SEMI-CLASSICAL COUNTING FUNCTION WITH APPLICATION TO QUANTUM CURRENT

by J. D. Butler

Abstract. By adapting methods developed in [SV] to the semi-classical situation we obtain a new two-term asymptotic formula for the counting function of eigenvalues

of h pseudodifferential operators in the limit as h → 0. Recent results on clustering of

eigenvalues obtained in [PP2] follow in Corollary and, as an application, we consider the semi-classical behaviour of the quantum current studied recently in [F].

1. Introduction and Main Results

1.1 Main result.

Let A(h) denote an h admissible pseudodifferential operator (or h P.D.O. for short) as defined in [HR2] and denote the Weyl symbol of A(h) by the formal, asymptotic series a(h) = ∑ j≥0 h^j a_j . (Here the series must be understood in the sense explained in [HR2].) From here on we assume that the symbol of A(h) satisfies the following standard conditions. (H_1) a(h) is real valued for all h ∈ (0, h_0].

(H_2) There exists a constant γ_0 ∈ R such that a_0(x, ξ) ≥ γ_0 for all (x, ξ) ∈ R^{2n} . (H_3) For some fixed γ_1 ∈ R, there exist constants C_0 ≥ 0 and N_0 > 0 such that

a_0(x, ξ) − γ_1 ≤ C_0(a_0(y, η) − γ_1)(1 + |x − y|^2 + |ξ − η|^2)^{N02} ,

for all (x, ξ), (y, η) ∈ R^{2n} .

(H_4) With the same fixed γ_1 and for each j ≥ 0 and each pair of multi-indices α, β, there exists a constant C_{α,β,j} > 0 such that | |∂^α_x ∂^β_ξ aj | | ≤ Cα,β,j(a0 − γ1), for all (x, ξ) ∈ R^{2n} .

(H_5) There exists a λ_0 ∈ R such that a^{−1}_0 ((−∞, λ_0)) is non-empty and compact.

Under these hypotheses, from [HR2] and [HR1], there exists an h_1 ∈ (0, h_0) such that A(h) is essentially self-adjoint for all h ∈ (0, h_1] when considered as an operator in L^2(R^n ). Furthermore, for all λ < λ_0 and all h ∈ (0, h_1] the sets Spec(A(h)) ∩ (−∞, λ] consist of finite sequences of discrete, finite multiplicity eigenvalues.

Author supported by European Union TMR grant FMRX-960001.

Typeset by AMS-TEX 1

An h P.D.O. with symbol ∑ j≥0 h^j p_j is said to have compactly supported symbol if p_j ∈ C^∞_c (R^{2n} ) for all j. The aim of this paper is to study the asymptotics of the function

(1.1) N^{P,Q}(λ; h) = ∑ λ_j (h)≤λ (P (h)ϕ_j (h), Q(h)ϕ_j(h))

as h → 0. Here λ < λ_0 denotes some fixed, regular value of a_0, P (h) and Q(h) denote two h P.D.O. with compactly supported symbols and (·, ·) denotes the inner product in L^2(R^n ). The λ_j (h) and ϕ_j (h) denote the eigenvalues and corresponding orthonormalised eigenfunctions of A(h) and the sum is counted according to eigenvalue multiplicity.

The asymptotic behaviour of N^{P,Q} is closely related to the periodic trajectories of the Hamiltonian flow generated by the principal symbol a_0. We denote by Φ^t_{a0} = exp(tH_{a0} ) the Hamiltonian flow generated by a_0 and, for a point (y, η) ∈ R^{2n} , we define (x^∗(t, y, η), ξ^∗(t, y, η)) = Φ^t_{a0} (y, η). Defining

(1.2) Σ_λ = {(x, ξ) ∈ R^{2n} | a_0(x, ξ) = λ},

if (y, η) ∈ Σ_λ then Φ^t_{a0} (y, η) ∈ Σ_λ for all t. Furthermore, if λ is a regular value of a_0 (ie. ∇a_0 ≠ 0 on Σ_λ), then Σ_λ is a smooth manifold.

A point (y, η) ∈ Σ_λ is said to be periodic if there exists a constant T > 0 such that Φ^T_{a0} (y, η) = (y, η) and we denote by Π_λ ⊆ Σ_λ the set of all such points.

We denote by T (ν) the primitive (positive) period of a point ν ∈ Π_λ and define

(1.3) ζ(ν) = {Φ^t_{a0} (ν) | 0 ≤ t ≤ T (ν)}.

Then the classical action, s(ν), at a point ν ∈ Π_λ is defined as the integral of the canonical 1-form ξdx along ζ(ν). Explicitly,

(1.4) s(ν) = ∫ ζ(ν) ξdx = ∫_{T (ν)} 0 ξ^∗(t) · ẋ^∗(t)dt. Also for a point ν ∈ Π_λ we define the quantity

(1.5) q(ν) = ∫_{T (ν)} 0 a_{sub}(x^∗(t), ξ^∗(t))dt − π 2 m(ζ) where m(ζ) ∈ Z_4 denotes the Maslov index associated with the closed trajectory ζ = ζ(ν). Analogously to [PP2], we define the oscillating function

(1.6) Q^{P,Q}_λ (r; h) = (2π)^{−n} ∫ Π_λ { π − rT (ν) − h^{−1}s(ν) + q(ν) } 2π Re(p_0q_0) T (ν) dν_λ where r ∈ R denotes a real parameter, dν_λ denotes the Liouville measure on Σ_λ, defined dν_λ =^{dS}_{|∇a0|} , dS being the induced Lebesgue measure on Σ_λ, and {·}_{2π} denotes the residuum modulo 2π defined (1.7) {μ}_{2π} = μ − 2πk,

k ∈ Z being the integer such that −π < {μ}_{2π} ≤ π. Analogously to [SV], we define

the coefficients

(1.8)

C^{P,Q}_0 (λ) =(2π)^{−n} ∫ a_0≤λ Re(p_0q_0)dxdξ

C^{P,Q}_1 (λ) =(2π)^{−n} ∫ a_0≤λ [ Re(p_0 q_{sub} + p_{sub}q_0) −

Im ({p_0, q_0}) 2 ] dxdξ −(2π)^{−n} ∫ Σ_λ [ Im ({p_0, a_0}q_0 + p_0{a_0, q_0}) 2 + Re(p_0q_0)a_{sub} ] dν_λ C^{P,Q}_2 (λ) =(2π)^{−n} ∫ Σ_λ

Re(p_0q_0)dν_λ

where {·, ·} denotes the usual Poison bracket defined {f, g} = f_ξ · g_x − f_x · g_ξ for any differentiable f and g. Sometimes we will write Q^P_λ = Q^{P,P}_λ and C^P_j = C^{P,P}_j . We have the following Theorem and remark that it, and all the results which follow, are valid for the imaginary part of N^{P,Q} by substitution of iQ for Q.

Theorem 1.1. Let A(h) denote an h P.D.O. and suppose that the symbol of A(h) satisfies hypotheses (H_1) to (H_5). Let P (h) and Q(h) denote h P.D.O. with compactly supported symbols and suppose that λ < λ_0 is such that ∇a_0 ≠ 0 on Σ_λ. Then for any r_0 > 0 there exist h_0 > 0 and ϵ_0 > 0 such that h^{1−n} 4 [ Q^{P +Q}_λ (r − ϵ) − Q^{P −Q}_λ (r + ϵ) − 4ϵC^{P,Q}_2 (λ) ] − o_ϵ(h^{1−n}) ≤ Re [ N^{P,Q}(λ + rh; h) ] − h^{−n}C^{P,Q}_0 (λ) − h^{1−n} [ C^{P,Q}_1 (λ) + rC^{P,Q}_2 (λ) ]

≤ h^{1−n} 4 [ Q^{P +Q}_λ (r + ϵ) − Q^{P −Q}_λ (r − ϵ) + 4ϵC^{P,Q}_2 (λ) ] + o_ϵ(h^{1−n})

for all h ∈ (0, h_0], |r| ≤ r_0 and 0 < ϵ ≤ ϵ_0. In general o_ϵ(h^{1−n}) depends upon ϵ but is uniform with respect to |r| ≤ r_0. That is, for each fixed ϵ, h^{n−1}o_ϵ(h^{1−n}) → 0 as h → 0 uniformly for all |r| ≤ r_0.

Theorem 1.1 is similar to Theorem 1.1 in [PP2]. However, there are two differences which will be required for application to the quantum current later on.

