N≀\↖E∐⊓⟩↕⟩⌊∇⟩⊓⇕ S⊔⊣⊔⟩∫⊔⟩⌋⊣↕ M⌉⌋⟨⊣\⟩⌋∫ ≀{ S⊔∇≀\}↕† A\⟨⊣∇⇕≀\⟩⌋ C⟨⊣⟩\∫ ≀{ O∫⌋⟩↕↕⊣⊔≀∇∫

J↙↖P↙ E⌋‖⇕⊣\\ ∗† M↙ H⊣⟩∇⌉∇ ‡

A⌊∫⊔∇⊣⌋⊔ W⌉ ∫⊔⊓⌈† ⊔⟨⌉ ⇕≀⌈⌉↕ ≀{ ⊣ ∫⊔∇≀\}↕† \≀\↖↕⟩\⌉⊣∇ ⌋⟨⊣⟩\ ≀{ √⊣∇⊔⟩⌋↕⌉∫ ⌋≀⊓√↕⌉⌈ ⊔≀ ⊔⊒≀ ⟨⌉⊣⊔ ⌊⊣⊔⟨∫ ⊣⊔ ⌈⟩{{⌉∇⌉\⊔ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉∫↙ O⊓∇ ⇕⊣⟩\ ∇⌉∫⊓↕⊔ ⟩∫ ⊔⟨⌉ ⌉§⟩∫⊔⌉\⌋⌉ ⊣\⌈ ⊓\⟩∐⊓⌉\⌉∫∫ ≀{ ⊣ ∫⊔⊣⊔⟩≀\⊣∇† ∫⊔⊣⊔⌉ ⊣⊔ ⊣↕↕ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉∫↙ T⟨⟩∫ ∇⌉∫⊓↕⊔ ⌉§⊔⌉\⌈∫ ⊔⟨≀∫⌉ ≀{ E⌋‖⇕⊣\\⇔ P⟩↕↕⌉⊔⇔ R⌉†↖B⌉↕↕⌉⊔ ∪EPR∃∃⊣⇔ EPR∃∃⌊⊎ ⊔≀ √≀⊔⌉\⊔⟩⊣↕∫ ⊒⟩⊔⟨ ⌉∫∫⌉\⊔⟩⊣↕↕† ⊣∇⌊⟩⊔∇⊣∇† }∇≀⊒⊔⟨ ⊣⊔ ⟩\⊘\⟩⊔†↙ T⟨⟩∫ ⌉§⊔⌉\∫⟩≀\ ⟩∫ √≀∫∫⟩⌊↕⌉ ⌊† ⟩\⊔∇≀⌈⊓⌋⟩\} ⊣ ∫⊔∇≀\}⌉∇ ⊑⌉∇∫⟩≀\ ≀{ H≀�∇⇕⊣\⌈⌉∇≃∫ ⊔⟨⌉≀∇⌉⇕ {≀∇ K≀↕⇕≀}≀∇≀⊑ ⌉∐⊓⊣⊔⟩≀\∫ ⊔≀ ⊑⌉⌋⊔≀∇ ⊘⌉↕⌈∫ ⊒⟩⊔⟨ √≀↕†\≀⇕⟩⊣↕↕† ⌊≀⊓\⌈⌉⌈ ⌋≀⌉{⊘⌋⟩⌉\⊔∫ ≀\ ⊓\⌊≀⊓\⌈⌉⌈ ⌈≀⇕⊣⟩\∫↙

I\⊔∇≀⌈⊓⌋⊔⟩≀\ I\ ⊔⟨⟩∫ √⊣√⌉∇⇔ ⊒⌉ ∫⊔⊓⌈† ⊔⟨⌉ ∫⊔⊣⊔⟩∫⊔⟩⌋⊣↕ ⇕⌉⌋⟨⊣\⟩⌋∫ ≀{ ⊣ ⟨⟩}⟨↕† \≀\↖↕⟩\⌉⊣∇ ⌋⟨⊣⟩\ ≀{ ≀∫⌋⟩↕↕⊣⊔≀∇∫ ⌋≀⊓√↕⌉⌈ ⊔≀ ⊔⊒≀ ⟨⌉⊣⊔ ∇⌉∫⌉∇⊑≀⟩∇∫ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⊣⊔ ⇐⊣∇⌊⟩⊔∇⊣∇†⇒ ⌈⟩{{⌉∇⌉\⊔ ⊔⌉⇕√⌉∇⊣⊔⊓∇⌉∫↙ W⌉ ∫⟨≀⊒ ⊔⟨⊣⊔ ∫⊓⌋⟨ ∫†∫⊔⌉⇕∫ ⟨⊣⊑⌉⇔ ⊓\⌈⌉∇ ∫⊓⟩⊔⊣⌊↕⌉ ⌋≀\⌈⟩⊔⟩≀\∫⇔ ⊣ ⊓\⟩∐⊓⌉ ∫⊔⊣⊔⟩≀\⊣∇† ∫⊔⊣⊔⌉⇔ ⟩\ ⊒⟨⟩⌋⟨ ⟨⌉⊣⊔ ⊙≀⊒∫ {∇≀⇕ ⊔⟨⌉ ⟨≀⊔⊔⌉∇ ∇⌉∫⌉∇⊑≀⟩∇ ⊔≀ ⊔⟨⌉ ⌋≀≀↕⌉∇ ≀\⌉↙ T⟨⌉∫⌉ ∇⌉∫⊓↕⊔∫ ⊣∇⌉ ⊣\ ⌉§⊔⌉\∫⟩≀\ ≀{ ⊔⟨⌉ ∫⊣⇕⌉ ∫⊔⊣⊔⌉⇕⌉\⊔∫ ≀⌊⊔⊣⟩\⌉⌈ ⌊† E⌋‖⇕⊣\\⇔ P⟩↕↕⌉⊔ ⊣\⌈ R⌉†↖ B⌉↕↕⌉⊔ ⟩\ ∪EPR∃∃⊣⇔ EPR∃∃⌊⊎ ⊒⟨⌉∇⌉ ⟩⊔ ⊒⊣∫ ⊣∫∫⊓⇕⌉⌈ ⊔⟨⊣⊔ ⊔⟨⌉ H⊣⇕⟩↕⊔≀\⟩⊣\ ⟩∫ ⌉∫∫⌉\⊔⟩⊣↕↕† ⊖∐⊓⊣⌈∇⊣⊔⟩⌋ ⊣⊔ ⟨⟩}⟨ ⌉\⌉∇}⟩⌉∫↙⪰ S⟩\⌋⌉ ∐⊓⊣⌈∇⊣⊔⟩⌋ H⊣⇕⟩↕⊔≀\⟩⊣\∫ ⟨⊣⊑⌉ ⌊⌉⌉\ ⌈⟩∫⌋⊓∫∫⌉⌈ ⇕⊓⌋⟨ ⌉⊣∇↕⟩⌉∇ ⌊† L⌉⌊≀⊒⟩⊔‡ ⊣\⌈ S√≀⟨\ ∪LS⊎⇔ ⊔⟨⌉∇⌉ ⟩∫ ⊣\ ⟩∫∫⊓⌉ ⟨⌉∇⌉ ≀{ ⊒⟨⌉⊔⟨⌉∇ ⊔⟨⌉ ∐⊓⊣⌈∇⊣⊔⟩⌋ \⊣⊔⊓∇⌉ ≀{ ⊔⟨⌉ {≀∇⌋⌉∫ ⊣⊔ ⟩\⊘\⟩⊔⌉ ⌉\⌉∇}⟩⌉∫ ⟩∫ ⊣\ ⌉∫∫⌉\⊔⟩⊣↕ ⟩\}∇⌉⌈⟩⌉\⊔ ≀{ ⌉§⟩∫⊔⌉\⌋⌉ ⊣\⌈ ⊓\⟩∐⊓⌉\⌉∫∫ ≀{ ⊔⟨⌉ ∫⊔⊣⊔⟩≀\⊣∇† ∫⊔⊣⊔⌉↙ O⊓∇ ∇⌉∫⊓↕⊔ ∫⟨≀⊒∫ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⟩∫ \≀⊔ ⊔⟨⌉ ⌋⊣∫⌉⇔ ∫⟩\⌋⌉ ⊒⌉ ⊣↕↕≀⊒ {≀∇ √≀⊔⌉\⊔⟩⊣↕∫ ≀{ ⊣∇⌊⟩⊔∇⊣∇† √≀↕†\≀⇕⟩⊣↕ }∇≀⊒⊔⟨↙ O⊓∇ ⇕≀⌈⌉↕∫⇔ ⊒⟨⟩⌋⟨ ⊣∇⌉ ⌈⌉∫⌋∇⟩⌊⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ ∞⇔ ⊔∇⌉⊣⊔ ⊣ H⊣⇕⟩↕⊔≀\⟩⊣\ ≀{ ⊔⟨⌉ {≀∇⇕ H_S(p, q) = N∑ i=0 (p2_i 2 + V_1(q_i) ) + N∑ i=1 V_2(q_i − q_{i−1}) ,

describing a chain of particles with nearest-neighbor interaction (Figure 1). This chain is linearly coupled to heat baths B_i represented by free αelds at temperatures T_i▷ We proceed then as in ♭EPR99a♯ to a reduction to a stochastic differential equation see ↼1▷2↽▷ Associated with it is an Ψeffective energyν G described in ↼1▷6↽ which is equal to H S with some quadratic terms from the heat baths added▷ The generator corresponding to the stochastic differential equation above ∗ D⌉≻√⊔↙ ⌈⌉ P⟨†∫⟩∐⊓⌉ T⟨⌉≻≀∇⟩∐⊓⌉⇔ U\⟩⊑⌉∇∫⟩⊔⌉≻ ⌈⌉ G⌉\⌉≺⊑⌉↙ E⇕⊣⟩↕¬ Jean-Pierre.Eckmann@physics.unige.ch † S⌉⌋⊔⟩≀\ ⌈⌉ M⊣⊔⟨⌉≻⇕⊣⊔⟩∐⊓⌉∫⇔ U\⟩⊑⌉∇∫⟩⊔⌉≻ ⌈⌉ G⌉\⌉≺⊑⌉↙ ‡ D⌉≻√⊔↙ ⌈⌉ P⟨†∫⟩∐⊓⌉ T⟨⌉≻≀∇⟩∐⊓⌉⇔ U\⟩⊑⌉∇∫⟩⊔⌉≻ ⌈⌉ G⌉\⌉≺⊑⌉↙ E⇕⊣⟩↕¬ Martin.Hairer@physics.unige.ch

INTRODUCTION 1

represented in a space weighted with an exponential of G will be called K and is the main object

of study of this paper▷ It is for this generator that we show existence and uniqueness of an invariant state▷ This will be done by αrst showing that K has compact resolvent ↼which is really more than needed↽ and then using this result to derive the properties of the invariant measure▷ Our conditions on H_S are spelled out in Section 2 below▷ They basically say that the coupling between the oscillators must be stronger than the single particle potential▷ This condition might be physically relevant since it implies that transport is favored over storing of energy but we have not found a counterexample when this condition is violated▷ Furthermore the interparticle coupling must be convex▷ The main technical insight behind our generalization of the results of ♭EPR99a EPR99b♯ is a new and stronger version of the Ho�rmander theorem for Kolmogorov equations▷ We will develop this in more generality in Section 4 but here we just indicate how we use this result▷ The operator K is of the form K = n∑ i=1 X^∗_i X_i + X_0 , (0.1) where the X i are smooth vector αelds on R d▷ For example see Eq▷ ↼2▷13↽ X 0 contains terms of the form p i∂q_i and (∂ q_i V )∂p_i where V is the interaction▷ The X i for i ≠ 0 are ffrst order operators. Here, ∂V is polynomially bounded whereas in ♭EPR99a♯ ∂V was assumed to be linearly bounded▷ Letting g_0 be an adequate inverse power of the effective energy G one successively considers the αnite sets of operators A_{−1} = {X_1, . . . , X_n} ⇔ A_0 = {g_0X_0, X_1, . . . , X_n} ⇔ ⊣\⌈ ⊔⟨⌉\�∫⌉⌉ S⌉⌋⊔⟩≀\ ▽ {≀∇ ⊔⟨⌉ ⌈⌉⊔⊣⟩↕⌉⌈ ⌈⌉⊘\⟩⊔⟩≀\� A_ℓ = A_{ℓ−1} ∪ [g_0X_0, A_{ℓ−1}] . We stop this iteration after at most 2N steps where N is the number of particles in the chain obtaining the set A = A_{2N+1}. We now deffne the operator Λ_A ⊣∫ ⊔⟨⌉ ⊘\⟩⊔⌉ ∫⊓⇕ Λ^2_A = 1 + ∑ A∈A A^∗A . This is a generalization to our case of an elliptic operator of the type Λ^2 = 1 − ∑ i ∂^2_{xi} used in ♭Ho� r85♯ or Λ 2 = 1 − ∑ i ∂^2_{xi} + ∑ i x_i^2 used in [EPR99a].

With these deffnitions, one then has the bound

Proposition 0.1 (Momentum space bound) There is a constant C such that for all f ∈ C ∞0 (Rd)

one has in L^2: ‖Λ^{16−N}_A f‖ ≤ C ( ‖Kf‖ + ‖f‖ ) . ↼0▷2↽ We also derive a similar bound in the conjugate variables. Proposition 0▷2 ↼Position space bound↽ There is a constant C such that for all f ∈ C^∞_0 (R^d) one has in L^2: ‖G^εf‖ ≤ C ( ‖Kf‖ + ‖f‖ ) , ↼0▷3↽ where ε > 0 depends on the asymptotic behavior of the potential V and on N▷

Combining these two propositions one easily shows that K has compact resolvent▷ Then one derives from that result the existence of an invariant measure▷ Its properties are then found adapting the techniques of ♭EPR99a EPR99b♯▷ The remainder of this paper is organized as follows▷ In Section 1 we describe the physical model and in Section 2 we reαne the setting and state the results▷ Section 3 will be devoted to the proof of the position space bound ↼Proposition 2▷5↽▷ In Section 4 we present in detail the general scheme for studying operators of the form of ↼0▷1↽ and show the inequality corresponding to ↼0▷2↽▷ This section is as much as possible selfcontained as it presents some independent interest▷ The detailed application of this general scheme to the problem of the chain allows us to prove the momentum space bound ↼Proposition 2▷6↽ in Section 5▷ In Section 6 we combine these two bounds and prove Theorem 2▷4 showing that K has compact resolvent and hence discrete spectrum▷ In Section 7 we show existence uniqueness and further properties of the invariant measure ↼Theorem 2▷7↽▷ Appendix A contains some technical estimates used in Section 4▷ Appendix B contains the proof of a result concerning the domains of K and K^∗↙ T⟨⌉ ⇕⌉⊔⟨≀⌈ ⊓∫⌉⌈ ⊔⟨⌉∇⌉ √∇≀⌊⊣⌊↕† ⊒≀∇‖∫ {≀∇ ⇕≀∇⌉ }⌉\⌉∇⊣↕ ⊣⌋⌋∇⌉⊔⟩⊑⌉ ∫⌉⌋≀\⌈↖≀∇⌈⌉∇ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ≀√⌉∇⊣⊔≀∇∫↙ A√√⌉\⌈⟩§ C ⊘\⊣↕↕† ⌋≀\⊔⊣⟩\∫ ⊔⟨⌉ √∇≀≀{ ≀{ ⊣ ⊔⌉⌋⟨\⟩⌋⊣↕ ∇⌉∫⊓↕⊔ ⊓∫⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ ↙

A⌋‖\≀⊒↕⌉⌈}⇕⌉\⊔∫ W⌉ ⟨⊣⊑⌉ √∇≀⊘⊔⌉⌈ {∇≀⇕ ⟨⌉↕√{⊓↕ ⌈⟩∫⌋⊓∫∫⟩≀\∫ ⊒⟩⊔⟨ M↙ M⊣\⊔≀⟩⊓⇔ C↙↖A↙ P⟩↕↕⌉⊔⇔ L↙ R⌉†↖B⌉↕↕⌉⊔⇔ ⊣\⌈ J↙ R≀⊓}⌉⇕≀\⊔↙ T⟨⟩∫ ⊒≀∇‖ ⊒⊣∫ √⊣∇⊔⟩⊣↕↕† ∫⊓√√≀∇⊔⌉⌈ ⌊† ⊔⟨⌉ F≀\⌈∫ N⊣⊔⟩≀\⊣↕ S⊓⟩∫∫⌉↙

∞ T⟨⌉ ⇕≀⌈⌉↕

W⌉ ⊒⟩↕↕ ∫⊔⊓⌈† ⊔⟨⌉ ⇕≀⌈⌉↕ ≀{ ⊣ ⇐∫⇕⊣↕↕⇒ ⌋↕⊣∫∫⟩⌋⊣↕ Nparticle Hamiltonian system coupled to M stochastic heat baths proposed in ♭EPR99a♯▷ The small system without the heat baths is governed by a Hamiltonian H_S ∈ C^∞(R^{2N} ) .

↼We stay here with d = 1 dimensional position space for each particle to simplify notation.) The heat baths are modeled by classical ffeld theories associated to the wave equation. The ffelds will be called φ_i and their conjugate momenta π_i where the index i ranges from 1 to M▷ The Hamiltonian for one heat bath is given by H_B(π, φ) = 1 2 ∫ ∫ ( |∂φ|^2 + |π|^2 ) dx . The couplings allowed for the model are linear in the αeld variables▷ The total Hamiltonian for our model is then given by

H(p, q, π, φ) = M∑ i=1 ( H_B(π_i, φ_i) + F_i(p, q) ∫ ∫ ∂φ_i(x)ϱ_i(x) dx ) + H_S(p, q) . ↼1▷1↽

We assume the initial conditions describe the heat baths at equilibrium at inverse temperatures β_i i▷e▷ they are distributed in a sense according to the measure with Ψweightν e^{−βiHB (πi,φi)} . The paper ♭EPR99a♯ explains in detail how and under which conditions on the coupling functions ϱ_i one can reduce the resulting Ψbigν system to a Ψsmallν system where the heat baths are described by a αnite number of variables▷ The price to pay for that is that we are now dealing with the following system of stochastic differential equations. dq_j = ∂_{pj} H_S dt − M∑ i=1 ( ∂_{pj} F_i ) r_i dt j = 1, . . . , N

dp_j = −∂_{qj} H_S dt + M∑ i=1 ( ∂_{qj} F_i ) r_i dt ↼1▷2↽ dr_i = −γ_ir_i dt + λ^2_i γ_iF_i(p, q) dt − λ_i √ 2γ_iT_i dw_i(t) , i = 1, . . . , M where the w_i are independent Wiener processes▷ The various constants appearing in ↼1▷2↽ have the following meaning▷ T i is the temperature of the i thheat bath λi is the strength of the coupling between that heat bath and the small system and 1/γ i is the relaxation time of the i thheat bath▷ The value of γ_i depends on the choice of the coupling function ϱ_i▷ If we wanted to be more general we would have to introduce for each bath a family of auxiliary variables r i,m as is done in ♭EPR99a♯▷ This would only cause notational problems and does not change our argument▷ If we consider a generic ndimensional system of stochastic differential equations with additive noise of the form dx_i(t) = b_i(x(t)) dt + n∑ j=1 σ_{ij} dw_j(t) , (1.3)

we can associate with it the second-order differential operator L {≀∇⇕⊣↕↕† ⌈⌉⊘\⌉⌈ ⌊† L ≡ 1 2 n∑ i,j=1 ∂_i(σσ^T )_{ij}∂_j + n∑ i=1 b_i(x) ∂_i . ↼1▷4↽ It is a classical result that if the solution of such a system of stochastic differential equations exists the probability density of the solution satisαes the partial differential equation ∂_tp(x, t) = ( Lp ) (x, t) . In our case the differential operator L ⟩∫ }⟩⊑⌉\ ⌊† L = M∑ i=1 λ^2_i γ_iT_i∂^2_{ri} − M∑ i=1 γ_i ( r_i − λ^2_i F_i(p, q) ) ∂_{ri} + X^{HS} − M∑ i=1 r_iX^{Fi} ↼1▷5↽ where the symbol X F denotes the Hamiltonian vector αeld associated to the function F ▷ It is convenient to introduce the Ψeffective energyν given by G(p, q, r) = H_S(p, q) + M∑ i=1 ( r2_i 2λ^2_i − F_i(p, q)r_i ) . ↼1▷6↽ At this point we make the following assumption on the asymptotic behavior of G▷

A0▷ There exist constants̃d_i, C > 0 and α > 0, as well as constants c̃_i > 2/λ^2_i such that H_S(p, q) ≥ C(1 + ‖p‖^α + ‖q‖^α) , (1.7a) F^2_i (p, q) ≤ c̃_iH_S(p, q) + d̃_i . ↼1▷7b↽ Remark▷ This assumption essentially means that the effective energy G grows at inαnity at least like 1 + ‖r‖^2 + ‖p‖^α + ‖q‖^α▷ This implies the stability of the system as follows easily from the inequality |r_iF_i(p, q)| ≤ s^2r^2_i +

F^2_i (p, q) s^{2 ,}

which holds for every s > 0. In particular, this implies that exp(−βG) is integrable for every β > 0. We also deffne W ≡ M∑ i=1 γ_iT_i which is in some sense that will be clear in a moment the maximal power the heat baths can pull into the chain▷ We have the following result▷ Proposition 1▷1▷ Assume A0 holds▷ Then the solution ξ(t; x 0, w) of (1.2) exists and is continuous for all t > 0 with probability 1. Moreover, the mean energy of the system satisffes for all values of t and x_0 the estimate E[G(x(t; x_0, w))] − G(x_0) ≤ W t ↼1▷8↽ where E[·] denotes the expectation with respect to the Mdimensional Wiener process w▷ Remark▷ The bound ↼1▷8↽ allows the energy to grow forever which would cause the system to Ψexplode▷ν But this is not the case for the systems we consider in this paper▷ Indeed we will prove that the process possesses a unique stationary state▷ This implies among other features that the mean time needed to reach any compact region is αnite and so the energy can not grow forever▷ Proof▷ A classical result ↼see e▷g▷ ♭Has80 Thm 4▷1♯↽ states the following▷ Assume that the vector αeld b of ↼1▷3↽ is locally Lipshitz and that there exists a conαning C^2 function G : R^n → R ⊣\⌈ ⊣ ⌋≀\∫⊔⊣\⊔ k such that (LG)(x) ≤ k for all x ∈ R^n . Then there exists a unique stochastic process ξ(t) solving (1.3). The process ξ is regular ↼i▷e▷ it does not blow up in a αnite time↽ and continuous for all t > 0. It satisffes the statistics of a Markovian diffusion process with generator L↙ M≀∇⌉≀⊑⌉∇⇔ ⊒⌉ ⟨⊣⊑⌉ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⌉ E[G(x(t; x_0, w))] − G(x_0) ≤ kt . This result can be applied to our case if we take for G the effective energy deαned in ↼1▷6↽▷ An explicit computation yields indeed LG = W − M∑ i=1 γ_i λ^2_i ( r_i − λ^2_i F_i(p, q)

)_2 . ↼1▷9↽ Moreover G is conαning by A0▷ This proves the assertion▷

1▷1 Deαnition and simple properties of the semigroup In this paper we will mainly be interested in studying under which assumptions on the chain Hamiltonian H_S it is possible to prove the existence of a unique invariant measure for the stochastic process ξ(t; x 0, w) solving (1.2). Throughout, we will use the notation

X = R^{2N+M} for the extended phase space (p, q, r). This stochastic process deffnes a semi-group T t on C ∞0 (X ) by T^tf(x_0) = E[f(ξ(t; x_0, w))] . ↼1▷10↽ This semigroup satisαes the following Proposition 1▷2▷ Assume A0 holds▷ Then T^t extends to a strongly continuous quasibounded semigroup of positivity preserving operators on L 2(X ). Its generator L is the closure of the operator L ⊒⟩⊔⟨ ⌈≀⇕⊣⟩\ C^∞_0 (X ). The adjoint L^∗ ⟩∫ ⊔⟨⌉ ⌋↕≀∫⊓∇⌉ ≀{ ⊔⟨⌉ {≀∇⇕⊣↕ ⊣⌈|≀⟩\⊔ L^T with domain C ∞0 (X ). Proof. The proof will be given in Appendix B.

This in turn deffnes a dual semi-group (T^t)^∗ ⌊† ∫ ( T^tf ) (x) ν(dx) = ∫ f(x) ( (T^t)^∗ν ) (dx) . The generator of (T^t)^∗ ⟩∫ }⟩⊑⌉\ ⌊† ⊔⟨⌉ ⊣⌈|≀⟩\⊔ ≀{ L ⟩\ L^2 that will be denoted L^T ▷ It is possible to check that if the heat baths are all at the same temperature T = 1/β we have L^T μ_0 = 0 , where μ_0(p, q, r) = e^{−βG(p,q,r)} . Thus the generalized Gibbs measure dμ_0 = e^{−βG(p,q,r)} dp dq dr = μ_0(p, q, r) dp dq dr is an invariant measure for the Markov process described by ↼1▷2↽▷ This conαrms our deαnition of G as the effective energy of our system▷ We want to consider the more interesting case where the temperatures of the heat baths are not the same▷ The idea is to work in a Hilbert space that is weighted with a Gibbs measure for some reference temperature▷ We will therefore study an extension T^t_0 of T^t acting on an auxiliary weighted Hilbert space H_0, given by

H_0 ≡ L^2 ( X , Z^{−1}_0 e^{−2β0G(p,q,r)} dp dq dr ) / [~√~ Z_0 is a normalization constant and β_0 is a Ψreference˚ inverse temperature that we choose

such that 1/β_0 ≡ T_0 > max{T_i | i = 1, . . . , M} . ↼1▷11↽ We have the following

Proposition 1▷3▷ Assume A0 holds▷ Then the semigroup T^t given by ↼1▷10↽ extends to a strongly continuous quasibounded semigroup T t0 on H 0. Moreover, T t0 1 = 1 and T t0 is positivity preserving, i.e.

T^t_0 f ≥ 0 if f ≥ 0 .

Let L_0 be the generator of T^t_0 . Then L_0 coincides on C^∞_0 (X ) with L ≀{ ⇐∞↙▽⇒ ⊣\⌈ C^∞_0 (X ) is a core

for both L_0 and L^∗_0.

