 2517 [14] Ruelle D. 1969 Statistical Mechanics: Rigorous Results (New-York: Benjamin) [15] Bru J.-B. and Zagrebnov V.A. 1998 Exact solution of the Bogoliubov Hamiltonian for weakly imperfect Bose gas, J. Phys. A: Math. Gen. A 31 9377 [16] Bru J.-B. and Zagrebnov V.A. 1999 On condensations in the Bogoliubov Weakly Imperfect Bose-Gas, submitted to J. Stat. Phys.

[17] M. van den Berg, J.T. Lewis 1981 On the free boson gas in a weak external potential, Commun. Math. Phys. 81 475 [18] Pulé J.V. 1983 The free boson gas in a weak external potential J. Math. Phys. 24 138 [19] M. van den Berg 1983 On condensation in the free-bosons gas and the spectrum of the Laplacian, J. Stat. Phys. 31 623

FIGURE CAPTIONS

Figure 1. Illustration of the function F (ρ, α).

Figure 2. Illustration of the function ~α (β, μ) defined by the equation (2.13). Figure 3. Non-conventional condensate density ρ_0 (θ, μ) as a function of the chemical potential μ and the temperature θ for the model H_Λ.

Figure 4. Domains D_{ε0} and ~D_{ε0} corresponding to the existence of a non-conventional condensation respectively for models H^{BZ}_Λ and H_Λ.