Firstly, we have included the h P.D.O. P (h) and Q(h) in Theorem 1.1. Secondly, the coefficients C^{P,Q}_0 and C^{P,Q}_1 do not appear in Theorem 1.1 in [PP2]. Theorem 2.2 below is the crucial result, required to obtain C^{P,Q}_0 and C^{P,Q}_1 , which will be proved in sections 2.2 and 2.3.

We can exploit the similarities between Theorem 1.1 and Theorem 1.1 in [PP2] to obtain analogous conditions for two-term asymptotics or clustering.

If the functions Q^{P +Q}_λ and Q^{P −Q}_λ are uniformly continuous for r in some interval we obtain a two-term asymptotic formula for Re [ N^{P,Q} ] . On the other hand, discontinuities of the functions Q^{P +Q}_λ and Q^{P −Q}_λ may cause so-called clustering (as discussed in [PP2]) to occur. The following two Corollaries are analogous to Corollaries 1.2 and 1.3 in [PP2]. Both results follow from Theorem 1.1 by almost identical arguments to those in the proofs of Corollaries 1.2 and 1.3 in [PP2].

Corollary 1.2. Suppose that the functions Q^{P +Q}_λ and Q^{P −Q}_λ are uniformly continuous for r ∈ [r_1, r_2] and all h ∈ (0, h_0]. Let R_1, R_2 be such that r_1 < R_1 < R_2 < r_2. Then there exists an h_0 > 0 such that Re [ N^{P,Q}(λ + rh; h) ] = h^{−n}C^{P,Q}_0 (λ) + h^{1−n} [ C^{P,Q}_1 (λ) + rC^{P,Q}_2 (λ) + Q^{P,Q}_λ (r; h) ] + o(h^{1−n})

for all r ∈ [R_1, R_2] and h ∈ (0, h_0].

Corollary 1.3. Suppose there exist a positive measure set Π_1 ⊆ Π_λ, an integer

p ∈ Z and a bounded, independent of ν function r(h) (bounded for all h ∈ (0, h_0])

such that

(1.9) r(h)T (ν) + h^{−1}s(ν) − q(ν) = 2πp

for all ν ∈ Π_1 and h ∈ (0, h_0]. Suppose also that ∫ Π_1

|p_0+q_0|^2 T (ν) dνλ > ∫ Π_λ

|p_0−q_0|^2 T (ν) dνλ. Then for any δ > 0 there exists a c_0 > 0 such that

(2π)^{n−1} lim inf_{h→0} h^{n−1}Re [ N^{P,Q}(λ + r(h)h + ch; h) − N^{P,Q}(λ + r(h)h − ch; h) ]

≥ ∫ Π_1

|p_0 + q_0|^2 T (ν) dν_λ − ∫ Π_λ

|p_0 − q_0|^2 T (ν) dν_λ − δ for all c ∈ (0, c_0] and we have clustering of N^{P,Q} in the sense of [PP2].

In the case when only Q^{P −Q}_λ is uniformly continuous (for example if p_0 = q_0) we have the following Corollary, the proof of which is elementary.

Corollary 1.4. Suppose that Q^{P −Q}_λ is uniformly continuous for r ∈ [r_1, r_2] and all h ∈ (0, h_0]. Let R_1, R_2 be as in Corollary 1.2. Then there exists an h_0 > 0 and ϵ_0 > 0 such that h^{1−n}Q^{P,Q}_λ (r − ϵ) + ϵ 2(2π)^n h^{1−n} ∫ Π_λ

|p_0 − q_0|^2dν_λ − ϵh^{1−n}C^{P,Q}_2 (λ) − o_ϵ(h^{1−n})

≤ Re [ N^{P,Q}(λ + rh; h) ] − h^{−n}C^{P,Q}_0 (λ) − h^{1−n} [ C^{P,Q}_1 (λ) + rC^{P,Q}_2 (λ) ]

≤ h^{1−n}Q^{P,Q}_λ (r + ϵ) − ϵ 2(2π)^n h^{1−n} ∫ Π_λ

|p_0 − q_0|^2dν_λ + ϵh^{1−n}C^{P,Q}_2 (λ) + o_ϵ(h^{1−n})

for all h ∈ (0, h_0], r ∈ [R_1, R_2] and 0 < ϵ ≤ ϵ_0.

We note that in Corollary 1.3 we may replace P (h) by −P (h) and obtain an analogous result for so-called negative clustering. Making a similar substitution in Corollary 1.4, we obtain an analogous result there if Q^{P +Q}_λ is uniformly continuous.

1.2 Quantum current.

Let A_ϵ(h) = (−ih∇ − b − ϵa)^2 + V where V (x) and a(x), b(x) denote a scalar and two vector valued, smooth functions and ϵ ∈ R. We assume that b and V are such that A(h) := A_0(h) satisfies hypotheses (H_1) to (H_5) for some λ_0. The operator

A_ϵ(h) has principal symbol a_{0,ϵ} = |ξ − b − ϵa|^2 + V and all other Weyl symbol terms zero.

In [F] the author considers the asymptotics (for fixed λ < λ_0 and as h → 0) of the object defined formally,

(1.10) d dϵ | | | |_{ϵ=0} Tr [ (A_ϵ(h) − λI)χ_{(−∞,λ]} (A_ϵ(h)) ] . Here χ_{(−∞,λ]}(μ) denotes the function equal to 1 for μ ≤ λ and 0 for μ > λ. According to [F] if A(h) satisfies hypotheses (H_1) to (H_5) then the object in (1.10) is well defined and is said to be the quantum current.

Defining the operator B(h) = a · (−ih∇ − b) with principal symbol b_0 = a · (ξ − b) and sub-principal symbol b_{sub} =^i_2 ∇·a, according to [F], if A(h) satisfies hypotheses (H_1) to (H_5) then the quantum current in (1.10) is equal to the real part of the function N^{B,I} for A(h). That is, the quantum current is equal to,

(1.11) Re [ N^{B,I} (λ; h) ] = ∑ λ_j (h)≤λ Re (B(h)ϕ_j(h), ϕ_j (h)) ,

where, as before, (·, ·) denotes the inner product in L^2(R^n ), the λ_j (h) and ϕ_j (h) denote eigenvalues and corresponding orthonormalised eigenfunctions of A(h) and the sum is counted according to eigenvalue multiplicity.

In the case when a(x) is the gradient of some function (eg. when a(x) = Ax, with A a symmetric matrix) the operator A_ϵ(h) is gauge equivalent to A(h) and clearly, from (1.10), the quantum current is identically zero. From here on, therefore, we consider the case when A_ϵ(h) is not gauge equivalent to A(h).

We also observe that, from (1.11), the quantum current is gauge invariant (with respect to b). Thus, when b(x) is the gradient of some function, the quantum current of the operator A(h) is equal to the quantum current of the Schrödinger operator −h^2Δ + V . In this case the eigenfunctions of A(h) may be assumed real valued and, according to (1.11), the quantum current is identically zero. Henceforth we shall consider the non-trivial case when A(h) is not gauge equivalent to −h^2Δ + V .

From [HR2] and [B] for example, if f ∈ C^∞_c (R) then f(A(h)) and B(h)f(A(h)) are both h P.D.O. with compactly supported symbols. Choosing f ∈ C^∞_c (R) such that f = 1 in a neighbourhood of the set [γ_0, λ], we have (1.12) N^{B,I} (λ; h) = N^{B(h)f(A(h)),f(A(h))}(λ; h), for small enough h and hence, we can apply Theorem 1.1 to obtain results about the quantum current.

Observing that, by a change of variables, ∫ a_0≤λ b0dxdξ = 0 and ∫ Σ_λ b0dνλ = 0

and hence the C^{B,I}_j = 0, Theorem 1.1 gives the following.

Corollary 1.5. Let A(h) and B(h) be as above and let λ < λ_0 be a regular value of a_0. Then for any r_0 > 0 there exist h_0 > 0 and ϵ_0 > 0 such that (1.13) h^{1−n} 4 [ Q^{B+I}_λ (r − ϵ) − Q^{B−I}_λ (r + ϵ) ] − o_ϵ(h^{1−n}) ≤ Re [ N^{B,I} (λ + rh; h) ] ≤ h^{1−n} 4 [ Q^{B+I}_λ (r + ϵ) − Q^{B−I}_λ (r − ϵ) ] + o_ϵ(h^{1−n}) and (1.14) h^{1−n} 4 [ Q^{B+iI}_λ (r − ϵ) − Q^{B−iI}_λ (r + ϵ) ] − o_ϵ(h^{1−n}) ≤ Im [ N^{B,I} (λ + rh; h) ] + h^{1−n}(2π)^{−n} [∫ a_0 ≤λ ib_{sub}dxdξ − ∫ Σ_λ

{b_0, a_0} 2 dν_λ ]

≤ h^{1−n} 4 [ Q^{B+iI}_λ (r + ϵ) − Q^{B−iI}_λ (r − ϵ) ] + o_ϵ(h^{1−n})

for all h ∈ (0, h_0], |r| ≤ r_0 and 0 < ϵ ≤ ϵ_0.