Proof. The statement can be proven by simply retracing the proof of Lemma 3.1 in [EPR99a].

There are only three points that have to be checked. We deffne the vector ffelds b and b 0

respectively by

b = − M∑ i=1 γ_i ( r_i − λ^2_i F_i(p, q) ) ∂_{ri} + X^{HS} − M∑ i=1 r_iX^{Fi}

b_0 = 2β_0 M∑ i=1 λ^2_i γ_iT_i ( ∂_{ri} G ) ∂_{ri} = 2β_0 M∑ i=1 γ_iT_i ( r_i − λ^2_i F_i(p, q) ) ∂_{ri} .

In order to make the proof of ♭EPR99a♯ work we have to check that ‖⌈⟩⊑ b‖_∞ < ∞ ⇔ ‖⌈⟩⊑ b_0‖_∞ < ∞ ⇔ ∫⊓√_{x∈X} ( b +^1_2 b_0 ) G(x) < ∞ ⇔ ⊒⟨⌉∇⌉ b and b_0 are considered as ffrst-order differential operators in the last inequality. The

divergence of any Hamiltonian vector ffeld vanishes, and so we have

‖⌈⟩⊑ b‖_∞ = − M∑ i=1 γ_i < ∞ .

The term involving the divergence of b_0 can easily be computed to give

‖⌈⟩⊑ b_0‖_∞ = β_0 M∑ i=1 γ_iT_i < ∞ .

In order to check the last inequality we compute the expression ( b +^1_2 b_0 ) G(p, q, r) = M∑ i=1 γ_i λ^2_i

(β_0T_i − 1) ( r_i − λ^2_i F_i(p, q)

)_2 .

We see that condition ↼1▷11↽ on β_0 obviously implies β_0T_i − 1 < 0, and so the desired inequality

holds.

The domains of L_0 and L^∗_0 are controlled by the techniques of Appendix B.

We are mainly interested in the case M = 2. The Hamiltonian H S will describe a chain

of N + 1 strongly anharmonic oscillators coupled to two heat baths at the ffrst and the last particle. In the case in which the Hamiltonian H_S can be written as a quadratic function plus some bounded terms the existence and uniqueness of a stationary state for every temperature difference has been proved in ♭EPR99a EPR99b♯▷ We will extend this result to the case where the potentials grow faster than quadratically at inαnity▷ Besides some weak conditions on the derivatives of the one and twobody potentials we will only require that they grow algebraically and that the twobody potentials grow asymptotically faster than the onebody potentials i▷e▷ at large separation the interaction energy between neighboring particles grows faster than the oneparticle energy▷

1▷2 Notations Throughout the domain of an operator A will be denoted by D(A). Unless speciffed, the domain of any operator will always be the closure in the graph norm of C^∞_0 . For example, if we write [A, B], we mean in fact (AB − BA) ¯ C^∞_0 , so that the domain of [A, B] can be larger than that of A or B separately▷

2 Setting and results In order to set up our model we need to be able to describe precisely the growth rates of the potentials at inαnity▷ This will be achieved with the following function spaces▷ Deαnition 2▷1▷ Choose α ∈ R↙ W⌉ ⌋⊣↕↕ F_α the set of all C^∞ {⊓\⌋⊔⟩≀\∫ {∇≀⇕ R^n to R such that for every multiindex k there exists a constant C k for which ‖D^kf(x)‖ ≤ C_k(1 + ‖x‖^2)^{α/2} , for all x ∈ R^n . Deαnition 2▷2▷ Choose α ∈ R ⊣\⌈ i ∈ N ∪ {∞}↙ W⌉ ⌋⊣↕↕ F^i_α the set of all C^∞ {⊓\⌋⊔⟩≀\∫ {∇≀⇕ R^n to R such that for every multiindex k with |k| ≤ i we have D kf(x) ∈ Fα−|k|↙

R⌉⇕⊣∇‖↙ F≀∇ ⊣\† α ∈ R⇔ ⊔⟨⌉ {⊓\⌋⊔⟩≀\ P^α : R^n → R x → (1 + ‖x‖^2)^{α/2 (2.1)} belongs to F ∞α ▷ Moreover any polynomial of degree n belongs to F ∞n ▷

2▷1 The chain We consider the Hamiltonian H_S(p, q) = N∑ i=0 (p2_i 2 + V_1(q_i) ) + N∑ i=1 V_2(q_i − q_{i−1}) , (2.2) q_0

V_2(q̃_1)

V_1(q_0) q^N

T_L T_R

Figure 1. Chain of oscillators

describing a chain of particles with nearestneighbor interaction ↼Figure 1↽▷ We slightly modify the notations used so far▷ Because there are only two heat baths we will not use for them the indices i ∈ {1, 2}⇔ ⌊⊓⊔ ∇⊣⊔⟨⌉∇ i ∈ {L, R}↙ C≀\⌋⌉∇\⟩\} ⊔⟨⌉ ⌋≀⊓√↕⟩\} ⌊⌉⊔⊒⌉⌉\ ⊔⟨⌉ ⌋⟨⊣⟩\ ⊣\⌈ ⊔⟨⌉ ⌊⊣⊔⟨∫⇔ ⊒⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊒⌉ ⌋⊣\ ⇕⊣‖⌉ ⊣ ⌈⟩√≀↕⌉ ⊣√√∇≀§⟩⇕⊣⊔⟩≀\⇔ ∫≀ ⊒⌉ ∫⌉⊔ F_L = q_0 and F_R = q_N ↼2▷3↽ in equation ↼1▷1↽▷ We will make the assumptions A1δA3 on V 1 and V 2. A1. The potential V 1 is in F 22n for some n > 1. Moreover, there are constants c i > 0 such that

V_1(x) ≥ c_1P^{2n}(x) , (2.4a) xV^′_1 (x) ≥ c_2P^{2n}(x) − c_3 , (2.4b)

for all x ∈ R↙ A∈↙ T⟨⌉ √≀⊔⌉\⊔⟩⊣↕ V_2 is in F^2_{2m} for some m > n▷ Moreover there are constants c^′_i > 0 such that V_2(x) ≥ c^′_1P^{2m}(x) , (2.5a) xV^′_2 (x) ≥ c^′_2P^{2m}(x) − c^′_3 , (2.5b)

for all x ∈ R↙ A∋↙ T⟨⌉ {⊓\⌋⊔⟩≀\ x → 1 V^{′′}_2 (x) belongs to F_ℓ for some ℓ▷ Remark▷ It is clear that ↼2▷3↽ together with A1 and A2 immediately imply A0▷ Notice that the assumptions V_1 ∈ F^2_{2n} and V_2 ∈ F^2_{2m} give bounds not only on the asymptotic behavior of V_1 and V_2, but also of their derivatives. The numbers n m and ℓ need not be integers▷ The generalization to a Hamiltonian with V_1, V_2 depending also on the number of the particle only creates notational

problems and is left to the reader.

An example of potentials that satisfy A1ffiA3 is

V_1(x) = x^4 − x^2 + 2 and V_2(x) = (1 + x^2)^{5/2} − ⌋≀∫(x) . The effective energy of the system chain⇁baths is given by G(p, q, r) = H_S(p, q) + r_L^2 2λ^2_L + r_R^2 2λ^2_R

− q_0r_L − q_N r_R + Γ , (2.6)

where we choose the constant Γ such that G ≥ 1, which is always possible, because n > 1. In fact, it is important that the function exp(−βG) be integrable for any β > 0. This could also be achieved with for example only one of the one-body potentials non-vanishing, but would cause some unimportant notational difffculties. The case n = 1 is marginal, the stability of the system depends on the values of the constants λ_i and was treated in ♭EPR99a♯▷ We will not treat this case but it would not cause any big trouble as long as G remains conαning▷ In the sequel we will extensively use the notations q̃_i ≡ q_i − q_{i−1} and Q ≡ N∑ i=0 q_i . The system of stochastic differential equations we consider is given by dq_i = p_i dt dp_0 = −V^′_1 (q_0) dt + V^′_2 (q̃_1) dt + r_L dt dp_j = −V^′_1 (q_j) dt − V^′_2 (q̃_j) dt + V^′_2 (q̃_{j+1}) dt dp_N = −V^′_1 (q_N ) dt − V^′_2 (q̃_N ) dt + r_R dt dr_L = −γ_Lr_L dt + λ^2_Lγ_Lq_0 dt − λ_L √ 2γ_LT_L dw_L(t) , dr_R = −γ_Rr_R dt + λ^2_Rγ_Rq_N dt − λ_R √ 2γ_RT_R dw_R(t) ,

(2.7)

where i = 1, . . . , N and j = 1, . . . , N − 1. Since A0 holds, the results of the preceding section apply. Therefore, there exists for any initial condition x_0 a unique stochastic process ξ(t; x_0, w) solving (2.7). It obeys the statistics of a Markov diffusion process with generator L = λ^2_Lγ_LT_L∂^2_{rL} + λ^2_Rγ_RT_R∂^2_{rR} − γ_L(r_L − λ^2_Lq_0)∂_{rL} − γ_R(r_R − λ^2_Rq_N )∂_{rR}

+ r_L∂_{p0} + r_R∂_{pN} + N∑ i=0 ( p_i∂_{qi} − V^′_1 (q_i)∂_{pi} ) − N∑ i=1 V^′_2 (q̃_i) ( ∂_{pi} − ∂_{pi−1} ) . ↼2▷8↽

We want to prove the existence of a smooth invariant measure with density μ(p, q, r). It is the solution of (T^t)^∗μ = 0, where (T^t)^∗ ⟩∫ ⊔⟨⌉ ⌈⊓⊣↕ ∫⌉⇕⟩↖}∇≀⊓√ ≀{ T^t▷ To achieve this we introduce as above the Hilbert space H_0 ≡ L^2 ( ∫^{2N+4}, Z^{−1}_0 e^{−2β0G(p,q,r)} dp dq dr ) / [~√~ Z_0 is a normalization constant and β_0 is a Ψreference˚ inverse temperature that we choose

such that 1/β_0 ≡ T_0 > max{T_L, T_R} . ↼2▷9↽

Proposition 1▷2 holds so the dynamics of our system is described by a semigroup T^t_0 acting in H_0 with generator L_0, formally given by L↙ T⟨⌉ ⌉§⊔⌉\⌈⌉⌈ √⟨⊣∫⌉ ∫√⊣⌋⌉ ≀{ ≀⊓∇ ∫†∫⊔⌉⇕ ⊒⟩↕↕ ⊣}⊣⟩\ ⌊⌉ ⌈⌉\≀⊔⌉⌈ ⌊† X ≡ R^{2N+4}. For convenience, we would like to work in H = L 2(X ), so we deffne the unitary transforma-

tion U : H → H_0 by ( Uf ) (x) = e^{β0G(x)}f(x) . So L_0 is unitarily equivalent to the operator L_H : D(L_H) → H ⌈⌉⊘\⌉⌈ ⌊†

L_H = U^{−1}L_0U = e^{−β0G}L_0e^{β0G} . An explicit computation shows that L_H ⟩∫ }⟩⊑⌉\ ⌊† L_H = α − K where the formal expression for the differential operator K is K = α_K − c^2_L∂^2_{rL} + a^2_L(r_L − λ^2_Lq_0)^2 − c^2_R∂^2_{rR} + a^2_R(r_R − λ^2_Rq_N )^2 − r_L∂_{p0} + b_L(r_L − λ^2_Lq_0)∂_{rL} − r_R∂_{pN} + b_R(r_R − λ^2_Rq_N )∂_{rR} − N∑ i=0 ( p_i∂_{qi} − V^′_1 (q_i)∂_{pi} ) + N∑ i=1 V^′_2 (q̃_i) ( ∂_{pi} − ∂_{pi−1} ) . ↼2▷10↽

Since C^∞_0 (X ) is invariant under the unitary transformation U it remains a core for both K and K^∗↙ T⟨⌉ ⊑⊣∇⟩≀⊓∫ ⌋≀\∫⊔⊣\⊔∫ ⊣√√⌉⊣∇⟩\} ⟩\ ⇐∈↙∞′⇒ ⊣∇⌉ }⟩⊑⌉\ ⌊† a^2_i = γ_i(β_0T_i − 1) ,

b_i = γ_iβ_0 λ^2_i ( β_0T_i − 1 ) / i ∈ {L, R} ⇔ c_i = λ_i √ γ_iT_i α_K = − b_L 2 − b_R 2 , α = α_K + β_0 ∑ i∈{L,R} γ_iT_i .

We see that condition ↼2▷9↽ ensures the positivity of the constants a^2_L and a^2_R which in turn implies that the closure of ReK = (K + K ∗)/2 is a strictly positive self-adjoint operator. The ffrst feature we notice about K is that A3 implies the hypoellipticity of the operators K K^∗⇔ ∂_t + K and ∂_t + K^∗↙ W⌉ ∇⌉⌋⊣↕↕ ⊔⟨⊣⊔ ⊣ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ≀√⌉∇⊣⊔≀∇ L acting on functions in a αnitedimensional differentiable manifold M ⟩∫ ⌋⊣↕↕⌉⌈ ⟨†√≀⌉↕↕⟩√⊔⟩⌋ ⟩{ ∫⟩\} ∫⊓√√ f = sing supp Lf for all f ∈ D^′(M) , where D^′(M) is the space of distributions on C^∞_0 (M). In particular, the eigenfunctions of a hypoelliptic operator are C^∞↙

SETTING AND RESULTS ∞∞

T⟨⌉ ⟨†√≀⌉↕↕⟩√⊔⟩⌋⟩⊔† ≀{ ⊔⟨⌉ ⊣⌊≀⊑⌉ ≀√⌉∇⊣⊔≀∇∫ ⟩∫ ⊣ ⌋≀\∫⌉∐⊓⌉\⌋⌉ ≀{ ⊣ ⊔⟨⌉≀∇⌉⇕ ⌊† H≀�∇⇕⊣\⌈⌉∇ ∪H≀�∇⇎ H≀�∇∀▽⊎¬ }⟩⊑⌉\ ⊣ ∫⌉⌋≀\⌈↖≀∇⌈⌉∇ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ≀√⌉∇⊣⊔≀∇ L = n∑ i=1 L^∗_i L_i + L_0 + c where c : M → C ⟩∫ ⊣ ∫⇕≀≀⊔⟨ {⊓\⌋⊔⟩≀\ ⊣\⌈ ⊔⟨⌉ L_i are smooth vector αelds▷ Then a sufαcient condition for L to be hypoelliptic is that the Lie algebra generated by {L i | i = 0, . . . , n} ⟨⊣∫ ⇕⊣§⟩⇕⊣↕ ∇⊣\‖ ⌉⊑⌉∇†⊒⟨⌉∇⌉↙ I⊔ ⟩∫ \≀⊔ ⟨⊣∇⌈ ⊔≀ ⊑⌉∇⟩{† ⊔⟨⊣⊔ A∋ ⌉\∫⊓∇⌉∫ ⊔⟨⊣⊔ ⊔⟨⟩∫ ⌋≀\⌈⟩⊔⟩≀\ ⟩∫ ⊑⌉∇⟩⊘⌉⌈ {≀∇ K K^∗⇔ ∂_t + K and ∂_t + K^∗↙ P∇≀√≀∫⟩⊔⟩≀\ ∈↙∋↙ I{ A′ ⊣\⌈ A∋ ⊣∇⌉ ∫⊣⊔⟩∫⊘⌉⌈⇔ ⊔⟨⌉ ⊔∇⊣\∫⟩⊔⟩≀\ √∇≀⌊⊣⌊⟩↕⟩⊔⟩⌉∫ ≀{ ⊔⟨⌉ M⊣∇‖≀⊑ √∇≀⌋⌉∫∫ ∫≀↕⊑⟩\} ⇐∈↙⇒ ⟨⊣⊑⌉ ⊣ ∫⇕≀≀⊔⟨ ⌈⌉\∫⟩⊔† P (t, x, y) ∈ C^∞ ( (0, ∞) × X × X ) . Proof▷ This is an immediate consequence of the Kolmogorov equations which state that ∂_tP = LP ⇒ (∂_t + K − α)U^{−1}P = 0 , so U^{−1}P is an eigenfunction of the operator ∂_t + K − α which is hypoelliptic▷

2▷2 Main results Our main technical result is Theorem 2▷4▷ If Assumptions A1δA3 are satisαed then the operator K deαned in ↼2▷10↽ has compact resolvent▷ In order to prepare the proof of Theorem 2▷4 we will prove the following two propositions▷ Proposition 2▷5▷ If Assumptions A1 and A2 are satisαed there exist constants C and ε > 0 such that ‖G^εf‖ ≤ C(‖Kf‖ + ‖f‖) , for all f ∈ D(K) , (2.11a) ‖G^εf‖ ≤ C(‖K^∗f‖ + ‖f‖) , for all f ∈ D(K^∗) . ↼2▷11b↽ Proposition 2▷6▷ If Assumptions A1δA3 are satisαed there exist constants C ε > 0, a positive function a_0 : X → R ⊣\⌈ ⊣ ⊘\⟩⊔⌉ \⊓⇕⌊⌉∇N̄ of smooth vector αelds L_i with bounded coefαcients such that for every function f ∈ C ∞0 (X ), we have ‖Δ̃^εf‖ ≤ C(‖Kf‖ + ‖f‖) , (2.12) where

Δ̃ = N̄∑ i=1 L^∗_i L_i + a_0 . Moreover the L_i span the whole of R^{2N+4} at every point.

Given Theorem 2.4, we can state and prove the main result of this paper, namely the existence

and uniqueness of an invariant measure for our Markov process. More precisely, we have the

following result.

Theorem 2.7. If Assumptions A1ffiA3 are satisffed, then the stochastic process ξ(t) solving (1.2)

possesses a unique and strictly positive invariant measure μ▷ Its density h is C^∞ ⊣\⌈ ∫⊣⊔⟩∫⊘⌉∫ {≀∇ ⊣\† β_0 < min{β_L, β_R}⇔ h(x) = h̃(x)e^{−β0G(x)} , where h̃ decays at inαnity faster than any polynomial▷ Imλ

Reλ

Figure 2. Spectrum of K▷

The above results say that the spectrum of K looks roughly like the one schematically depicted in Fig ure 2▷ We see that it is discrete ↼compactness of the resolvent↽ and located in the right half of the com plex plane ↼maccretivity↽▷ Moreover it is symmetric along the real axis because K is a differential operator with real coefαcients▷ Most of the remainder of this paper is devoted to the proofs of Theorems 2▷4 and 2▷7▷ In the sequel we will always use the notation K = 4∑ i=1 X^∗_i X_i + X_0 ,

where we deffne

X_1 = c_L∂_{rL} X_2 = a_L(r_L − λ^2_Lq_0) , (2.13a) X_3 = c_R∂_{rR} X_4 = a_R(r_R − λ^2_Rq_N ) , (2.13b)

X_0 = − r_L∂_{p0} + b_L(r_L − λ^2_Lq_0)∂_{rL} − r_R∂_{pN} + b_R(r_R − λ^2_Rq_N )∂_{rR} − N∑ i=0 ( p_i∂_{qi} − V^′_1 (q_i)∂_{pi} ) + N∑ i=1 V^′_2 (q̃_i) ( ∂_{pi} − ∂_{pi−1} ) − α_K . ↼2▷13c↽

The operator X_0 is antisymmetric, i.e. X^∗_0 = −X_0 . ↼2▷14↽ This implies that ReK = 4∑ i=1 X^∗_i X_i and X_0 = K − R⌉K ↼2▷15↽ and thus ReK is a positive selfadjoint operator▷ We have one more estimate that will be extensively used in the sequel▷ If f is some function in C^∞_0 (X ) and i ∈ {1, . . . , 4} ⊒⌉ ⟨⊣⊑⌉ ‖X_if‖^2 = ⟨f, X^∗_i X_if⟩ ≤ ⟨f, ReKf⟩ = Re⟨f, Kf⟩ ≤ ‖f‖‖Kf‖ ≤ (‖Kf‖ + ‖f‖)^2 , (2.16) and by a similar argument also ‖X^∗_i f‖^2 ≤ (‖Kf‖ + ‖f‖)^2 . ↼2▷17↽

3 Proof of the bound in position space ↼Proposition 2▷5↽ First of all we need a collection of functions belonging to F_0, as deffned in Deffnition 2.1. We have the following result. Proposition 3.1. Let r p q and q̃ designate the vectors r = (r_L, r_R) , q = (q_0, . . . , q_N ) , p = (p_0, . . . , p_N ) , q̃ = (q̃_1, . . . , q̃_N ) . Choose α ≥ 0 and let h_k : R^k → R ⌊⌉ {⊓\⌋⊔⟩≀\∫ ⟩\ F_α▷ Then the functions G^{−α/2}h_2(r) , G^{−α/2}h_{N+1}(p) , G^{−α/(2n)}h_{N+1}(q) , and G^{−α/(2m)}h_N (q̃) belong to F_0.

Proof. We will only sketch the proof of the statement for G −α/(2m)hN (q̃). The other expressions

can easily be treated in a similar way.

We ffrst notice that G^{−1}(D^kG) is bounded for every multi-index k▷ This is a straightforward consequence of two observations▷ The αrst one is that because of the lower bounds ↼2▷4a↽ and ↼2▷5a↽ of A1 and A2 and the expression ↼2▷6↽ of G there exists a constant C > 0 for which G(p, q, r) ≥ C ( r^2 + p^2 + P^{2n}(q) + P^{2m}(q̃) ) / {/} [~√~ P^k was deαned in ↼2▷1↽▷ The second observation is that because V_1 ∈ F_{2n} and V_2 ∈ F_{2m} we have for every multiindex k some constant C k for which |D^kG(p, q, r)| ≤ C_k ( r^2 + p^2 + P^{2n}(q) + P^{2m}(q̃) ) . ↼3▷2↽ Notice that G^{−α/(2m)}D^kh_N (q̃) is bounded by a similar argument, in particular because h_N ∈ F_α▷ We set α = −α/(2m) and write ∂_i ( G^αh_N (q̃) ) = α ( G^{−1}∂_iG ) G^αh_N (q̃) + G^α∂_ih_N (q̃) . Both terms are bounded by ↼3▷1↽ ↼3▷2↽ and the fact that h_N ∈ F_α▷ It is easy to see that all the derivatives can be bounded similarly▷ The proof of Proposition 3▷1 is complete▷ Let us deαne Λ_1 ≡ G^{1/2} .

The symbol Λ_1 was chosen in order to emphasize the similarity between the proof of Proposi-

tion 2.5 and the proof of the main result of Section 4, Theorem 4.3.

Before we start the proof of Proposition 2.5, we notice two more facts. Let us choose αβ ∈ R ⊒⟩⊔⟨ 0 ≤ β ≤ 1, and let A B be two operators of multiplication by positive functions A ≤ B▷ We then have ⟨Λ^α_1 Af, f⟩ ≤ ⟨Λ^α_1 Bf, f⟩ ⇔ ⇐∋↙∋⇒ ⊣∫ ⊒⌉↕↕ ⊣∫ ⊔⟨⌉ ⟩⇕√↕⟩⌋⊣⊔⟩≀\ ‖Λ^α_1 Af‖ ≤ C(‖Kf‖ + ‖f‖) ⇒ ‖Λ^{αβ}_1 A^βf‖ ≤ C(‖Kf‖ + ‖f‖) . ↼3▷4↽ Both inequalities are trivial consequences of the fact that Λ_1 is an operator of multiplication by a positive function and the estimate x s ≤ 1 + x if x ≥ 0 and s ≤ 1.

3.1 The main tool of the proof The main tool in the proof of Proposition 2.5 is the following lemma. Lemma 3.2. Let Λ_1 and K be deαned as above▷ Let A and B be multiplication operators represented by functions of the form h(p, q, r) = c_Lr_L + c_Rr_R + h̃(p, q) , h̃ ∈ C^∞(R^{2N+2}) . Assume moreover that there are exponents α_i and β_i and positive constants C_i such that the following estimates are true for every f ∈ C ∞0 (X ). ‖Λ^{−α1}_1 Af‖ ≤ C_1(‖Kf‖ + ‖f‖) , ‖Λ^{−β1}_1 Bf‖ ≤ C_2(‖Kf‖ + ‖f‖) , ‖Λ^{−α2}_1 Af‖ ≤ C_3‖f‖ ⇔ ‖Λ^{−β2}_1 Bf‖ ≤ C_4‖f‖ ⇔ ‖Λ^{−α3}_1 [X_0, A]f‖ ≤ C_5(‖Kf‖ + ‖f‖) , ‖Λ^{−β3}_1 [X_0, B]f‖ ≤ C_6(‖Kf‖ + ‖f‖) . If γ satisαes the conditions γ ≥ α_3 + β_1 , (3.5) γ ≥ α_2 + β_1 + max{β_2, β_3} 2 , (3.6) γ ≥ ⇕⟩\{α_1 + β_2 , α_2 + β_1} ⇔ ⇐∋↙⇒ ⊔⟨⌉\ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ⌋≀\∫⊔⊣\⊔ C such that |⟨[X_0, B]f, Λ^{−γ}_1 Af⟩| ≤ C(‖Kf‖ + ‖f‖)^2 , for all f ∈ C^∞_0 (X ) . ↼3▷8↽ Proof▷ The proof of this lemma involves some of the commutation techniques developed by Ho�rmander ♭Ho�r85♯ but it uses the fact that most operators involved are multiplication operators i▷e▷ they commute▷ An explicit computation using ↼2▷6↽ and ↼2▷13↽ yields [X_0, G] = ∑ j∈{R,L} b_j λ^2_j ( r_j − λ^2_j F_j

)_{2 ,}

[X_1, G] = c_L ( r_L/λ^2_L − q_0 ) / {/∐} [X_2, G] = [X_4, G] = 0 , [X_3, G] = c_R ( r_R/λ^2_R − q_N ) . ↼3▷9b↽ We therefore see that by Proposition 3▷1 we have for i = 0, . . . , 4 G^{−1}[X_i, G] ∈ F_0 . ↼3▷10↽ Since the X_i are either differentiation operators or multiplicative operators we have for any α ∈ R⇔ ⊔⟨⌉ ∇⌉↕⊣⊔⟩≀\ G^{−α}[X_i, G^α] = αG^{−1}[X_i, G] ∈ F_0 ,

and so, since Λ 21 = G ‖Λ^α_1 [X_i, Λ^{−α}_1 ]‖ < ∞ . ↼3▷11↽ We can now start to bound ↼3▷8↽▷ Since [X_0, B] = −X^∗_0 B − BX_0, we can write (3.8) as |⟨[X_0, B]f, Λ^{−γ}_1 Af⟩| ≤ |⟨BX_0f, Λ^{−γ}_1 Af⟩| + |⟨Bf, X_0Λ^{−γ}_1 Af⟩| ≡ T_1 + T_2 . Both terms will be estimated separately▷

Term T_1. Since we know by (2.15) that X_0 = K − R⌉K we can write it as T_1 ≤ |⟨B(ReK)f, Λ^{−γ}_1 Af⟩| + |⟨BKf, Λ^{−γ}_1 Af⟩| ≡ T_{11} + T_{12} . The term T_{12} can be estimated by using (3.7). We indeed have either γ ≥ α_1 +β_2, or γ ≥ α_2 +β_1.

