An ergodic theoretic approach to mean field coupled maps

Gerhard Keller^∗, Universität Erlangen

December 2, 1998

Abstract We study infinite systems of globally coupled maps with permutation invariant interaction as limits of large finite-dimensional systems. Because of the symmetry of the interaction the interesting invariant measures are the exchangeable ones. For infinite systems this means in view of de Finetti’s theorem that we must look for time invariant measures within the class of mixtures of spatial i.i.d. processes. If we consider only those invariant measures in that class as physically relevant which are weak limits of SRB-measures of the finite-dimensional approximations, we find for systems of piecewise expanding interval maps that the limit measures are in fact mixtures of absolutely continuous measures on the interval which have densities of uniformly bounded variation.

The law of large numbers is violated (in the sense of Kaneko) if a nontrivial mixture of i.i.d. processes can occur as a weak limit of finite-dimensional SRB-measures. We prove that this does neither happen for C^3-expanding maps of the circle (extending slightly a result of Järvenpää) nor for mixing tent maps for which the critical orbit finally hits a fixed point (making rigorous a result of Chawanya and Morita).

1 Introduction

The purpose of these notes is to provide a precise mathematical framework within which it is possible to describe the dynamics of finite and infinite systems of mean field coupled maps as well as the limiting transition from large finite to infinite systems. Mean field coupled maps (also called globally coupled maps in the literature) have the potential to show a surprising dynamical behaviour which is sometimes referred to as violation of the law of large numbers, a term which conveys only insufficiently the rich structure of these dynamics. The following observation is reported in the literature: If the action of an infinite (for practical purposes: extremely large finite) system of very simple chaotic dynamical units, e.g. of identical tent maps, is perturbed by its own mean field, then, in many cases, the mean field itself shows a highly complex and structured dynamical behaviour, although it is just the average state of a family of chaotic units which, given the value of the mean field, act independently of each other. In particular, there exists a “component” of the dynamics which cannot be located, not even partially, in any finite subcollection of the family of chaotic units. This effect is investigated, both numerically [9, 10, 5, 4, 18, 19] and theoretically [8, 5, 4], but on a mathematical level much remains to be done in order to achieve a deeper understanding.

I would like to advocate the following point of view: Since an infinite system of mean field coupled maps is completely invariant under arbitrary permutations of its components, its statistical properties should be described by exchangeable distributions (in the sense of probability theory). From the general theory of these distributions [1] it follows at once that the mean field fluctuations of the system reflect that part of the dynamics which can be described in terms of the tail field of the infinite collection of units. So the term violation of the 0-1-law describes the situation much better than violation of the law of large numbers. The second aspect I want to underline is the importance to understand how this violation of the 0-1-law shines up in the behaviour of

�Research partially supported by the Deutsche Forschungsgemeinschaft (DFG).

large finite systems. In fact, it is known that for moderate coupling strengths the dynamics of an arbitrary finite number of mixing coupled tent maps is governed by a unique mixing absolutely continuous invariant measure [13], and only a good knowledge of the infinite system can reveal something about the important dynamical fine structure of this measure, i.e. structure below the very coarse concepts of ergodicity, mixing, etc. Needless to say that such ideas are common knowledge in the stochastic theory of many particle systems.

At the end of this introduction I want to stress that some of the ideas in these notes appear, although often only implicitly and without mathematical rigour, in the existing literature, most noteworthy in [5] and [4].

2 Systems with continuous units

In this section (and, in fact, in the whole paper) we assume that the individual maps are continuously acting on a compact metric space and that also the coupling mechanism is continuous. This allows us to study exchangeable distributions as the natural class of measures that is left invariant by the action of the system and to describe the transition from finite to infinite systems in two complementary ways. We finish this section with a precise definition of what we mean by violation of the 0-1-law.

2.1 The uncoupled system

X is a compact metric space with metric d and τ : X → X is continuous. The pair (X, τ) is our basic dynamical unit. For a finite or countable index set I let Ω := X^I and denote by T : Ω → Ω the map defined by (T ω)_i = τω_i (i ∈ I) . T describes the uncoupled dynamics of a family of copies of (X, τ) indexed over I. If necessary we write Ω_I and T_I instead of Ω and T . In order to avoid double subscripts i_j , we assume from now on that I = I_n = {1, . . . , n} if I is finite and that I = ▲ if I is infinite.

Before we describe a general form of a mean field interaction which allows us to define coupled maps T_ϵ : Ω → Ω, where ϵ is a parameter that reflects the coupling strength, we discuss two particular examples which motivated this paper.

2.2 Two examples of mean field couplings Let I = {1, . . . , n}. Example 1 [Tent maps] X = [0, 1], τ is piecewise monotone, e.g. τ might be a tent map, and

(T_ϵω)_i = (1 − ϵ)τω_i + ϵ n n∑ j=1 τω_j for all i ∈ I_n. (1)

Note that the coupling term ϵ (−τω_i +^1_n ∑ j τω_j ) at position i can be written as a continuous function of τω_i and of the empirical distribution p_ω :=^1_n ∑_n j=1 δ_{ωj} , namely as ϵ (−τω_i+ ∫ X τ(y) dp_ω(y)). Since this term can be rewritten as ϵ (−τω_i + ∫ X y dp_{T ω}(y)) in this example (and in the next one as well), T_ϵ is the composition of two maps, namely

T_ϵ = Φ_ϵ ∘ T where (Φ_ϵω)_i = ω_i + ϵ (−ω_i + ∫ X y dp_ω(y)) . This is the kind of systems studied in [8, 5, 4, 18, 19] for which the phenomenon of violation of the law of large numbers is reported. Observe that Φ_ϵ : Ω → Ω is not a diffeomorphism (it is not onto). This, so far, prevents all attempts to study these examples using techniques from statistical physics.

Example 2 [Expanding circle maps] X = ⪌^1 (where ⪌ = [0, 2π) with addition mod 2π), τ : X → X of class C^2 (not only piecewise C^2), and

(T_ϵω)_i = τω_i + ϵ n n∑ j=1 sin(τω_i − τω_j ) for all i ∈ I_n. (2) As ∑ j sin(τω_i − τω_j ) = sin τω_i ∑ j cos τω_j − cos τω_i ∑ j sin τω_j , the coupling term at position i is again a continuous function of τω_i and of the empirical distribution p_{T ω}. In this case the coupling transformation Φ_ϵ : Ω → Ω, (Φ_ϵω)_i = ω_i +^ϵ_n ∑ j sin(ω_i − ω_j ) is an analytic diffeomorphism of the torus ⪌^n. This fact plays a crucial role in [7] where, among many other results, it is proved that no violation of the law of large numbers occurs provided that τ extends analytically to a complex annulus around ⪌^1. That proof relies heavily on techniques from statistical physics.^1 For related work see also [8].

2.3 A general model for mean field couplings

Next we describe a general form of a mean field interaction motivated by the preceding examples. The only requirement is that for finite I the coupling term at position i is a continuous function of ω_i and of the empirical distribution p(ω) :=^1_n ∑_n j=1 δ_{ωj} .

More precisely, denote by P the set of all Borel probabilities on X. P is a compact metrizable space with respect to the topology of weak convergence. Then each continuous map S_ϵ : X × P → X defines a coupled map

T_ϵ : Ω → Ω, (T_ϵω)_i := S_ϵ(τω_i, p(ω)) .

Sometimes it is convenient to consider the map x → S_ϵ(x, ν) for some fixed ν ∈ P. Then we write S_{ϵ,ν} (x) := S_ϵ(x, ν). In Example 1 we used S_ϵ(x, ν) = x + ϵ · ( −x + ∫ X τ(y) dν(y) ) , in Example 2 it was S_ϵ(x, ν) = x + ϵ · ( sin(x) ∫ X cos(τy) dν(y) − cos(x) ∫ X sin(τy) dν(y) )

Remark 1 Note that in typical examples the family of maps (S_ϵ)_ϵ will be defined only for a certain parameter interval including ϵ = 0, that in these cases S_{0,ν} = Id_X for all ν ∈ P and that the maps S_ϵ typically depend continuously on the parameter ϵ. Most of our further analysis does not depend on these properties, however.

The above chosen set-up extends naturally to the case of infinite I. If I = ▲, p : ΩN → P can be partially defined by

p(ω) := p_ω := lim_{n→∞} 1 n n∑ i=1 δ_{ωi} if this limit exists in the weak topology.

Denote the set of ω where p is defined by Ω^{reg}N . Then Ω^{reg}N has full measure for each shift invariant Borel probability on ΩN and hence a fortiori also for each exchangeable Borel probability on ΩN. Exchangeability will be further discussed in Section 2.5.

In order to describe the essential symmetry property of T_ϵ denote by Σ(I) the set of all permutations σ of I such that σ(i) = i for all but finitely many i ∈ I. For σ ∈ Σ(I) define σ^∗ : Ω_I → Ω_I by (σ^∗ω)_i := ω_{σ(i)} (i ∈ I). It is easily checked that

T_ϵ ∘ σ^∗ = σ^∗ ∘ T_ϵ .