Corollaries 1.2 and 1.3 give sufficient conditions for the existence of a two-term asymptotic formula for Re[N^{B,I} ] or for when clustering occurs and we remark that Re[N^{B,I} ] = o(h^{1−n}) in the trivial case when the set Π_λ has zero measure. From here on we consider the case when Π_λ has positive measure.

The quantum current of the operator A(h) is closely related to that of the operator Ã(h) = (−ih∇ + b)^2 + V . If ϕ_j (h) is an eigenfunction of A(h) with corresponding eigenvalue λ_j (h), then ϕ_j (h) is an eigenfunction of Ã(h) with the same eigenvalue. Defining the operator B̃(h) = a · (−ih∇ + b) then (B(h)ϕ_j(h), ϕ_j (h)) = −(B̃(h)ϕ_j (h), ϕ_j (h)) and hence,

(1.15) Re [Ñ^{B̃,I} (λ; h)] = − Re [N^{B,I} (λ; h)].

Thus, the quantum current of Ã(h) is equal to the negation of the quantum current of A(h).

For example, if Q^{B+I}_λ and Q^{B−I}_λ satisfy the hypotheses of Corollary 1.2 then we have two-term asymptotics for the quantum current of A(h) and Ã(h) and, moreover,

(1.16)

Re [Ñ^{B̃,I} (λ + rh; h)] = −Re [ N^{B,I} (λ + rh; h) ] = −h^{1−n}Q^{B,I}_λ (r; h) + o(h^{1−n}). Further, if the hypotheses of Corollary 1.3 are satisfied for A(h) with p_0 = b_0 and q_0 = 1 then we obtain clustering of the quantum current of A(h) and negative clustering of the quantum current of Ã(h).

We define the map R_b : R^{2n} → R^{2n} by R_b : (x, ξ) → (x, 2b(x) − ξ) and define the set Π_2 ⊆ Π_λ to be the smallest set such that R_b (Π_λ \ Π_2) = Π_λ \ Π_2 and (T ∘ R_b)(ν) = T (ν), (s ∘ R_b)(ν) = s(ν) and (q ∘ R_b)(ν) = q(ν) for all ν ∈ Π_λ \ Π_2. If the set Π_2 has zero measure then, using the change of variables η → (2b(y) − η), we have

(1.17) Q^{B±I}_λ = Q^B_λ + Q^I_λ,

and we note that Π_2 = ∅ in the trivial case when b = 0.

Applying the same method of proof as in the proof of Corollary 1.3 in [PP2] and using (1.17) we have the following result.

Theorem 1.6. Suppose that Π_2 has zero (Liouville) measure. i) Suppose there exist a positive measure set Π_1 ⊆ Π_λ, an integer p ∈ Z and a bounded, independent of ν function r(h) (bounded for all h ∈ (0, h_0]) such that (1.9) holds for all ν ∈ Π_1 and all h ∈ (0, h_0]. Then for any δ > 0 there exists ϵ_0 > 0 such that

(1.18) [ Q^{B+I}_λ (r(h) + ϵ; h) − Q^{B−I}_λ (r(h) − ϵ; h) ] ≥ (2π)^{1−n} ∫ Π_1

(|b_0|^2 + 1) T (ν) dν_λ − δ for all h ∈ (0, h_0] and ϵ ∈ (0, ϵ_0]. ii) Suppose there exists a positive measure set Π_1 ⊆ Π_λ on which s and q are constant (for example if Π_1 is connected). Then, defining h_k =^s_{2πk+q} , k ∈ Z, for any δ > 0 there exists an ϵ_0 > 0 such that

(1.19) [ Q^{B+I}_λ (ϵ; h_k) − Q^{B−I}_λ (−ϵ; h_k) ] ≥ (2π)^{1−n} ∫ Π_1

(|b_0|^2 + 1) T (ν) dν_λ − δ for all ϵ ∈ (0, ϵ_0].

It has been suggested that, in certain cases, (i.e. there may exist λ ∈ R and functions a, b and V such that) the O(h^{1−n}) term of the quantum current may be non-zero and oscillating, in some sense, as h → 0. We add to this conjecture that, in certain cases there may exist a bounded energy shift function r(h) such that the O(h^{1−n}) term of the quantum current, evaluated at (λ + r(h)h), may be oscillating as h → 0.

We note that Theorem 1.6, and Corollary 1.5 do not disprove this conjecture. For if the hypotheses of Theorem 1.6 are satisfied, and the energy shift function r(h) is chosen in the way described, then the bounds on either side of (1.13) are (symmetrically) bounded away from zero. The quantum current is thus not necessarily o(h^{1−n}) and the highest order term may be oscillating.

We briefly consider an example in which the hypotheses of Theorem 1.6 are satisfied. (In the trivial case when b = 0 and V = |x|^2, elementary calculations show that the hypotheses of Theorem 1.6 are satisfied.) Let V = Kx · x where K denotes a real, symmetric, positive definite matrix and let b(x) = Bx with B an anti-symmetric matrix. We define Λ to be the diagonal matrix with entries Λ_{jk} = δ_{jk}k_j , where the {k^2_j } denote the (positive) eigenvalues of K and k_j > 0 for all j.

Following [MU] there exist an invertible matrix T and a unitary matrix U such that

(1.20) d dt ( UT Φ^t_{a0} ) = 2 ( 0 Λ −Λ 0 ) UT Φ^t_{a0} . Elementary calculations then show that, similarly to the case when V = Kx · x and b = 0, the flow is totally periodic if and only if^{kj}_{k1} ∈ Q for all j. On the other hand, Π_λ = ∅ if and only if there exists a j ≥ 2 such that^{kj}_{k1} ∉ Q.

In the periodic case we define {p_j } and {q_j } to be positive integers such that k_j k_1 = p_j q_j . Then T = π k_1 l.c.m. (_{qj} (p_j ,q_j ) ) , s = λT and q = {Tr( √ K)T + π}_{2π} − π for all ν ∈ Π_λ = Σ_λ. (Here (p_j , q_j) denotes the greatest common divisor of p_j and q_j , l.c.m. denotes least common multiple and Tr( √ K) denotes the usual matrix trace of the square root of K.)

In general, when the flow is totally periodic with constant period and Σ_λ is connected, then Π_2 = ∅ and, in Theorem 1.6, we can take Π_1 = Π_λ and

(1.21) r(h) = ( {q − h^{−1}s}_{2π} + 2πp ) T^{−1} for any p ∈ Z or h_k =^s_{2πk+q} , k ∈ Z.

More evidence to support the conjecture described above comes from the next Theorem.

Theorem 1.7. Suppose that there exist ρ, h_0 > 0 and a bounded function r(h), (bounded for all h ∈ (0, h_0]) such that the set

(1.22) Π_{ρ,h0} = ⋃ h∈(0,h_0] {ν ∈ Π_λ| inf_{k∈}Z | r(h)T (ν) + h^{−1}s(ν) − q(ν) − 2πk | < ρ}

has zero (Liouville) measure. (Note that we require ρ < π if we are to have Π_λ of positive measure.) Then for any δ > 0, there exists ϵ_0 > 0 such that

(1.23) | | |Q^{±B+I} λ (r(h) + ϵ) − Q^{±B−I}_λ (r(h) − ϵ) − 4Q^{±B,I}_λ (r(h)) | | | < δ for all h ∈ (0, h_0] and ϵ ∈ (0, ϵ_0]. Hence, applying a similar argument to that appearing in the proof of [PP2], Corollary 1.2, there exists an h_1 > 0 such that

(1.24) Re [ N^{B,I} (λ + r(h)h; h) ] = h^{1−n}Q^{B,I}_λ (r(h); h) + o(h^{1−n}) for all h ∈ (0, h_1].

Proof. As Π_{ρ,h0} has zero measure it follows that 2πk − π + ρ ≤ (π − r(h)T (ν) − h^{−1}s(ν) + q(ν)) ≤ 2πk + π − ρ for all h ∈ (0, h_0], k ∈ Z and almost all ν ∈ Π_λ.

For any δ_1 > 0, there exsists a T_0 > 0 such that the set X_{δ1} = {ν ∈ Π_λ|T (ν) > T_0} has Liouville measure, denoted μ(X_{δ1} ), less than δ_1, ie. μ(X_{δ1} ) < δ_1.