In the former case, we write T_{12} ≤ ‖Λ^{−β2}_1 B‖‖Kf‖‖Λ^{−γ+β2}_1 Af‖ ≤ C(‖Kf‖ + ‖f‖)^2 . In the latter case we use the fact that A B and Λ_1 commute and are self-adjoint to write similarly T_{12} = |⟨AKf, Λ^{−γ}_1 Bf⟩| ≤ ‖Λ^{−α2}_1 A‖‖Kf‖‖Λ^{−γ+α2}_1 Bf‖ ≤ C(‖Kf‖ + ‖f‖)^2 . Let us now focus on the term T_{11}. Using the positivity of ReK it can be written as T_{11} = ⟨(ReK)^{1/2}Λ^{−γ1}_1 Bf, (ReK)^{1/2}Λ^{−γ2}_1 Af⟩ + ⟨[Λ^{−γ1}_1 B, ReK]f, Λ^{−γ2}_1 Af⟩ ≡ T_{13} + T_{14} ,

where

γ_1, γ_2 > 0 , γ_1 + γ_2 = γ are to be chosen later▷ We estimate both terms separately▷ The commutator in T_{14} can be expanded to give T_{14} = ⟨Λ^{−γ1}_1 [B, ReK]f, Λ^{−γ2}_1 Af⟩ + ⟨[Λ^{−γ1}_1 , ReK]Bf, Λ^{−γ2}_1 Af⟩ . In order to estimate these terms we recall that ReK = ∑_4 i=1 X^∗_i X_i▷ We therefore have T_{14} = 4∑ i=1 ( ⟨Λ^{−γ1}_1 [B, X^∗_i ]X_if, Λ^{−γ2}_1 Af⟩ + ⟨Λ^{−γ1}_1 X^∗_i [B, X_i]f, Λ^{−γ2}_1 Af⟩ + ⟨[Λ^{−γ1}_1 , X^∗_i ]X_iBf, Λ^{−γ2}_1 Af⟩ + ⟨X^∗_i [Λ^{−γ1}_1 , X_i]Bf, Λ^{−γ2}_1 Af⟩ )

≡ 4∑ i=1 ( T^{(1)}_i + T^{(2)}_i + T^{(3)}_i + T^{(4)}_i ) . Noticing that [B, X^∗_i ] is a multiple of the identity operator and that Λ_1 is self-adjoint, we have |T^{(1)}_i | ≤ C⟨X_if, Λ^{−γ}_1 Af⟩ ≤ ‖X_if‖‖Λ^{−γ}_1 Af‖ ≤ C(‖Kf‖ + ‖f‖)^2 , where we used (2.16) and the fact that γ > α 2 to get the last inequality. The term T (2) i is bounded by C(‖Kf‖ + ‖f‖)^2 in a similar way. The term T^{(3)}_i is written as

|T^{(3)}_i | = |⟨Λ^{γ1}_1 [Λ^{−γ1}_1 , X^∗_i ]X_if, Λ^{−γ}_1 ABf⟩ + ⟨Λ^{γ1}_1 [Λ^{−γ1}_1 , X^∗_i ][X_i, B]f, Λ^{−γ}_1 Af⟩| ≤ C‖X_if‖‖Λ^{−γ}_1 ABf‖ + C‖f‖‖Λ^{−γ}_1 Af‖ ⇔ ⊒⟨⌉∇⌉ ⊒⌉ ⊓∫⌉⌈ ⇐∋↙∞∞⇒ ⊣\⌈ ⊔⟨⌉ {⊣⌋⊔ ⊔⟨⊣⊔ [X_i, B] is bounded. Now we can bound T^{(3)}_i by C(‖Kf‖+ ‖f‖)^2, using (2.16) to estimate ‖X_if‖ ⊣\⌈ ⇐∋↙⇒ ⊔≀ ⌉∫⊔⟩⇕⊣⊔⌉ ‖Λ^{−γ}_1 ABf‖ ⊣\⌈ ‖Λ^{−γ}_1 Af‖↙ T⟨⌉ ⊔⌉∇⇕ T^{(4)}_i can be estimated in a similar way▷

Let us now focus on the term T 13. We can write

|T_{13}| ≤ |R⌉⟨KΛ^{−γ1}_1 Bf, Λ^{−γ1}_1 Bf⟩|^{1/2} 4∑ i=1 ‖X_iΛ^{−γ2}_1 Af‖ . If we choose γ_2 = α_2 , (3.12)

the terms under the square root are easily estimated by writing them as

‖X_iΛ^{−γ2}_1 Af‖ ≤ ‖Λ^{−γ2}_1 A‖‖X_if‖ + ‖[X_i, Λ^{−γ2}_1 ]Λ^{γ2}_1 ‖‖Λ^{−γ2}_1 Af‖ + ‖Λ^{−γ2}_1 [X_i, A]f‖ ⇔ ⊣\⌈ ⌉∫⊔⟩⇕⊣⊔⟩\} ⊔⟨⌉ ⊔⊒≀ ⌋≀⇕⇕⊓⊔⊣⊔≀∇∫ ⌊† ⇐∋↙∞∞⇒ ⊣\⌈ ⇐∋↙∃⇒ ∇⌉∫√⌉⌋⊔⟩⊑⌉↕†↙ T⟨⌉ ⊔⌉∇⇕ √∇⌉⌋⌉⌈⟩\} ⊔⟨⌉ ∫∐⊓⊣∇⌉ ∇≀≀⊔ ⌋⊣\ ⌊⌉ ⊒∇⟩⊔⊔⌉\ ⊣∫ ⟨KΛ^{−γ1}_1 Bf, Λ^{−γ1}_1 Bf⟩ = ⟨Λ^{−γ1}_1 BKf, Λ^{−γ1}_1 Bf⟩ + ⟨[K, Λ^{−γ1}_1 B]f, Λ^{−γ1}_1 Bf⟩ ≡ T_{15} + T_{16} .

The term T_{15} can be bounded if we choose 2γ_1 ≥ β_1 + β_2 , (3.13)

because we have then T_{15} ≤ ‖Kf‖‖Λ^{−β2}_1 B‖‖Λ^{−β1}_1 Bf‖ ≤ C(‖Kf‖ + ‖f‖)^2 . In order to estimate the term T_{16}, we use K = ReK + X_0 to write T_{16} = ⟨[X_0, Λ^{−γ1}_1 B]f, Λ^{−γ1}_1 Bf⟩ + ⟨[ReK, Λ^{−γ1}_1 B]f, Λ^{−γ1}_1 Bf⟩ ≡ T^{(1)}_{16} + T^{(2)}_{16} .

The term T^{(1)}_{16} can be estimated by writing it as T^{(1)}_{16} = ⟨Λ^{−γ1}_1 [X_0, B]f, Λ^{−γ1}_1 Bf⟩ + ⟨[X_0, Λ^{−γ1}_1 ]Λ^{γ1}_1 Λ^{−γ1}_1 Bf, Λ^{−γ1}_1 Bf⟩ . The αrst term can be bounded by C(‖Kf‖ + ‖f‖)^2 if we choose 2γ_1 ≥ β_1 + β_3 . ↼3▷14↽ In order to bound the second term it sufαces to have γ_1 ≥ β_1, which is the case because of (3.13) and the fact that β 2 ≥ β1.

The term T (2) 16 can be bounded by C(‖Kf‖ + ‖f‖)

2, by treating it in a similar way than the term T 14. We leave to the reader the veriffcation that no additional conditions on γ 1 have to be made. This completes the estimate of T 1, because (3.12), (3.13) and (3.14) can be satisffed simultaneously by (3.6).

Term T 2. We decompose this term as T_2 ≤ |⟨Bf, Λ^{−γ}_1 AX_0f⟩| + |⟨Bf, Λ^{−γ}_1 [X_0, A]f⟩| + |⟨Bf, [X_0, Λ^{−γ}_1 ]Af⟩| ≡ T_{21} + T_{22} + T_{23} .

Since γ ≥ α_3 + β_1 the term T_{22} is easily estimated by T_{22} ≤ ‖Λ^{−β1}_1 Bf‖‖Λ^{−α3}_1 [X_0, A]f‖ ≤ C(‖Kf‖ + ‖f‖)^2 . Noticing that we can assume α_1 ≤ α_2 and β_1 ≤ β_2, condition (3.7) implies γ ≥ α_1 + β_1.

Since [X 0, Λ −γ 1 ] is a function, it commutes with Λ_1, and so T_{23} can be estimated writing T_{23} ≤ |⟨Λ^{−β1}_1 Bf, Λ^γ_1 [X_0, Λ^{−γ}_1 ]Λ^{−α1}_1 Af⟩|

≤ ‖Λ^{−β1}_1 Bf‖‖[X_0, Λ^{−γ}_1 ]Λ^γ_1 ‖‖Λ^{−α1}_1 Af‖ ≤ C(‖Kf‖ + ‖f‖)^2 ,

where we used (3.11) to get the last bound. We ffnally bound T 21. Since X 0 = K − R⌉K it can be expanded as T_{21} ≤ |⟨Bf, Λ^{−γ}_1 AKf⟩| + |⟨Bf, Λ^{−γ}_1 A(ReK)f⟩| ≡ T^{(1)}_{21} + T^{(2)}_{21} .

The term T^{(1)}_{21} can be estimated by writing T^{(1)}_{21} ≤ ‖Kf‖‖Λ^{−γ}_1 ABf‖ ⇔ ⊣\⌈ ⊓∫⟩\} ⇐∋↙⇒↙ T⟨⌉ ⊔⌉∇⇕ T^{(2)}_{21} can be written as T^{(2)}_{21} = ⟨Bf, Λ^{−γ}_1 A(ReK)f⟩ = T_{13} + ⟨Λ^{−γ1}_1 Bf, [Λ^{−γ2}_1 A, ReK]f⟩ .

The term T_{13} has already been estimated. The other term can be treated like the term T_{14}. We

leave to the reader the veriffcation that one can indeed bound it by C(‖Kf‖ + ‖f‖) 2 without any further restriction on γ 1 and γ 2.

This completes the proof of the lemma.

3.2 The main step of the proof of Proposition 2.5 By an elementary approximation argument, it is sufffcient to prove the inequalities (2.11) for f ∈ C^∞_0 (X ), since this is a core for both K and K^∗↙ M≀∇⌉≀⊑⌉∇⇔ ⊒⌉ ⊒⟩↕↕ √∇≀⊑⌉ ≀\↕† ⇐∈↙∞∞⊣⇒↙ T⟨⌉ ⟩\⊔⌉∇⌉∫⊔⌉⌈ ∇⌉⊣⌈⌉∇ ⇕⊣† ⊑⌉∇⟩{† ⊔⟨⊣⊔ ⊔⟨⌉ ∫⊣⇕⌉ ⊣∇}⊓⇕⌉\⊔∫ ⊣↕∫≀ ⊣√√↕† {≀∇ ⇐∈↙∞∞⌊⇒↙ W⌉ ⊒⊣\⊔ ⊔≀ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊒⌉ ⌋⊣\ ⊘\⌈ ⌋≀\∫⊔⊣\⊔∫ ε and C such that ‖Λ^ε_1f‖ ≤ C(‖Kf‖ + ‖f‖) , for all f ∈ C^∞_0 (X ) . In order to show this we notice that there is a constant C such that Λ^2_1 ≤ C ( 1 + (r_L − λ^2_Lq_0)^2 + (r_R − λ^2_rq_N )^2 + N∑ i=0 p^2_i + P^{2n}(Q) + N∑ i=1 P^{2m}(q̃_i) ) ≡ G̃ .

The immediate consequence is that ‖Λ^ε_1f‖^2 = ⟨f, Λ^{2ε}_1 f⟩ ≤ ⟨f, Λ^{2ε−2}_1 G̃f⟩ . It is therefore enough to show that there exists a ↼small↽ constant ε such that the terms ‖Λ^{ε−1}_1 P^n(Q)f‖ , ‖Λ^{ε−1}_1 p_if‖ , ‖Λ^{ε−1}_1 P^m(q̃_i)f‖ , . . . are bounded by C(‖Kf‖ + ‖f‖). We are ffrst going to bound the terms involving variables near the boundary of the chain.

Then, we will proceed by induction towards the middle of the chain. The term ‖Λ^ε�^1_1 (r_L − λ^2_Lq_0)f‖↙ W⌉ ⟨⊣⊑⌉ ‖(r_L − λ^2_Lq_0)f‖^2 = |⟨(r_L − λ^2_Lq_0)^2f, f⟩| ≤ C|⟨(ReK)f, f⟩| = C|R⌉⟨Kf, f⟩| ≤ C‖Kf‖‖f‖ ≤ C(‖Kf‖ + ‖f‖)^2 ,^{(3.15)} where we used the fact that a L ≠ 0 to obtain the ffrst inequality. Since Λ1 ≥ 1, we thus have the

estimate ‖Λ^{ε−1}_1 (r_L − λ^2_Lq_0)f‖ ≤ C(‖Kf‖ + ‖f‖)^2 if we take ε ≤ 1. The term ‖Λ^ε�^1_1 p_0f‖↙ W⌉ ⊒⟩↕↕ √∇≀⊑⌉ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⌉ ‖Λ^{ε0−1}_1 p_0f‖ ≤ C(‖Kf‖ + ‖f‖) , (3.16) for ε_0 ≤ 1/(2m). An explicit computation yields the relation [X_0, r_L − λ^2_Lq_0] = b_L(r_L − λ^2_Lq_0) − λ^2_Lp_0 . ↼3▷17↽ Solving ↼3▷17↽ for p_0, we get ‖Λ^{ε0−1}_1 p_0f‖^2 = ⟨ λ^{−2}_L ( b_L(r_L − λ^2_Lq_0) − λ^{−2}_L [X_0, r_L − λ^2_Lq_0] ) f, Λ^{2ε0−2}_1 p_0f ⟩ ≡ X^{(1)}_0 − X^{(2)}_0 .

The term X^{(1)}_0 can be estimated as |X^{(1)}_0 | ≤ λ^{−2}_L ‖b_L(r_L − λ^2_Lq_0)f‖‖Λ^{2ε0−2}_1 p_0f‖ ≤ C(‖Kf‖ + ‖f‖)^2 ,

where the last inequality holds because ε 0 ≤ 1/2.

In order to estimate X^{(2)}_0 , we apply Lemma 3.2 with A = p_0 and B = r_L − λ^2_Lq_0. An explicit

computation yields [X 0, A] = V ′1 (q0) + V ′2 (q̃1) − rL▷ The term [X 0, B] has already been computed

in (3.17). Because of Proposition 3.1 and of (3.15), we can choose α_1 = 1 , β_1 = 0 , α_2 = 1 , β_2 = 1 , α_3 = 2 − 1/m β_3 = 1 . The hypotheses of Lemma 3▷2 are thus fulαlled if we choose γ = 2 − 1/m▷ We therefore have the estimate ↼3▷16↽ with ε_0 = 1/(2m). We have a similar estimate for the symmetric term at the other end of the chain.

The term ‖Λ^ε�^1_1 P^m(q̃_1)f‖↙ W⌉ ⊒⟩↕↕ √∇≀⊑⌉ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⌉ ‖Λ^{ε′0−1}_1 P^m(q̃_1)f‖ ≤ C(‖Kf‖ + ‖f‖) , for some ε^′_0 < ε_0. Because of the bound (2.5b) of A2, we can ffnd some constants c_1 and c_2 such

that ⟨ Λ^{2ε′0−2}_1 P^{2m}(q̃_1)f, f ⟩ ≤ c_1 |⟨ Λ^{2ε′0−2}_1 V^′_2 (q̃_1)f, q̃_1f ⟩| + c_2 |⟨ Λ^{2ε′0−2}_1 f, f ⟩| / {/} [~√~ ~ ∐⌈√} √~^ {/}/ ⋂[~ √~^}{^ ~√⌉ ]√ ~∐√]⌈ ~√]⌉∐~^ ^~^∐√~ Λ^{2ε′0−2}_1 is bounded if ε^′_0 ≤ 1. We use once again the fact that [X_0, p_0] = V^′_1 (q_0) + V^′_2 (q̃_1) − r_L to write the αrst term as | |⟨Λ^{2ε′}0^{−2}_1 V ′_2 (q̃_1)f, q̃_1f⟩ | | = | |⟨Λ^{2ε′}0^{−2}_1 ([X_0, p_0] − V ′_1 (q_0) + r_L)f, q̃_1f⟩ | | ≡ |Y^{(1)}_1 + Y^{(2)}_1 + Y^{(3)}_1 | .

The term Y^{(2)}_1 can be written as

|Y^{(2)}_1 | = |⟨ Λ^{2ε′0−2+1/m} 1 V^′_1 (q_0)f, Λ^{−1/m}_1 q̃_1f ⟩| ≤ ‖ Λ^{2ε′0−2+1/m} 1 V^′_1 (q_0)f ‖ ‖Λ^{−1/m}_1 q̃_1f‖ . By Proposition 3▷1 and the fact that V^′_1 ∈ F_{2n−1}, this term is bounded by C‖f‖^2 if we take ε^′_0 so small that 2ε^′_0 ≤ 1/n − 1/m . ↼3▷19↽ The term Y^{(3)}_1 is bounded similarly by writing

|Y^{(3)}_1 | ≤ ‖ ‖Λ^{2ε′}0^{−2+1/m} 1 r_Lf ‖ ‖‖Λ^{−1/m}_1 q̃_1f‖ ⇔ ⟩{ ⊒⌉ ⟩⇕√≀∫⌉ 2ε^′_0 ≤ 1 − 1/m . ↼3▷20↽ Both conditions can be satisαed because we assumed that 1 < n < m▷ In order to estimate Y^{(1)}_1 , we apply once again Lemma 3.2. This time we have A = q̃ 1 and B = p 0. Using (3.16) and

Proposition 3.1, we see that we can choose

α_1 = 1/m β_1 = 1 − ε_0 , α_2 = 1/m β_2 = 1 , α_3 = 1 , β_3 = 2 − 1/m .

By using m > 1, we see that the hypotheses of Lemma 3.2 are fulfflled if (3.19) and (3.20) hold, together with ε^′_0 < ε_0/2. Once again, we have the same estimate at the other end of the chain.

We can now go along the chain by induction. At each step, we go one particle closer towards the middle of the chain. We present here only the terms arising when we go from the left to the right of the chain.

The term ‖Λ^ε�^1_1 p_if‖↙ W⌉ ⊣↕∇⌉⊣⌈† ⊔∇⌉⊣⊔⌉⌈ ⊔⟨⌉ ⌋⊣∫⌉ i = 1. Let us therefore assume i > 1. We moreover assume that there exist constants ε_{i−1}, ε^′_{i−1} > 0 such that we have the estimates ‖ ‖Λ^{εi−1−1} 1 p_{i−1}f ‖ ‖ ≤ C(‖Kf‖ + ‖f‖) and ‖ ‖Λ^{ε′i−1−1} 1 P^m(q̃_i)f ‖ ‖ ≤ C(‖Kf‖ + ‖f‖) . ↼3▷21↽ We will show that this implies the existence of a constant ε_i > 0 such that ‖ ‖Λ^εi^{−1}_1 p_if ‖ ‖ ≤ C(‖Kf‖ + ‖f‖) . ↼3▷22↽ We use p_i = p_{i−1} + [X_0, q̃_i] to write ‖ ‖Λ^εi^{−1}_1 p_if ‖ ‖^2 = ⟨Λ^{2ε}i^{−1}_1 p_{i−1}f, Λ^{−1}_1 p_if⟩ + ⟨[X_0, q̃_i]f, Λ^{2ε}i^{−2}_1 p_if⟩ ≡ X^{(1)}_i + X^{(2)}_i . The term X^{(1)}_i is easily bounded if we write |X^{(1)}_i | ≤ ‖Λ^{2εi−1}_1 p_{i−1}f‖‖Λ^{−1}_1 p_if‖ ≤ C(‖Kf‖ + ‖f‖)^2 , where the last inequality is obtained by using Proposition 3.1 and (3.21). We only have to make

the assumption 2ε i ≤ εi−1.

In order to estimate the term X (2) i we apply Lemma 3▷2 with A = p i and B = q̃ i▷ Explicit computation yields [X 0, pi] = V ′1 (qi) − V ′2 (q̃i+1) − V ′2 (q̃i). Using the induction hypothesis (3.21)

and Proposition 3.1, we see that we can choose

α_1 = 1 , β_1 = (1 − ε^′_{i−1})/m α_2 = 1 , β_2 = 1/m α_3 = 2 − 1/m β_3 = 1 .

If we take ε_i ≤ ε^′_{i−1}/(2m), we see that the hypotheses of Lemma 3.2 are satisffed. We thus have the desired bound (3.22). The term ‖Λ^ε�^1_1 P^m(q̃_{i+1})f‖↙ W⌉ ⊣∫∫⊓⇕⌉ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔ ∫⊔∇⟩⌋⊔↕† √≀∫⟩⊔⟩⊑⌉ ⌋≀\∫⊔⊣\⊔∫ ε_i and ε^′_{i−1} such that ‖ ‖Λ^εi^{−1}_1 p_if ‖ ‖ ≤ C(‖Kf‖ + ‖f‖) and ‖ ‖Λ^{ε′i−1−1} 1 P^m(q̃_i)f ‖ ‖ ≤ C(‖Kf‖ + ‖f‖) . We will show that this implies the existence of a constant ε^′_i > 0 for which ‖ Λ^{ε′i−1}_1 P^m(q̃_{i+1})f ‖ ≤ C(‖Kf‖ + ‖f‖) . ↼3▷23↽ Expression ↼3▷18↽ with q̃_1 replaced by q̃_{i+1} holds. In order to prove (3.23), it sufffces therefore to

show that |⟨Λ^{2ε′i−2}_1 V^′_2 (q̃_{i+1})f, q̃_{i+1}f⟩| ≤ C(‖Kf‖ + ‖f‖)^2 . Since for i > 1 we have [X_0, p_i] = V^′_1 (q_i) − V^′_2 (q̃_{i+1}) − V^′_2 (q̃_i), the preceding term can be written as |⟨ Λ^{2ε′i−2}_1 ( [X_0, p_i] + V^′_1 (q_i) + V^′_2 (q̃_i) ) f, q̃_{i+1}f ⟩| ≡ |Y^{(1)}_i + Y^{(2)}_i + Y^{(3)}_i | .

We impose 2ε^′_i ≤ 1/n − 1/m▷ The term Y^{(2)}_i is then estimated as |Y^{(2)}_i | ≤ ‖Λ^{−1/m}_1 q̃_{i+1}f‖ ‖ ‖Λ^{2ε′}i^{−2+1/m} 1 V^′_1 (q_i)f ‖ ‖ ≤ C(‖Kf‖ + ‖f‖)2 , where the last step uses Proposition 3▷1 and V^′_1 ∈ F_{2n−1}. In order to estimate the term Y^{(3)}_i we notice that by the CauchySchwarz inequality and assumption A2 we have |Y^{(3)}_i | ≤ C‖Λ^{−1/m}_1 q̃_{i+1}f‖ ‖ ‖Λ^{2ε′}i^{−2+1/m} 1 P^{2m−1}(q̃_i)f ‖ ‖ ≤ C‖f‖ ‖ ‖Λ^{1/m−1} 1 P^{m−1}(q̃_i)Λ^{2ε′i−1}_1 P^m(q̃_i)f ‖ ‖ ≤ C‖f‖ ‖ ‖Λ^{2ε′}i^{−1}_1 P m(q̃_i)f ‖ ‖ ⋁~ ^∐{ ^[}}√~ 2ε^′_i < ε^′_{i−1}, so this term can be estimated by the induction hypothesis. The term Y^{(1)}_i is once again estimated by using Lemma 3▷2 this time with A = q̃_{i+1} and B = p_i▷ Using Proposition 3▷1 it is easy to verify that one can take α_1 = 1/m β_1 = 1 − ε_i α_2 = 1/m β_2 = 1 , α_3 = 1 , β_3 = 2 − 1/m . It sufαces then to choose 2ε^′_i < ε_i to satisfy the assumptions of Lemma 3▷2 and get the desired estimate▷ It is obvious that this induction also works in the other direction starting from the other end of the chain▷ It also accommodates to a little bit more complicated topologies as long as the chain does not contain any closed loop▷ In order to complete the proof of the lemma we have to estimate the last term corresponding to the motion of the center of mass▷ The term ‖Λ ε�1_1 P n(Q)f‖↙ F⟩\⊣↕↕†⇔ ⊒⌉ ⊒⊣\⊔ ⊔≀ ∫⟨≀⊒ ⊔⟨⌉ ⌉∫⊔⟩⇕⊣⊔⌉ ‖Λ^{ε−1}_1 P^n(Q)f‖ ≤ C(‖Kf‖ + ‖f‖), ↼3▷24↽ for some ε▷ We start with a little computation▷ We write (N + 1)q_0 = Q + (q_{N−1} − q_N ) + 2(q_{N−2} − q_{N−1}) + . . . + N(q_0 − q_1) .