1The author studies more general analytic couplings, indeed.

Remark 2 If I is finite, then T_ϵ : Ω_I → Ω_I is continuous with respect to the usual Euclidean metric on Ω_I . If I = ▲, we equip Ω_I with the metric d_I (ω, ω^′) := ∑_∞ i=1 2^{−i}d(ω_i, ω^′_i). With this metric T_ϵ is not continuous, but it is Borel measurable.

2.4 The action of T_ϵ on probability measures on X

The action of T and of T_ϵ can be transferred completely to P. Observe first that for finite and infinite I holds

▷ p(T ω) = τp_ω for all ω ∈ Ω, and if I = I_n is finite also the following is true:

▷ p : Ω_I → P is continuous; so all P_n := p(Ω_{In} ) ⊆ P are compact.

▷ p ∘ σ^∗ = p for all σ ∈ Σ(I).

▷ If μ is a Borel probability on Ω_I , then pμ is a Borel probability on P supported by P_n. ▷ p(T^ϵω) = 1 n n∑ i=1 δ_{Sϵ,p(ω)(τ ωi)} = 1 n n∑ i=1 (S_{ϵ,pω} ∘ τ)δ_{ωi} = (S_{ϵ,pω} ∘ τ)p_ω This motivates to define T_ϵ : P → P by T_ϵ(ν) := (S_{ϵ,ν} ∘ τ)ν . As τ and S_ϵ are continuous, also T_ϵ is continuous.

For the subsequent discussion it is important to be aware of the following notational subtlety: If we write T_ϵ(ν), then ν ∈ P, i.e. ν is a probability measure on X and so is T_ϵ(ν). If we write T_ϵP , i.e. if the argument is not put into brackets, then P is a probability measure on P, and T_ϵP is the measure on P defined by (T_ϵP )(A) = P (T^{−1}_ϵ A) for measurable A ⊆ P. Analogous conventions are used for other maps. Observe now that for finite I holds:

▷ p(T_ϵω) = T_ϵ(p_ω) for all ω ∈ Ω. As ⋃ n P_n is dense in P, this means that T_ϵ is the unique continuous extension of the action induced by T_ϵ on ⋃ n P_n to all of P. In a slightly different notation this is the same as p ∘ T_ϵ = T_ϵ ∘ p.

▷ If T_ϵμ = μ for a Borel probability μ on Ω_I , then T_ϵ pμ = (T_ϵ ∘ p)μ = (p ∘ T_ϵ)μ = pμ. Finally we note that for each ν ∈ P and T_ϵ : Ω → Ω holds:

T_ϵνN = ((S_{ϵ,ν} ∘ τ)ν)N = (T_ϵ(ν))N . (3)

2.5 The action of T_ϵ on exchangeable distributions on Ω

Denote by M = M_I the set of all Borel probabilities on Ω = Ω_I and let

Mex = Mex_I := {μ ∈ M : σ^∗μ = μ ∀σ ∈ Σ(I)}

be the set of all exchangeable distributions on Ω. For I = ▲, a classical theorem of de Finetti asserts, that each exchangeable distribution is a mixture of product distributions in the following sense:

Theorem 1 (de Finetti, first version; see [1]) To each μ ∈ MexN there exists a unique Borel probability P on P such that μ(A) = ∫ P νN(A) dP (ν) for all measurable A ⊆ Ω. (4)

In short-hand: μ = ∫ νN dP (ν). Here νN denotes the infinite product measure on Ω with all factors equal to ν. (Vice versa, each μ ∈ M that can be represented as in (4) belongs to MexN .)

In particular there is a one-to-one correspondence given by (4) between measures μ ∈ MexN and Borel probabilities P on P.

There is another way to represent μ ∈ MexN , which conveys more of the probabilistic structure of the coordinate process on Ω under the distribution μ. Denote by F the Borel σ-algebra and by Ftail ⊆ F the tail-field of Ω.

Theorem 2 (de Finetti, second version; see [1]) To each μ ∈ MexN there exists a unique Ftail -measurable stochastic kernel Q : Ω × F → [0, 1] such that

1. μ(A) = ∫ Ω Q(ω, A) dμ(ω) for each A ∈ F and

2. for each ω ∈ Ω there is some ν_ω ∈ P such that Q(ω, . ) = νN_ω .

Remark 3 Given μ = ∫ νN_ω dμ(ω), define ψ : Ω → P by ψ(ω) := ν_ω . Then the two versions of the de Finetti theorem are related by the identity P = ψμ.

Remark 4 If μ ∈ MexN , then each finite-dimensional marginal distribution of μ on Ω_{In} is exchangeable, but not each μ ∈ Mex_{In} is a marginal distribution of some measure from MexN , see [1].

Fix any μ = ∫ νN dP (ν) ∈ MexN . Then, because of (3), T_ϵμ = ∫ T_ϵνN dP (ν) = ∫ (T_ϵ(ν))N dP (ν) = ∫ νN d(T_ϵP )(ν) . This shows that T_ϵμ is represented by the distribution T_ϵP on P. In particular,

T_ϵμ = μ if and only if T_ϵP = P .

2.6 Transition to the limit as n → ∞

Consider Borel probabilities μ_n on Ω_{In} such that T_ϵμ_n = μ_n for all n, and fix a subsequence μ_{ni} such that the sequence pμ_{ni} converges weakly to some Borel probability P on P. Then

T_ϵP = lim_{i→∞}(T_ϵ ∘ p)μ_{ni} = lim_{i→∞}(p ∘ T_ϵ)μ_{ni} = lim_{i→∞} pμ_{ni} = P . (5)

Suppose now that the μ_n are exchangeable and that the subsequence μ_{ni} converges weakly to some μ ∈ MN in the sense that lim_{i→∞} μ_{ni} (φ) = μ(φ) for each continuous φ : ΩN → ⋛ which depends only on a finite number of coordinates (so that μ_n(φ) is well defined for large enough n). Then μ ∈ MexN as is easily seen, and our goal is to show that μ = ∫ νN dP (ν) for the limiting distribution P = lim_{i→∞} pμ_{ni} .

Denote by C(P) the algebra of all continuous functions F : P → ⋛. Particularly simple elements from C(P) are the functions F_φ : ν → ν(φ) with φ ∈ C(X). Denote A_0(P) := {F_{φ1} · · · F_{φn} : n ∈ ▲, φ_i ∈ C(X)} and let A(P) be the linear space generated by A_0(P). Then A(P) is a subalgebra of C(P) which contains the constant functions and separates points in P so that, by the theorem of Stone and Weierstrass, A(P) is dense in C(P). Hence we have

Lemma 1 A sequence (P_k)_{k∈}N of Borel probabilities on P converges weakly to P , if and only if lim_{k→∞} ∫ ν(φ_1) · · · ν(φ_n) dP_k(ν) = ∫ ν(φ_1) · · · ν(φ_n) dP (ν) for all n ∈ ▲ and all φ_1, . . . , φ_n ∈ C(X).

Similarly, let A_0(ΩN) be the family of all functions ω → φ_1(ω_1) · · · φ_n(ω_n) from ΩN to ⋛ with n ∈ ▲ and φ_i ∈ C(X). Denote by A(ΩN) the linear space generated by A_0(ΩN). Then A(ΩN) is a subalgebra of C(ΩN) which contains the constant functions and separates points in ΩN so that, by the theorem of Stone and Weierstrass again, A(ΩN) is dense in C(ΩN). Hence we have

Lemma 2 A sequence (μ_{ni} )_{i∈}N of Borel probabilities on Ω_{ni} converges weakly to μ ∈ MN, if and only if lim_{i→∞} ∫ φ_1(ω_1) · · · φ_n(ω_n) dμ_{ni} = ∫ φ_1(ω_1) · · · φ_n(ω_n) dμ

for all n ∈ ▲ and all φ_1, . . . , φ_n ∈ C(X).

Now we are ready to prove

Proposition 1 Consider a sequence μ_n ∈ Mex_{In} . A subsequence (μ_{ni} )_{i∈}N converges weakly to a measure μ ∈ MexN if and only if the sequence (pμ_{ni} )_{i∈}N converges weakly to a Borel probability P on P. In this case, μ = ∫ νN dP (ν). Proof: Suppose first that μ_{ni} → μ. Then μ ∈ MexN and hence μ = ∫ νN dP (ν) for some Borel probability P on P. Let F_{φ1} · · · F_{φn} ∈ A_0(P). Then, as the μ_{ni} are exchangeable, ∫ F_{φ1} (ν) . . . F_{φn} (ν) d(pμ_{ni} )(ν) = ∫ ν(φ_1) · · · ν(φ_n) d(pμ_{ni} )(ν) (6)

= ∫_n∏ k=1 1 n_i n_i∑

j=1 φ_k(ω_j ) dμ_{ni} (ω)

= 1 n^n_i n_i∑

j1=1 · · · n_i∑

j_n=1 ∫ φ_1(ω_{j1} ) · · · φ_n(ω_{jn} ) dμ_{ni} (ω) = ∫ φ_1(ω_1) · · · φ_n(ω_n) dμ_{ni} (ω) + O(n^{−1}_i ) → ∫ [∫ φ_1(ω_1) · · · φ_n(ω_n) dνN(ω) ] dP (ν) = ∫ F_{φ1} (ν) . . . F_{φn} (ν) dP (ν) (7)

as i → ∞. Hence pμ_{ni} → P weakly.