Using these two facts, for each δ_1 > 0, there exists ϵ_0 > 0 (ϵ_0 <^ρ_{2T0} is sufficient) such that

(1.25) 2πk − π + ρ 2 ≤ (π − (r(h) ± ϵ)T (ν) − h^{−1}s(ν) + q(ν)) ≤ 2πk + π − ρ 2 for all h ∈ (0, h_0], ϵ ∈ (0, ϵ_0], k ∈ Z and almost all ν ∈ (Π_λ \ X_{δ1} ).

There exists T_1 > 0 such that T (ν) ≥ T_1 for all ν ∈ Π_λ and hence, using (1.25), there exist constants M_1, M_2 ≥ 0 such that the left hand side of (1.23) is less than or equal to M_1π T_1 μ(X_{δ1} ) + M_2ϵ <

M_1πδ_1 T_1

+ M_2ϵ for all h ∈ (0, h_0] and ϵ ∈ (0, ϵ_0], where we have used the facts that {·}_{2π} ≤ π, and | ± b_0 + 1|^2 − | ± b_0 − 1|^2 = ±4b_0. Choosing δ_1 and ϵ_0 small enough completes the proof of (1.23). �

Theorem 1.7 gives sufficient conditions which ensure that the quantum current is O(h^{1−n}) and that the highest order term is oscillatory. Indeed, suppose there exist λ, a, b and V such that the flow Φ^t_{a0} has constant period T on Π_λ, s and q constant almost everywhere on Π_λ (eg. if Π_λ is connected), and ∫ Π_λ b0dνλ ≠ 0. Then choosing, for example,

(1.26) r(h) = ( {q − h^{−1}s}_{2π} + 2πp + δ ) T^{−1}, with any p ∈ Z and δ ∈ (0, π), we have Π_{ρ,h0} = ∅ for all 0 < ρ < δ and all h_0 > 0 and thus, Re [ N^{B,I} (λ + r(h)h; h) ] = h^{1−n} (δ − π) T ∫ Π_λ

b_0dν_λ + o(h^{1−n}).

To obtain an oscillatory top order term we could choose

(1.27) r(h) = ( {q − h^{−1}s}_{2π} + 2πp + π + 1 2 {2h^{−1}}_{2π} ) T^{−1}, with any p ∈ Z, so that Π_{ρ,h0} = ∅ for all 0 < ρ <^π_2 and all h_0 > 0 and thus, Re [ N^{B,I} (λ + r(h)h; h) ] = h^{1−n} 2T {2h^{−1}}_{2π} ∫ Π_λ

b_0dν_λ + o(h^{1−n}).

Unfortunately, an example in which T, s and q are all constant on Π_λ and ∫ Π_λ b0dνλ ≠ 0 has not yet been found. In the case when T, s and q are constant on

Π_λ, such an example can only exist if Σ_λ \ Π_λ is of positive measure, (if Σ_λ \ Π_λ has zero measure then ∫ Π_λ b0dνλ = 0) and this rules out the example considered

above.

Indeed we conclude from Theorem 1.7 that, in the case when V = Kx · x, K a real, symmetric, positive definite matrix, b = Bx with B an anti-symetric matrix and the flow is totally periodic, if we choose r(h) such that Π_{ρ,h0} has zero measure for some ρ, h_0 > 0 (eg. if we choose r(h) as in (1.26) or (1.27)) then we have Re [ N^{B,I} (λ + r(h)h; h) ] = o(h^{1−n}).

2. Proof of Theorem 1.1

2.1 Polarisation, Tauberian result and improved trace formula.

Firstly we comment that, due to the polarisation formula (2.1) 4N^{P,Q} = N^{P +Q} − N^{P −Q} + iN^{P +iQ} − iN^{P −iQ} appearing in [SV], the statement in Theorem 1.1 follows from the special case when Q(h) = P (h). Henceforth we need only consider this particular case.

Throughout what follows we let ρ, γ ∈ S(R) denote Schwartz functions satisfying the following conditions: i) ρ̂, γ̂ ∈ C^∞_c (R), ii) ρ, γ > 0, iii) ρ̂ and γ̂ are both even, iv) ρ̂(0) = 1, ρ̂^′(0) = 0 and v) γ̂(0) = 0, where ρ̂ denotes Fourier transform and ρ̂^′ denotes differentiation.

For any λ_1, λ_2 ∈ R with λ_1 < λ_2 we denote by F_+(λ_1, λ_2) the space of functions σ_h(λ) such that, for each h ∈ (0, h_0], σ_h(λ) is a real-valued, non-negative, nondecreasing function of λ, σ_h(λ) = 0 for all λ ≤ λ_1 and σ_h(λ) = σ_h(λ_2) for all λ ≥ λ_2.

For any δ ≠ 0 we define the dilation of a function f as f_δ(λ) =^1_δ f(^λ_δ ) and applying the method of proof appearing in [SV], appendix B (see [B], chapter 5 for details) we have the following Tauberian type result.

Theorem 2.1. Let σ_{jh} ∈ F_+(λ_1, λ_2), j = 1, 2. Suppose that there exists a function ρ satisfying the conditions above such that d dλ (σ_{jh} ∗ ρ_h)(λ) = O_j (h^{−n}), j = 1, 2

where the O_j are uniform with respect to λ ∈ R. With this ρ, suppose that for all r_0 > 0 and all functions γ satisfying the conditions above,

(σ_{1h} ∗ ρ_h)(λ + rh) = (σ_{2h} ∗ ρ_h)(λ + rh) + o(h^{1−n}) d dλ (σ_{1h} ∗ γ_h)(λ + rh) = d dλ (σ_{2h} ∗ γ_h)(λ + rh) + o(h^{−n})

where the o are independent of |r| ≤ r_0. (Of course the O_j and o may depend on ρ and γ.) Then for any ϵ > 0, all |r| ≤ r_0 and all h ∈ (0, h_0],

σ_{2h}(λ + (r − ϵ)h) − o_ϵ(h^{1−n}) ≤ σ_{1h}(λ + rh) ≤ σ_{2h}(λ + (r + ϵ)h) + o_ϵ(h^{1−n})

where the o_ϵ is independent of |r| ≤ r_0 but may depend on ϵ.

With a view to applying the above Theorem we define the functions

(2.2) σ_{1h}(λ) = ∑ λ_j (h)≤λ ‖P (h)ϕ_j (h)‖^2 σ_{2h}(λ + rh) = h^{−n}C^P_0 (λ) + h^{1−n}C^P_1 (λ) + rh^{1−n}C^P_2 (λ) + h^{1−n}Q^P_λ (r; h).

Let f, g ∈ C^∞_c (R) denote real functions such that f + g = 1 in a neighbourhood of the set [γ_0, λ], supp g ⊆ [λ − δ, λ + δ] some δ > 0, g = 1 in a neighbourhood of the point λ and supp f ⊆ (−∞, λ]. Then defining σ̃_{1h} and σ̃_{2h} to be the same functions in (2.2) but with P (h) replaced by P (h)(f + g)(A(h)) we have

(2.3) σ̃_{1h}(λ) = Tr [f(A)P^∗P f(A)] + ∑ λ_j (h)≤λ [ 2Re (P f(A)ϕ_j(h), P g(A)ϕ_j(h)) + ‖P g(A)ϕ_j(h)‖^2 ]

and σ̃_{jh}(μ) = σ_{jh}(μ) for all μ in a neighbourhood of the set (−∞, λ].

In section 2.3 we will prove the following improved trace formula:

Theorem 2.2. Let P (h) and Q(h) denote arbitrary h P.D.O. with compactly supported symbols. If ρ satisfies the assumptions above and has supp ρ̂ contained in a sufficiently small neighbourhood of the origin then (2.4)

(2πh)^{−1}Re ∫_λ −∞ ∫ ρ̂(t)e^{ih} �1_{t(s+rh)} Tr [ P (h)e^{−ih} �1_{tA(h)} Q(h)^∗ ] dtds = h^{−n}C^{P,Q}_0 (λ) + h^{1−n}(2π)^{−n} ∫ a_0≤λ Re ((P Q^∗)_{sub}) dxdξ + rh^{1−n}C^{P,Q}_2 (λ) − h^{1−n}(2π)^{−n} ∫ Σ_λ [ Im ({p_0, a_0}q_0 + p_0{a_0, q_0}) 2 + Re(p_0q_0)a_{sub} ] dν_λ + o(h^{1−n}) where the o(h^{1−n}) is independent of r in any bounded interval and (P^∗Q)_{sub} denotes the sub-principal symbol of the composition P (h)^∗Q(h).