Moreover we have q_i = q_0 + (q_1 − q_0) + . . . + (q_i − q_{i−1}). We can thus write Q N + 1

− q_i = N∑ j=1 b_{ij}q̃_j with b_{ij} ∈ R . This together with the meanvalue theorem implies the useful relation (N + 1)QV^′_1 ( Q/(N + 1) ) = Q N∑ i=0 V^′_1 (q_i) + Q N∑ i=0 ( V^′_1 ( Q/(N + 1) ) − V^′_1 (q_i) )

= Q N∑ i=0 V^′_1 (q_i) + Q N∑ i=0 V^{′′}_1 (ξ_i) N∑ j=1 b_{ij}q̃_j ↼3▷25↽ where ξ i is located somewhere on the Q/(N + 1) and q i▷ In the case of ddimensional particles the expression corresponding to ↼3▷25↽ is |(N + 1)QV^′_1 ( Q/(N + 1) ) | ≤ (N + 1)|Q||∇V_1(q_i)| + |Q| N∑ i=0 sup t∈(0,1) | |∇2V_1(tQ/(N + 1) + (1 − t)q_i) | | N∑ j=1 b_{ij}|q̃_j| . The subsequent expressions can be rewritten accordingly▷ We use A1 and ↼3▷25↽ to write the lefthand side of ↼3▷24↽ as ‖Λ^{ε−1}_1 P^n(Q)f‖^2 = |⟨Λ^{2ε−2}_1 P^{2n}(Q)f, f⟩| ≤ C(N + 1) | |⟨Λ^{2ε−2}_1 V ′_1 (Q/(N + 1))f, Qf⟩ | | + C‖f‖2 ≤ C | |⟨Λ_{2ε−21} (^N∑ i=0 V^′_1 (q_i) ) f, Qf ⟩| | + C N∑ i,j=1 b_{ij}|⟨Λ^{2ε−2}_1 q̃_jV^{′′}_1 (ξ_i)f, Qf⟩| + C‖f‖^2 ≡ Y^{(1)} + Y^{(2)} + C‖f‖^2 .

The term Y^{(2)} can be bounded because V^{′′}_1 ∈ F_{2n−2}, and so

|V^{′′}_1 (ξ_i)| ≤ C(1 + ξ^2_i )^{n−1} ≤ CP^{2n−2}(Q) + CP^{2n−2}(q_i) ≤ C N∑ k=0 P^{2n−2}(q_k) .

Thus Y^{(2)} can be split in terms of the form |⟨Λ^{2ε−2}_1 q̃_jP^{2n−2}(q_k)f, Qf⟩| ≤ ‖Λ^{1/n−2}_1 P^{2n−2}(q_k)Qf‖‖Λ^{2ε−1/n}q̃_jf‖ . The αrst factor clearly can be bounded by C‖f‖ ⟩{ ⊒⌉ \≀⊔⟩⌋⌉ ⊔⟨⊣⊔ q → P^{2n−2}(q_k)Q belongs to F_{2n−1} and then apply Proposition 3.1. The second factor can also be bounded by C‖f‖ ⟩{ ⊒⌉ ⟩⇕√≀∫⌉ 0 < ε ≤ 1 2n − 1 2m which can be done because we assumed n < m▷ It remains to estimate Y^{(1)}. We deffne P = ∑_N i=0 p_i▷ Since it may easily be veriαed that [X_0, P ] = ∑_N i=0 V^′_1 (q_i) − r_L − r_R we can write Y_1 as Y_1 = ⟨ Λ^{2ε−2}_1 ( [X_0, P ] + r_L + r_R ) f, Qf ⟩ ≡ Y^{(3)} + Y^{(4)} + Y^{(5)} . We leave to the reader the veriαcation that the terms Y^{(4)} and Y^{(5)} can be bounded by C‖f‖^2 without introducing any stronger condition on ε▷ The term Y (3) can be estimated by using Lemma 3.2 with A = Q and B = P ▷ We have already veriαed that ↼3▷22↽ holds for every i so we can deαne ε_P ≡ ⇕⟩\{ε_i | i = 0, . . . , N} . This together with Proposition 3▷1 allows us to choose α_1 = 1/n β_1 = 1 − ε_P α_2 = 1/n β_2 = 1 , α_3 = 1 , β_3 = 2 − 1/n and thus ↼3▷24↽ is fulαlled if we choose 2ε ≤ ε_P ▷ This completes the proof of the lemma▷

GENERALIZATION OF HO �RMANDERφS THEOREM 23

4 Generalization of Ho� rmanderφs theorem

In a celebrated paper ♭Ho�r67♯ Ho�rmander studied secondorder differential operators of the form P = r∑ j=1 L^∗_j L_j + L_0 , (4.1) where the L j are some smooth vector αelds acting in R d▷ He showed that a sufαcient condition for the operator P to be hypoelliptic is that the Lie algebra generated by {L 0, . . . , Lr} ⟨⊣∫ ⇕⊣§⟩⇕⊣↕ ∇⊣\‖ ⌉⊑⌉∇†⊒⟨⌉∇⌉↙ T⟨⌉ ⇕⊣⟩\ ∫⊔⌉√ ⟩\ ⟨⟩∫ √∇≀≀{ ⟩∫ ⊔≀ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔∫ ⊣ ⌋≀\∫⊔⊣\⊔ ε > 0 and, for every compact domain K ⊂ R^d a constant C_K ∫⊓⌋⟨ ⊔⟨⊣⊔ ‖u‖_{(ε)} ≤ C_K(‖P u‖ + ‖u‖) , ∀ u ∈ C^∞_0 (K) . ↼4▷2↽ In this expression the norm ‖ · ‖_{(ε)} is the natural norm associated to the Sobolev space H^ε(R^d), i.e.

‖u‖^2_{(ε)} = ∫ ∫^d |û(k)|^2(1 + k^2)^ε d^dk ≡ ‖(1 + Δ)^{ε/2}u‖. We base our discussion on the proof presented in ♭Ho�r85♯▷ Ho�rmander αrst deαnes Q_1 as the set of all properly supported symmetric ffrst-order differential operators q such that for every compact domain K⇔ ⊔⟨⌉∇⌉ ⌉§⟩∫⊔ ⌋≀\∫⊔⊣\⊔∫ C^′_K ⊣\⌈ C^{′′}_K ⊒⟩⊔⟨ ‖qu‖^2 ≤ C^′_KR⌉⟨P u, u⟩ + C^{′′}_K‖u‖^2 , u ∈ C^∞_0 (K) . ↼4▷3↽ In particular if we write L^∗_j = −L_j + c_j where c_j is some function Q_1 contains all the operators of the form (L_j − c_j/2)/i j ≥ 1 , as well as their linear combinations. It also contains every operator of order 0. Ho�rmander then deffnes Q_2 as consisting of the operator (P − P^∗)/i as well as all the commutators of the form [q, q^′]/i with q, q^′ ∈ Q_1. For k > 2, he deffnes Q_k as the set of all commutators [q, q^′]/i with q ∈ Q_{k−1} and q^′ ∈ Q_{k−2}. One feature of this construction is that a ffnite number of steps sufffces

to catch every symmetric ffrst-order differential operator. This is a consequence of the maximal rank hypothesis. The main point of Ho�rmander’s proof is then the following result. Lemma 4.1 (Ho�rmander) If q k ∈ Qk and ε ≤ 2 1−k we have for every K ⊂ R d ‖q_ku‖_{(ε−1)} ≤ C(‖P u‖ + ‖u‖) , u ∈ C^∞_0 (K) . ↼4▷4↽ The proof can be found in ♭Ho�r85 p▷ 355♯▷ The result ↼4▷2↽ then follows almost immediately because the operators i∂_j all belong to some Q_k▷ Thus there exists some ε > 0 such that d∑ j=1 ‖∂_ju‖^2_{(ε−1)} ≤ C_K(‖P u‖ + ‖u‖)^2 , u ∈ C^∞_0 (K) ,

which implies (4.2). One of the major problems encountered in this paper is to ffnd a global estimate analogous to (4.2), i.e. to ffnd constants C and ε such that ‖Δ̃^εu‖ ≤ C(‖P u‖ + ‖u‖) , for all u ∈ C^∞_0 (R^d) , where Δ̃ is some modiffed Laplacean. There are two major difffculties:

• I{ ⊒⌉ ⊒⌉∇⌉ ⊔≀ ⌋≀\∫⊔∇⊓⌋⊔ ⊔⟨⌉ ∫⌉⊔∫ Q_k as in ♭Ho�r85♯ they would not necessarily Ψcloseν in the sense that the successive commutators could blow up and the whole proof would break down▷ To avoid this we do not necessarily put (P − P ∗)/i into Q2, but rather g 0(P − P ∗)/i where g_0 is some bounded function. This allows to get decreasing bounds on the successive

commutators.

This problem does not appear in [EPR99a], where the successive commutators are all ffrst-

order differential operators with constant (or bounded) coefffcients. On the other hand, the

commutator technique is essentially the same as in [EPR99a]. • T⟨⌉ ⊣⌊≀⊑⌉ ⌋≀\∫⊔∇⊓⌋⊔⟩≀\ ⌈≀⌉∫ \≀⊔ ⊣↕↕≀⊒ ⊔≀ ⌈⌉⊣↕ ⊒⟩⊔⟨ ⊣∇⌊⟩⊔∇⊣∇† ∫†⇕⇕⌉⊔∇⟩⌋ ⊘∇∫⊔↖≀∇⌈⌉∇ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ≀√⌉∇⊣⊔≀∇∫↙ T⟨⌉ ∇⌉⊣∫≀\ ⟩∫ ⊔⟨⊣⊔ ⟩{ ⊒⌉ ⊒⊣\⊔ ⊣ }↕≀⌊⊣↕ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ≀{ ⇐△↙∋⇒⇔ ⊔⟨⌉ ∫⌉⊔ Q_1 is no longer allowed to contain products of the L j and unbounded functions▷ We thus work with fewer operators which means that we track much more closely the expressions which appear in the constructions▷

4▷1 General setting Let us consider the Hilbert space H = L 2(Rd, dx) for some integer d ≥ 1. We deffne the set C(H) as the set of closed operators on H ⊣\⌈ ⊔⟨⌉ ⊣↕}⌉⌊∇⊣ B(H) as the everywhere deffned bounded operators on H↙ W⌉ ⌈⌉⊘\⌉ D ≡ C^∞_0 (R^d), which is dense in H↙ L⌉⊔ ⊓∫ ⊘§ ∫≀⇕⌉ ∫⊓⌊↖⊣↕}⌉⌊∇⊣ F ⊂ B(H) that is closed under conjugation and such that F D ⊂ D {≀∇ ⊣↕↕ F ∈ F (typically F is some algebra

of bounded functions). The advantage of considering C ∞ 0 (R^d) is that every differential operator with sufffciently smooth coefffcients is closable on it (see [Yos80] for a justiffcation). Moreover, every differential operator with smooth coefffcients maps D ⟩\⊔≀ ⟩⊔∫⌉↕{↙ T⟨⟩∫ ⊣↕↕≀⊒∫ ⊓∫ ⊔≀ ⇕⊣‖⌉ ⊣ {≀∇⇕⊣↕ ⌋⊣↕⌋⊓↕⊓∫⇔ ⟩↙⌉↙ ⌉⊑⌉∇† ∇⌉↕⊣⊔⟩≀\∫⟨⟩√ ⌊⌉⊔⊒⌉⌉\ ≀√⌉∇⊣⊔≀∇∫ ⊣√√⌉⊣∇⟩\} ⟩\ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\ ⟩∫ ∫⊓√√≀∫⌉⌈ ⊔≀ ⟨≀↕⌈ ≀\ D↙ T⟨⌉ ⊣⌋⊔⊓⊣↕ ≀√⌉∇⊣⊔≀∇∫ ⊣∇⌉ ⊔⟨⌉\ ⊔⟨⌉ ⌋↕≀∫⊓∇⌉∫ ≀{ ⊔⟨⌉ ≀√⌉∇⊣⊔≀∇∫ ⌈⌉⊘\⌉⌈ ≀\ D↙ W⌉ ⌈⌉⊘\⌉ L as the set of all formal expressions of the form ∑ |ℓ|≤k a_ℓ(x)D^ℓ k ≥ 0 , a ∈ C^∞(R^d) ,

where D^ℓ denotes the |ℓ| ⊔⟨⌈⌉∇⟩⊑⊣⊔⟩⊑⌉ ⊒⟩⊔⟨ ∇⌉∫√⌉⌋⊔ ⊔≀ ⊔⟨⌉ ⇕⊓↕⊔⟩↖⟩\⌈⌉§ ℓ▷ By the above remark any element of L can naturally be identi�ed with a differential operator in C(H). Consider a differential operator K that can be written as

K = n∑ i=1 X^∗_i X_i + X_0 , X_j ∈ L , j = 1, . . . , n ↼4▷5↽

where X_0 is such that X^∗_0 = −X_0 + g g ∈ F . ↼4▷6↽ We introduce now a deαnition that will be very useful in the sequel▷

Deαnition 4▷2▷ Let S ⊂ L be a �nite set of differential operators and i ≥ 0 a natural number. We deffne the set Y^iF(S) as the module on F generated by the terms S_1S_2 · · · S_i S_k ∈ S ∪ {1} ⇔ k = 1, . . . , i . The elements of Y^iF(S) are naturally identiffed with densely deffned closed operators on H↙ I{ i = 0, we use the convention Y^0F(S) ≡ F.

The subscript F will be dropped in the sequel when the algebra F is clear from the context. We construct the sets

A_{−1} = {X_1, . . . , X_n} ⇔ A_0 = {g_0X_0, X_1, . . . , X_n} ⇔ g_0 ∈ F , (4.7)

where the operator g_0 is assumed to be self-adjoint, positive and such that [g_0, X_0] ∈ F . ↼4▷8↽ Let us now construct recursively up to a level R < ∞ ∫≀⇕⌉ ⊘\⟩⊔⌉ ∫⌉⊔∫ B_i, A_i ⊂ L by the following procedure. Assume A_{i−1} is known. Consider next the set B^{(0)}_i of all A of the form A = ∑ B∈A_{i−}1 ( f_BB + ∑ X∈A0 f_{XB}[X, B] ) / f_B, f_{XB} ∈ F . ↼4▷9↽

We then select a αnite subset B_i ⊂ B^{(0)}_i ▷ The set A_i is then deαned as A_i ≡ A_{i−1} ∪ B_i . Remark▷ It is here that our construction differs from similar ones where all elements of B^{(0)}_i would have been selected▷ This makes the set of operators which we study much smaller but then we of course have to verify that the operators of interest are really covered by our construction▷ We will make some working hypotheses on the sets A i▷ H1▷ The pair (A R, F) satisffes the following. If A, B ∈ AR and f ∈ F, then

[A, B] ∈ Y^1(A_R) , A^∗ ∈ Y^1(A_R) , [A, f] ∈ F . H2▷ If A ∈ A_i with i ≥ −1, we have A^∗ ∈ Y^1(A_i). Remark. Hypothesis H1 implies that if X ∈ Y^j(A_R) and Y ∈ Y^k(A_R), then [X, Y ] ∈ Y^{k+j−1}(A_R). This will be very useful in the sequel. Hypothesis H2 implies that the classes Y^k(A_i) are closed under conjugation.

We deffne now the operator Λ^2 by Λ^2 = 1 + ∑ A∈A_R A^∗A . ↼4▷10↽ This is in some sense that will immediately be clear from Lemma 4▷4 the Ψbiggestν operator contained in Y^2(A_R). The operator Λ^2 is symmetric, densely deffned and positive. We will

moreover assume that

H3. Λ^2 is essentially self-adjoint on D↙ T⟨⌉ √≀⊒⌉∇∫ Λ^α thus exist and are also essentially selfadjoint on D {≀∇ α ≤ 2.

4.2 Results and a preliminary lemma The following theorem is the main result of this section.

Theorem 4.3. Let K and Λ be deffned as above and assume H1ffiH3 are satisffed for some R▷ Then there exist some constants C, ε > 0 such that for every f ∈ D⇔ ⊒⌉ ⟨⊣⊑⌉ ‖Λ^εf‖ ≤ C(‖Kf‖ + ‖f‖) . ↼4▷11↽ In the sequel we will write A ⟩\∫⊔⌉⊣⌈ ≀{ A_R to simplify the notation▷ In order to prove Theorem 4▷3 we need the following lemma which will be extensively used in the sequel▷ Lemma 4▷4▷ Let Λ, F and A ⌊⌉ ⊣∫ ⊣⌊≀⊑⌉ ⊣\⌈ ⊣∫∫⊓⇕⌉ H∞ ⊣\⌈ H∋ ⟨≀↕⌈↙ I{ X ∈ Y j F(A), then the operators Λ^βXΛ^γ with β + γ ≤ −j are bounded▷ If Y ∈ L is such that [Y, Λ^2] ∈ Y^jF(A), then the operators Λ^β[Λ^α, Y ]Λ^γ with α + β + γ ≤ 2 − j are bounded▷ If X, Y ∈ L are such that

[X, Λ^2] ∈ Y^jF(A) , [Y, Λ^2] ∈ Y^kF(A) and [ [Λ^2, X], Y ] ∈ Y^{j+k−2} F (A) , then the operators Λ^β [ [Λ^α, X], Y ] Λ^γ with α + β + γ ≤ 4 − j − k are bounded▷ Proof▷ The proof of this lemma is postponed to Appendix A▷ Remark▷ Lemma 4▷4 allows us to count powers in the following sense▷ Each time we see an operator that is a monomial containing fractional powers of Λ and some operators of Y^j(A), we know that the operator is bounded if its Ψdegree˚ is less or equal to 0. The rule is that if Y ∈ Y^j(A), its degree is j and the degree of Λ^α is α▷ Moreover every time we encounter a commutator we can lower the degree by one unit▷ Lemma 4▷4 also shows that if f ∈ D⇔ A ∈ A ⊣\⌈ α ≤ 2, expressions such as AΛ^αf can be well deαned by AΛ^αf ≡ Λ^αAf + [A, Λ^α]Λ^{−2}Λ^2f where [A, Λ^α]Λ^{−2} is bounded and can therefore be deffned on all of H↙ S⟩⇕⟩↕⊣∇ ⌉§√∇⌉∫∫⟩≀\∫ ⟨≀↕⌈ ⊔≀ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊣\† ⌉§√∇⌉∫∫⟩≀\ ≀{ ⊔⟨⟩∫ ∫⌉⌋⊔⟩≀\ ⌋⊣\ ⌊⌉ ⊒⌉↕↕ ⌈⌉⊘\⌉⌈↙ W⌉ ⊣∇⌉ \≀⊒ ∇⌉⊣⌈† ⊔≀ √∇≀⊑⌉ ⊔⟨⌉ ⊔⟨⌉≀∇⌉⇕↙

GENERALIZATION OF HO�RMANDER≃S THEOREM ∈ △↙∋ P∇≀≀{ ≀{ T⟨⌉≀∇⌉⇕ △↙∋ T⟨⌉ √∇≀≀{ ⊓∫⌉∫ ⊔⟨⌉ ⌋≀⇕⇕⊓⊔⊣⊔⟩≀\ ⊔⌉⌋⟨\⟩∐⊓⌉∫ ⌈⌉⊑⌉↕≀√⌉⌈ ⌊† H≀�∇⇕⊣\⌈⌉∇ ∪H≀�∇∀▽⊎ ⊣\⌈ ⟩⇕√∇≀⊑⌉⌈ ⌊† E⌋‖⇕⊣\\⇔ P⟩↕↕⌉⊔⇔ R⌉†↖B⌉↕↕⌉⊔ ∪EPR∃∃⊣⊎↙ L⊣∇}⌉ √⊣∇⊔∫ ≀{ ⊔⟨⟩∫ √∇≀≀{ ⊣∇⌉ ⟩\∫√⟩∇⌉⌈ {∇≀⇕ ⊔⟨⟩∫ ↕⊣⊔⊔⌉∇ ⊒≀∇‖↙ B⌉{≀∇⌉ ⊒⌉ ∫⊔⊣∇⊔ ⊔⟨⌉ √∇≀≀{ ⟩⊔∫⌉↕{⇔ ↕⌉⊔ ⊓∫ ⇕⊣‖⌉ ⊣ {⌉⊒ ⌋≀⇕√⊓⊔⊣⊔⟩≀\∫⇔ ⊔⟨⌉ ∇⌉∫⊓↕⊔∫ ≀{ ⊒⟨⟩⌋⟨ ⊒⟩↕↕ ⌊⌉ ⊓∫⌉⌈ ∇⌉√⌉⊣⊔⌉⌈↕† ⟩\ ⊔⟨⌉ ∫⌉∐⊓⌉↕↙ W⌉ ⊘∇∫⊔ ∫⟨≀⊒ ⊔⟨⊣⊔ ⊒⌉ ⌋⊣\ ⊣∫∫⊓⇕⌉ R⌉K positive▷ An explicit computation using ↼4▷5↽ and ↼4▷6↽ shows that ReK = n∑ i=1 X^∗_i X_i + g 2 , and thus also X_0 = K − R⌉K + g/2 . ↼4▷12↽

Because g ∈ F, we can add a suf�ciently big constant to X_0 to make ReK positive▷ This will change neither the commutation relations nor the estimate ↼4▷11↽▷ Another useful equality is g_0ReK = Re(g_0K + K_1) + K_2 K_1, K_2 ∈ Y^1(A_{−1}) , (4.13)

where K_1 is a self-adjoint operator such that Re(g_0K + K_1) is a positive self-adjoint operator. This is a consequence of the following two equalities, which are easily veriffed by inspection

g_0ReK = n∑ i=1 X^∗_i g_0X_i + K_2 K_2 ∈ Y^1(A_{−1}) ,

Re(g_0K) = n∑ i=1 X^∗_i g_0X_i − K_1 K_1 ∈ Y^1(A_{−1}) . We therefore have Re(g_0K + K_1) = n∑ i=1 X^∗_i g_0X_i . This proves ↼4▷13↽▷ Another useful identity will be (g_0X_0)^∗ = −X_0g_0 + gg_0 = −g_0X_0 + [g_0, X_0] + gg_0 = −g_0X_0 + g^′_0 , g^′_0 ∈ F , (4.14)

where the last equality is a consequence of (4.8).

We will now verify the estimate (4.11) for some vector f ∈ D↙ I\ ⊔⟨⌉ ∫⌉∐⊓⌉↕⇔ ⊔⟨⌉ ∫†⇕⌊≀↕ C will be used to denote some constant depending only on the operator K▷ This constant can change from one line to the other▷ We will αrst prove that A ∈ Y^1(A_i) with 0 ≤ i ≤ R implies ‖Λ^{1/4i+1−1}Af‖ ≤ C(‖Kf‖ + ‖f‖) . ↼4▷15↽ In fact an immediate consequence of the αrst part of Lemma 4▷4 is that we only have to prove this assertion for A ∈ A_i▷ The proof will proceed by induction on i▷

4▷3▷1 Veriαcation for i = 0 We want to verify the estimate ‖Λ^{−3/4}Af‖ ≤ C(‖Kf‖ + ‖f‖) , for all A ∈ A_0 . The cases A = g_0X_0 and A = X_j with j ≠ 0 will be treated separately. The case A = X_j▷ We write ‖Λ^{−3/4}X_jf‖^2 ≤ C‖X_jf‖^2 ≤ C⟨f, X^∗_j X_jf⟩ ≤ C⟨f, (K + K^∗ − g)f⟩ ≤ CRe⟨f, Kf⟩ + C‖f‖^2 ≤ C‖f‖(‖Kf‖ + ‖f‖) . This implies the desired estimate▷ Because X^∗_j ∈ Y^1(A_{−1}) by hypothesis, this computation immediately implies the estimates ‖X_jf‖ ≤ C(‖Kf‖ + ‖f‖) , (4.16a) ‖X^∗_j f‖ ≤ C(‖Kf‖ + ‖f‖) , (4.16b) which hold for every j ≥ 1.

The case A = g_0X_0. We write, using expression (4.12),

‖Λ^{−3/4}Af‖^2 = ⟨g_0X_0f, Λ^{−3/2}Af⟩ = ⟨Kf, g_0Λ^{−3/2}Af⟩ + ⟨g_0gf, Λ^{−3/2}Af⟩/2 − ⟨(ReK)f, g_0Λ^{−3/2}Af⟩ ≡ S_1 + S_2 − S_3 .

The terms S_1 and S_2 are easily bounded by C(‖Kf‖ + ‖f‖)^2, using the Cauchy-Schwarz

inequality and the ffrst part of Lemma 4.4. Using the positivity of ReK and the explicit form of

K the term S_3 can be bounded as

|S_3| = ⟨(ReK)^{1/2}f, (ReK)^{1/2}g_0Λ^{−3/2}Af⟩ ≤ |R⌉⟨Kf, f⟩|^{1/2}|⟨(ReK)g_0Λ^{−3/2}Af, g_0Λ^{−3/2}Af⟩|^{1/2} ≤ √ ‖Kf‖‖f‖ | |⟨gg_0Λ^{−3/2}Af, g_0Λ^{−3/2}Af⟩/2 + n∑ i=1 ‖X_ig_0Λ^{−3/2}Af‖^2 | |^{1/2}

≡ √ ‖Kf‖‖f‖ S_0 +^n ∑ i=1 S^2_{0,i} .

The term S_0 is estimated by simple power counting (the Λ’s contribute for −3 and the Aφs for 2 in the total degree of the expression, hence |S_0| ≤ C‖f‖^2). The terms S_{0,i} are estimated by writing |S_{0,i}| ≤ ‖g_0Λ^{−3/2}AX_if‖ + ‖[X_i, g_0Λ^{−3/2}A]f‖ . The αrst term is estimated by using ↼4▷16↽ and power counting▷ The second term is estimated by expanding the commutator as [X_i, g_0Λ^{−3/2}A] = [X_i, g_0]Λ^{−3/2}A + g_0[X_i, Λ^{−3/2}]A + g_0Λ^{−3/2}[X_i, A] , and estimating separately the resulting terms.

4.3.2 The induction hypothesis We shall proceed by induction. Let us ffx j > 0, take A ∈ A_j and assume ↼4▷15↽ holds for i < j▷ Let us moreover deαne ε ≡ 1/4^{j+1} in order to simplify the notation. Our assumption is therefore

that ‖Λ^{4ε−1}Bf‖ ≤ C(‖Kf‖ + ‖f‖) ∀ B ∈ Y^1(A_{j−1}) . ↼4▷17↽ We will now prove that this assumption implies the desired estimate i▷e▷ ‖Λ^{ε−1}Af‖ ≤ C(‖Kf‖ + ‖f‖) ∀ A ∈ Y^1(A_j) . ↼4▷18↽ This together with the preceding paragraph will imply the estimate ↼4▷15↽▷ 4▷3▷3 Proof of the main estimate Because of the induction hypothesis we only have to check ↼4▷18↽ for A ∈ A_j\A_{j−1}. By (4.9), we can write A = ∑ B∈A_{j−}1 ( f_BB + f^0_B[g_0X_0, B] + n∑ i=1 f^i_B[X_i, B] ) /

][ ∐⌈⌈ [~ f belonging to F. We have ‖Λ^{ε−1}Af‖^2 = ∑ B∈A_{j−}1 ⟨( f_BB + f^0_B[g_0X_0, B] + n∑ i=1 f^i_B[X_i, B] ) f, Λ^{2ε−2}Af ⟩

≡ ∑ B∈A_{j−}1 ( T_B + T^0_B + n∑ i=1 T^i_B ) .