Suppose conversely that pμ_{ni} → P for some Borel probability P on P. Let φ_1, . . . , φ_n ∈ C(X). Then ∫ φ_1(ω_1) · · · φ_n(ω_n) dμ_{ni} (ω) = ∫ F_{φ1} (ν) · · · F_{φn} (ν) d(pμ_{ni} )(ν) + O(n^{−1}_i ) as in (6) → ∫ F_{φ1} (ν) . . . F_{φn} (ν) dP (ν) = ∫ [∫ φ_1(ω_1) · · · φ_n(ω_n) dνN ] dP (ν) . Hence μ_{ni} → ∫ νN dP (ν). 2

Corollary 1 Consider a sequence μ_n ∈ Mex_{In} and a probability measure ν ∈ P. For any subsequence (μ_{ni} )_{i∈}N the following are equivalent:

1) (μ_{ni} )_{i∈}N converges weakly to the product measure νN,

2) (pμ_{ni} )_{i∈}N converges weakly to the point mass δ_ν ,

3) lim_{i→∞} ∫ φ(ω_1)ψ(ω_2) dμ_{ni} (ω) = ν(φ)ν(ψ) for all φ, ψ ∈ C(X, ⋛),

Proof: 1)⇔2) follows from the previous proposition, 1)⇒3) is trivial. We turn to 3)⇒2): Because of the weak compactness of P it suffices to show that if lim_{i→∞} μ_{ni} = μ = ∫ ν̃N dP (ν̃), then P = δ_ν .

But, if lim_{i→∞} μ_{ni} = μ, then ∫ φ(ω_1)ψ(ω_2) dμ_{ni} (ω) → ∫ ν̃(φ)ν̃(ψ) dP (ν̃) for all φ, ψ ∈ C(X), and it follows from 3) that for each φ ∈ C(X)

ν(φ)^2 = lim_{i→∞} ∫ φ(ω_1)φ(ω_2) dμ_{ni} (ω) = ∫ ν̃(φ)^2 dP (ν̃) ≥ (∫ ν̃(φ) dP (ν̃) )_2 = ( lim_{i→∞} ∫ φ(ω_1) dμ_{ni} (ω)

)_2 = ν(φ)^2 .

Hence ν̃(φ) = ν(φ) for P -a.e. ν̃ ∈ P, and as C(X) has a countable dense subset, it follows that ν̃ = ν for P -a.e. ν̃ ∈ P, i.e. P = δ_ν . 2

As a consequence of Proposition 1, a suitable dynamical model for the infinite globally coupled map lattice is the topological dynamical system (T_ϵ, P). Invariant measures P for T_ϵ should be considered to be dynamically relevant (in the sense of an SRB-measure), if they are weak limits of sequences (pμ_{nj} )_j where the μ_n are SRB-measures for T_ϵ : Ω_{In} → Ω_{In} . This suggests the following precise definition:

Definition 1 A globally coupled system violates the 0-1-law, if there exists a subsequence (μ_{ni} )_i of unique SRB-measures for T_ϵ : Ω_{Ini} → Ω_{Ini} such that the pμ_{ni} converge weakly to a probability distribution P on P that is not just a point mass in a fixed point of T_ϵ.

3 Systems with piecewise differentiable units

In Section 4 we shall see that if the individual map τ is a piecewise C^2 and expanding mixing interval map (like the tent map), then for each n there is a unique SRB-measure μ_n, which is absolutely continuous and has a density of bounded variation. Beforehand we show in this section that weak limits P of such measures μ_n are concentrated on a relatively small subset D of P, namely on the set of those measures ν on X that have densities (with respect to Lebesgue measure) of bounded variation.

3.1 Functions of bounded variation

A Lebesgue-integrable function f : ⋛^n → ⋛ has bounded variation, if its derivative in the distributional sense is a finite ⋛^n -valued measure. A rather complete treatment of the basic properties of these functions is given in Chapter 5 of [6]. As for our purposes a slight variation of the notations introduced there is preferable, we start with some basic definitions.

For f ∈ L^1(⋛^n ) let

var_i(f) = sup {∫ f ∂φ ∂x_i dx : φ ∈ C^1_c (⋛^n ; ⋛), |φ| ≤ 1 }

and var(f) = n∑ i=1 var_i(f) .

If Ω ⊂ ⋛^n is open and bounded and if f : Ω → ⋛ is integrable, then we define var_i(f) := var_i(f 1_Ω). Therefore, var(f) is the sum of the variation of f inside Ω plus the contributions caused by the jumps of f to zero on the boundary of Ω. Denote by BV = BV (Ω) the space of functions of bounded variation on Ω^2. It is a linear space which, equipped with the norm

2More precisely, BV is the space of all equivalence classes (modulo Lebesgue measure zero) of such functions

‖f‖_{BV} := var(f) + ‖f‖_1, becomes a Banach space. This fact, as well as the compact embedding of BV (Ω) into L^1(Ω) and many further results follow directly from the corresponding statements in [6, Chapter 5] if one observes that^1_n var(f) ≤ ‖Df‖(⋛^n ) ≤ var(f) where ‖Df‖ denotes the total variation measure of the distributional derivative of f which can be interpreted as a vector-valued Radon measure. In particular, ‖.‖_{BV} and the variation norm defined in [6, p.170] are equivalent norms on BV (Ω).^3

If μ is a finite signed measure on ⋛^n , we define similarly

var_i(dμ) = sup {∫ ∂φ ∂x_i dμ(x) : φ ∈ C^1_c (⋛^n ; ⋛), |φ| ≤ 1 }

and var(dμ) = n∑ i=1 var_i(dμ) .

Then var_i(dμ) = var_i(h), if μ has density h with respect to Lebesgue measure on ⋛^n .^4

Lemma 3 If μ is a finite signed measure on ⋛^n and if var(dμ) < ∞, then μ has a density h with respect to Lebesgue measure and var_i(dμ) = var_i(h) for i = 1, . . . , n.

Proof: In view of the preceding remark, only the absolute continuity of μ remains to be proved. Consider φ ∈ C^1_c (⋛^n ; ⋛) and let η_ϵ(x) =^1_{ϵn} η(^x_ϵ ) (ϵ > 0) be a standard mollifier (see [6, 4.2.1]). As ∂φ ∂x_i is continuous with compact support, limϵ→0 ∂φ ∂x_i ∗ ηϵ = ∂φ ∂x_i uniformly on ⋛ n . The measures μ∗η_ϵ have densities, say h_ϵ, w.r.t. Lebesgue measure on ⋛^n . Therefore, if |φ| ≤ 1, then ∫ ∂φ ∂x_i h_ϵ dx = ∫ ∂φ ∂x_i d(μ ∗ η_ϵ) = ∫ ( ∂φ ∂x_i ∗ η_ϵ ) dμ = ∫ ∂ ∂x_i (φ ∗ η_ϵ) dμ ≤ var_i(dμ) so that var_i(h_ϵ) ≤ var_i(dμ) for all ϵ > 0. Hence there exist a sequence ϵ_k → 0 and a probability density h such that lim_{k→∞} ‖h_{ϵk} − h‖_1 = 0. Therefore, for each ψ ∈ C_c(⋛^n ; ⋛), ∫ ψ dμ = lim_{k→∞} ∫ ψ ∗ η_{ϵk} dμ = lim_{k→∞} ∫ ψh_{ϵk} dx = ∫ ψh dx so that dμ = h dx. 2

The most important property of functions of bounded variation we make use of in this section is the following compactness property: If Ω ⊂ ⋛^n is bounded and if f_j : ⋛^n → ⋛ are of bounded variation (j ∈ ▲) with var_i(f) ≤ C_i < ∞ for all i = 1, . . . , n and all j ∈ ▲, then there is a subsequence f_{jk} converging in L^1 to some integrable function f on Ω and var_i(f) ≤ C_i for all i = 1, . . . , n. 3.2 Measures with densities of bounded variation

In this section we make no dynamical assumptions. Suppose that X = [0, 1] (or any other interval or the unit circle line with normalized Lebesgue measure m). Let Λ_0 ⊂ Λ_1 ⊂ Λ_2 ⊂ · · · ⊂ ▲ be a filtration of ▲ by finite sets. We use the following notations:

π_J : ΩN → Ω_J for J ⊆ ▲ is the canonical projection, π_n := π_{Λn} F_J for J ⊆ ▲ is the Borel σ-algebra of Ω_J , F̂_J := π^{−1}_J F_J , Â := π^{−1}_{ΛJ} (A) for J ⊆ ▲ and A ∈ F_J .