Remark. Theorem 2.2 will be proved in an analagous way to the proof of the corresponding classical (large λ) result, see [SV] chapter 3 and Theorem 4.2.4. However, in the large λ setting, the proof in [SV] relies upon the fact that the principal symbols are homogeneous with respect to the ξ variables, the homogeneity allowing one, essentially, to change to polar coordinates and exploit some cancellations.

In the semi-classical (non-homogeneous) case we employ a slightly different argument and use an additional technique (of varying the phase functions involved in our constructions) to establish (2.4). A draw back is that this more complicated method only permits us to obtain the o(h^{1−n}) error in (2.4) whereas, in view of [SV] Theorem 4.2.4., one might expect to be able to obtain a better O(h^{2−n}) remainder.

Using the results of [HR2] to estimate the first term in (2.3), an explicit calculation and Theorem 2.2 imply that, provided supp ρ̂ and δ are small enough,

(2.5) (σ̃_{1h} ∗ ρ_h)(λ + rh) = (σ̃_{2h} ∗ ρ_h)(λ + rh) + o(h^{1−n})

where the o(h^{1−n}) is independent of r in any bounded interval. Further, from Theorem 2.2 and (2.5),^d_{dλ} (σ̃_{jh} ∗ ρ_h) = O_j (h^{−n}), j = 1, 2, where the O_j are uniform in λ and, it is thus clear that, the σ̃_{jh} ∈ F_+(γ_0, λ + δ).

Theorem 5.1 in [PP2] may be generalised to the case when the h P.D.O. g(x, hD_x) and g(x, hD_x)^∗, in the notation used there, are replaced by arbitrary h P.D.O. with compactly supported symbols. In this more general setting, [PP2] Theorem 5.1 gives (2.6) (2πh)^{−1} ∫ e^{ih} �1_{(λ+rh)} γ̂(t)Tr [ P (h)e^{−ih} �1_{tA(h)} Q(h)^∗ ] dt = (2πh)^{−n} ∑ k∈Z\{0} ∫ Π_λ γ̂(kT )e^{ik(h} �1_{s+rT −q)} p_0q_0dν_λ + o(h^{−n})

where the o(h^{−n}) is independent of r in any bounded interval but may depend on γ. Taking account of (2.3) and (2.6), another explicit calculation shows that, for all functions γ satisfying the assumptions above and provided δ is sufficiently small, d dλ (σ̃_{1h} ∗ γ_h)(λ + rh) = d dλ (σ̃_{2h} ∗ γ_h)(λ + rh) + o(h^{−n}) where the o(h^{−n}) is independent of r in any bounded interval but may depend upon γ. We have thus established that the σ̃_{jh} satisfy the hypotheses of Theorem 2.1, and Theorem 1.1 follows by an application of Theorem 2.1.

2.2 Schrödinger equation and h F.I.O. with complex phase functions.

As a first step in proving Theorem 2.2 we approximate, in some sense, the operator P (h)e^{−ih} �1_{tA(h)} Q(h)^∗ by a so-called h Fourier integral operator, or h F.I.O. for short. To achieve this, we adapt complex valued phase function methods developed in [LSV] to the semi-classical setting.

1. h F.I.O.

We consider a particular class of h F.I.O. with complex valued phase functions. Let a ∈ C^∞(R^{2n} ) denote an arbitrary function. A function ϕ ∈ C^∞(R^{3n+1} ) is said to be a phase function (associated with a) if there exists a μ > 0 such that

ϕ(t, x, y, η) = ∫_t 0 ξ^∗(s) · ẋ^∗(s)ds − ta(x^∗, ξ^∗) + ξ^∗ · (x − x^∗) + iμ 2 |x − x^∗|^2

and the set of all such functions will be denoted Ψ(a). (Here we recall that x^∗ = x^∗(t, y, η), with the same for ξ^∗, and (x^∗, ξ^∗) = Φ^t_{a0} (y, η).)

A function u ∈ C^∞(R^{3n+1} ) is said to be a symbol if u has compact support in the y and η variables and the function x → u(t, x, y, η) and all its derivatives have polynomially bounded growth for all t, y and η.

Definition. An operator valued map U(t; h) : R × (0, h_0] → L(L^2(R^n )) is said to be an h F.I.O. if for any T > 0, there exist a phase function ϕ, a sequence of symbols {u_j } and an integer N_0 ≥ 0 such that, denoting by V_N (t; h) the operator with integral kernel k(t, x, y; h) = (2πh)^{−n} ∫ ∑ 0≤j≤N h^j u_j (t, x, y, η)e^{ih} �1_{ϕ(t,x,y,η)} dη,

we have max_{t∈[−T,T ]} ‖U(t; h) − V_N (t; h)‖ = O(h^{N+1}) as h → 0 for all N ≥ N_0. The function ϕ is said to be a phase function of U(t; h) and the (formal) series u ∼ ∑ j≥0 h^j u_j

is said to be a symbol of U(t; h).

Clearly, as defined here, any particular h F.I.O. may have more than one phase and more than one symbol. Defining the matrix Z(t, y, η, μ) = ξ^∗_η − iμx^∗_η where x^∗_η denotes the matrix of derivatives with entries (x^∗_η)_{jk} =^{∂x}

�_k

∂η_j we have the following

Lemma, the proof of which appears in [LS], section 4.

Lemma 2.3. The matrix Z has non-zero deteminant for all t, y, η and μ > 0.

We define the differential operators

D_1 = ∑ j,k 1 j! [( ∂ ∂η_k (Z^{−1})_{jk} ) ∂ ∂x_j + (Z^{−1})_{jk}

∂^2 ∂x_j∂η_k + (Z^{−1}x^∗_η)_{jk}

∂^2 ∂x_j∂x_k ]

D_2 = − ∑ j,k 1 j!k! (Z^{−1}x^∗_η)_{jk}

∂^2 ∂x_j∂x_k .

Then using Taylor’s formula to expand symbols in polynomials in (x − x^∗), the identity (x − x^∗)e^{ih}

�1_ϕ = −ihZ^{−1}∇_ηe^{ih} �1_ϕ , integration by parts and an inductive argument, the following Theorem may be proved (for more details of the technical but conceptually simple proof we refer to [B]).

Theorem 2.4. Let U(t; h) denote an h F.I.O. with phase ϕ and symbol ∑ j≥0 h^j u_j .

Then with the same phase ϕ, U(t; h) has an x independent symbol ∑ j≥0 h^jũ_j . The ũ_j are given by ũ_j (t, y, η) = ∑ 0≤l≤j (j−l)≤k≤2(j−l) D_{k,j−l}u_l|_{x=x}�

where the D_{k,j} are differential operators such that, in particular,

(2.7)

D_{0,0} = the identity operator

D_{k,k} = (i)^kD^k_1 for all k ≥ 1

D_{k,} k_2 = (i)^{k2} 1.3 . . . (k − 1)D^{k2}_2 for all even k ≥ 2

and if ν(x, η) ∈ C^∞ is an arbitrary function with a zero of order m in x at x = x^∗ (i.e. ∂^α_x |_{x=x}� ν = 0 for all |α| ≤ m) then

(2.8) ∑ j≤k≤2j D_{k,j} ν|_{x=x}� = 0

for all 0 ≤ j ≤ [_m 2 ] where [·] denotes integer part.

2. Composition of h P.D.O. and h F.I.O.

Next we consider composition of h P.D.O. and h F.I.O. We consider generalised Gauss transforms similar to those studied in [Hö], section 18.4. Let C denote the matrix

(2.9) C = ( 0 C_1 C_1 iμC_2 )

where C_1, C_2 denote n × n, real, symmetric, positive definite matrices and μ > 0. Let B̃(x, ξ) denote the 2n vector B̃ = (0, B(x, ξ)) where B is an n vector such that the matrix of derivatives B_x is independent of x and B(x_0, ξ_0) = 0 at some point (x_0, ξ_0) ∈ R^{2n} .

Writing A(s, ζ) =^1_2 C(s, ζ) · (s, ζ) and denoting D_x = −i∂_x (the same for D_ξ), the operator e^{i(hA(Dx ,Dξ )+B̃(x,ξ)·(Dx ,Dξ ))} may be defined, for all h > 0, on Schwartz functions via the Fourier transform. Explicitly,

(2.10) e^{i(hA(Dx ,Dξ )+B̃(x,ξ)·(Dx ,Dξ ))}a(x, ξ) = (2π)^{−2n} ∫ e^{i(hA(s,ζ)+(B̃(x,ξ)+(x,ξ))·(s,ζ))}â(s, ζ)dsdζ, a ∈ S(R^{2n} ), the conditions on B̃ and C ensuring that e^{i(hA(s,ζ)+B̃(x,ξ)·(s,ζ))}â(s, ζ) is Schwartz (i.e. the function and all its derivatives are rapidly decreasing at infinity) in s and ζ for all h > 0 and for all x, ξ.