We are going to bound each term of this sum separately by C(‖Kf‖ + ‖f‖)^2. Term T B▷ We have |T_B| = |⟨Λ^{2ε−1}f_BΛ^{1−2ε}Λ^{2ε−1}Bf, Λ^{−1}Af⟩| . The operators Λ^{2ε−1}f_BΛ^{1−2ε} and Λ^{−1}A are bounded by Lemma 4▷4▷ Using the induction hypo thesis ↼4▷17↽ we thus get the bound |T_B| ≤ C(‖Kf‖ + ‖f‖)^2. Term T iB with i ≠ 0. We deffne h ≡ fiB▷ The term T iB is then written as T^i_B = ⟨Bf, X^∗_i h^∗Λ^{2ε−2}Af⟩ − ⟨X_if, h^∗B^∗Λ^{2ε−2}Af⟩ ≡ Q_1 − Q_2 . Term Q_1. It can be estimated by writing Q_1 = ⟨Bf, h^∗Λ^{2ε−2}AX^∗_i f⟩ + ⟨Bf, [X^∗_i , h^∗Λ^{2ε−2}A]f⟩ . The αrst term is estimated by rewriting it as |⟨Bf, h^∗Λ^{2ε−2}AX^∗_i f⟩| = |⟨Λ^{2ε−1}Bf, Λ^{1−2ε}h^∗Λ^{2ε−2}AX^∗_i f⟩| ≤ ‖Λ^{2ε−1}Bf‖‖Λ^{1−2ε}h^∗Λ^{2ε−2}AX^∗_i f‖ ≤ C(‖Kf‖ + ‖f‖)^2 .

The last inequality has been obtained by using the induction hypothesis ↼4▷17↽ the estimate ↼4▷16b↽ and the fact that the operator Λ^{1−2ε}h^∗Λ^{2ε−2}A is bounded by Lemma 4▷4▷ The second term is estimated as |⟨Bf, [X^∗_i , h^∗Λ^{2ε−2}A]f⟩| = |⟨Λ^{2ε−1}Bf, Λ^{1−2ε}[X^∗_i , h^∗Λ^{2ε−2}A]f⟩| ≤ ‖Λ^{2ε−1}Bf‖‖Λ^{1−2ε}[X^∗_i , h^∗Λ^{2ε−2}A]f‖ . The term ‖Λ^{2ε−1}Bf‖ ⟩∫ ⌊≀⊓\⌈⌉⌈ ⌊† ⊔⟨⌉ ⟩\⌈⊓⌋⊔⟩≀\ ⟨†√≀⊔⟨⌉∫⟩∫ ⇐△↙∞⇒↙ T⟨⌉ ≀⊔⟨⌉∇ ⊔⌉∇⇕ ⌋⊣\ ⌊⌉ ⌉∫⊔⟩⇕⊣⊔⌉⌈ ⌊† ⊒∇⟩⊔⟩\} ⊔⟨⌉ ⌋≀⇕⇕⊓⊔⊣⊔≀∇ ⊣∫ [X^∗_i , h^∗Λ^{2ε−2}A] = [X^∗_i , h^∗]Λ^{2ε−2}A + h^∗[X^∗_i , Λ^{2ε−2}]A + h^∗Λ^{2ε−2}[X^∗_i , A] . The resulting terms are estimated by power counting using the fact that X^∗_i ∈ Y^1(A). Term Q_2. We bound this term as |Q_2| = | |⟨X_if, h∗Λ2ε−2AB∗f⟩ + ⟨X_if, h∗[B∗, Λ2ε−2A]f⟩ | | ≤ ‖X_if‖ ( ‖h^∗Λ^{2ε−2}AB^∗f‖ + ‖h^∗[B^∗, Λ^{2ε−2}A]f‖ ) ≤ ‖X_if‖ ( ‖h^∗Λ^{2ε−2}AΛ^{1−2ε}‖‖Λ^{2ε−1}B^∗f‖ + ‖h^∗[B^∗, Λ^{2ε−2}A]f‖ ) . We leave to the reader the not too hard task to verify that it is indeed possible to get the bound |Q_2| ≤ C(‖Kf‖ + ‖f‖)^2 by similar estimates as for the term Q_1. Term T 0B▷ We deαne h ≡ f 0B▷ The term T 0B is thus equal to T^0_B = ⟨[g_0X_0, B]f, h^∗Λ^{2ε−2}Af⟩ = ⟨g_0X_0Bf, h^∗Λ^{2ε−2}Af⟩ − ⟨Bg_0X_0f, h^∗Λ^{2ε−2}Af⟩ . We use ↼4▷14↽ to write this as T^0_B = − ⟨Bf, h^∗Λ^{2ε−2}Ag_0X_0f⟩ + ⟨Bf, g^′_0h^∗Λ^{2ε−2}Af⟩ − ⟨Bf, [g_0X_0, h^∗Λ^{2ε−2}A]f⟩ − ⟨Bg_0X_0, h^∗Λ^{2ε−2}Af⟩ ≡ − U_1 + U_2 − U_3 − U_4 ,

where g ′0 ∈ F. The term U2 can easily be estimated by |U_2| = |⟨Λ^{2ε−1}Bf, Λ^{1−2ε}g^′_0h^∗Λ^{2ε−2}Af⟩| ≤ ‖Λ^{2ε−1}Bf‖‖Λ^{1−2ε}g^′_0h^∗Λ^{2ε−2}Af‖ ≤ C(‖Kf‖ + ‖f‖)‖f‖ ⇔ ⊓∫⟩\} ⊔⟨⌉ ⟩\⌈⊓⌋⊔⟩≀\ ⟨†√≀⊔⟨⌉∫⟩∫↙ I\ ≀∇⌈⌉∇ ⊔≀ ⌉∫⊔⟩⇕⊣⊔⌉ ⊔⟨⌉ ⊔⌉∇⇕ U_3, we notice that g_0X_0 ∈ A⇔ ⊣\⌈ ⊔⟨⊓∫ [g_0X_0, Λ^2] ∈ Y^2(A). We can therefore write |U_3| = |⟨Λ^{2ε−1}Bf, Λ^{1−2ε}[g_0X_0, h^∗Λ^{2ε−2}A]f⟩| ≤ ‖Λ^{2ε−1}Bf‖‖Λ^{1−2ε}[g_0X_0, h^∗Λ^{2ε−2}A]f‖ ⇔ ⌉§√⊣\⌈ ⊔⟨⌉ ⌋≀⇕⇕⊓⊔⊣⊔≀∇ ⊣\⌈ ⌉∫⊔⟩⇕⊣⊔⌉ ⊔⟨⌉ ∇⌉∫⊓↕⊔⟩\} ⊔⌉∇⇕∫ ∫⌉√⊣∇⊣⊔⌉↕† ⌊† √≀⊒⌉∇ ⌋≀⊓\⊔⟩\}↙ W⌉ ⊓∫⌉ ⊔⟨⌉ ⌉∐⊓⊣↕⟩⊔† X_0 = K − R⌉K + g/2 , to write the terms U_1 and U_4 as U_1 = ⟨ Bf, h^∗Λ^{2ε−2}Ag_0 ( K − (ReK) + g/2 ) f ⟩ ≡ T_{B,1} − T_{B,2} + T_{B,3} , U_4 = ⟨ Bg_0 ( K − (ReK) + g/2 ) f, h^∗Λ^{2ε−2}Af ⟩ ≡ T_{B,4} − T_{B,5} + T_{B,6} . Each of these terms will now be estimated separately▷

Terms T_{B,3} and T_{B,6}. They are easily bounded like the term U_2 by power counting and using

the induction hypothesis to bound ‖Λ 2ε−1Bf‖↙ I\ ⊔⟨⌉ ⌋⊣∫⌉ ≀{ TB,6, we ffrst have to commute B

with g_0g/2, but this does not cause any problem. Term T_{B,1}. This term can be estimated by |T_{B,1}| ≤ ‖Kf‖‖g^∗_0A^∗Λ^{2ε−2}hBf‖ ≤ ‖Kf‖‖g^∗_0A^∗Λ^{2ε−2}hΛ^{2−2ε}‖‖Λ^{2ε−2}Bf‖ . The norm of g^∗_0A^∗Λ^{2ε−2}hΛ^{2−2ε} is bounded by power counting▷ Using the induction hypothesis ↼4▷17↽ we thus have |T B,1| ≤ C(‖Kf‖ + ‖f‖)2. Term T B,4. We have the estimate |T_{B,4}| = |⟨Kf, g^∗_0B^∗h^∗Λ^{2ε−2}Af⟩| ≤ ‖Kf‖‖g^∗_0B^∗h^∗Λ^{2ε−2}Af‖ . The second norm can be estimated by writing ‖g^∗_0B^∗h^∗Λ^{2ε−2}Af‖ ≤ ‖g^∗_0h^∗Λ^{2ε−2}AΛ^{1−2ε}‖‖Λ^{2ε−1}B^∗f‖ + ‖g^∗_0[B^∗, h^∗Λ^{2ε−2}A]f‖ . Here the αrst term can be bounded by C(‖Kf‖ + ‖f‖) because, by H2, we have B^∗ ∈ Y^1(A_{j−1}) and so we can use the induction hypothesis. The commutator can be expanded and bounded by power counting.

Term T_{B,2}. We can write this term as T_{B,2} = ⟨Λ^{2ε−1}hBf, (g_0ReK)Λ^{−1}Af⟩ + ⟨Λ^{2ε−1}hBf, [Λ^{−1}A, g_0ReK]f⟩ = ⟨Λ^{2ε−1}hBf, K_2Λ^{−1}Af⟩ + ⟨Λ^{2ε−1}hBf, [Λ^{−1}A, g_0ReK]f⟩ + ⟨Λ^{2ε−1}hBf, Re(g_0K + K_1)Λ^{−1}Af⟩ ≡ M_1 + M_2 + M_3 ,

where the second equality has been obtained using (4.13). These terms can now be estimated separately.

Term M 1. We write this term as M_1 = ⟨Λ^{2ε−1}hBf, Λ^{−1}AK_2f⟩ + ⟨Λ^{2ε−1}hBf, [K_2, Λ^{−1}A]f⟩ . The αrst term is estimated by using K_2 ∈ Y^1(A_{−1}) ⇒ ‖K_2f‖ ≤ C(‖Kf‖ + ‖f‖) , where the implication is a straightforward consequence of (4.16a). The second term can be estimated by power counting and the induction hypothesis, using the fact that K_2 ∈ Y^1(A_{−1}), so that [K_2, Λ^{−1}A] is bounded.

Term M_2. We use the explicit form of ReK to write this term as

M_2 = ⟨Λ^{2ε−1}hBf, [Λ^{−1}A, g_0](ReK)f⟩ + n∑ i=1 ( ⟨Λ^{2ε−1}hBf, g_0X^∗_i [Λ^{−1}A, X_i]f⟩ + ⟨Λ^{2ε−1}hBf, g_0[Λ^{−1}A, X^∗_i ]X_if⟩) + ⟨Λ^{2ε−1}hBf, g_0[Λ^{−1}A, g]f⟩/2 ≡ M_{20} + n∑ i=1 (M_{i1} + M_{i2}) + M_{21} .

The term M_{20} is estimated by using the explicit form of ReK to decompose it in terms of the form |⟨Λ^{2ε−1}hBf, [Λ^{−1}A, g_0]X^∗_i X_if⟩| ≤ ‖[Λ^{−1}A, g_0]X^∗_i ‖‖Λ^{2ε−1}hBf‖‖X_if‖ . The norm ‖[Λ^{−1}A, g_0]X^∗_i ‖ ⟩∫ ⊘\⟩⊔⌉ ⌊† L⌉⇕⇕⊣ △↙△↙ T⟨⌉ ⊔⌉∇⇕∫ ‖Λ^{2ε−1}hBf‖ ⊣\⌈ ‖X_if‖ ⊣∇⌉ ⌊≀⊓\⌈⌉⌈ ⌊† C(‖Kf‖ + ‖f‖), using the induction hypothesis (4.17) and the estimate (4.16a) respectively. The terms M_{21} and M_{i2} are estimated by power counting and the induction hypothesis. In order

to estimate the term M i1, we have to commute once more to ffnd

M_{i1} = ⟨Λ^{2ε−1}hBf, g_0[Λ^{−1}A, X_i]X^∗_i f⟩ + ⟨ Λ^{2ε−1}hBf, g_0 [ X^∗_i , [Λ^{−1}A, X_i] ] f ⟩ . The αrst term is estimated by using ↼4▷16b↽▷ The second term is estimated by expanding the double commutator and power counting▷ Term M_3. We use the positivity of Re(g_0K + K_1) to write

|M_3| = ⟨( ∫~(g_0K + K_1) )_{1/2} Λ^{2ε−1}hBf, ( ∫~(g_0K + K_1) )_{1/2} Λ^{−1}Af ⟩ ≤ |R⌉⟨(g_0K + K_1)Λ^{2ε−1}hBf, Λ^{2ε−1}hBf⟩|^{1/2}|⟨R⌉(g_0K + K_1)Λ^{−1}Af, Λ^{−1}Af⟩|^{1/2} ≤ √ |R⌉M_4| + |R⌉M_5| √ |M_6| . We will now estimate M_4, M_5 and M_6 separately. Term M 4. We want to put the operator g 0K to the left of f▷ So we write M_4 = ⟨Λ^{−1}hBg_0Kf, Λ^{4ε−1}hBf⟩ + ⟨[g_0K, Λ^{2ε−1}hB]f, Λ^{2ε−1}hBf⟩ ≡ M_{41} + M_{42} .

The term M_{41} is estimated easily by using the induction hypothesis and the fact that Λ^{−1}hBg_0 is

bounded. In order to estimate M 42, we use the explicit form of K to write

M_{42} = ⟨Λ^{−2ε}[g_0X_0, Λ^{2ε−1}hB]f, Λ^{4ε−1}hBf⟩ + n∑ i=1 ( ⟨g_0X^∗_i [X_i, Λ^{2ε−1}hB]f, Λ^{2ε−1}hBf⟩ + ⟨g_0[X^∗_i , Λ^{2ε−1}hB]X_if, Λ^{2ε−1}hBf⟩ ) + ⟨Λ^{−2ε}[g_0, Λ^{2ε−1}hB]Kf, Λ^{4ε−1}hBf⟩ ≡ M_{40} + n∑ i=1 (M_{i3} + M_{i4}) + M_{4K} . The terms M_{40} and M_{4K} are estimated by expanding the commutator and power counting▷ The term M i4 can be written as |M_{i4}| = |⟨Λ^{−2ε}g_0[X^∗_i , Λ^{2ε−1}hB]X_if, Λ^{4ε−1}hBf⟩| ≤ ‖Λ^{1−4ε}h^∗Λ^{2ε−1}g_0[X^∗_i , Λ^{2ε−1}hB]‖‖X_if‖‖Λ^{4ε−1}Bf‖ . It is then estimated by power counting using moreover the induction hypothesis and the estimate ↼4▷16↽▷ In order to estimate the term M_{i3}, we have to commute once more to write M_{i3} = ⟨Λ^{−2ε}g_0[X_i, Λ^{2ε−1}hB]X^∗_i f, Λ^{4ε−1}hBf⟩ + ⟨ Λ^{−2ε}g_0 [ X^∗_i [X_i, Λ^{2ε−1}hB] ] f, Λ^{4ε−1}hBf ⟩ . The αrst term is estimated exactly like M_{i4}. The second term can then be estimated by expanding the double commutator and power counting.

GENERALIZATION OF HO �RMANDER’S THEOREM 33

Term M 5. We write this term as M_5 = ⟨Λ^{−1}hBK_1f, Λ^{4ε−1}hBf⟩ + ⟨Λ^{−2ε}[K_1, Λ^{2ε−1}hB]f, Λ^{4ε−1}hBf⟩ . The αrst term is estimated using the induction hypothesis and the fact that ↼4▷13↽ and ↼4▷16↽ imply K_1 ∈ Y^1(A_{−1}) ⇒ ‖K_1f‖ ≤ C(‖Kf‖ + ‖f‖) . ↼4▷19↽ The other term is estimated by using the fact that [K_1, Λ^2] ∈ Y^2(A) and [K_1, hB] ∈ Y^1(A), which follows from A_{−1} ⊂ A ⊣\⌈ ⊔⟨⊓∫ K_1 ∈ Y^1(A).

Term M_6. We use the explicit expression for Re(g_0K + K_1) to write this term as

M_6 = n∑ i=1 ‖g^{1/2}_0 X_iΛ^{−1}Af‖^2 ≤ C n∑ i=1 ‖X_iΛ^{−1}Af‖^2 . These terms are easily estimated by putting the X_i to the left of f using ↼4▷16↽ and estimating the commutators▷ Term T_{B,5}. This is the last term we have to estimate. Using the expression (4.13) and the

positivity of Re(g 0K + K1), it can be written in the form

T_{B,5} = ⟨( ∫~(g_0K + K_1) )_{1/2} f, ( ∫~(g_0K + K_1) )_{1/2} B^∗h^∗Λ^{2ε−2}Af ⟩ + ⟨K_2f, B^∗h^∗Λ^{2ε−2}Af⟩ ≡ N_1 + N_2 . These terms are now estimated separately▷ Term N_2. We use the Cauchy-Schwarz inequality to write |N_2| ≤ ‖K_2f‖‖B^∗h^∗Λ^{2ε−2}Af‖ ≡ ‖K_2f‖‖N_3‖ . We can estimate N_3 by writing B^∗h^∗Λ^{2ε−2}A = h^∗Λ^{2ε−2}AΛ^{1−2ε}Λ^{2ε−1}B^∗ + [B^∗, h^∗Λ^{2ε−2}A] , and estimating the resulting terms using the induction hypothesis. We already noticed that we have the desired estimate for ‖K_2f‖↙ T⌉∇⇕ N_1. Using the Cauchy-Schwarz inequality, we write it as

N_1 ≤ ⟨f, Re(g_0K + K_1)f⟩^{1/2}⟨R⌉(g_0K + K_1)B^∗h^∗Λ^{2ε−2}Af, B^∗h^∗Λ^{2ε−2}Af⟩^{1/2} ≤ C(‖Kf‖ + ‖f‖)|⟨Λ^{−2ε}(g_0K + K_1)B^∗h^∗Λ^{2ε−2}Af, Λ^{2ε}B^∗h^∗Λ^{2ε−2}Af⟩|^{1/2} ≡ C(‖Kf‖ + ‖f‖) √ |⟨f_1 + f_2, f_3⟩| ≤ C(‖Kf‖ + ‖f‖) √ (‖f_1‖ + ‖f_2‖)‖f_3‖ . Estimate of ‖f_3‖↙ W⌉ ⊒∇⟩⊔⌉ ⟩⊔ ⊣∫ f_3 = Λ^{2ε}h^∗Λ^{2ε−2}AΛ^{1−4ε}Λ^{4ε−1}B^∗f + Λ^{2ε}[B^∗, h^∗Λ^{2ε−2}A]f . The αrst term is estimated by using the recurrence hypothesis and the fact that H2 implies B^∗ ∈ Y^1(A_{j−1}). The second term is estimated by power counting and by using the fact that ε < 1/4.

Estimate of ‖f_2‖↙ W⌉ ⊒∇⟩⊔⌉ ⟩⊔ ⊣∫ f_2 = Λ^{−2ε}B^∗h^∗Λ^{2ε−2}AK_1f + Λ^{−2ε}[K_1, B^∗h^∗Λ^{2ε−2}A]f . The αrst term is estimated using the fact that ‖K_1f‖ ≤ C(‖Kf‖ + ‖f‖) and power counting. The second term is simply estimated by power counting, and the fact that K_1 ∈ Y^1(A). Estimate of ‖f_1‖↙ W⌉ ⊓∫⌉ ⊔⟨⌉ ⌉§√↕⟩⌋⟩⊔ {≀∇⇕ ≀{ K to write f_1 as f_1 = Λ^{−2ε}B^∗h^∗Λ^{2ε−2}Ag_0Kf + Λ^{−2ε}[g_0X_0, B^∗h^∗Λ^{2ε−2}A]f + n∑ i=1 ( Λ^{−2ε}g_0X^∗_i [X_i, B^∗h^∗Λ^{2ε−2}A]f + Λ^{−2ε}[g_0X^∗_i , B^∗h^∗Λ^{2ε−2}A]X_if )

≡ Q_K + Q_0 + n∑ i=1 (Q_{i,1} + Q_{i,2}) .

These terms will now be estimated separately▷ Term Q_K▷ We notice that the operator Λ^{−2ε}B^∗h^∗Λ^{2ε−2}Ag_0

is bounded by power counting. This yields the desired estimate. Term Q 0. This term is bounded by C‖f‖ ⌊† √≀⊒⌉∇ ⌋≀⊓\⊔⟩\}⇔ \≀⊔⟩⌋⟩\} ⊔⟨⊣⊔ g 0X0 ∈ A↙ T⌉∇⇕ Q_{i,2}. This term can be estimated by power counting if we expand the commutator and

use the estimate (4.16).

Term Q i,1. We use once more the trick that consists of putting the X ∗i to the left of f▷ We write therefore Q_{i,1} = Λ^{−2ε}g_0[X_i, B^∗h^∗Λ^{2ε−2}A]X^∗_i f + Λ^{−2ε}g_0 [ X^∗_i [X_i, B^∗h^∗Λ^{2ε−2}A] ] f . The αrst term is estimated by using ↼4▷16b↽ and expanding the commutator▷ The second term is estimated in a similar way by expanding the double commutator▷ We donφt write the resulting terms here because there are too much of them▷ They are all bounded by simple power counting and by using Lemma 4▷4▷ This completes the proof of estimate ↼4▷18↽▷ It is now straightforward to prove the theorem▷ Recall that R is the level up to which the A_i are deαned▷ We put ε = 1/4 R+1, and we write: ‖Λ^εf‖ = ⟨f, Λ^{2ε−2}Λ^2f⟩ = ∑ A∈A ⟨f, Λ^{2ε−2}A^∗Af⟩ = ∑ A∈A ( ‖Λ^{ε−1}Af‖^2 + ⟨f, [A^∗, Λ^{2ε−2}]Af⟩ ) .

The αrst term in the sum is bounded by using ↼4▷15↽ the second term by simple power counting▷ This αnally completes the proof of Theorem 4▷3▷

We next note a consequence of this theorem namely a simple criterion to see if a quadratic differential operator has compact resolvent▷ It is an easy illustration of the technique that will be used in the sequel to show that K has compact resolvent▷ 4▷4 Quadratic differential operators Deαnition 4▷5▷ An operator A : D(A) → H ⟩∫ ⌋⊣↕↕⌉⌈ ⊣⌋⌋∇⌉⊔⟩⊑⌉ ⟩{ ⟩⊔ ∫⊣⊔⟩∫⊘⌉∫ R⌉⟨f, Af⟩ ≥ 0 , for all f ∈ D(A) . An operator A is called quasi accretive if there exists λ ∈ R ∫⊓⌋⟨ ⊔⟨⊣⊔ A + λ is accretive▷ It is called strictly accretive if there exists λ > 0 such that A − λ is still accretive▷ If −A is accretive A is called dissipative▷ An operator A is called maccretive if it is accretive and if (A + λ)^{−1} exists for all λ > 0 and satisffes ‖(A + λ)^{−1}‖ ≤ λ^{−1}. The expressions

m-dissipative, quasi dissipative, etc. are deffned similarly in an obvious way. An equivalent

characterization of m-accretive operators is that they are accretive with no proper accretive

extension.

It is a classical result (see e.g. [Dav80]) that the quasi m-dissipative operators are precisely

the generators of quasi-bounded semi-groups. An immediate consequence is that if an operator A is ↼quasi↽ maccretive ↼mdissipative↽ its adjoint A^∗ ⟩∫ ⊣↕∫≀ ⇐∐⊓⊣∫⟩⇒ ⇕↖⊣⌋⌋∇⌉⊔⟩⊑⌉ ⇐⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⌉⇒↙ P∇≀√≀∫⟩⊔⟩≀\ △↙↙̸ L⌉⊔ H ⌊⌉ ⊣ H⟩↕⌊⌉∇⊔ ∫√⊣⌋⌉ ⊣\⌈ C ⌊⌉ ⊣ ⌈⌉\∫⌉ ∫⊓⌊∫⌉⊔ ≀{ H↙ L⌉⊔ K : D(K) → H ⌊⌉ ⊣ ∐⊓⊣∫⟩ ⇕↖⊣⌋⌋∇⌉⊔⟩⊑⌉ ⇐≀∇ ∐⊓⊣∫⟩ ⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⌉⇒ ≀√⌉∇⊣⊔≀∇ ⊣\⌈ ↕⌉⊔ Λ^2 : D(Λ^2) → H ⌊⌉ ⊣ ∫⌉↕{↖⊣⌈|≀⟩\⊔ √≀∫⟩⊔⟩⊑⌉ ≀√⌉∇⊣⊔≀∇ ∫⊓⌋⟨ ⊔⟨⊣⊔ C ⊂ D(Λ^2). Assume moreover that C ⟩∫ ⊣ ⌋≀∇⌉ {≀∇ K that Λ^2 has compact resolvent and that there are constants C > 0 and 0 < ε < 2 such that ‖Λ^εf‖ ≤ C(‖Kf‖ + ‖f‖) , for all f ∈ C . ↼4▷20↽ Then K has compact resolvent too▷ Proof▷ By assumption there exists a constant λ > 0 such that K + λ is strictly maccretive▷ Moreover ↼4▷20↽ with K replaced by K + λ holds if we change the constant C▷ Since C ⟩∫ ⊣ ⌋≀∇⌉ {≀∇ K a simple approximation argument shows that D(K) ⊂ D(Λ^ε) and that (4.20) holds for every f ∈ D(K).