3As Ω is open and bounded, the Sobolev inequality [6, Theorem 5.6.1-1] implies that there is a constant C > 0 such that ‖f‖1 ≤ C var(f) for all f ∈ BV (Ω). Hence ‖f‖BV ≤ (1 + C) var(f) ≤ ‖f‖BV , so var(.) is itself a norm equivalent to ‖.‖BV .

4So var(dμ) is not related to the total variation (= total absolute mass) of μ.

Fix a probability measure μ on ΩN. We define conditional probability distributions K_n and K_∞ on F_{Λ0} given F̂_{Λn\Λ0} (resp. F̂N_{\Λ0} ) by

K_n(ω, A) := E_μ[Â | F̂_{Λn\Λ0} ](ω) , K_∞(ω, A) := E_μ[Â | F̂N_{\Λ0} ](ω) .

As ω → K_n(ω, A) is F̂_{Λn\Λ0} -measurable, we may write as well K_n((ω_i)_{i∈Λn \Λ0} , A). Lemma 4 Suppose that all π_nμ are absolutely continuous with respect to Lebesgue measure on Ω_{Λn} with densities h_n and that these densities are of bounded variation. In particular, assume that there are constants C_i (i ∈ Λ_0) such that sup_n var_i(h_n) ≤ C_i for all i ∈ Λ_0.

Then, for μ-a.e. ω, K_∞(ω, . ) is absolutely continuous with respect to Lebesgue measure on Ω_{Λ0} with density k_∞(ω, x) of bounded variation and ∫ ΩN^{vari(x → k∞(ω, x)) dμ(ω) ≤ Ci for all} i ∈ Λ_0.

Proof: For φ ∈ C_c(⋛^{Λ0} ; ⋛) we have E_μ[φ ∘ π_0 | F̂_{Λn\Λ0} ](ω) = ∫ ΩΛ0 φ(x) K_n(ω, dx), and the same holds for n = ∞. Hence, by the martingale convergence theorem, ∫ ΩΛ0 φ(x) K_∞(ω, dx) = lim_{n→∞} ∫ ΩΛ0 φ(x) K_n(ω, dx) for μ-a.e. ω and fixed φ. As C_c(⋛^{Λ0} ; ⋛) is separable, K_n(ω, . ) converges weakly to K_∞(ω, . ) for μ-a.e. ω. Let A_0 ∈ F_{Λ0} and A ∈ F_{Λn\Λ0} . Then ∫ A0×A h_n(x, y) d(x, y) = (π_nμ)(A_0 × A) = E_μ [ 1_Â · E_μ[1_{Â0} | F̂_{Λn\Λ0} ] ] = E_μ [ 1_Â · K_n( . , A_0) ] = ∫ ΩΛ_{n\}Λ0 ∫ ΩΛ0 1_A(y) K_n(y, A_0) h_n(x, y) dx dy = ∫ A K_n(y, A_0) h̄_n(y) dy where h̄_n(y) := ∫ ΩΛ0 h_n(x, y) dx. Hence K_n(y, A_0) · h̄_n(y) = ∫ A0 h_n(x, y) dx for π_{Λn\Λ0} μ-a.e. y so that for such y the measure K_n(y, . ) is absolutely continuous with respect to Lebesgue measure.

We estimate the variation of the densities x → k_n(y, x) of the measures K_n(y, . ). Observe first that k_n(y, x) = h̄_n(y)^{−1} h_n(x, y). Hence ∫ ΩΛ_{n\}Λ0

var_i(x → k_n(y, x)) d(π_{Λn \Λ0} μ)(y) = ∫ ΩΛ_{n\}Λ0

var_i(x → h_n(x, y)) h̄_n(y)^{−1} h̄_n(y) dy

= var_i((x, y) → h_n(x, y)) ≤ C_i (8) The last equality is trivial for differentiable h_n, and it caries over to general h_n by approximation with smoothened functions.

Define k_n(ω, x) := k_n((ω_i)_{i∈Λn \Λ0} , x). As K_n(ω, .) → K_∞(ω, .) weakly for μ-a.e. ω, it follows that for μ-a.e. ω and each φ ∈ C^1_c (⋛^{Λ0} , ⋛) with |φ| ≤ 1 ∫ ∂φ ∂x_i K_∞(ω, dx) = lim_{n→∞} ∫ ∂φ ∂x_i K_n(ω, dx) = lim_{n→∞} ∫ ∂φ ∂x_i k_n(ω, x) dx ≤ lim inf n→∞ var_i(x → k_n(ω, x)) for each i ∈ Λ_0. Therefore var_i(dK_∞(ω, . )) ≤ lim inf_{n→∞} var_i(x → k_n(ω, x)). for μ-a.e. ω so that ∫ var_i(dK_∞(ω, . )) dμ(ω) ≤ lim inf_{n→∞} ∫ var_i(x → k_n(ω, x)) dμ(ω) = lim inf n→∞ ∫ ΩΛ_{n\}Λ0

var_i(x → k_n(y, x)) d(π_{Λn \Λ0} μ)(y) ≤ C_i .

In particular, var_i(dK_∞(ω, .)) < ∞ for μ-a.e. ω and each i such that K_∞(ω, .) has density k_∞(ω, x) with var_i(x → k_∞(ω, x)) = var_i(dK_∞(ω, . )) by Lemma 3. It follows that ∫ ΩN^{vari(x →} k_∞(ω, x)) dμ(ω) ≤ C_i for all i ∈ Λ_0. 2

Next we define conditional probability distributions K^n and K^∞ on F_{Λ0} given F̂N_{\Λn} (resp. Ftail ) by K^n(ω, A) := E_μ[Â | F̂N_{\Λn} ](ω) , K^∞(ω, A) := E_μ[Â | Ftail ](ω) .

Then (K^n(ω, A), F̂N_{\Λn} )_n is a uniformly bounded reverse martingale so that lim_{n→∞} K^n(ω, A) = K^∞(ω, A) μ-a.s. and in L^1_μ and E_μ[K^0( . , A) | Ftail ] = K^∞( . , A). As in the proof of the previous lemma it follows that lim_{n→∞} K^n(ω, . ) = K^∞(ω, . ) weakly for μ-a.e. ω.

Lemma 5 Under the assumptions of Lemma 4, let μ = ∫ μ_ω dμ(ω) be the Ftail -decomposition of μ, i.e. (ω, A) → μ_ω (A) is a conditional probability distribution on Ω given Ftail .

Then, for μ-a.e. ω, π_{Λ0} μ_ω = K^∞(ω, . ) and K^∞(ω, . ) is absolutely continuous with respect to Lebesgue measure on Ω_{Λ0} with density k^∞(ω, x) = ∫ ΩN^{k∞(ω̃, x) dμω (ω̃) of bounded variation and} ∫ ΩN^{vari(x → k} ∞(ω, . )) dμ(ω) ≤ C_i (9) for all i ∈ Λ_0.

Proof: π_{Λ0} μ_ω = K^∞(ω, . ) for μ-a.e. ω is just the definition of conditional distributions. As K^0(ω, A) = K_∞(ω, A), we have

K^∞(ω, A) = E_μ[K^0( . , A) | Ftail ](ω) = E_μ[K_∞( . , A) | Ftail ](ω) = E_μ [∫ A k_∞( . , x) dx | Ftail ] (ω) = ∫ ΩN ∫ A k_∞(ω̃, x) dx dμ_ω (ω̃) = ∫ A [∫ ΩN^{k∞(ω̃, x) dμω (ω̃)} ] dx so that K^∞(ω, . ) has density x → ∫ ΩN^{k∞(ω̃, x) dμω (ω̃). The average variation bound for this}

density follows at once from that for k_∞(ω, x). 2

3.3 Exchangeable densities of bounded variation

In the special case of exchangeable distributions μ on ΩN the previous lemma yields at once:

Proposition 2 Let μ be an exchangeable distribution on ΩN all of whose finite-dimensional marginals are absolutely continuous with respect to Lebesgue measure and have densities of bounded variation, namely var_1(h_n) ≤ C. Let μ = ∫ νN_ω dμ(ω) be the de Finetti-decomposition of μ (see Theorem 2). Then μ-a.a. measures ν_ω of this decomposition are absolutely continuous with densities k^∞(ω, x) of bounded variation and ∫ var_1(x → k^∞(ω, x)) dμ(ω) ≤ C. Proof: Apply Lemma 5 to μ ∈ MexN with Λ_0 = {1}. As the de Finetti-decomposition coincides with the Ftail -decomposition from that lemma, μ_ω = νN_ω so that π_{Λ0} μ_ω = ν_ω. 2

In the dynamical setting discussed in Section 2 this proposition leads to the following theorem:

Theorem 3 Suppose that for some fixed ϵ each T_ϵ : Ω_{In} → Ω_{In} (n > 0) has an absolutely continuous invariant probability measure μ_n with density h_n w.r.t. Lebesgue measure and that these densities satisfy the following variation bound: ∃C > 0 ∀i ∈ ▲ ∀n ≥ i : var_i(h_n) ≤ C . Let P be a weak accumulation point of the measures pμ_n on P (these are the Borel probability measures on X = [0, 1]). Denote by D := {ν ∈ P : dν(x) = h_ν (x) dx and var_1(h_ν ) < ∞}. Then P is T_ϵ-invariant (see (5)),

P (P \ D) = 0 and ∫ var_1(h_ν ) dP (ν) ≤ C . (10)

Proof: Suppose that P = lim_{j→∞} pμ_{nj} . In view of Proposition 1 and Remark 3,

lim_{j→∞} μ_{nj} = μ := ∫ νN dP (ν) = ∫ νN_ω dμ(ω) . (11)

Fix k ∈ ▲ and consider π_kμ_{nj} for n_j ≥ k. By assumption, π_kμ_{nj} has density

h^{(k)}_{nj} (x) := ∫ Ω_{{k}+1_{,... ,nj }} h_{nj} (x, y) dy with var_i(h^{(k)}_{nj} ) ≤ C (i = 1, . . . , k) .