We now extend the definition of the operator in (2.10) to the case when a ∈ S(m) where m is any σ temperate function and S(m) is the space of functions S(m, g_0) defined in [Hö], section 18.4 in the special case when g_0 = |dx|^2 + |dξ|^2 is the Euclidean metric on R^{2n} .

We define the constant C_n = (2π)^{−n} det((−iC)^{−1})^{12} , where the square root is understood in the sense of [Hö], section 3.4 for example, and define the function ψ(x, ξ; s, ζ) =^{iμ}_2 Ds·s−C^{−1}_1 (ζ +B(x, ξ))·s where D = C^{−1}_1 C_2C^{−1}_1 . Then we define (2.11) e^{i(hA(Dx ,Dξ )+B̃(x,ξ)·(Dx ,Dξ))}a(x, ξ) = h^{−n}C_n ∫ e^{ih} �1_{ψ(x,ξ;s,ζ)} a(x − s, ξ − ζ)dsdζ for all a such that the convolution in (2.10) is finite. We note that when a is Schwartz the Fourier transform implies that (2.10) and (2.11) are equal.

Theorem 2.5. Suppose that A and B̃ are as defined above. Then for all multiindices α ≥ 0, the linear functional

(2.12) [ ∂^α_x e^{i(hA(Dx ,Dξ)+B̃(x,ξ)·(Dx ,Dξ ))} · ]| |_{(x,ξ)=(x0 ,ξ0)} : S(R^{2n} ) −→ C

is continuous : S(m) −→ C and is equal to O(1) as h → 0 for each a ∈ S(m).

Proof. Let a ∈ S(m) and denote by g_α the functional in (2.12) applied to a and denote ψ_0 = ψ(x_0, ξ_0; s, ζ). From (2.11), modulo constants, g_α is equal to the sum for multi-indices β ≤ α of terms h^{−|β|−n} ∫ (−iB_xC^{−1}_1 s)^βe^{ih} �1_{ψ0} (∂^{α−β}_x a)(x_0 − s, ξ_0 − ζ)dsdζ each of which, using intgeration by parts, is equal to

(2.13) h^{−n} ∫ e^{ih} �1_{ψ0} (∂^{α−β}_x (B_x∂_ξ)^β a)(x_0 − s, ξ_0 − ζ)dsdζ. To handle the ζ integration in (2.13) we employ a method similar to that appearing in the proof of proposition 7.6 in [DS]. First we split the ζ integration in (2.13) by introducing the functions χ(h^{− 12} ζ) and 1 − χ(h^{− 12} ζ) where χ ∈ C^∞_c (R^n ) is equal to 1 near 0.

The first integral is easy to estimate. Defining ψ̃ = −C^{−1}_1 ζ · s we use the identity h^{ψ̃s}_{|ψ̃s|2} · D_se^{ih} �1~_ψ = e^{ih} �1~_ψ

and integration by parts to estimate the second integral.

Then changing integration variables ζ → h^{12} ζ̃ and s → h^{12} s̃ we obtain that the second integral is, in absolute value, less than or equal to a constant times the integral ds̃dζ̃ of: (2.14)| | | | | ( D_{s̃} · ψ̃_s |ψ̃_s|^2 )_N { e^{− μ2 Ds̃·s̃}(∂^{α−β}_x (B_x∂_ξ)^βa)(x_0 − h^{12} s̃, ξ_0 − h^{12} ζ̃) } (1 − χ(ζ̃)) | | | | | .

Finally using the fact that a ∈ S(m) there exist constants C_{α,β}, N_0 > 0 such that the object in (2.14) is less than or equal to C_{α,β} ⟨s̃⟩^N ⟨ζ̃⟩^{−N} ⟨h^{12} s̃, h^{12} ζ̃⟩^{N0} e^{− μ2 Ds̃·s̃}m(x_0, ξ_0) and choosing N large enough to ensure integrability of the above object with respect to ζ̃ completes the proof. (Here we are using the standard notation ⟨s̃, ζ̃⟩ = (1 + |s̃|^2 + |ζ̃|^2)^{12} and ⟨s̃⟩ = ⟨s̃, 0⟩.) �

Theorems 2.4 and 2.5 yield the following Corollary.

Corollary 2.6. Let A(h) denote an arbitrary, admissible h P.D.O. (see [HR2], (2.3) définition) with symbol a(x, ξ; h) and let U(t; h) denote an h F.I.O. with phase ϕ and finite, x independent symbol u = ∑ j≤N h^j u_j . Then the compostion A(h)U(t; h) is an h F.I.O with the same phase ϕ and symbol given by the formal expression (2.15) e^{h2 (−μDξ +iDx )·Dξ} e^{−μ(x−x} �_{)·Dξ} a(x, ξ; h) | |_{ξ=ξ}� u(t, y, η; h) where (2.15) can be made sense of by applying Theorems 2.4 and 2.5.

Proof. Denoting by {a_j} the terms in the symbol of A(h) we consider the composition a^w_j (x, hD_x)U_k(t; h) where U_k has phase ϕ and symbol u_k.

Applying Theorem 2.5 with C_1 = C_2 = I and B = −μ(x − x^∗), for all integer l ≥ 0, (2.16) ∑ |α|=l 1 α! [ ∂^α_x e^{h2 (−μDξ +iDx )·Dξ} e^{−μ(x−x} �_{)·Dξ} a_j ]| |_{(x,ξ)=(x}�_{,ξ}�_) (x − x^∗)^αuk

is an h F.I.O. symbol uniformly with respect to h ∈ (0, h_0].

In view of Theorem 2.4 and (2.8), the h F.I.O. with phase ϕ and symbol in (2.16) is equal to the h F.I.O. with the same phase ϕ and symbol ∑ m≥[^{l+1}_2 ] h^mν^m where {ν_m} denotes some sequence of symbols. Applying Taylor’s Theorem we have thus established that the operator with integral kernel given by the formal expression (understood in the sense demonstrated here in the proof)

(2.17) (2πh)^{−n} ∫ e^{h2 (−μDξ +iDx )·Dξ} e^{−μ(x−x} �_{)·Dξ} a_j | | |_{ξ=ξ}� uke^{ih} �1_ϕ dη is an h F.I.O.

In the case when a_j ∈ S(R^{2n} ), according to Fourier’s inversion formula, the compostition a^w_j U_k has kernel equal to (2.17). Hence in the general case we have established that a^w_j U_k is an h F.I.O. and, noting that the finiteness of the symbol u ensures L(L^2(R^n )) boundedness of any remainder operators, we conclude that A(h)U(t; h) is an h F.I.O. �

Remark 2.7. In view of the proof of Corollary 2.6, to calculate the first N terms in the symbol of A(h)U(t; h) it suffices to consider the first 2N terms in the Taylor polynomial (in (x − x^∗)) of (2.15) and then use Theorem 2.4.

3. Initial conditions.

The operator e^{− ih2 (Dx ·Dξ +iμD2ξ )} may be defined on Schwartz functions analagously to (2.10). An application of Fourier’s inversion formula then gives the following:

Theorem 2.8. Suppose that U(t; h) is an h F.I.O. with x independent symbol u(t, y, η; h) and P (h) is an h P.D.O. with compactly supported symbol p(x, ξ; h). If u(0) = e^{− ih2 (Dx ·Dξ +iμD2ξ )}p | | |_{(x,ξ)=(y,η)} then U(0; h) = P (h).

4. Schrödinger equation.

Let A(h) denote an arbitrary admissible h P.D.O. which is essentially self-adjoint in L^2(R^n ) for all h ∈ (0, h_0], some h_0 > 0 (i.e. A(h) satisfies hypotheses (H_1) to (H_4) above). Let P (h) denote an h P.D.O. with compactly supported symbol.

Theorem 2.9. The operator U_P (t; h) = e^{−ih} �1_{tA(h)} P (h) is an h F.I.O. For any phase ϕ ∈ Ψ(a_0), there exists an (x independent) symbol ∑ j≥0 h^j u_j where the u_j can be written

(2.18) u_j = (det Z)^{12} e^{−i R t0 asub (x}

�_{,ξ}�_{)ds} ν_j with ν_0(t, y, η) = p_0(y, η) for all t and

(2.19) ∑ j≥0 h^j ν_j (0, y, η) = e^{− ih2 (Dx·Dξ +iμD2ξ )}p | | (x,ξ)=(y,η) ,

such that U_P has this phase and symbol.