This immediately implies that (K + λ)^∗(K + λ) has compact resolvent. Since (K + λ) is strictly m-accretive, it is invertible and the operator ( (K + λ)^∗(K + λ) )_{−1} = (K + λ)^{−1} ( (K + λ)^{−1} )_{∗ ⇔} ⟩∫ ⌋≀⇕√⊣⌋⊔↙ M≀∇⌉≀⊑⌉∇⇔ ⊒⌉ ‖\≀⊒ ⊔⟨⊣⊔ (K +λ) −1 is closed, so we can make the polar decomposition (K + λ)^{−1} = P J with P selfadjoint and J unitary▷ Thus P^2 is compact. By the spectral theorem and the characterization of compact operators, this immediately implies P compact and thus also P J compact▷ Thus K has compact resolvent▷

We now consider H = L^2(R^d) and F = {λI | λ ∈ R}⇔ ⊒⟨⌉∇⌉ I is the identity operator in H↙ W⌉ ⌈⌉⊘\⌉ ⊔⟨⌉ {≀∇⇕⊣↕ ⌉§√∇⌉∫∫⟩≀\∫ x^T = (x_1, . . . , x_d) , ∂^T_x = (∂_{x1} , . . . , ∂_{xd} ) . Let A : R^d → R^d be a linear map and B = {b_i ∈ R^d | i = 1, . . . , s} ⇔ C = {c_i ∈ R^d | i = 1, . . . , t} ⇔ ⊔⊒≀ ⊑⌉⌋⊔≀∇ {⊣⇕⟩↕⟩⌉∫↙ L⌉⊔ ⊓∫ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⌈⟩{{⌉∇⌉\⊔⟩⊣↕ ≀√⌉∇⊣⊔≀∇ K deαned as the closure on C^∞_0 (R^d) of K = − s∑ i=1 ∂^T_x b_ib^T_i ∂_x + t∑ j=1 x^T c_jc^T_j x + x^T A∂_x . ↼4▷21↽

We are interested in giving a geometrical condition on A B ⊣\⌈ C ⊔⟨⊣⊔ ⟩⇕√↕⟩⌉∫ ⊔⟨⌉ ⌋≀⇕√⊣⌋⊔\⌉∫∫ ≀{ ⊔⟨⌉ ∇⌉∫≀↕⊑⌉\⊔ ≀{ K and therefore the discreteness of its spectrum▷ It is possible to prove that K is quasi maccretive▷ Just follow the proof of Proposition B▷3 replacing G(x) by x^T x▷ We have the following result▷ Proposition 4▷7▷ A sufαcient condition for the resolvent of the operator K deαned in ↼4▷21↽ to be compact is that the vector families ⋃ N≥0 (A^T )^N B ⊣\⌈ ⋃ N≥0 A^N C ⇐△↙∈∈⇒ ∫√⊣\ ⊔⟨⌉ ⊒⟨≀↕⌉ ∫√⊣⌋⌉ R^n▷ Remark▷ The intuitive meaning of this theorem is that we can apply Ho�rmanderφs criterion in both direct and Fourier space to obtain an estimate of the form ‖H^εf‖ ≤ C(‖Kf‖ + ‖f‖) , H = −∂^T_x ∂_x + x^T x . ↼4▷23↽ It is well known that H has compact resolvent▷ By Proposition 4▷6 ↼4▷23↽ implies that K has compact resolvent▷ Proof▷ We have the following relations [x^T A∂_x, b^T ∂_x] ≡ ∑ i,j,k [x_ia_{ij}∂_{xj} , b_k∂_{xk} ] = ∑ i,j,k b_k[x_i, ∂_{xk} ]a_{ij}∂_{xj} = − ∑ i,j,k b_kδ_{ki}a_{ij}∂_{xj} = −b^T A∂_x [x^T A∂_x, c^T x] ≡ ∑ i,j,k [x_ia_{ij}∂_{xj} , c_kx_k] = ∑ i,j,k x_ia_{ij}[∂_{xj} , x_k]c_k = ∑ i,j,k x_ia_{ij}δ_{jk}c_k = c^T A^T x .

We take g_0 = 1, so we have A_0 = A_{−1} ∪ {x^T A∂_x}↙ W⌉ ⌋≀\∫⊔∇⊓⌋⊔ ⊔⟨⌉ ∇⌉⇕⊣⟩\⟩\} A_i by B_i ≡ [x^T A∂_x, B_{i−1}]. It is very easy to verify H1 and H2 because the assumptions we made on A B ⊣\⌈ C ⟩⇕√↕† ⊔⟨⊣⊔ Y^1(A) contains every operator of the form b^T ∂_x or c^T x▷ We have moreover

(b^T ∂_x)^∗ = −b^T ∂_x and (c^T x)^∗ = c^T x . It is wellknown that H3 concerning the essential selfadjointness of the Λ^2 constructed in Theorem 4.3 holds. Finally, it is straightforward that Λ 2 satisffes Λ 2 ≥ CH where H is the Ψharmonic oscillatorν deαned in ↼4▷23↽▷ This proves the validity of ↼4▷23↽ and hence of the assertion▷ The interested reader may verify that Proposition 4▷7 is quite stable under perturbations▷ A similar result indeed still holds when the coefαcients b_i and c_i are not constants but functions in F_0. This is precisely what was proved in [EPR99a].

5 Proof of the bound in momentum space (Proposition 2.6)

This proposition is an application of Theorem 4.3. It is just a little bit cumbersome to verify the hypotheses of the theorem. In this section, the symbol K will again denote the operator deαned in ↼2▷10↽▷ We choose F ≡ F_0 ,

which is simply the set of bounded smooth functions with all their derivatives bounded. It is

trivial to check that F is an algebra of closed operators. Moreover, they are all self-adjoint. We

also de�ne D ≡ C^∞_0 (X ). In this section, we will ffrst construct a set A ⊣⌋⌋≀∇⌈⟩\} ⊔≀ ⊔⟨⌉ ∇⊓↕⌉∫ ⌉§√↕⊣⟩\⌉⌈ ⟩\ S⌉⌋⊔⟩≀\ △↙ T⟨⌉\ ⊒⌉ ⊒⟩↕↕ ⌋⟨⌉⌋‖ ⊔⟨⊣⊔ H∞∘H∋ ⊣∇⌉ ⟩\⌈⌉⌉⌈ ∫⊣⊔⟩∫⊘⌉⌈⇔ ∫≀ ⊒⌉ ⊒⟩↕↕ ⌊⌉ ⊣⌊↕⌉ ⊔≀ ⊣√√↕† T⟨⌉≀∇⌉⇕ △↙∋↙ T⟨⟩∫ ⊒⟩↕↕ √∇≀⊑⌉ P∇≀√≀∫⟩⊔⟩≀\ ∈↙ ̸⊣↕⇕≀∫⊔ ⟩⇕⇕⌉⌈⟩⊣⊔⌉↕†↙ B⌉{≀∇⌉ ⊒⌉ ∫⊔⊣∇⊔ ⊔⟨⟩∫ √∇≀}∇⊣⇕⇔ ⊒⌉ ⊒∇⟩⊔⌉ ⌈≀⊒\ ≀\⌋⌉ ⊣}⊣⟩\ ⊔⟨⌉ ⌈⌉⊘\⟩⊔⟩≀\ ≀{ X_0, as it will be used repeatedly throughout this section:

X_0 = − r_L∂_{p0} + b_L(r_L − λ^2_Lq_0)∂_{rL} − r_R∂_{pN} + b_R(r_R − λ^2_Rq_N )∂_{rR} − N∑ i=0 ( p_i∂_{qi} − V^′_1 (q_i)∂_{pi} ) + N∑ i=1 V^′_2 (q̃_i) ( ∂_{pi} − ∂_{pi−1} ) − α_K .

5▷1 Deαnition of A We choose an exponent α < −3/2 − ℓ/(2m) and we let g

0 be the operator of multiplication by

G^α▷ It is clear that g_0 is self-adjoint and positive. Moreover, we recall that

[X_0, G^α] = αG^αG^{−1}[X_0, G] ∈ F_0 ,

and so we have [X 0, g0] ∈ F. The set A0 is deffned as A_0 = {c_L∂_{rL} , c_R∂_{rR} , G^αX_0} ∪ Ā ⇔ ⊒⟩⊔⟨ Ā = { a_L(r_L − λ^2_Lq_0), a_R(r_R − λ^2_Rq_N ) } . Before we deαne the sets A_i we need a few functions▷ Let i > 0 be a natural number. The functions V^{(i)}_L and V^{(i)}_R are deαned respectively by V^{(i)}_L (q̃) = V^{′′}_2 (q̃_i)V^{′′}_2 (q̃_{i−1}) · . . . · V^{′′}_2 (q̃_1) ,

V^{(i)}_R (q̃) = V^{′′}_2 (q̃_{N+1−i}) · . . . · V^{′′}_2 (q̃_{N−1})V^{′′}_2 (q̃_N ) . It is useful to notice that

∂_{qj} V^{(i)}_L (q̃) =

0 , if j > i ( V^{′′′}_2 (q̃_1)V^{′′}_2 (q̃_1)^{−1} ) V^{(i)}_L (q̃) , if j = 0 , ( V^{′′′}_2 (q̃_i)V^{′′}_2 (q̃_i)^{−1} ) V^{(i)}_L (q̃) , if j = i ( V^{′′′}_2 (q̃_i)V^{′′}_2 (q̃_i)^{−1} − V^{′′′}_2 (q̃_{i+1})V^{′′}_2 (q̃_{i+1})^{−1} ) V^{(i)}_L (q̃) , otherwise . ↼5▷1↽

There are symmetric relations for the derivatives of V^{(i)}_R ▷ At this point we use assumption A3 to write ∂_{qj} V^{(i)}_L (q̃) = f_{ij}(q̃)V^{(i)}_L (q̃) , f_{ij} ∈ F_{2m−2+ℓ} . ↼5▷2↽ This implies [G^αX_0, V^{(i)}_L (q̃)] = G^α N∑ j=0 p_jf_{ij}V^{(i)}_L (q̃) = f_iV^{(i)}_L (q̃) , f_i ∈ F , (5.3)

because of Proposition 3.1 and by the choice α < −3/2 − ℓ/(2m). Moreover, we notice that

G^{2iα}V^{(i)}_R ∈ F ,

still because of Proposition 3.1. One more thing we have to remember is (3.10), which implies for example that there exists a function f_0 ∈ F such that [G^αX_0, G^β] = βf_0G^β for any β ∈ R . We are now ready to complete the construction of A↙ ▽↙∞↙∞ D⌉⊘\⟩⊔⟩≀\ ≀{ A_1 and A_2 We verify that in the case of our model, we can ffnd functions f B and f XB in ↼4▷9↽ such that

A_1\A_0 = {G^α∂_{p0} , G^α∂_{pN} } ⇔ A_2\A_1 = {G^{2α}∂_{q0} , G^{2α}∂_{qN} } .

Considering the elements of A_1, we see that it is indeed possible to write

G^α∂_{p0} = c^{−1}_L [G^αX_0, c_L∂_{rL} ] − G^{−1}(∂_{rL} G)G^αX_0 + G^αb_L∂_{rL}

and a similar relation concerning G α∂p N ▷ The operators G −1(∂r L G) and G^αb_Lc^{−1}_L belong to F, so we succeeded to construct A_1 according to (4.9).

Let us now focus on the elements of A 2. We can write

G^{2α}∂_{q0} = [G^αX_0, G^α∂_{p0} ] − G^{α−1}(∂_{p0} G)G^αX_0 − αf_0G^α∂_{p0} ,

and an equivalent expression at the other end of the chain. Since G α−1(∂p

0 G) ∈ F and f_0 ∈ F,

we succeeded to construct A_2 according to (4.9).

5.1.2 Deffnition of A 2i�1 and A 2i

For i ≥ 1, these sets are deffned by A_{2i−1}\A_{2i−2} = {G^{(2i+1)α}V^{(i)}_L ∂_{pi} , G^{(2i+1)α}V^{(i)}_R ∂_{pN−i} } ⇔

A_{2i}\A_{2i−1} = {G^{(2i+2)α}V^{(i)}_L ∂_{qi} , G^{(2i+2)α}V^{(i)}_R ∂_{qN−i} } .

We repeat this construction until i = N − 1, i.e. we do not stop at the middle of the chain, but we go on until we reach the other end. We want to check that these sets were constructed according to (4.9). In fact, we will see that any element A of A_j\A_{j−1} with j ≥ 2 can be written as A = [G^αX_0, B] + D B ∈ A_{j−1} , D ∈ Y^1(A_{j−1}) . ↼5▷4↽ We will verify this only for 2 ≤ i ≤ N − 2. We let the reader verify that (5.4) is also valid for the remaining sets.

Let us ffrst take j = 2i−1 and A = G^{(2i+1)α}V^{(i)}_L ∂_{pi} ▷ We choose B = G^{2iα}V^{(i−1)}_L ∂_{qi−1} ∈ A_{j−1}

and write

[G^αX_0, B] = f_{i−1}G^{2iα}V^{(i−1)}_L ∂_{qi−1} − G^{2iα}V^{(i−1)}_L G^{−1}(∂_{qi−1} G)G^αX_0 + 2iαf_0B + G^{(2i+1)α}V^{(i−1)}_L [X_0, ∂_{qi−1} ] . The αrst three terms belong to Y^1(A_{2i−2}) and can thus be absorbed into D▷ The last term can be written as G^{(2i+1)α}V^{(i−1)}_L [X_0, ∂_{qi−1} ] = G^{2α} ( V^{′′}_1 (q_{i−1}) + V^{′′}_2 (q̃_i) + V^{′′}_2 (q̃_{i−1}) ) G^{(2i−1)α}V^{(i−1)}_L ∂_{pi−1} + G^{4α}V^{′′}_2 (q̃)V^{′′}_2 (q̃)G^{(2i−3)α}V^{(i−2)}_L ∂_{pi−2} + G^{(2i+1)α}V^{(i)}_L ∂_{pi} . The αrst two terms also belong to Y^1(A_{2i−2}), so they can be absorbed into D as well▷ The remaining term is G^{(2i+1)α}V^{(i)}_L ∂_{pi} = A thus we have veriαed that A can be written as in ↼5▷4↽▷ The procedure to get the symmetric term from the other end of the chain is similar▷ We take now j = 2i and A = G^{(2i+2)α}V^{(i)}_L ∂_{qi} ▷ We choose B = G^{(2i+1)α}V^{(i)}_L ∂_{pi} ∈ Y^1(A_{j−1}) and write [G^αX_0, B] = f_iG^{(2i+1)α}V^{(i)}_L ∂_{pi} + G^{(2i+1)α}V^{(i)}_L G^{−1}(∂_{pi} G)G^αX_0 + (2i + 1)αf_0B + G^{(2i+2)α}V^{(i)}_L ∂_{qi} . The αrst three terms belong to Y^1(A_{2i−1}) and can be absorbed into D so we veriαed that every element of A ⌋⊣\ ⟩\⌈⌉⌉⌈ ⌊⌉ ⊒∇⟩⊔⊔⌉\ ⊣∫ ⟩\ ⇐△↙∃⇒↙

△′ PROOF OF THE BOUND IN MOMENTUM SPACE ⇐PROPOSITION ∈↙⇏ ▽↙∈ V⌉∇⟩⊘⌋⊣⊔⟩≀\ ≀{ ⊔⟨⌉ ⟨†√≀⊔⟨⌉∫⌉∫ ⊣\⌈ √∇≀≀{ I\ ≀∇⌈⌉∇ ⊔≀ ⌊⌉ ⊣⌊↕⌉ ⊔≀ ⊣√√↕† T⟨⌉≀∇⌉⇕ △↙∋⇔ ⊒⌉ ⊑⌉∇⟩{† ⊔⟨⌉ ⟨†√≀⊔⟨⌉∫⌉∫ H∞∘H∋↙ V⌉∇⟩⊘⌋⊣⊔⟩≀\ ≀{ H∈↙ W⌉ ⊒⊣\⊔ ⊔≀ ⌋⟨⌉⌋‖ ⊔⟨⊣⊔ A ∈ A_j implies A^∗ ∈ Y^1(A_j). By Proposition 3.1, we can easily verify that A\Ā ⊂ L_0. But we know that A ∈ L_0 ⇒ A^∗ = −A + g and so H2 holds for A\Ā↙ T⟨⌉ ⌉↕⌉⇕⌉\⊔∫ ≀{ Ā ⌊⌉⟩\} ∫⌉↕{↖⊣⌈|≀⟩\⊔⇔ H∈ ⟨≀↕⌈∫ ⊔∇⟩⊑⟩⊣↕↕†↙ V⌉∇⟩⊘⌋⊣⊔⟩≀\ ≀{ H∋↙ T⟨⌉ ≀√⌉∇⊣⊔≀∇ Λ^2 can be written as Λ^2 = − ∑ i,j ∂_ia_{ij}(x)∂_j + V (x) . It is wellknown that if a_{ij} and V are sufαciently nice such operators are essentially selfadjoint on C^∞_0 (X ) (see e.g. [Agm82, Thm. 3.2]).

Veriffcation of H1. Let us deffne L_0 ⊂ L as the set of �rst-order differential operators with

coef�cients in F_0. We ffrst verify that A ∈ A , f ∈ F ⇒ [A, f] ∈ F . This is trivial noticing that A ⊂ L_0 ∪ Ā ⊣\⌈ [L_0, F] = [Ā, F] = {0}↙ W⌉ \≀⊒ ⊑⌉∇⟩{† ⊔⟨⊣⊔ A ∈ A ⇒ A^∗ ∈ Y^1(A) . This is also trivial because A ∈ L_0 ⇒ A^∗ = −A + g with g ∈ F_0. Moreover, the elements of Ā ⊣∇⌉ ∫⌉↕{↖⊣⌈|≀⟩\⊔↙ F⟩\⊣↕↕†⇔ ⊒⌉ ⊒⊣\⊔ ⊔≀ ⊑⌉∇⟩{† ⊔⟨⊣⊔ A, B ∈ A ⇒ [A, B] ∈ Y^1(A) . This is a little bit longer to verify▷ Concerning the commutators of the elements of̄A ⊒⟩⊔⟨ ⊔⟨⌉ ≀⊔⟨⌉∇ ⌉↕⌉⇕⌉\⊔∫ ≀{ A⇔ ⊔⟨⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ {≀↕↕≀⊒∫ ⌉⊣∫⟩↕† {∇≀⇕ ⊔⟨⌉ {⊣⌋⊔ ⊔⟨⊣⊔ ⟩{ F : R^n → R is linear and A ∈ L_0, then [A, F ] ∈ F_0 ≡ F. Moreover, the commutator between two multiplication operators vanishes. Concerning the commutators between the ∂_r and the other elements we notice that they commute with the functions V (i) L (q̃) and V^{(i)}_R (q̃). Moreover, we have for example [∂_{rL} , G^γ] = γ ( G^{−1}[∂_{rL} , G] ) G^γ if γ ∈ R ⇔ ⊣\⌈ G^{−1}[∂_{rL} , G] belongs to F. It is straightforward to verify that this implies the desired statement.

Concerning the commutators of G^αX_0 with the other elements of A⇔ ⊔⟨⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ ⟨⊣∫ ⊣↕∇⌉⊣⌈† ⌊⌉⌉\ ⊑⌉∇⟩⊘⌉⌈ ⌊† ⊔⟨⌉ ⌋≀\∫⊔∇⊓⌋⊔⟩≀\ ≀{ A {≀∇ ⌉⊑⌉∇† ≀√⌉∇⊣⊔≀∇⇔ ⌊⊓⊔ ⊔⟨≀∫⌉ ⟩\ A_{2N−2}\A_{2N−3}. These operators are of the form

A = G^{2Nα}V^{(N−1)}_R ∂_{q1} ,

and a similar term at the other end of the chain. We can make a computation very similar to the one we made when we constructed A 2i−1, to show that

[G^αX_0, A] = G^{(2N+1)α}V^{(N)}_R ∂_{p0} + C C ∈ Y^1(A) .

But G^{2Nα}V^{(N)}_R ∈ F, so [G^αX_0, A] ∈ Y^1(A). It remains therefore only to verify the statement for commutators between elements of A\A_0. We can divide these commutators in three classes. Both operators contain a ∂ p▷ We notice that these operators can all be written in the form G^{αi} W_i(q)∂_{pi} ▷ The commutator between two such elements is given by [G^{αi} W_i(q)∂_{pi} , G^{αj} W_j(q)∂_{pj} ] = G^{−1}(∂_{pi} G)G^{αi} W_i(q)G^{αj} W_j(q)∂_{pj} − G^{−1}(∂_{pj} G)G^{αj} W_j(q)G^{αi} W_i(q)∂_{pi} . Both terms belong to Y^1(A), because G^{−1}(∂_pG) ∈ F. One operator contains a ∂_p one contains a ∂_q▷ Let us compute the commutator between G^{(2i+2)α}V^{(i)}_L ∂_{qi} and G^{(2j+1)α}V^{(j)}_L ∂_{pj} ▷ We have [G^{(2i+2)α}V^{(i)}_L ∂_{qi} , G^{(2j+1)α}V^{(j)}_L ∂_{pj} ] = G^{(2i+2)α}V^{(i)}_L (∂_{qi} G)G^{−1}G^{(2j+1)α}V^{(j)}_L ∂_{pj} + G^{(2i+1)α}V^{(i)}_L (∂_{pi} G)G^{−1}G^{(2i+2)α}V^{(i)}_L ∂_{qi} + G^{2iα}V^{(i)}_L G^{2α}f_{ij}G^{(2j+1)α}V^{(j)}_L ∂_{pj} .

All those terms belong to Y^1(A). The computation is similar if we take for example G^{(2j+1)α}V^{(j)}_R ∂_{pN−j} instead of G (2j+1)αV (j) L ∂_{pj} ▷ Both operators contain a ∂ q▷ The computation is similar to the preceding case and is left to the reader▷ It is now easy to give the Proof of Proposition 2▷6▷ We have just veriαed that the hypotheses of Theorem 4▷3 are satisαed▷ We apply it so we have the estimate ‖Δ̃^εf‖ ≤ C(‖Kf‖ + ‖f‖) , where Δ̃ is given by Δ̃ = 1 + ∑ A∈A A^∗A .

It is easy to see that̃Δ has exactly the form (2.12). This completes the proof of Proposition 2.6.

6 Proof of Theorem 2.4 It is now possible to prove that the operator K has compact resolvent which is one of the main results of this paper▷ Before we start the proof itself we need two preliminary results▷ The αrst one states Lemma 6▷1▷ LetΔ̃ be the closure in L^2(R^n) of the operator acting on C^∞_0 (R^n) as

Δ̃ = N̄∑ i=1 L^∗_i L_i + a_0 , where the L i are smooth vector αelds with bounded coefαcients spanning R n at every point and a_0 is a smooth positive function. Let V : R^n → R^n be a continuous function such that for every constant C > 0, there exists a compact K_C ⊂ R^n with the property that V (x) > C for every x ∈ R^n\K_C ▷ We moreover assume that V (x) ≥ 1. Deffne the operator H as the closure in L 2(Rn) of the operator acting on

f ∈ C^∞_0 (R^n) as ( Hf ) (x) = (~ Δf ) (x) + V (x)f(x) . Then the operator H is selfadjoint▷ Suppose V and the L_i are such that the function 2a_0V + N̄∑ i=1 ( (L^∗_i + L_i)[L_i, V ] − [ L_i, [L_i, V ] ]) {/} ]√ ^}{^~^/ ⋁~ [~{ [∐~ [~ ~√]⌉∐~ ⟨f, H^εf⟩ ≤ ⟨f, Δ̃^εf⟩ + ⟨f, V^εf⟩ + C⟨f, H^{ε−1}f⟩ ⇔ 0 < ε < 1 , (6.2) which holds for any f ∈ C^∞_0 (R^n).

Proof. The result concerning the self-adjointness of H and ofΔ̃ is classical, we will not prove it here. The interested reader can ffnd a proof in [Agm82, Thm. 3.2]. We use the fact that if T is a strictly positive selfadjoint operator and α = 1 − ε ∈ (0, 1), we can write T^{−α} = C_α ∫_∞ 0 z^{−α}(z + T )^{−1} dz C_α = sin(πα) π and thus T^ε = C_α ∫_∞ 0 z^{ε−1} T z + T dz . Moreover a core of T is again a core of T^ε so ↼6▷2↽ makes sense▷ For a proof of these statements see ♭Kat80 ΣV▷3♯▷ This allows us to write inequality ↼6▷2↽ as ∫_∞ 0 z^{ε−1} ⟨ f, H z + H f ⟩ dz ≤ ∫_∞ 0 z^{ε−1} ⟨ f, Δ̃ z + Δ̃ f ⟩ dz + ∫_∞ 0 z^{ε−1} ⟨ f, V z + V f ⟩ dz + C ∫_∞ 0 z^{ε−1} ⟨ f, 1 z + H f ⟩ dz . ↼6▷3↽

In order to prove ↼6▷3↽ let us αrst show that the operator̃ΔV + V Δ̃ is lower bounded. This is an immediate consequence of (6.1) and the equality

L^∗_i L_iV + V L^∗_i L_i = 2L^∗_i V L_i + (L_i + L^∗_i )[L_i, V ] − [ L_i, [L_i, V ] ] / []^[ ]√ ~∐√]⌈ ~√]⟩~^/ √]{~ [~ ~∐^ [∐ L_i + L^∗_i is simply a function▷ Therefore there exists a constant C > 0 such that ⟨ g, (Δ̃V + V Δ̃)g ⟩ + C⟨g, g⟩ ≥ 0 , ∀g ∈ C^∞_0 (R^n) . Since H ≥ 1 in the sense of quadratic forms, we ffnd ⟨ g, (Δ̃V + V Δ̃)g ⟩ + C⟨g, (z + H)g⟩ ≥ 0 , which holds for every z ≥ 0. Since Δ̃ and V are positive selfadjoint operators this immediately implies ⟨ g, V Δ̃ z + Δ̃ V g ⟩ + ⟨ g, Δ̃ V z + V Δ̃g ⟩ + ⟨ g, (Δ̃V + V Δ̃)g ⟩ + C⟨g, (z + H)g⟩ ≥ 0 . ↼6▷4↽ We can easily check the following identities V Δ̃(z + Δ̃)^{−1}V + Δ̃V = (z + H)Δ̃(z + Δ̃)^{−1}V Δ̃V (z + V )−1Δ̃ + V Δ̃ = (z + H)Δ̃(z + V )−1Δ̃ . Inserting this in ↼6▷4↽ we get ⟨ g, (z + H) (~ Δ(z + Δ̃)^{−1}V + V (z + V )^{−1}Δ̃ ) g ⟩ + C⟨g, (z + H)g⟩ ≥ 0 , and thus ⟨ g, (z + H)Hg ⟩ ≤ ⟨ g, (z + H) ( H + Δ̃(z + Δ̃)^{−1}V + V (z + V )^{−1}Δ̃ ) g ⟩ + C⟨g, (z + H)g⟩ . We can check the equalities Δ̃(z + Δ̃)−1V + Δ̃ = Δ̃(z + Δ̃)−1(z + H) ,

V (z + V )^{−1}Δ̃ + V = V (z + V )^{−1}(z + H) ,

which allow us to write ⟨ g, (z + H)Hg ⟩ ≤ ⟨ (z + H)g, (~ Δ(z + Δ̃)^{−1} + V (z + V )^{−1} ) (z + H)g ⟩ + C⟨g, (z + H)g⟩ . Let us deαne f ≡ (z + H)g▷ This immediately yields the estimate ⟨ f, H z + H f ⟩ ≤ ⟨ f, Δ̃ z + Δ̃ f ⟩ + ⟨ f, V z + V f ⟩ + C ⟨ f, 1 z + H f ⟩ / {/} []^[ [}⌈^√ ~}√ ∐{ f in W ≡ (z + H)C^∞_0 (R^n). But we know that C^∞_0 (R^n) is a core for H therefore W ⟩∫ ⌈⌉\∫⌉ ⟩\ L^2(R^n). Since the operators appearing in (6.5) are all bounded, the inequality (6.5) holds for every f ∈ L^2(R^n) and thus in particular also for f ∈ C^∞_0 (R^n). This implies the wanted estimate (6.3).