As lim_{j→∞} μ_{nj} = μ in the weak sense, it follows from the relative compactness of the family of densities (h^{(k)}n_j )_j that π_kμ is absolutely continuous w.r.t. Lebesgue measure with some density h^{(k)} and that lim_{j→∞} ‖h^{(k)} − h^{(k)}_{nj} ‖_1 = 0. In particular, var_i(h^{(k)}) ≤ C for all i = 1 . . . , k. Now Proposition 2 implies that μ-a.e. ν_ω is absolutely continuous with density k^∞(ω, x) of bounded variation and ∫ var_1(x → k^∞(ω, x)) dμ(ω) ≤ C. In view of (11) this is equivalent to (10). 2

In the next section we show that for piecewise expanding interval maps τ the assumptions of Theorem 3 are satisfied and that, even more, there is some K > 0 such that P (P \ D_K ) = 0 where D_K := {ν ∈ D : var_1(h_ν ) ≤ K}.

4 Systems with piecewise expanding units

In this section we specialize our setting. Now X is either a compact interval (for definitiveness we let X = [0, 1] in this case), or X is the unit circle line. In both cases we denote the normalized Lebesgue measure on X by m. The map τ : X → X is continuous, piecewise C^2 and piecewise expanding in the following sense: There are points 0 = a_0 < a_1 < · · · < a_N = 1 such that

1. τ_{|(ai−1,ai)} is monotone and C^2 for all i = 1, . . . , N,

2. there are κ > 2 and k ≥ 1 such that

(a) τ^j a_i ∉ {a_1, . . . , a_{N−1}} for j = 0, . . . , k − 1 and i = 0, . . . , N and (b) |(τ^k )^′(x)| ≥ κ for all x ∈ X for which the derivative is well defined,

3. sup_x |τ^{′′}(x)/τ^′(x)^2| < ∞ where the supremum extends over all x ∉ {a_0, . . . , a_N }.

These are traditional assumptions guaranteeing that τ has an absolutely continuous invariant measure with density of bounded variation. (There are weaker assumptions under which the same conclusion holds.) For a detailed review of this type of results see [3].

The two main results of this section show that expanding circle maps with a coupling as in (2) do not violate the 0-1-law (Theorem 4) and that the same holds for tent maps τ with |τ^′| > 1.65 and such that the critical trajectory of τ ends in a fixed point (Theorem 5 and Remark 5).

4.1 A specific class of couplings

In order to be able to use some results from the literature we consider only couplings of the following type:

S_ϵ(x, ν) = x + ϵ · γ(x, ν̄) where ν̄ = ∫ X F ∘ τ dν (∈ ⋛^s ) (12)

for some fixed F ∈ C^2(X, ⋛^s ) and γ ∈ C^2(X × ⋛^s , ⋛). Denoting, as in Examples 1 and 2 (coupled tent maps and circle maps),

Φ_ϵ : Ω → Ω, (Φ_ϵω)_i = ω_i + ϵ · γ(ω_i, ∫ X F dp_ω) we can write T_ϵ = Φ_ϵ ∘ T . Therefore the first model fits directly into the framework of [15] and of the thesis [16], the results of which are also summarized in [12]. In the second model, the structure of the coupling map is not exactly the one studied in these references, but a glance at the proofs given there shows that indeed any coupling as described in (12) allows the same conclusions. All one has to check is that there are constants A_0, A_1, A_2 > 0, which are independent of the lattice size n, such that for all ω ∈ Ω

|Φ_ϵ(ω) − ω|_∞ ≤ A_0ϵ, ‖DΦ_ϵ(ω) − E‖_∞ ≤ A_1ϵ, ‖D_iDΦ_ϵ(ω)‖_∞ ≤ A_2ϵ for all i ,

where D denotes the total derivative, D_i the partial derivative with respect to ω_i, E the identity matrix, | . |_∞ the maximum norm for vectors, and ‖ . ‖_∞ the corresponding operator norm for matrices (maximal row sum).^5 It is not hard to check that these inequalities are satisfied for twice continuously differentiable F and γ. Therefore the dynamics of T_ϵ can be studied as in [15, 16, 12] by means of its associated Perron-Frobenius operator L_ϵ : L^1_Ω → L^1_Ω. This operator is uniquely defined by the property ∫ Ω φ(T_ϵω)ψ(ω) dm(ω) = ∫ Ω φ(ω)(L_ϵψ)(ω) dm(ω) for all φ ∈ L^∞_Ω , ψ ∈ L^1_Ω.

It is proved in these references that there are constants C_1, C_2 > 0 and ϵ_0 > 0 depending only on τ and A_0, A_1, A_2 and not on the dimension n of Ω_{In} such that for all ϵ ∈ [0, ϵ_0] and all f ∈ L^1_Ω of bounded variation holds:

var(L^k_ϵ f) ≤ ( 2 κ + C_1ϵ ) · var(f) + C_2 n · ‖f‖_1 (13)

where k ∈ ▲ and κ > 2 is the lower expansion bound of τ^k as introduced above. Hence L_ϵ leaves the space BV (Ω) of functions of bounded variation on Ω invariant and acts on it as a quasicompact operator such that T_ϵ : Ω_{In} → Ω_{In} has an absolutely continuous (w.r.t. Lebesgue measure) invariant probability measure with density h_{ϵ,n} of bounded variation. Let α ∈ (^2_κ , 1). Then ϵ_0 can be chosen such that (^2_κ + C_1ϵ) < α for all ϵ ∈ [0, ϵ_0]. Therefore var(h_{ϵ,n}) ≤^{C2}_{1−α} n. If T_ϵ is ergodic, then it has a unique invariant density. In any case we can assume that the density is exchangeable, because the invariance of h_{ϵ,n} implies immediately that also h̄_{ϵ,n} := |Σ(I_n)|^{−1} ∑ σ∈Σ(I_n ) hϵ,n ∘ σ ∗ is invariant (see Section 2.1). This implies that var_i(h_{ϵ,n}) =^1_n var(h_{ϵ,n}) ≤^{C2}_{1−α} for all i ∈ I_n.

For coupled tent maps with slope larger than √ 2 and for a coupling as in (1), it was proved in [13] that there is indeed ϵ_2 ∈ (0, ϵ_1] independent of n such that T_ϵ is even mixing for ϵ ∈ [0, ϵ_2]. This result carries over to arbitrary mixing τ and also to more general couplings. If τ is a C^rendomorphism of the circle (r ∈ {2, 3, . . . , ∞} ∪ {ω}) and if the coupling is the one from (2), then it is well known that T_ϵ is mixing and that the unique density h_ϵ is of class C^{r−1}, see [17].

In any case we are now in a position to apply Theorem 3 which tells us that all weak accumulation points of the sequence (pμ_{ϵ,n})_n (where dμ_{ϵ,n}(ω) = h_{ϵ,n}(ω)dω) are measures on P

5These are the essential properties of the more special couplings studied in [16]. They are listed in Proposition 2.15 of that thesis, and all further proofs use only these properties.

concentrated on the set of probability measures on X with densities of bounded variation. Even more is true. Recall the notations D = {ν ∈ P : dν(x) = h_ν (x) dx and var_1(h_ν ) < ∞} and D_K = {ν ∈ D : var_1(h_ν ) ≤ K}. Denote also by L the Perron Frobenius operator acting on L^1_m(X) which is associated with τ and by S_{ϵ,ν} the one associated with S_{ϵ,ν} : X → X.

Proposition 3 For maps τ and couplings S_{ϵ,ν} as introduced above let K_0 :=^{C2}_{1−α} . Then each weak accumulation point P of the sequence (pμ_{ϵ,n})_n satisfies P (P \ D_{K0} ) = 0.