Remark. In the Theorem, as Z(0) = I, we interpret (det Z)^{12} as the branch of (det Z)^{12} which is continuous for all t and equal to 1 when t = 0. Also the u_j and ν_j may depend on the choice of ϕ ∈ Ψ(a_0). This dependence is evident for u_0 if we recall that the matrix Z itself depends on μ, but is omitted from notations.

Proof. Denote by U_N an h F.I.O. with any phase ϕ ∈ Ψ(a_0) and symbol ∑ j≤N h^j u_j , the u_j satisfying (2.18) and (2.19). Observing that ϕ̇ is polynomial in (x − x^∗), differentiating under the integral sign and applying Corollary 2.6, (−ih^∂_{∂t} +A(h))U_N is an h F.I.O. with phase ϕ and symbol ∑ j≥0 h^jũ_j .

By a straight forward calculation, for any smooth function b(x, η), { i [ (D_x + iμD_ξ ) · D_ξ e^{−μ(x−x} �_{)·Dξ} a_0 ]| |_{(x,ξ)=(x}�_{,ξ}�_) + Tr (Z^{−1}Ż) } b(x^∗, η) = 2 { (D_1 + D_2) [ b ( ϕ̇ + e^{−μ(x−x}�^{)·D}ξ a_0 | | |_{ξ=ξ}� )]}| | x=x� where we have used (2.7) and (2.8). Using this fact, (2.7), (2.8), the fact that ϕ ∈ Ψ(a_0) and taking account of remark 2.7 we find ũ_0 = 0, ũ_1 = −iu̇_0 + [ a_{sub}(x^∗, ξ^∗) +^i_2 Tr (Z^{−1}Ż) ] u_0 and that there exist differential operators {L_{j,k}} such that

ũ_j = −iu̇_{j−1} + [ a_{sub}(x^∗, ξ^∗) + i 2 Tr (Z^{−1}Ż) ] u_{j−1} + ∑ k≤j−2 L_{j,k}u_k for all 2 ≤ j ≤ N + 1. Differentiating and using Liouville’s formula to re-write d dt det Z det Z = Tr (Z

−1Ż) we find ũ_1 = 0 and

ũ_j = (det Z)^{12} e^{−i R t0 asub (x}

�_{,ξ}�_{)ds}

ν̇_{j−1} + ∑ k≤j−2 L_{j,k}u_k for 2 ≤ j ≤ N + 1.

The ν_j satisfy (2.19), however, we may choose the ν_j in such a way that ũ_j = 0 for all 2 ≤ j ≤ N + 1. We have thus established that max t∈[−T,T ] ‖ ‖ ‖ ( −ih ∂ ∂t + A(h) ) (U_N − U_P ) ‖ ‖ ‖_{L(L2(}R_{n))} = O(h^{N+2})

and from (2.19) and Theorem 2.8

‖U_N (0; h) − P (h)‖_{L(L}2_(Rn_{))} = O(h^{N+1}).

The proof is thus completed by an application of the Duhamel formula: R(t; h) = ∫_t 0 e^{ih} �1_{(s−t)A(h)} [( ∂ ∂s + ih^{−1}A(h) ) R(s; h) ] ds + e^{−ih} �1_{tA(h)} R(0; h). � Let Q(h) denote another h P.D.O. with compactly supported symbol. Then from Theorem 2.9 and Corollary 2.6, U_{P,Q}(t; h) = P (h)e^{−ih} �1_{tA(h)} Q(h)^∗ is an h F.I.O.

and for any phase ϕ ∈ Ψ(a_0) there exists a symbol ∑ j≥0 h^j u_j , with

(2.20) u_0 = (det Z)^{12} e^{−i R t0 asub (x}

�_{,ξ}�_{)ds}

p_0(x^∗, ξ^∗)q_0(y, η) ∑ j≥0 h^j u_j (0) = e^{− ih2 (Dx ·Dξ +iμD2ξ )}(p♯q) | | |_{(x,ξ)=(y,η)} (where p♯q denotes the Weyl symbol of the composition P (h)Q(h)^∗) such that U_{P,Q} has this phase and symbol. We denote L_{(s)}(h) the h P.D.O. with symbol L(x, ξ) = ⟨ξ⟩^s. Then applying Theorem 2.9 and Corollary 2.6 to L_{(s)}(h)^∗U_{P,Q}L_{(s)}(h) for s >^n_2 , we obtain:

Corollary 2.10. For any T ≥ 0 and integer N ≥ 0, sup x,y∈R^n max t∈[−T,T ] |u_{P,Q}(t, x, y; h) − u_N (t, x, y; h)| = O(h^{N+1}) as h → 0 where, respectively, u_{P,Q} and u_N denote the integral kernels of U_{P,Q} and the h F.I.O. with phase ϕ and symbol ∑ j≤N h^j u_j , where ϕ and {u_j} are those in the preceding paragraph.

2.3 Proof of Theorem 2.2.

In this section we use a stationary phase argument to prove Theorem 2.2. Let ϕ and u denote an arbitrary phase function and x independent symbol and let ρ ∈ S(R) satisfy the assumptions above. We are going to consider integrals of the form

(2.21) (2πh)^{−1} ∫_λ −∞ ∫ ρ̂(t)e^{irt}e^{ih} �1_ψ u(t, y, η)dydηdtds where ψ = st + ϕ(t, y, y, η). We define τ(y, η) = a_0(y, η) and recall that throughout we assume ∇a_0 ≠ 0 on Σ_λ. If u has y, η support contained in a sufficiently small neighbourhood of Σ_λ then we can choose functions {ω_j}^{2n−1}_{j=1} , each ω_j : R^{2n} → R, such that (τ, ω) is a diffeormorphism from supp_{y,η}u onto the set U × V (where U = τ( supp_{y,η}u) ⊆

R and V = ω( supp_{y,η}u) ⊆ R^{2n−1} ) and the matrix of derivatives^{∂(y,η)}_{∂(τ,ω)} has

determinant of absolute value |∇a_0|^{−1} when evaluated at τ = λ.

As ∇a_0 ≠ 0 on Σ_λ, if u has y, η support contained in a sufficiently small neighbourhood of Σ_λ and ρ̂ has support contained in a sufficiently small neighbourhood of 0 then we have Φ^t_{a0} (y, η) = (y, η) if and only if t = 0 for all (t, y, η) ∈ supp (ρ̂u).

From here on we assume that supp (ρ̂u) is contained in a sufficiently small neighbourhood of {0}×Σ_λ such that the statements of the preceding two paragraphs are true.

Differentiating we have

(2.22) ψ_t = s − τ + (ξ̇^∗ − iμẋ^∗) · (y − x^∗) ψ_τ = (ξ^∗_τ − iμx^∗_τ ) · (y − x^∗) + y_τ · (ξ^∗ − η + iμ(y − x^∗))

and thus, ψ is real-valued and stationary (with respect to t and τ) on supp (ρ̂u) if and only if (t, τ) = (0, s). Although ψ is complex-valued, as this unique stationary point is independent of the ω variables, we may apply a (real) stationary phase argument for the (t, τ) integration in (2.21), see [Hö] Theorem 7.7.6 for example.

Elementary differentiations establish that

(2.23)

∂^k_τ ψ(0, τ) = 0 for all k ≥ 0

∂^k_τ ψ̇(0, τ) = 0 for all k ≥ 2

(∂_τ ψ̇)(0, s) = −1.

We denote the hessian matrix of second derivatives of ψ with respect to t and τ evaluated at the statinary point by ψ^{′′} and, according to (2.23), ψ^{′′} has determinant of absolute value 1. Furthermore, Re(ψ^{′′}) has zero signature, Im(ψ^{′′}) ≥ 0 and, in matrix supremum norm, Im(ψ^{′′}) → 0 as μ → 0. Thus, the square root (det(−iψ^{′′}))^{− 12} , as defined in [Hö] section 3.4, is equal to e^{iθ(μ)}, θ some function

θ : R_+ −→ [0, 2π) such that θ(μ) → 0 as μ → 0.