The second result we want to use is Proposition 6.2. Let Δ̃, V and H be as in Lemma 6▷1▷ Then H has compact resolvent▷ Proof▷ We know thatΔ̃ is a positive self-adjoint operator, so T = (Δ̃ + 1)^{−1}

exists and ‖T ‖ ≤ 1. The proof of compactness is a modiffcation of the standard proof of the

same theorem with Δ̃ replaced by the true Laplacean Δ, which can be found e.g. in [Agm82]. It is based on the fact that if χ is a function with compact support then the multiplication operator χ is relatively compact with respect tõΔ. We want to prove that χT is a compact operator i▷e▷ that the closure of Y = {χT f | f ∈ C^∞_0 (R^n) and ‖f‖ ≤ 1} ⟩∫ ⌋≀⇕√⊣⌋⊔↙ L⌉⊔ ⊓∫ ⌈⌉⊘\⌉ K = supp χ▷ By hypothesis K ⟩∫ ⌋≀⇕√⊣⌋⊔↙ M≀∇⌉≀⊑⌉∇⇔ ⊒⌉ ⟨⊣⊑⌉ Y ⊂ C^∞_0 (K). It is well-known that if K ⟩∫ ⊣ ⌋≀⇕√⊣⌋⊔ ⌈≀⇕⊣⟩\ ≀{ R^n then the set {u ∈ C^∞_0 (K) | ‖u‖ ≤ 1; ⟨u, Δu⟩ ≤ 1} ⟩∫ ⌋≀⇕√⊣⌋⊔ ⇐∫⌉⌉ ⌉↙}↙ ∪RS∀′⇔ T⟨⇕↙ XIII↙∋⊎⇒↙ T⟨⟩∫ ⟩⇕√↕⟩⌉∫ ⊔⟨⊣⊔ Y is compact if we are able to prove that there are strictly positive constants ε c_1 and c_2 such that u ∈ Y implies ‖u‖ ≤ c_1 and ⟨u, Δu⟩ ≤ c_2 . We take any element u in Y and write it as u = χT f▷ We have ‖u‖ ≤ ‖χ‖_∞ ‖T ‖ ‖f‖ ≤ c_1 . Recall that we assumed the vector αelds L_i appearing in the construction of Δ̃ span R^n at any point and that a 0 is a strictly positive function. Together with the compactness of the support of u this implies that there are constants C and k_1 such that |⟨u, Δu⟩| ≤ C|⟨u, Δ̃u⟩| = C|⟨u, Δ̃χT f⟩| ≤ C‖u‖‖Δ̃χT f‖ ≤ C‖χΔ̃T f‖ + C‖[Δ̃, χ]T f‖ ≤ k_1 + C‖[Δ̃, χ]T f‖ ⇔ ⇐↙̸⇏ ⊒⟨⌉∇⌉ ⊔⟨⌉ ↕⊣∫⊔ ⟩\⌉∐⊓⊣↕⟩⊔† ⟩∫ ⊣ ⌋≀\∫⌉∐⊓⌉\⌋⌉ ≀{ T = (1 +Δ̃)^{−1}. We therefore only need to bound the term containing the commutator of Δ̃ and χ▷ Explicit calculation yields

[Δ̃, χ] = N̄∑ i=1 ( −2[L_i, χ]L_i + [ L_i, [L_i, χ] ] + (L^∗_i + L_i)[L_i, χ] ) ≡ N̄∑ i=1 η_iL_i + η_0 , where the η i are bounded functions with supp η i ⊂ K↙ S≀ ⊔⟨⌉ ≀\↕† ⊔⌉∇⇕∫ ⊔⟨⊣⊔ ∇⌉⇕⊣⟩\ ⊔≀ ⌊⌉ ⌊≀⊓\⌈⌉⌈ ⊣∇⌉ ≀{ ⊔⟨⌉ {≀∇⇕ ‖η_iL_iT f‖↙ A∫ η_i is bounded it is enough to bound ‖L_iT f‖↙ W⌉ ⟨⊣⊑⌉ ‖L_iT f‖^2 = ⟨T f, L^∗_i L_iT f⟩ ≤ ⟨T f, Δ̃T f⟩ ≤ ‖f‖^2 . ↼6▷7↽

This completes the proof of the statement about the relative compactness of χ▷ This implies that we can add to H any function with compact support without changing its essential spectrum ↼see ♭RS80 Thm▷ XIII▷14♯↽▷ But the assumption we made concerning V and the positivity ofΔ̃ imply that for any constant C we can raise the spectrum of H + χ above C by taking for χ a smooth function satisfying χ(x) = { C x ∈ K_C 0 d(x, K_C ) > 1 . Therefore the essential spectrum of H is empty and thus H has compact resolvent▷ It is now easy to give the Proof of Theorem 2▷4▷ By Proposition 2▷5 and 2▷6 we can choose a constant ε small enough to have for every f ∈ C^∞_0 (X ), the estimate ‖Δ̃^εf‖ ≤ C(‖Kf‖ + ‖f‖) and ‖G^εf‖ ≤ C(‖Kf‖ + ‖f‖) . We moreover deαne H ≡ Δ̃ + G . ↼6▷8↽ By the proof of Proposition 2▷6 we see that the assumptions of Lemma 6▷1 are satisαed▷ We can thus write ‖H^εf‖^2 = ⟨f, H^{2ε}f⟩ = ⟨f, (Δ̃ + G)^{2ε}f⟩ ≤ ⟨f, Δ̃^{2ε}f⟩ + ⟨f, G^{2ε}f⟩ + C‖f‖^2 ≤ ‖Δ̃^εf‖^2 + ‖G^εf‖^2 + C‖f‖^2 ≤ C(‖Kf‖ + ‖f‖)^2 . Because G is conαning we can apply Proposition 6▷2 to see that H and therefore also H^ε have compact resolvent▷ Therefore Corollary 4▷6 applies showing that K has compact resolvent▷ Remark 1▷ The proof still works under slightly weaker assumptions▷ The coupling between the ends of the chain and the heat baths does not have to be of the dipolar type▷ It is enough for example that F_L and F_R belong to some F_β with β < n▷ Moreover the potentials V_1 and V_2 can be different for each particle. We only have to impose that assumptions A1ffiA3 can be satisffed for every particle with the same constants ℓ m and n▷ Remark 2▷ Throughout this paper we restricted ourselves to the onedimensional case i▷e▷ each particle had only one degree of freedom▷ It is not very hard to generalize the results of this paper to the ddimensional case▷ It is straightforward to generalize assumptions A1 and A2 where V^′ ⟩∫ \≀⊒ ⊣ ⊑⌉⌋⊔≀∇↙ I\ ⊣∫∫⊓⇕√⊔⟩≀\ A∋⇔ ⊔⟨⌉ ⟩\⊑⌉∇∫⌉ ≀{ V ′′2 has to be read as the inverse matrix. A matrix or vector-valued function is said to belong to F β if each of its components belong to F β▷ The only point that could cause some trouble is the expression ↼5▷1↽ because the V ′′2 (q̃j) are now matrices which do not commute, so the expression for ∂_{qj} V^{(i)}_L (q̃) will show terms of the form V^{′′}_2 (q̃_i)V^{′′}_2 (q̃_{i−1}) · . . . · V^{′′′}_2 (q̃_j) · . . . · V^{′′}_2 (q̃_1) , where V^{′′′}_2 is a trilinear form. Such a term can we written as V^{′′}_2 (q̃_i)V^{′′}_2 (q̃_{i−1}) · . . . · V^{′′′}_2 (q̃_j)V^{′′}_2 (q̃_{j+1})^{−1} · . . . · V^{′′}_2 (q̃_i)^{−1}V^{(i)}_L . If we want to get expressions similar to ↼5▷2↽ and ↼5▷3↽ we have to make |α| ⊑⌉∇† ⌊⟩} ⇐≀{ ⊔⟨⌉ ≀∇⌈⌉∇ ≀{ N↽ but this is not a problem▷

Remark 3▷ One important assumption was that m > n in other words the interparticle coupling is stronger at inαnity than the single particle potential▷ If this is not satisαed our proof does not work▷ There could be some physical reason behind this▷ If a stationary state exists this means that even if the chain is in a state of very high energy the mean time to reach a region with low energy is αnite ↼see e▷g▷ ♭Has80♯↽▷ But if m < n the relative strength of the coupling versus the onebody potential goes to zero at high energy▷ The consequence is that there is almost no energy transmitted between particles▷ Since the only points where dissipation occurs are the ends of the chain we see that the higher the energy of the chain is the slower this energy will be dissipated▷ Probably this is not sufαcient to destroy the existence of a stationary state but it could explain why the proof does not work in this situation▷ It is even possible that this phenomenon destroys the compactness of the resolvent of K▷

7 The invariant measure This section is devoted to the proof of Theorem 2▷7▷ Throughout this section we denote by T^t the semigroup generated by the system of stochastic differential equations ↼2▷7↽▷ We also assume that A1δA3 are satisαed so Proposition 2▷5 and 2▷6 hold as well as Theorem 2▷4▷ The proof of Theorem 2▷7 is divided into three separate propositions showing respectively the following properties of the invariant measure μ. ↼i↽ Existence and smoothness▷ ↼ii↽ Decay properties▷ ↼iii↽ Uniqueness and strict positivity▷ Proposition 7▷1▷ If Assumptions A1δA3 are satisαed the Markov process given by ↼2▷7↽ pos sesses an invariant measure μ▷ It has a density h which is a C^∞ {⊓\⌋⊔⟩≀\ ≀\ R^{2N+4}. Proof. By Theorem 2.4, we know that K has compact resolvent▷ This implies also the compact ness of the resolvent of L_H ⊣\⌈ ⊔⟨⊓∫ ≀{ L_0. Since G grows algebraically at inαnity we see that the constant function 1 belongs to H_0. Moreover, we notice that L_01 = 0, thus the operator L_0

has an eigenvalue 0, which is isolated because of the compactness of its resolvent. This in turn

implies that L^∗_0 also has an isolated eigenvalue 0. We denote the corresponding eigenvector by g and normalize it so that ⟨g, 1⟩_{H0} = 1. Since L^∗_0 is hypoelliptic, g must be C^∞↙ A∫∫⊓⇕⌉ ⊘∇∫⊔ ⊔⟨⊣⊔ g ≥ 0. We then deffne h(p, q, r) = Z^{−1}_0 g(p, q, r)e^{−2β0G} ↼7▷1↽ where Z 0 is the normalization constant appearing in the deffnition of H 0. Set μ(dx) = h(x) dx, we want to check that μ is the invariant measure we are looking for▷ Notice that μ(dx) is a probability measure because ∫ μ(dx) = Z^{−1}_0 ∫ e^{−2β0G(x)}g(x) dx = ⟨g, 1⟩_{H0} = 1 .

Let A be a Borel set of R^{2N+4}. Then the characteristic function χ_A of A belongs to H_0. We have ( (T^t)^∗μ ) (A) = ∫ ( T^tχ_A ) (x) μ(dx) = Z^{−1}_0 ∫ e^{−2β0G(x)}g(x) ( T^tχ_A ) (x) dx = Z^{−1}_0 ∫ e^{−2β0G(x)} ( (T^t_0 )^∗g ) (x)χ_A(x) dx = μ(A) , thus μ is an invariant measure for the Markov process deαned by ↼2▷7↽▷ The argument showing that it was indeed justiαed to assume g positive can be taken over from ♭EPR99a Prop▷ 3▷6♯▷ We next turn to the decay properties of the invariant measure h▷ We αrst introduce a convenient family of Hilbert spaces▷ Deαnition 7▷2▷ Choose γ ∈ R↙ W⌉ ⌈⌉⊘\⌉ ⊔⟨⌉ H⟩↕⌊⌉∇⊔ ∫√⊣⌋⌉ W^{(γ)} as W^{(γ)} ≡ L^2(X , G^{2γ} (x) dx) = D(G^γ) .

We will denote by ⟨·, ·⟩_{(γ)} and ‖ · ‖_{(γ)} the corresponding scalar product and norm. We also deffne W^{(∞)} ≡ ⋂ γ>0 W^{(γ)} ,

which is the set of all functions that decay at inffnity faster than any polynomial. We already know that h is a C ∞ {⊓\⌋⊔⟩≀\⇔ ∫≀ ⊒⌉ ⊒⊣\⊔ ⊔≀ ∫⟨≀⊒ ⊔⟨⊣⊔ ⟩⊔ ⟩∫ √≀∫∫⟩⌊↕⌉ ⊔≀ ⊒∇⟩⊔⌉ h(p, q, r) = h̃(p, q, r)e^{−β0G(p,q,r)} , h̃ ∈ W^{(∞)} . The functionh̃ being an eigenfunction of the operator K the decay properties of the invariant measure are a consequence of the following result▷ Proposition 7▷3▷ The eigenfunctions of K and K^∗ ⌊⌉↕≀\} ⊔≀ C^∞(X ) ∩ W^{(∞)}. We will show Proposition 7.3 only for the eigenfunctions of K▷ It is a simple exercise left to the reader to retrace the proof for the eigenfunctions of K^∗↙ W⌉ ⊣↕∇⌉⊣⌈† ‖\≀⊒ ⊔⟨⊣⊔ K and K^∗ ⊣∇⌉ ⟨†√≀⌉↕↕⟩√⊔⟩⌋⇔ ∫≀ ⊔⟨⌉⟩∇ ⌉⟩}⌉\{⊓\⌋⊔⟩≀\∫ ⌊⌉↕≀\} ⊔≀ C ∞(X ). It remains to be proven that they also belong to W^{(∞)}.

To prove the proposition, we will show the implication

f ∈ W^{(γ)} and Kf ∈ W^{(γ)} ⇒ f ∈ W^{(γ+ε)} , (7.2)

which immediately implies that the eigenvectors of K belong to W (∞). For this purpose, we introduce the family of operators K γ deαned by

K_γ : D(K_γ) → W^{(γ)} f → Kf where D(K_γ) is given by D(K_γ) = {f ∈ W^{(γ)} | Kf ∈ W^{(γ)}} . The expression Kf has to be understood in the sense of distributions▷ We have the following preliminary result▷ Lemma 7▷4▷ C^∞_0 (X ) is a core for K_γ▷ Proof▷ The proof uses the tools developed in Appendix B and is postponed to Appendix C▷

The key lemma for the proof of Proposition 7▷3 is the following▷ Lemma 7▷5▷ There are an ε > 0 and constants C γ > 0 such that for every γ > 0 and every

u ∈ D(K_γ), the relation ‖G^εu‖^2_{(γ)} ≤ C_γ ( ‖K_γu‖^2_{(γ)} + ‖u‖^2_{(γ)} ) {/} [}⌈^√/ ∑√}}~/ ⋃]{^~ ~ ⌋{} [∐ C^∞_0 (X ) is a core for K_γ it sufαces to show ↼7▷3↽ for u ∈ C^∞_0 (X ). Let L be the αrstorder differential operator associated to a divergencefree vector αeld▷ Then we have for f, g ∈ C^∞_0 , ⟨Lf, g⟩_{(γ)} = −⟨f, LG^{2γ} g⟩ = −⟨f, G^{2γ} Lg⟩ − 2γ⟨f, G^{2γ}G^{−1}(LG)g⟩ = −⟨f, Lg⟩_{(γ)} − 2γ⟨f, G^{−1}(LG)g⟩_{(γ)} . We write this symbolically as L^∗_γ = −L_γ − 2γG^{−1}(LG) . We can use the latter equality to show that there are constants c^{(1)}γ and c^{(2)}γ such that − (L_γ )^2 + (L^∗_γ)^2 2 = L^∗_γ L_γ + c^{(1)}γ G^{−2}(LG)^2 + c^{(2)}γ G^{−1}(L^2G) . Using the explicit form of K this in turn yields the useful relation Re⟨u, Ku⟩_{(γ)} = c^2_L‖∂_{rL} u‖^2_{(γ)} + c^2_R‖∂_{rR} u‖^2_{(γ)} + a^2_L‖(r_L − λ_Lq_0)u‖^2_{(γ)} + a^2_R‖(r_R − λ_Rq_N )u‖^2_{(γ)} + ⟨u, f_Ku⟩_{(γ)} ,^{(7.4)} where f K is some bounded function▷ We now have the tools to prove the validity of ↼7▷3↽▷ We use Proposition 2▷5 to write ‖u‖^2_{(γ+ε)} = ‖G^εG^γu‖^2 ≤ C(‖KG^γu‖^2 + ‖G^γu‖^2) ≤ C(‖G^γKu‖^2 + ‖[K, G^γ]u‖^2 + ‖G^γu‖^2) . An explicit computation yields [K, G^γ]u = G^γ ( f_L ∂_{rL} + f_R ∂_{rR} + f_0 ) u for some smooth bounded functions f_L f_R and f_0. We are thus able to write ‖u‖^2_{(γ+ε)} ≤ C ( ‖Ku‖^2_{(γ)} + ‖u‖^2_{(γ)} + c^2_L‖∂_{rL} u‖^2_{(γ)} + c^2_R‖∂_{rR} u‖^2_{(γ)} ) . ↼7▷5↽ Using ↼7▷4↽ we can write c^2_L‖∂_{rL} u‖^2_{(γ)} + c^2_R‖∂_{rR} u‖^2_{(γ)} ≤ |R⌉⟨u, Ku⟩_{(γ)}| + C‖u‖^2_{(γ)} ≤ C ( ‖Ku‖^2_{(γ)} + ‖u‖^2_{(γ)} ) . This together with ↼7▷5↽ completes the proof of the assertion▷

Proof of Proposition 7▷3▷ Lemma 7▷5 immediately shows that D(K_γ) ⊂ W^{(γ+ε)} for every γ > 0. This proves the assertion (7.2). Let f be an eigenfunction of K▷ We know that f ∈ L^2(X ) and, because it is an eigenvector of K we have Kf ∈ L^2. Thus, by (7.2), f ∈ W^{(ε)}. Of course Kf ∈ W^{(ε)} as well, so f ∈ W^{(2ε)}.

This can be continued ad inffnitum, and so we have f ∈ W (∞), which is the desired result.

Finally, we want to show the strict positivity and the uniqueness of the invariant measure. The proof of this result will only be sketched, as it simply retraces the proof of Theorem 3.6 in [EPR99b]. Proposition 7.6. The density h of the invariant measure μ is a strictly positive function▷ More over the invariant measure is unique▷ Sketch of proof▷ The idea is to show that the control system associated with the stochastic differential equation ↼2▷7↽ is strongly completely controllable▷ This means that given an initial condition x_0, a time τ and an endpoint x_τ it is possible to αnd a realization of the Wiener process w such that ξ(τ; x_0, w) = x_τ ▷ The main assumption needed to show that is that the gradient of the twobody potential is a diffeomorphism▷ This is ensured by assumption A3▷ The consequence is that for every time τ every initial condition x 0 and every open set U the transition probability P (τ, x_0, U) is strictly positive. Because μ is invariant we have μ(U) = ∫ P (t, x, U) μ(dx) > 0 . This implies the strict positivity of h▷ Uniqueness follows from an elementary ergodicity argument▷

A Proof of Lemma 4▷4 Throughout this appendix we will make use of the same notations as in Section 4 i▷e▷ H = L^2(R^n), D = C^∞_0 (R^n) and D is the set of differential operators with smooth coef�cients.

Moreover, A ⌈⌉\≀⊔⌉∫ ∫≀⇕⌉ ⊘\⟩⊔⌉ ∫⊓⌊∫⌉⊔ ≀{ D and is identi�ed with closed operators on H↙ T⟨⌉ ≀√⌉∇⊣⊔≀∇ Λ^2 is deffned as Λ^2 ≡ 1 + ∑ A∈A A^∗A . ↼A▷1↽ We will moreover assume that H1 and H3 concerning A ⊣\⌈ F holds, i.e. A, B ∈ A ⊣\⌈ f ∈ F imply [A, B] ∈ Y^1(A) , A^∗ ∈ Y^1(A) , [A, f] ∈ F . ↼A▷2↽ In order to prepare the proof of Lemma 4▷4 we need a few auxiliary results▷ Lemma A▷1▷ Let A⇔ F, D ⊣\⌈ Λ be as above and assume H1 and H3 hold. Then, if A ∈ Y^jF(A), the operator AΛ^{−j} is bounded▷

The proof of this lemma will be a consequence of

Lemma A▷2▷ Let A⇔ F, D ⊣\⌈ Λ be as above and assume H1 and H3 hold. Then, if A 1, A2 ∈ A⇔

⊔⟨⌉ ≀√⌉∇⊣⊔≀∇∫ A_1Λ^{−1} and A_1A_2Λ^{−2} are bounded.

Proof. Let us show ffrst that A 1Λ−1 is bounded. Since D ⟩∫ ⊣ ⌋≀∇⌉ {≀∇ Λ, it sufffces to show that

there is a constant C such that ‖A_1f‖^2 ≤ C‖Λf‖^2 ∀ f ∈ D . This is an immediate consequence of ‖Λf‖^2 = ‖f‖^2 + ∑ A∈A ‖Af‖^2 . In order to show that A_1A_2Λ^{−2} is bounded, we will show that there are constants τ and C such that ‖A_1A_2f‖^2 ≤ C‖Λ^2f + (τ − 1)f‖^2 . ↼A▷3↽ We can write the following equality ‖(Λ^2 − 1)f + τf‖^2 = τ^2‖f‖^2 + 2τ ∑ A∈A ‖Af‖^2 + ∑ A,B∈A ⟨f, A^∗AB^∗Bf⟩ = τ^2‖f‖^2 + 2τ ∑ A∈A ‖Af‖^2 + ∑ A,B∈A ( ‖ABf‖^2 + ⟨f, [A^∗A, B^∗]Bf⟩ ) .

We can write the operator intervening in the last term as [A^∗A, B^∗]B = A^∗[A, B^∗]B + [B, A]^∗AB . Because of H1 this implies that there are positive constants C_{ABC} such that ‖(Λ^2 − 1)f + τf‖^2 ≥ τ^2‖f‖^2 + 2τ ∑ A∈A ‖Af‖^2 + ∑ B,C∈A ‖BCf‖^2 − ∑ A,B,C∈A C_{ABC} ‖Af‖‖BCf‖ .

If we use now 2xy ≤ x^2s^2 + y^2 s^2 x, y ≥ 0 , s > 0 , we see that we can choose τ big enough to have ‖(Λ^2 − 1)f + τf‖^2 ≥ τ^2‖f‖^2 + 1 2 ∑ A∈A ‖Af‖^2 + 1 2 ∑ B,C∈A ‖BCf‖^2 . This immediately implies ↼A▷3↽▷

This lemma can now be used to prove Lemma A▷1▷ Proof of Lemma A▷1▷ We want to show that A ∈ Y^iF(A) implies AΛ^{−i} bounded▷ We already treated the cases i = 1 and i = 2. For the other cases, we proceed by induction. Let us ffx j > 2 and assume the assertion has been proved for i < j▷ Then the operators of the form A_1A_2 · . . . · A_jΛ^{−j} A_i ∈ A ⇔ ⇐A↙△⇒ ⊣∇⌉ ⌊≀⊓\⌈⌉⌈↙ W⌉ ⌈⟩∫⊔⟩\}⊓⟩∫⟨ ⊔⊒≀ ⌋⊣∫⌉∫↙ j = 2n▷ We write the operator of ↼A▷4↽ as A_1A_2Λ^{−2} · Λ^2A_3A_4Λ^{−4} · . . . · Λ^{2n−1}A_{2n−2}A_{2n}Λ^{−2n} . We show that operators of the form Λ^{2m−2}ABΛ^{−2m} A, B ∈ A , m ≤ n are bounded▷ We write Λ^{2m−2}ABΛ^{−2m} = ABΛ^{−2} + [Λ^{2m−2}, AB]Λ^{−(2m−1)}Λ^{−1} . The αrst term is bounded by Lemma A▷2▷ The second term is bounded by noticing that [Λ^{2m−2}, AB] ∈ Y^{2m−1}F (A) and using the induction hypothesis.

j = 2n + 1. We write the operator of (A.4) as

A_1A_2Λ^{−2} · Λ^2A_3A_4Λ^{−4} · . . . · Λ^{2n}A_{2n+1}Λ^{−2n−1} . The αrst terms are bounded exactly the same way as before▷ Concerning the last term we have Λ^{2n}A_{2n+1}Λ^{−2n−1} = A_{2n+1}Λ^{−1} + [Λ^{2n}, A_{2n+1}]Λ^{−2n}Λ^{−1} ,

which is bounded by Lemma A.2 and the induction hypothesis, noticing that the commutator belongs to Y 2n(A).