Proof: We know already that P (P \ D) = 0. As P is invariant under T_ϵ, it suffices to show that for each ν ∈ D all weak accumulation points of the sequence (T^i_ϵ (ν))_i belong to D_{K0} . If ν ∈ D has density h, then T_ϵ(ν) = (S_{ϵ,ν} ∘ τ)ν has density S_{ϵ,ν} (Lh). A simple calculation, similar to the one leading to (13) in the case n = 1, shows that for all h ∈ BV (Ω)

var_1((S_{ϵ,ν} L)^kh) ≤ ( 2 κ + C_1ϵ ) · var_1(h) + C_2 (14)

with k ∈ ▲ and κ > 2 as introduced above. Hence, iterating this estimate shows that the variation per variable of the densities of the T^k_ϵ (ν) tend to be at most^{C2}_{1−α} as k → ∞, thus proving the claim. 2

Denote by L̃_ϵ the operator which associates with a density h (corresponding to the measure ν = hm) the density S_{ϵ,ν} Lh. This operator is often called the self consistent Perron Frobenius operator. The proof shows that the nonlinear operator L̃_ϵ : L^1_m(X) → L^1_m(X) and the single site Perron-Frobenius operator L are closely related. In general, however, L̃_ϵ is not a small perturbation of L neither in the sense of the L^1-operator norm nor of the BV-operator norm. We shall see that this fact is responsible for the violation of the 0-1-law mentioned in the introduction. On the other hand, there are cases, where L̃_ϵ is a small perturbation of L, namely, when τ and S_{ϵ,ν} satisfy suitable analyticity assumptions (see [7, 8]). We shall have a closer look at systems not violating the 0-1-law in Section 4.3.

4.2 Fixed points of T_ϵ

Proposition 3 leaves us with the task to study T_ϵ-invariant measures on D_{K0} . This is particularly simple, if L̃_ϵ is a ‖.‖_{BV} -contraction on D_{K0} with a unique fixed point h_ϵ, because in this case P = δ_{νϵ} with ν_ϵ = h_ϵm is the only T_ϵ-invariant measure. So we start with a simple characterization of fixed points for T_ϵ.

With the notation and assumptions of the previous section denote τ_{ϵ,ν} := S_{ϵ,ν} ∘τ. Suppose that τ_{0,ν} = τ is ergodic and therefore has a unique absolutely continuous invariant measure. Then, for ϵ sufficiently close to 0, also τ_{ϵ,ν} has a unique invariant measure μ_{ϵ,ν} ∈ D_{K0} with density h_{ϵ,ν} such that S_{ϵ,ν} Lh_{ϵ,ν} = h_{ϵ,ν} . Furthermore, G_ϵ : ν → h_{ϵ,ν} is continuous as a function from P to L^1_m(X), see [11, Corollary 14]. In particular, the map G_{ϵ|DK0} : D_{K0} → D_{K0} , fm → h_{ϵ,f m}, is continuous w.r.t. the ‖.‖_1-norm. Since D_{K0} is compact convex, we have

Lemma 6 fm → G_ϵ(f)m has at least one fixed point in D_{K0} .

The following observation is well known [5, 10], its proof is straightforward:

Lemma 7 ν ∈ P is a fixed point of T_ϵ if and only if ν has density f = G_ϵ(fm) for some f. In this case f = h_{ϵ,f m}.

Therefore, if G_{ϵ|Gϵ(P)} is a contraction, then T_ϵ has a unique fixed point. Now G_{ϵ|Gϵ(P)} is certainly a contraction for small ϵ if it is Lipschitz continuous with a Lipschitz constant l_ϵ that can be made arbitrarily small as ϵ → 0. Unfortunately this is not true in general. The best known general result seems to be ‖G_ϵ(fm) − G_ϵ(f̃m)‖_1 = O ( ϵ‖f − f̃‖_1 · | log(ϵ‖f − f̃‖_1)| ) as ϵ → 0. (15) for a coupling satisfying (12), see [11]. Under more restrictive assumptions, however, such a unique fixed point may exist (see Example 3 below), and it may even be an attractive fixed point for the map T_ϵ, as we shall see in the next section.

Example 3 [Tent maps] A particularly simple case is that of a tent map τ : [0, 1] → [0, 1], x → a(1 − |2x − 1|) with^1_2 < a < 1. Choosing a simple coupling as in (1) we find that τ_{ϵ,ν} (x) = τ_{ϵ,0}(x)+ϵν̄ where ν̄ = ∫ τ(y) dν(y). So τ_{ϵ,ν} is a tent map on the interval [−^{ϵν̄}_{2a(1−ϵ)−1} , 1+^{ϵν̄}_{2a(1−ϵ)−1} ] with the same slope a(1 − ϵ) as τ_{ϵ,0} and it is therefore linearly conjugated to τ_{ϵ,0}. Recall that h_{ϵ,ν} denotes the invariant density of τ_{ϵ,ν} . An elementary computation shows that h_{ϵ,ν} (x) = λ^{−1}_{ϵ,ν̄} · h_{ϵ,0} ( 1 2 + λ^{−1}_{ϵ,ν̄} (x − 1 2 ) ) where λ_{ϵ,t} := 1 + 2ϵt 2a(1 − ϵ) − 1 . Therefore, if ν_1, ν_2 ∈ P, then h_{ϵ,ν1} = h_{ϵ,ν2} if and only if ν̄_1 = ν̄_2. So we may write h_{ϵ,ν̄} instead and study Ḡ : ⋛ → ⋛, t → ∫ τ(x)h_{ϵ,t}(x) dx = ϵA_{τ,ϵ}t + B_{τ,ϵ} for suitable constants A_{τ,ϵ}, B_{τ,ϵ} that are bounded uniformly for ϵ ranging in a neighbourhood of 0. As G_ϵ(ν) = ν if and only if Ḡ_ϵ(ν̄) = ν̄, it follows that G_ϵ has a unique fixed point ν_ϵ which is also the unique fixed point of T_ϵ (see Lemma 7).

The reader should be aware that this does not imply that tent maps do not violate the 0-1-law, since the T_ϵ-invariant measure δ_{νϵ} need not be a weak accumulation point of unique SRB-measures μ_n for T_ϵ : Ω_{In} → Ω_{In} , see Definition 1. Indeed, there is both, numerical and theoretical evidence (not to be confused with a rigorous mathematical proof, however), that for many parameters tent maps violate the 0-1-law [5, 18, 4], while e.g. for tent maps with eventually fixed critical trajectory there are convincing arguments (close to a mathematical proof) that the 0-1-law is not broken [4]. Below we prove a result that covers also this latter case.

4.3 Globally coupled C^3 circle maps

In this section we prove that globally coupled expanding circle maps where both the maps and the coupling are of class C^3 do not violate the 0-1-law. For the case where maps and coupling are analytic this was proved in [7].

Theorem 4 Let τ : ⪌^1 → ⪌^1 be C^3 and strictly expanding, and suppose that the coupling is of the type described in (12) and satisfies also sup_{(x,ν̄)} | |_{∂∂ν̄} ∂^2γ_{∂x2} | | < ∞. Then there is ϵ_0 > 0 such that for

all ϵ ∈ [0, ϵ_0] holds: Let h_ϵ be a fixed point of G_ϵ (uniqueness is not assumed a priori), ν_ϵ := h_ϵm. Then

T_ϵν_ϵ = ν_ϵ and lim_{i→∞} T^i_ϵ ν = ν_ϵ exponentially for all ν ∈ D

(in the sense that there are C > 0 and γ ∈ (0, 1) independent of ν and such that for the density u of ν we have ‖L̃^i_ϵu − h_ϵ‖_1 ≤ Cγ^i ‖u‖_{BV} ).

We give two different proofs for this theorem. The first one makes use of the following perturbation property for invariant densities of C^3 circle maps, see [2, Theorem 1] or, for a slightly weaker assertion [17, Theorem 1]:

There are l_ϵ > 0 with lim_{ϵ→0} l_ϵ = 0 such that ‖h_{ϵ,ν} − h_{ϵ,ν}′ ‖_{BV} ≤ l_ϵ |ν̄ − ν̄^′| for all ν, ν^′ ∈ P. (16)

The second one uses simply the C^2-smoothness of invariant densities of C^3 circle maps, see e.g. [17, Theorem 1]. For both proofs we need the following lemma:

Lemma 8 Under the assumptions of Theorem 4 there are ϵ_1 > 0, C > 0 and β ∈ (0, 1) such that for all ϵ ∈ [0, ϵ_1] and for all ν_1, . . . , ν_n ∈ P holds ‖S_{ϵ,νn} L · · · S_{ϵ,ν1} L(u)‖_{BV} ≤ C β^n‖u‖_{BV} for all u ∈ BV with ∫ u(x) dx = 0.