We define the function g(t, τ) = ψ(t, τ) −^1_2 ψ^{′′}(t, τ − s) · (t, τ − s), and denote by D the differential operator D = 2∂_t∂_τ − ψ_{tt}∂^2_τ . Then for any suitable f, using the fact that g has a zero of order 6 at the stationary point and using (2.23), D^3(fg^2) = 0 when evaluated at (0, s). Furthermore, using (2.23), D^2(fg) | |_{(0,s)} =

8(∂_τ ∂^2_t ψ)(∂_τ f) | |_{(0,s)} + 4 (∂2_τ ∂2_t ψ)f | |_{(0,s)}. Hence, defining the differential operator

(2.24) Lf = −i [ (∂_τ ∂_tf) + 1 2 [ ∂^2_τ (ψ_{tt}f) ]] | | |_{(t,τ)=(0,s)} ,

and changing variables (y, η) → (τ, ω), [Hö] Theorem 7.7.6 implies that the integral in (2.21) is equal to (2.25) e^{iθ(μ)} ∫ a_0≤λ u(0)dydη + he^{iθ(μ)} ∫_λ −∞ ∫ V L ( ρ̂e^{irt}u | | |det ∂(y, η) ∂(τ, ω) | | | ) dωds + O_μ(h^2).

For any suitable f, according to how the {ω_j } were chosen, (2.26)∫_λ −∞ ∫ V ∂ ∂τ | | | |_{τ=s} ( f | | | |det ∂(y, η) ∂(τ, ω) | | | | ) dωds = ∫ V f|_{τ=λ} dω |∇a_0| = ∫ Σ_λ f|_{τ=λ} dν_λ.

We can apply (2.25) in the case when ϕ ∈ Ψ(a_0) is a phase and u is replaced by (2πh)^{−n}(u_0 + hu_1), the u_j being the symbol terms (for this particular ϕ) of the h F.I.O. P (h)e^{−ih}

�1_{tA(h)} Q(h)^∗, see the end of the previous section. (To be precise, we must apply (2.25) in the case when the u_j are the symbol terms of the h F.I.O. P (h)f(A(h))e^{−ih} �1_{tA(h)} Q(h)^∗, with f ∈ C^∞_c (R) having f(λ) = 1 and support contained in a sufficiently small neighbourhood of λ. This is to ensure that ρ̂(u_0 + hu_1) has support contained in a sufficiently small neighbourhood of {0} × Σ_λ.)

As θ(μ) → 0 as μ → 0, we can choose μ_0 > 0 such that cos(θ(μ)) ≠ 0 for all 0 ≤ μ < μ_0. Differentiating the explicit formula for u_0 given in (2.20), using the formula for u_1(0) given in (2.20), denoting the left-hand side of (2.4) by I_{P,Q}, using

(2.25), (2.24) and (2.26), there exists a constant C^{P,Q}(λ) such that, (2.27) I_{P,Q} cos(θ(μ))

= h^{−n}C^{P,Q}_0 (λ) + h^{1−n}(2π)^{−n} ∫ a_0≤λ Re ((P Q^∗)_{sub}) dxdξ − h^{1−n}(2π)^{−n} ∫ Σ_λ [ Im ({p_0, a_0}q_0 + p_0{a_0, q_0}) 2 + Re(p_0q_0)a_{sub} ] dν_λ + h^{1−n}(2π)^{−n} ∫ a_0≤λ 1 2 Im [( D_x · D_ξ + iμD^2_ξ ) (p_0q_0) ] dxdξ + rh^{1−n}C^{P,Q}_2 (λ) + h^{1−n} 2 (2π)^{−n} ∫_λ −∞ ∫ V Im [ ∂^2 ∂τ^2 | | | τ=s ( ψ_{tt}(0)p_0q_0 | | |det ∂(y, η) ∂(τ, ω) | | | )] dωds − h^{1−n}(2π)^{−n} ∫ Σ_λ 1 2 Im (Tr [(a_0)_{xξ} + iμ(a_0)_{ξξ}] p_0q_0) dν_λ

+ h^{−n} tan(θ(μ)) [ C^{iP,Q}_0 (λ) + hC^{P,Q}(λ) ] + O_μ(h^{2−n}),

for all 0 ≤ μ < μ_0 and all r in any bounded interval.

Recall that ρ̂ is even. A change of variables therefore implies that I_{P,Q} = I_{Q,P} . Using this fact in (2.27) and the fact that Imψ_{tt}(0) = μ|ẋ^∗(0)|^2, there exists another constant C(λ) such that I_{P,Q} cos(θ(μ))

= h^{−n}C^{P,Q}_0 (λ) + h^{1−n}(2π)^{−n} ∫ a_0≤λ Re ((P Q^∗)_{sub}) dxdξ + μh^{1−n}C(λ) − h^{1−n}(2π)^{−n} ∫ Σ_λ [ Im ({p_0, a_0}q_0 + p_0{a_0, q_0}) 2 + Re(p_0q_0)a_{sub} ] dν_λ + rh^{1−n}C^{P,Q}_2 (λ) + h^{1−n} 2 tan(θ(μ)) [ C^{P,Q}(λ) + C^{Q,P} (λ) ] + O_μ(h^{2−n}),

where we have used the fact that C^{iP,Q}_0 (λ) = −C^{iQ,P}_0 (λ). Letting μ → 0, θ(μ) → 0 and we can replace^{h1}

�n_2 tan(θ(μ)) [ C^{P,Q}(λ) + C^{Q,P} (λ) ] + μh^{1−n}C(λ) + O_μ(h^{2−n}) by o(h^{1−n}) which completes the proof. �

Acknowledgements

The author would like to thank Bernard Helffer for useful comments and the suggestion of working on this problem. Section 2.2 constitutes an extension of part of the work contained in the author’s PhD thesis and the author would therefore like to thank Yuri Safarov for useful suggestions there. The author is also grateful to Vesselin Petkov for pointing out the ‘correct’ definition of absolute periodicity and Søren Fournais for useful comments.

References

[A] V. I. Arnold, Mathematical methods of classical mechanics, Springer-Verlag, Berlin (1974).

[B] J. D. Butler, Semi-classical asymptotics of the spectral function of Schrödinger type operators and related topics, PhD thesis, King’s College London, (1998).

[DS] M. Dimassi, J. Sjöstrand, Spectral asymptotics in the semi-classical limit, Preprint (1999).

[D] S. Dozias, Clustering of the spectrum of h-pseudodifferential operators with periodic flow on an energy surface, J. Funct. Anal. 145, 296–311 (1997).

[F] S. Fournais, Semiclassics of the quantum current, Comm. Partial Differential Equations 23, 601–628 (1998).

[HR1] B. Helffer, D. Robert, Propriétés asymptotiques du spectre d’ opérateurs pseudodifférentiels sur R^n , J. Funct, Anal. 7, 795–882 (1982).

[HR2] B. Helffer, D. Robert, Calcul fonctionnel par la transformation de Mellin, J.

Funct. Anal. 53, 246–268 (1983).

[H] D. Hermann, Surfaces d’énergie de type contact (d’apres Benci, Hofer, Rabinowitz), preprint (1994).

[Hö] L. Hörmander, The analysis of linear partial differential operators, Vol. 1–4, Springer-Verlag, Berlin (1983), (1985).

[I] V. Ivrii, Semiclassical microlocal anlysis, Preprint, Author’s Web Site, University of Toronto.

[LSV] A. Laptev, Yu. Safarov, D. Vassiliev, On global representation of Lagrangian distributions and solutions of hyperbolic equations, Comm. Pure Appl. Math. 47, 1411–1456 (1994).

[LS] A. Laptev, I. M. Sigal, Global Fourier Integral Operators and Semiclassical Assymptotics, Preprint, Royal Institute of Technology, Stockholm (1997).

[MU] H. Matsumoto, N. Ueki, Spectral analysis of Schrödinger operators with magnetic fields, J. Funct. Anal. 140, 218–255 (1996).

[PP1] V. Petkov, G. Popov, On the Lebesgue measure of the periodic points of a contact manifold, Math. Zeit. 218, 91–102 (1995).

[PP2] V. Petkov, G. Popov, Semi-classical trace formula and clustering of eigenvalues for Schrödinger operators, Ann. Inst. Henri Poincaré, Physique théorique 68, 17–83 (1998).

[PR] V. Petkov, D. Robert, Asymptotique semi-classique du spectre d’hamiltoniens quantiques et trajectories classiques périodiques, Comm. Part. Diff. Equations. 10, 365–390 (1985).

[R] D. Robert, Autour de l’approximation semi-classique, Birkhäuser, Boston, Basel, Stuttgart (1987).

[SV] Yu. Safarov, D. Vassiliev, The asymptotic distribution of eigenvalues of partial differential operators, Transl. Math. Mono. Vol 155, Amer. Math. Soc., Providence, R.I. (1996).

Département de Mathématiques, Bât. 425, Université de Paris-Sud, 91405 Orsay Cedex, France

E-mail address: Jonathan.Butler@math.u-psud.fr