This completes the proof of the lemma.

We need another result from [EPR99a].

Lemma A.3. Let {A(z)} ⊂ B(H) be a family of uniformly bounded operators, Λ ≥ 1 a selfadjoint operator and let F (λ, z) be a real, positive bounded function. Then ‖ ‖ ‖ ∫_∞ 0 A(z) F (Λ, z)f dz ‖ ‖ ‖ ≤ ∫⊓√_{y≥0} ‖A(y)‖‖f‖ ∫_∞ 0 sup λ≥1 F (λ, z) dz ∀ f ∈ H . ↼A▷5↽ If furthermore A = A(z) is independent of z one has the bound ‖ ‖ ‖ ∫_∞ 0 A F (Λ, z)f dz ‖ ‖ ‖ ≤ ‖A‖‖f‖ ∫⊓√_{λ≥1} ∫_∞ 0 F (λ, z) dz ∀ f ∈ H . ↼A▷6↽

Lemma A▷4▷ Let Λ, F and A ⌊⌉ ⊣∫ ⊣⌊≀⊑⌉ ⊣\⌈ ⊣∫∫⊓⇕⌉ H∞ ⊣\⌈ H∋ ⟨≀↕⌈↙ I{ X ∈ Y^jF(A), then the operators Λ^βXΛ^γ with β + γ ≤ −j are bounded▷ If Y ∈ L is such that [Y, Λ^2] ∈ Y^jF(A), then the operators

Λ^β[Λ^α, Y ]Λ^γ with α + β + γ ≤ 2 − j are bounded▷ If X, Y ∈ L are such that

[X, Λ^2] ∈ Y^jF(A) , [Y, Λ^2] ∈ Y^kF(A) and [ [Λ^2, X], Y ] ∈ Y^{j+k−2} F (A) ,

then the operators

Λ^β [ [Λ^α, X], Y ] Λ^γ with α + β + γ ≤ 4 − j − k are bounded▷ Proof▷ Let us prove the αrst assertion▷ The case γ = 0 is handled by noticing that Λ^βX = Λ^{β+j} ( X^∗Λ^{−j} )_{∗ ⇔} ⊣\⌈ ⊔⟨⊣⊔ ⌊≀⊔⟨ ≀√⌉∇⊣⊔≀∇∫ ≀{ ⊔⟨⌉ ↕⊣⊔⊔⌉∇ √∇≀⌈⊓⌋⊔ ⊣∇⌉ ⌊≀⊓\⌈⌉⌈ ⌊† L⌉⇕⇕⊣ A↙∞↙ T⟨⌉ ⌋⊣∫⌉ β = 0 is handled in the same way by considering the adjoint.

The proof for the other cases follows exactly [EPR99a]. We will demonstrate the techniques involved by proving the third assertion, assuming the ffrst two assertions hold. The second assertion can be proved in a similar way without using the third one.

We will ffrst assume that α ∈ (−2, 0). In this case, we can write (see e.g. [Kat80, Σ V.3.11])

Λ^α = C_α ∫_∞ 0 z^{α/2}(z + Λ^2)^{−1} dz C_α = − ∫⟩\(πα/2) π . ↼A▷7↽ We notice moreover that it is possible to write [ [(z + Λ^2)^{−1}, X], Y ] = (z + Λ^2)^{−1} [ [Λ^2, X], Y ] (z + Λ^2)^{−1} + (z + Λ^2)^{−1}[Λ^2, X](z + Λ^2)^{−1}[Λ^2, Y ](z + Λ^2)^{−1} + (z + Λ^2)^{−1}[Λ^2, Y ](z + Λ^2)^{−1}[Λ^2, X](z + Λ^2)^{−1} . ↼A▷8↽

If we substitute the expression ↼A▷7↽ in Λ^β [ [Λ^α, X], Y ] Λ^γ and use ↼A▷8↽ we get three terms which we call T 1, T2 and T 3, and which will be estimated separately.

Term T 1. This term is given by

T_1 = C_α ∫_∞ 0 z^{α/2} Λ^β z + Λ^2 [ [Λ^2, X], Y ] Λ^γ z + Λ^2 dz .

We deαne B = [ [Λ^2, X], Y ] ∈ Y^{j+k−2}(A) and write

T_1 = C_α ∫_∞ 0 z^{α/2}Λ^βB Λ^γ (z + Λ^2)^2 dz + C_α ∫_∞ 0 z^{α/2} Λ^β z + Λ^2

[Λ^2, B]

Λ^γ (z + Λ^2)^2 dz ≡ C_α ( T_{11} + T_{12} ) . The term T_{11} is estimated by writing, for any f ∈ H⇔ ‖T_{11}f‖ = ‖ ‖ ‖ ‖Λ^βBΛ^{2−j−k−β} ∫_∞ 0 z^{α/2} Λ^{γ+β+j+k−2} (z + Λ^2)^2 f dz ‖ ‖ ‖ ‖ ≤ ‖f‖ ‖ ‖ΛβBΛ2−j−k−β ‖ ‖ √√ λ≥1 ∫_∞ 0 z^{α/2} λ^{γ+β+j+k−2} (z + λ^2)^2 dz = ‖f‖ ‖ Λ^βBΛ^{2−j−k−β} ‖ √√ λ≥1 ∫_∞ 0 s^{α/2} λ^{α+γ+β+j+k−4} (s + 1)^2 ds . Since the assumption yields B ∈ Y^{j+k−2}(A), the norm is bounded. The integral is also bounded because, by assumption, we have α + γ + β ≤ 4 − j − k▷

To bound T_{12}, we observe that [Λ^2, B] ∈ Y^{j+k−1}(A). Using (A.6), we ffnd the bound ‖T_{12}f‖ = ‖ ‖ ‖ ∫_∞ 0 z^{α/2} Λ^β z + Λ^2 [Λ^2, B]Λ^{3−j−k−β} Λ^{γ+β+j+k−3} (z + Λ^2)^2 f dz ‖ ‖ ‖ ≤ ‖f‖ ∫⊓√_{y>0} ‖ ‖ Λ^β y + Λ^2 [Λ^2, B]Λ^{3−j−k−β} ‖ ‖ ∫_∞ 0 z^{α/2} sup_{λ≥1} λ^{γ+β+j+k−3} (z + λ^2)^2 dz . This expression is bounded when α + β + γ ≤ 4 − j − k and α ∈ (−2, 0). This can be seen by making as before the substitution z → λ^2s▷ Before we go on we introduce the notation Λ_z ≡ (z + Λ^2)^{−1}. Term T 2. This term is given by

T_2 = C_α ∫_∞ 0 z^{α/2} Λ^β z + Λ^2 A 1 z + Λ^2 B Λ^γ z + Λ^2 dz where we deαned A = [Λ^2, X] and B = [Λ^2, Y ] . Since [Λ_z, B] = Λ_z[B, Λ^2]Λ_z the term appearing under the integral can be written as Λ^βΛ_zAΛ_zBΛ_zΛ^γ = Λ^βΛ_zABΛ^2_zΛ^γ + Λ^βΛ_zAΛ_z[B, Λ^2]Λ^2_zΛ^γ .

According to this the term T_2 is split into two terms T_{21} and T_{22}. We have ‖T_{21}f‖ ≤ ‖f‖ ∫⊓√_{y>0} ‖ ‖ΛβΛ_yABΛ−β−j−k ‖ ‖ ∫_∞ 0 s^{α/2} sup_{λ≥1} λ^{α+β+γ+j+k−4} (s + 1)^2 ds . The integral is bounded by hypothesis▷ The norm is also bounded because AB ∈ Y^{j+k}(A). For the second term, we have ‖T_{22}f‖ ≤ ‖f‖ ∫⊓√_{y>0} ‖ ‖ΛβΛ_yAΛ_y[Λ2, B]Λ−β−j−k ‖ ‖ ∫_∞ 0 s^{α/2} sup_{λ≥1} λ^{α+β+γ+j+k−4} (s + 1)^2 ds .

This is bounded in the same fashion noticing that sup_{y>0} ‖ ‖ΛβΛ_yAΛ_y[Λ2, B]Λ−β−j−k ‖ ‖ ≤ ∫⊓√ x>0 ‖ ‖ΛβΛ_xAΛ−β−j ‖ ‖ √√ y>0 ‖ ‖ ‖ Λ^2 y + Λ^2 Λ^{j+β−2}[Λ^2, B]Λ^{−β−j−k} ‖ ‖ ‖ . Term T_3. It can be bounded in the same way as T_2 by symmetry.

We now have to check the assertion for the other values of α▷ If α = 0 or α = 2, it holds

trivially. For α > 0, we proceed by induction, using the equality [ [Λ^{α+2}, X], Y ] = Λ^2 [ [Λ^α, X], Y ] + Λ^α [ [Λ^2, X], Y ] + [Λ^α, Y ][Λ^2, X] + [Λ^2, Y ][Λ^α, X] . ↼A▷9↽

For α = −2, the assertion is proved using equality (A.8) with z = 0. For α < −2, we also

proceed by induction, using (A.9) with 2 replaced by −2. This completes the proof of Lemma

4.4.

B Proof of Proposition 1.2 Proposition B.1. T^t as deαned in ↼1▷10↽ extends uniquely to a quasibounded strongly contin uous semigroup on L 2(X , dx). Its generator L acts like L ≀\ {⊓\⌋⊔⟩≀\∫ ⟩\ C∞0 (X ). Proof. See the proof of Lemma A.1 in [EPR99a].

We now turn to the question of the domain of the generator L▷ Recall that L is the set of all

formal expressions of the form ∑ |l|≤k a_l(x)D^l k ≥ 0 , a ∈ C^∞(R^n) .

To any element L ∈ L having the above form, we associate its formal adjoint L^∗ ∈ L in an obvious way. In the sequel, the notation ⟨f, g⟩ ⊒⟩↕↕ ⌊⌉ ⊓∫⌉⌈ ⊔≀ ⌈⌉\≀⊔⌉ ⊔⟨⌉ ∫⌋⊣↕⊣∇ √∇≀⌈⊓⌋⊔ ⟩\ L^2 if f, g ∈ L^2 and the evaluation f(g) if f is a distribution and g ∈ C^∞_0 (R^n). We hope this slight

ambiguity will not be too misleading.

We associate to every L ∈ L the operator T_L : D(T_L) → L^2(R^n) by ( T_Lf ) (x) = Lf(x) and D(T_L) = {f ∈ L^2 | Lf ∈ L^2} ⇔ ⊒⟨⌉∇⌉ Lf has to be understood in the sense of distributions i▷e▷ ( Lf ) (g) ≡ f(L^∗g) for all g ∈ C^∞_0 (R^n) . We also deαne the operator S_L : D(S_L) → L^2(R^n) by S_L = T_L ¯ C^∞_0 . The operators T_L and S_L are usually called the minimal operator and the maximal operator constructed from the formal operator L▷ The following result is classical so we do not give its proof here

Proposition B▷2▷ For every L ∈ L, we have T^∗_L = S_L∗ ⊣\⌈ S^∗_L = T_L∗ ↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊔⟨⟩∫ ∫⟨≀⊒∫ ⊔⟨⊣⊔ T L is closed▷ We prove now the quasi mdissipativity of S L↙ W⌉ ⌈⌉⊘\⌉ L̃ ≡ L − M∑ i=1 γ_i − 1 . By deαnition if S̃_L ⟩∫ ∫⊔∇⟩⌋⊔↕† ⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⌉⇔ S_L ⟩∫ ∐⊓⊣∫⟩ ⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⌉↙ I⊔ ⟩∫ ⊒⌉↕↕↖‖\≀⊒\ ⊔⟨⊣⊔ ⊣\ ⌉∐⊓⟩⊑⊣↕⌉\⊔ ⌋⟨⊣∇⊣⌋⊔⌉∇⟩‡⊣⊔⟩≀\ ≀{ ∫⊔∇⟩⌋⊔ ⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⟩⊔† ⟩∫ ⊔⟨⊣⊔ ⇐⊣⇒ S~_L ⟩∫ ∫⊔∇⟩⌋⊔↕† ⌈⟩∫∫⟩√⊣⊔⟩⊑⌉ ⊣\⌈ ⇐⌊⇒ R⊣\}⌉(S L̃) = H↙ P∇≀√≀∫⟩⊔⟩≀\ B↙∋↙ A∫∫⊓⇕⌉ A′ ⟨≀↕⌈∫↙ T⟨⌉\ S̃_L ⟩∫ ∫⊔∇⟩⌋⊔↕† ⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⌉↙ R⌉⇕⊣∇‖↙ I⊔ ⟩∫ ⌋↕⌉⊣∇ ⊔⟨⊣⊔ ⊔⟨⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ ⟨≀↕⌈∫ ⟩{ ⊒⌉ ⌋≀\∫⟩⌈⌉∇ ⊔⟨⌉ ⇕⟩\⟩⇕⊣↕ ≀√⌉∇⊣⊔≀∇ ⟩\ L 2(K, dx), where K ⟩∫ ∫≀⇕⌉ ⌋≀⇕√⊣⌋⊔ ⌈≀⇕⊣⟩\ ≀{ X ↙ T⟨⌉ ⟩⌈⌉⊣ ⟩∫ ⊔≀ ⊣√√∇≀§⟩⇕⊣⊔⌉ X ⌊† ⊣ ∫⌉∐⊓⌉\⌋⌉ ≀{ ⟩\⌋∇⌉⊣∫⟩\} ⌋≀⇕√⊣⌋⊔ ⌈≀⇕⊣⟩\∫ ⊣\⌈ ⊔≀ ⌋≀\⊔∇≀↕ ⊔⟨⌉ ∇⌉∫⊔ ⊔⌉∇⇕∫↙ T⟨⟩∫ √∇≀√≀∫⟩⊔⟩≀\ ⊘↕↕∫ ⊣ }⊣√ ⟩\ ∪EPR∃∃⊣⊎⇔ ∫⟩\⌋⌉ ⊔⟨⌉ ∫⊔⊣⊔⌉⇕⌉\⊔ ⊖R⌉(f, L^∗f) = −^1_2 ‖σ^T ∇f‖^2 + (f, div b f) ≤ B‖f‖^2˚ in the proof of Lemma A.1 is not justiffed for every f ∈ D(L^∗).

Proof. Property (a) is immediate. By the closed-range theorem, property (b) is equivalent to the statement (b’) f ∈ L^2 and L̃^∗f = 0 imply f = 0. φ(x) Assume on the contrary that there exists a non-vanishing function f ∈ L^2 for which L̃^∗f = 0 holds in the sense of dis- tributions. Since L̃^∗ ⟩∫ ⟨†√≀⌉↕↕⟩√⊔⟩⌋⇔ f must be a C^∞ {⊓\⌋⊔⟩≀\↙ L⌉⊔ ⊓∫ ⌋⟨≀≀∫⌉ ∫≀⇕⌉ {⊓\⌋⊔⟩≀\ φ ∈ C ∞0 (R+) such that φ(x) = 1 if x ∈ [0, 1]. We also deffne φ_n : X → R x → φ ( G(x)/n ) . By assumptionL̃^∗f = 0, so we have 0 = 2Re⟨φ_nf, L̃^∗f⟩ = ⟨φ_nf, L̃^∗f⟩ + ⟨L̃^∗f, φ_nf⟩ . Since φ_n ∈ C^∞_0 and all the other functions are C^∞⇔ ⊒⌉ ⌋⊣\ ⇕⊣‖⌉ ⊣↕↕ ⊔⟨⌉ {≀∇⇕⊣↕ ⇕⊣\⟩√⊓↕⊣⊔⟩≀\∫ ⊒⌉ ⊒⊣\⊔↙ I\ √⊣∇⊔⟩⌋⊓↕⊣∇⇔ ⊒⌉ ⟨⊣⊑⌉ ⟨L̃^∗f, φ_nf⟩ = ⟨f, L̃φ_nf⟩ ⇒ ⟨ f, (φ_nL̃^∗ + L̃φ_n)f ⟩ = 0 . ↼B▷1↽ Recall thatL̃ ⟩∫ }⟩⊑⌉\ ⌊† L̃ = M∑ i=1 λ^2_i γ_iT_i∂^2_{ri} − M∑ i=1 γ_i ( r_i − λ^2_i F_i(p, q) ) ∂_{ri} + X^{HS} − M∑ i=1 r_iX^{Fi} − M∑ i=1 γ_i − 1

≡ M∑ i=1 ζ_i∂^2_{ri} + Y_0 − 1 . ↼B▷2↽

Straightforward computation yields φ_nL̃^∗ + L̃φ_n = 2 M∑ i=1 ζ_i∂_{ri} φ_n∂_{ri} + M∑ i=1 ζ_i ( ∂^2_{ri} φ_n ) + [Y_0, φ_n] − φ_n

= 2 M∑ i=1 ζ_i∂_{ri} φ_n∂_{ri} + M∑ i=1 ζ_i ( 1 n (∂^2_{ri} G)φ^{′′}(G/n) + 1 n^2 (∂_{ri} G)^2φ^′(G/n) )

+ 1 n M∑ i=1 γ_i λ^2_i ( r_i − λ^2_i F_i(p, q)

)_2 φ^′(G/n) − φ_n

≡ 2 M∑ i=1 ζ_i∂_{ri} φ_n∂_{ri} + Φ_n − φ_n .

↼B▷3↽

Using A0 we next verify that |Φ_n(x)| ≤ C̃ for all x ∈ X ⊣\⌈ {≀∇ ⊣↕↕ n ≥ 1. We deffne c_1 ≡ ∫⊓√_{x≥0} φ^{′′}(x) and c_2 ≡ ∫⊓√_{x≥0} xφ^′(x) . An elementary computation shows that A0 implies that there exist constants c_3, . . . , c_5 > 0 for which | |∂2_{ri} G(x) | | ≤ c_{3 ,} | |∂_{ri} G(x) | |^2 ≤ c_4G(x) , and (r_i − λ2_i F_i(p, q))^2 ≤ c_5G(p, q, r) . We thus have |Φ_n(x)| ≤ M∑ i=1 (ζ_ic_3 n | |φ′′(G/n) | | + ζ^ic^4 n | |(G/n)φ′(G/n) | | + γ^ic^5

λ^2_i | |(G/n)φ′(G/n) | | )

≤ M∑ i=1 ( ζ_i c_1c_3 + c_2c_4 n + γ_ic_2c_5

λ^2_i ) ≤ C̃ as asserted▷ Moreover the αrst part of A0 implies that there exist constants C, α > 0 such that supp Φ_n ⊂ {x ∈ X | ‖x‖^α ≥ n/C} . ↼B▷4↽ Substituting ↼B▷3↽ back into ↼B▷1↽ we get 0 = −2 M∑ i=1 ζ_i ‖ ‖√φ_n∂_{ri} f ‖ ‖^2 − ‖√φ_nf ‖ ‖^2 + ∫ X Φ_n(x)|f(x)|^2 dx . ↼B▷5↽ Since f ∈ L^2(X ), one has lim_{n→∞} ‖ √ φ_nf ‖ ‖^2 = ‖f‖2 . Moreover the uniform boundedness of Φ_n together with property ↼B▷4↽ imply that lim n→∞ ∫ X Φ_n(x)|f(x)|^2 dx = 0 . This supplies the required contradiction to ↼B▷5↽ thus establishing the strict mdissipativity of S~_L↙

PROOF OF LEMMA ↙△ ▽

W⌉ ⌋≀⇕√↕⌉⊔⌉ \≀⊒ ⊔⟨⌉ P∇≀≀{ ≀{ P∇≀√≀∫⟩⊔⟩≀\ ∞↙∈↙ I⊔ ≀\↕† ∇⌉⇕⊣⟩\∫ ⊔≀ ⌊⌉ √∇≀⊑⌉⌈ ⊔⟨⊣⊔ L = S L ⊣\⌈ ⊔⟨⊣⊔ L ∗ = SL∗ ↙ I⊔ ⟩∫ ⌋↕⌉⊣∇ ⊔⟨⊣⊔ ⊔⟨⌉ }⌉\⌉∇⊣⊔≀∇ L of T t satisαes S L ⊂ L▷ Since SL ⟩∫ ∐⊓⊣∫⟩ ⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⌉⇔ ⟩↙⌉↙ ⟨⊣∫ \≀ √∇≀√⌉∇ ∐⊓⊣∫⟩ ⌈⟩∫∫⟩√⊣⊔⟩⊑⌉ ⌉§⊔⌉\∫⟩≀\⇔ ⊣\⌈ ∫⟩\⌋⌉ ⊔⟨⌉ }⌉\⌉∇⊣⊔≀∇ ≀{ ⊣ ∐⊓⊣∫⟩↖⌊≀⊓\⌈⌉⌈ ∫⌉⇕⟩↖}∇≀⊓√ ⟩∫ ⊣↕⊒⊣†∫ ∐⊓⊣∫⟩ ⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⌉⇔ ⊒⌉ ⇕⊓∫⊔ ⟨⊣⊑⌉ L = S L↙ C≀\⌋⌉∇\⟩\} ⊔⟨⌉ ⊣⌈|≀⟩\⊔⇔ ⊒⌉ ⟨⊣⊑⌉ ⌊† P∇≀√≀∫⟩⊔⟩≀\ B↙∈⇔ L ∗ = TL∗ ↙ I⊔ ⟩∫ √≀∫∫⟩⌊↕⌉ ⊔≀ ∇⌉⊔∇⊣⌋⌉ ⊔⟨⌉ ⊣⌊≀⊑⌉ ⊣∇}⊓⇕⌉\⊔ {≀∇ L ∗ ⊔≀ ∫⟨≀⊒ ⊔⟨⊣⊔ S L∗ ⟩∫ ∐⊓⊣∫⟩ ⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⌉↙ S⟩\⌋⌉ L ∗ ⟩∫ ⊣↕∫≀ ∐⊓⊣∫⟩ ⇕↖⌈⟩∫∫⟩√⊣⊔⟩⊑⌉ ⊣\⌈ S L∗ ⊂ L∗⇔ ⊒⌉ ⇕⊓∫⊔ ⟨⊣⊑⌉ L ∗ = SL∗ ↙

C P∇≀≀{ ≀{ L⌉⇕⇕⊣ ↙△

U∫⟩\} ⊔⟨⌉ ⊔⌉⌋⟨\⟩∐⊓⌉ ⌈⌉⊑⌉↕≀√⌉⌈ ⟩\ A√√⌉\⌈⟩§ B⇔ ⊒⌉ ⌋⊣\ \≀⊒ ⊔⊓∇\ ⊔≀ ⊔⟨⌉ √∇≀≀{ ≀{ L⌉⇕⇕⊣ ↙△↙ R⌉⌋⊣↕↕ ⊔⟨⊣⊔ K is given by ↼2▷10↽ and that W^{(γ)} = L^2(X , G^{2γ} dx) . Moreover K_γ is the maximal operator constructed from K when considering it as a differential operator in W^{(γ)}. We have Proposition C.1. C ∞0 (X ) is a core for K γ▷

Proof▷ We introduce the unitary operator U : W (γ) → L2(X ) deffned by ( Uf ) (x) = G^γ(x)f(x) . We also deαne K^0_γ ≡ K_γ ¯ C^∞_0 (X ). The operators K_γ and K^0_γ are unitarily equivalent to the operators K̃γ and K̃0γ respectively by the following relations▷ D(K_γ)^{Kγ}−→ W^{(γ)} D(K^0_γ )^K 0 γ−→ W^{(γ)} U U_{−1 U} U_{−1 U} U_{−1 U} U_{−1} D(K̃_γ) −→_{K̃} γ L 2(X ) D(K̃^0_γ ) −→_{K̃0} γ L 2(X )

By construction, K̃_γ is maximal▷ Thus by Proposition B▷2 its adjoint K̃^∗_γ is minimal▷ It is immediate that the formal expressions for K̃∗γ and K 0γ are given by K̃∗_γ = G−γ K∗Gγ_{and} K̃0_γ = Gγ KG−γ . It is now a simple exercise to retrace the proof of Proposition B▷3 to see that̃K^∗_γ and K̃^0_γ are both maccretive▷ The remark of Section 1▷2 concerning the adjoints of maccretive operators implies that K̃γ is also maccretive▷ Since K̃0γ ⊂ K̃γ we must have K̃0γ = K̃γ and thus K 0γ = Kγ▷ This proves the assertion▷

58 REFERENCES

References ♭Agm82♯ S▷ Agmon Lectures on Exponential Decay of Solutions of SecondOrder Elliptic Equations Princeton University Press 1982▷ ♭Dav80♯ E▷ B▷ Davies OneParameter Semigroups Academic Press London 1980▷ ♭EPR99a♯ J▷P▷ Eckmann C▷A▷ Pillet and L▷ ReyBellet NonEquilibrium Statistical Mechan ics of Anharmonic Chains Coupled to Two Heat Baths at Different Temperatures Comm▷ Math▷ Phys▷ 201 ↼1999↽ 657δ697▷ ♭EPR99b♯ J▷P▷ Eckmann C▷A▷ Pillet and L▷ ReyBellet Entropy Production in NonLinear Thermally Driven Hamiltonian Systems J▷ Stat▷ Phys▷ 95 ↼1999↽ 305δ331▷ ♭Has80♯ R▷ Z▷ Hasφminski � Stochastic Stability of Differential Equations Sijthoff ς Noord hoff 1980▷ ♭Ho�r67♯ L▷ Ho�rmander Hypoelliptic Second Order Differential Equations Acta Math▷ 119 ↼1967↽ 147δ171▷ ♭Ho�r85♯ L▷ Ho�rmander The Analysis of Linear Partial Differential Operators IδIV Springer New York 1985▷ ♭Kat80♯ T▷ Kato Perturbation Theory for Linear Operators Springer New York 1980▷ ♭LS77♯ J▷ L▷ Lebowitz and H▷ Spohn Stationary NonEquilibrium States of Inαnite Harmonic Systems Comm▷ Math▷ Phys▷ 54 ↼1977↽ 97δ120▷ ♭RS80♯ M▷ Reed and B▷ Simon Methods of Modern Mathematical Physics IδIV Academic Press San Diego California 1980▷ ♭Yos80♯ K▷ Yosida Functional Analysis 6th ed▷ Springer New York 1980▷