Proof: As the map τ : ⪌^1 → ⪌^1 is strictly expanding and of class C^2, it is mixing and satisfies the Lasota-Yorke type inequality (13) with n = 1, ϵ = 0 and with a factor^1_κ instead of^2_κ . Fix α ∈ (^1_κ , 1). By continuity reasons there are ϵ_0 > 0 and C_3 > 0 such that each τ_{ϵ,ν} with ϵ ∈ [0, ϵ_0] and ν ∈ P has a minimal expansion rate α and satisfies the estimate |τ^{′′}_{ϵ,ν} |/|τ^′_{ϵ,ν} |^2 ≤ C_3. Therefore τ_{ϵ,ν} is mixing and ‖S_{ϵ,ν} Lu‖_{BV} ≤ α‖u‖_{BV} + (C_3 + 1) ‖u‖_1 (17) for all ϵ ∈ [0, ϵ_0], ν ∈ P and u ∈ BV . Let C_4 :=^{C3+1}_{1−α} and consider any sequence ν_1, ν_2, . . . ∈ P. Denote Q_{ϵ,n} := S_{ϵ,νn} L · · · S_{ϵ,ν1} L. Repeated application of (17) leads to ‖Q_{ϵ,n}u‖_{BV} ≤ α^n‖u‖_{BV} + C_4 ‖u‖_1 for all ϵ ∈ [0, ϵ_0], n ∈ ▲, ν ∈ P and u ∈ BV . As ‖f‖_1 ≤ ‖f‖_{BV} by definition, it follows also that ‖Q_{n,ϵ}‖_{BV} ≤ C_4 + 1. A well-known first consequence of estimate (17) is that the spectrum of S_{ϵ,νϵ} L consists of 1 and a part strictly contained in the unit disc. It follows that there is N ∈ ▲ such that ‖(S_{ϵ,νϵ} L)^N (u)‖_1 ≤ 1 8C_4

‖u‖_{BV} for all u ∈ BV_0

where BV_0 := {u ∈ BV : ∫ u(x) dx = 0}. Choosing N even larger if necessary we can also make sure that

α^N (C_4 + 1) < 1 4 . Since ‖(S_{ϵ,νj} − S_{ϵ,νϵ} )(u)‖_1 ≤ const ·ϵ · |ν̄_j − ν̄_ϵ| · ‖u‖_{BV} for each u ∈ BV (see [11, Lemma 13]), we have | ‖Q_{ϵ,N} (u)‖_1 − ‖(S_{ϵ,νϵ} L)^N (u)‖_1 |

≤ N∑ j=1 ‖S_{ϵ,νN} L · · · S_{ϵ,νj+1} L (S_{ϵ,νj} − S_{ϵ,νϵ} )L (S_{ϵ,νϵ} L)^{j−1}(u)‖_1 ≤ const_N ·ϵ · ‖u‖_{BV} · ‖F ‖_∞ for all ϵ ∈ [0, ϵ_0], ν_1, . . . , ν_N ∈ P and u ∈ BV_0 with F from (12). Together with the previous estimates it follows that there is some ϵ_1 = ϵ_1(N) ∈ (0, ϵ_0] such that for all ϵ ∈ [0, ϵ_1], ν_1, . . . , ν_N ∈ P and u ∈ BV_0 ‖Q_{ϵ,2N} (u)‖_{BV} ≤ α^N ‖Q_{ϵ,N} (u)‖_{BV} + C_4 ‖Q_{ϵ,N} (u)‖_1 ≤ α^N (C_4 + 1)‖u‖_{BV} + C_4 ( 1 8C_4

+ const_N ϵ ‖F ‖_∞ ) ‖u‖_{BV} ≤ 1 2 ‖u‖_{BV} Now the lemma follows if one observes that Q_{ϵ,n}(BV_0) ⊆ BV_0 and ‖Q_{ϵ,n}‖_{BV} ≤ C_4 + 1 for all n. 2 Proof of Theorem 4: In most quantities occurring in this proof we skip the subscript ϵ. For ν ∈ D let ν_i := T^i(ν). Denote by u_i the density of ν_i with respect to Lebesgue measure. Then u_i = L̃^iu_0 and in particular u_{i+1} = L̃u_i = S_{ϵ,ν̄i} Lu_i.

First proof (using (16)): Observe first that G has only one fixed point so that also T has a unique fixed point: If G(fm) = f and G(f̃ m) = f̃, then f = h_{ϵ,f m}, f̃ = h_{ϵ,f̃m}, and ‖f − f̃‖_1 = ‖h_{f m} − h_{f̃ m}‖_1 ≤ l_ϵ · ‖F ‖_∞ ‖f − f̃‖_1 by assumption (16), which proves the uniqueness for sufficiently small ϵ > 0.

As h_{νi} = S_{νi} Lh_{νi} ,

u_{i+1} − h_{νi+1} = S_{νi} L(u_i − h_{νi} ) + (h_{νi} − h_{νi+1} ) . . = S_{νi} L . . . S_{ν0} L(u_0 − h_{ν0} ) + i∑ k=0 S_{νi} L . . . S_{νk+1} L(h_{νk} − h_{νk+1} ) . Hence, u_{i+1} − u_i = S_{νi} L(u_i − h_{νi} ) + (h_{νi} − u_i)

= (S_{νi} L − Id) ( S_{νi−1} L . . . S_{ν0} L(u_0 − h_{ν0} ) + i−1∑ k=0 S_{νi−1} L . . . S_{νk+1} L(h_{νk} − h_{νk+1} ) ) , and it follows from Lemma 8 that

‖u_{i+1} − u_i‖_{BV} ≤ (C_4 + 2) C ( β^i‖u_0 − h_{ν0} ‖_{BV} + i−1∑ k=0 β^{i−k−1}‖h_{νk} − h_{νk+1} ‖_{BV} ) . As ‖h_{νk} − h_{νk+1} ‖_{BV} ≤ l_ϵ · |ν̄_k − ν̄_{k+1}| = l_ϵ · |ν_k(F ∘ τ) − ν_{k+1}(F ∘ τ)| ≤ l_ϵ · ‖F ‖_∞ ‖u_k − u_{k+1}‖_1 , we can conclude that

‖u_{i+1} − u_i‖_{BV} ≤ (C_4 + 2) C ( β^i‖u_0 − h_{ν0} ‖_{BV} + i−1∑ k=0 β^{i−k−1} l_ϵ · ‖F ‖_∞ ‖u_{k+1} − u_k‖_1 ) . Now a simple induction argument shows that for γ ∈ (β, 1) and sufficiently small ϵ > 0 there is Γ > 0 such that ‖u_{i+1} − u_i‖_{BV} ≤ Γ γ^i for all i ∈ ▲. It follows that the sequence (u_i) converges to some L̃_ϵ-invariant density u_∞, and as T_ϵ has only one fixed point, this density must coincide with h_{ϵ,νϵ} . Second proof (using that the invariant density is twice differentiable): Denote h_∗ := h_{ϵ,νϵ} , ν_∗ := ν_ϵ. Then

u_{i+1} − h_∗ = S_{νi} L(u_i − h_∗) + (S_{νi} − S_{ν∗} )Lh_∗ . . (18)

= S_{νi} L . . . S_{ν0} L(u_0 − h_∗) + i∑ k=0 S_{νi} L . . . S_{νk+1} L(S_{νk} − S_{ν∗} )Lh_∗ since h_∗ = S_{ν∗} Lh_∗. It follows from Lemma 8 that ‖u_{i+1} − h_∗‖_{BV} ≤ C β^{i+1}‖u_0 − h_∗‖_{BV} + C i∑ k=0 β^{i−k}‖(S_{νk} − S_{ν∗} )Lh_∗‖_{BV} .

A straightforward calculation based on (12) and on the assumption sup_{(x,ν̄)} | | |^∂_{∂ν̄}^{∂2γ}_{∂x}2 | | | < ∞ shows that there is a constant K > 0 depending only on the coupling and on L such that sup_{x∈X} | |((S_{νk} − S_{ν∗} )Lh_∗)^′ (x) | | ≤ K ϵ (sup |h_∗| + sup |h^′_∗| + sup |h^{′′}_∗ |) |ν̄_{k+1} − ν̄_∗| .

In a similar way as in part 1 it follows that for γ ∈ (β, 1) and sufficiently small ϵ > 0 there is C > 0 such that ‖u_{i+1} − h_∗‖_{BV} ≤ C γ^i for all i ∈ ▲. This proves at the same time the uniqueness of the invariant density h_∗ = h_{ϵ,νϵ} of L̃_ϵ. 2

4.4 Globally coupled piecewise linear maps

In this section we consider piecewise linear, expanding τ : [0, 1] → [0, 1] and very simple couplings described by the function γ(x, ν̄) = ν̄, see (12).

There are two references which study such systems by mathematical methods. In [5] the authors argue that if |τ^′| > 2, then each fixed point of L̃_ϵ is unstable so that one might expect a violation of the 0-1-law to happen. In [4] the authors mostly concentrate on post-critically finite tent maps and prove among others that the fixed point of L̃_ϵ is stable and hence no violation of the 0-1-law happens if some iterate of the critical point is a fixed point of τ. Both papers are mathematically not really rigorous, because they rely on linear response theory.

Below we prove a result along the lines of reasoning of [4] which confirms the observation of [4] and shows at the same time that the assumption |τ^′| > 2 made in [5] is not sufficient to guarantee instability of the fixed point(s) of L̃_ϵ. Nevertheless I believe that “generically” these fixed points are unstable.

Theorem 5 Let τ : [0, 1] → [0, 1] be piecewise linear and expanding and suppose that the coupling is of the type described in (12) with a function γ(x, ν̄) = γ(ν̄). Assume that the conclusions of Lemma 8 are satisfied. Then there is ϵ_0 > 0 such that for all ϵ ∈ [0, ϵ_0] holds:

Let h_ϵ be a fixed point of G_ϵ (uniqueness is not assumed a priori), ν_ϵ := h_ϵm. Assume that τ_{ϵ,νϵ} has a fixed point z, different from all its turning points, and that there exists an integer N such that τ^N_{ϵ,νϵ} (c) = z for all turning points c of τ_{ϵ,νϵ} . Then

T_ϵν_ϵ = ν_ϵ and lim_{i→∞} T^i_ϵ ν = ν_ϵ for all ν ∈ D

(in the sense that there are C > 0 and γ ∈ (0, 1) independent of ν and such that for the density u of ν we have ‖L̃^i_ϵu − h_ϵ‖_1 ≤ Cγ^{√i} ‖u‖_{BV} ).

Remark 5 For a broad class of piecewise linear maps it was proved in [14] that the conclusions of Lemma 8 are satisfied. This is in particular true for tent maps τ with slope |τ^′| > 1.65 and for each τ which is an iterate of such a tent map.

In the pure tent map case all maps τ_{ϵ,ν} are conjugated to the basic map τ, see Example 3. Therefore the extra assumption on the turning point of τ_{ϵ,νϵ} is satisfied if and only if it is satisfied for τ itself.

Proof of Theorem 5: As in the proof of Theorem 4 consider ν ∈ D and let ν_i = T^iν with density u_i so that u_{i+1} = L̃u_i = S_{νi} Lu_i. (Again we mostly skip the subscript ϵ.) Fix ν_∗ ∈ D with density h_∗ such that T ν_∗ = ν_∗, i.e. L̃h_∗ = h_∗. Recall that ν̄_i = ∫ F (τx)u_i(x) dx and let δ_i := |ν̄_i − ν̄_∗| . Denote s := |τ^′_{ϵ,ν∗} (z)| > 1 where z is the fixed point of τ_{ϵ,ν∗} with τ^N_{ϵ,ν∗} (C) = {z}, C being the set of turning points of τ_{ϵ,ν∗} . We are going to prove that there is Q > 0 such that δ_i ≤ Q · s^{−√i} · ‖u_0‖_{BV} for all i ∈ ▲_0 . The proof proceeds by induction, and Q will be chosen in the course of the proof. Note that all restrictions on Q will be satisfied if Q is sufficiently large and that Q depends neither on ϵ nor on the initial density u_0. Other constants that neither depend on ϵ and u_0 nor on Q are denoted by “const”.

Recall from (18) that

u_{i+1} − h_∗ = S_{νi} L . . . S_{ν0} L(u_0 − h_∗) + i∑ k=0 S_{νi} L . . . S_{νk+1} L(S_{νk} S^{−1}_{ν∗} − Id)h_∗ where we used that (S_{νk} − S_{ν∗} )Lh_∗ = (S_{νk} S^{−1}_{ν∗} − Id)h_∗. Denote H_{k,i} := S_{νi} L . . . S_{νk+1} L(S_{νk} S^{−1}_{ν∗} − Id)h_∗ and let p = p(i) := [ √ i]. Then

δ_{i+1} = | | | | ∫ (u_{i+1} − h_∗)(x)F (τx) dx | | | | (19) ≤ ‖F ‖_∞ · ( ‖S_{νi} L . . . S_{ν0} L(u_0 − h_∗)‖_1 + i−p∑ k=0 ‖H_{k,i}‖_1 ) + i∑ k=i−p+1 | | | ∫ H_{k,i}(x)F (τx) dx | | | Since the conclusions of Lemma 8 are assumed to hold true and since ‖S_{νk} S^{−1}_{ν∗} h_∗‖_{BV} = ‖h_∗‖_{BV} , the first term of the r.h.s. of this inequality can be estimated by

const · β^{i+1}‖u_0 − h_∗‖_{BV} + i−[Ap]∑

k=0 β^{i−k}2‖h_∗‖_{BV} + i−p∑ k=i−[Ap]+1 β^{i−p−k}‖H_{k,k+p}‖_{BV} (20)

where A :=^{log s}_{− log β} .

In order to further estimate this term and also the second one on the r.h.s. of (19), we have a closer look at (S_{νk} S^{−1}_{ν∗} − Id)h_∗. Observe first that h_∗, as an invariant density of a post-critically finite piecewise linear map, is piecewise constant with all discontinuities in the finite set C. Since S_ν (x) = x + ϵγ(ν̄), we have | |S_{νk} S^{−1}_{ν∗} (x) − x | | = |ϵ (γ(ν̄_k) − γ(ν̄_∗))| ≤ ϵ · ‖γ^′‖_∞ · δ_k . The function (S_{νk} S^{−1}_{ν∗} − Id)h_∗ is therefore supported in a neighbourhood of the set C with radius ϵ · ‖γ^′‖_∞ · δ_k. As τ^N_{ϵ,ν∗} (C) = {z}, the function H_{k,k+N} is thus supported in a neighbourhood of z with radius ϵ · const · ∑_N j=0 δ_{k+j} . Since, by assumption, z is not a turning point of τ_{ϵ,ν∗} , there is ρ > 0 such that τ^′_{ϵ,ν∗} (x) = τ^′_{ϵ,ν∗} (z) = ±s for all x ∈ (z −ρ, z +ρ). It follows that for ℓ = k +N, . . . , i the function H_{k,ℓ} is supported in a neighbourhood of z with radius

r_{k,ℓ} := ϵ · const · . . . N∑ j=0 δ_{k+j} · s + δ_{k+N+1} · s + δ_{k+N+2} · s + . . . · s + δ_ℓ

= ϵ · const · s^{ℓ−k−N} N∑ j=0 δ_{k+j} + ℓ−k−N ∑ j=1 s^{ℓ−k−N−j} δ_{k+N+j} .

Now we proceed to the inductive estimate. Choose Q > 0 such that δ_j ≤ Q · s^{−√j} for j = 0, . . . , N^2. Let i ≥ N^2 and suppose by induction that δ_j ≤ Q · s^{−√j} · ‖u_0‖_{BV} for j = 0, . . . , i. (Since ‖u_0‖_{BV} ≥ ‖u_0‖_1 = 1, this assumption is satisfied for i = N^2.) Then r_{k,ℓ} ≤ ϵ · const ·Q · ‖u_0‖_{BV} ( s^{ℓ−k−N} s^− √ k + s^{−√k+N+1} · s^{ℓ−k−N} − 1 s − 1 )

≤ ϵQ · ‖u_0‖_{BV} · const ·s^{ℓ−k−} √ k (21)

for ℓ = k + N, . . . , i. If max{i − [Ap], ℓ − p} ≤ k ≤ ℓ ≤ i, this yields in view of p = [ √ i]: r_{k,ℓ} ≤ ϵQ · ‖u_0‖_{BV} · const ·s^{p−} √_{i−[Ap]} ≤ ϵQ · ‖u_0‖_{BV} · const . Therefore, if ϵ <^ρ_{Q·const} , then r_{k,ℓ} < ρ for these k and ℓ so that the function H_{k,ℓ} is supported in the interval (z − ρ, z + ρ).

Since all S_ν and also τ are affine on (z − ρ, z + ρ), it follows at once that var(H_{k,ℓ}) = s^{−(ℓ−k−N)} · var(H_{k,k+N} ) for max{i − [Ap], ℓ − p} ≤ k ≤ min{ℓ, i − N}, and as ∫ H_{k,ℓ}(x) dx = 0, it follows that ‖H_{k,ℓ}‖_{BV} ≤ const ·s^{−(ℓ−k)} · ‖H_{k,k+N} ‖_{BV} ≤ const ·s^{−(ℓ−k)} where we used the Lasota-Yorke type inequality (14) in the last step and included ‖h_∗‖_{BV} in the constant. We apply this estimate to k = i − [Ap], . . . , i − p and ℓ = k + p (observe that p = [ √ i] ≥ N): ‖H_{k,k+p}‖_{BV} ≤ const ·s^{−p} = const ·β^{[Ap]} . Combined with (19) and (20) this yields

δ_{i+1} ≤ const · ( β^{i+1}‖u_0 − h_∗‖_{BV} + β^{[Ap]} + β^{[Ap]} ) + i∑ k=i−p+1 | | | | ∫ H_{k,i}(x)F (τx) dx | | | | (22)

Observe next that ∫ H_{k,i}(x) dx = 0 for all k. Therefore we can apply (21) with k = i − p, . . . , i and ℓ = i and obtain | | | ∫ H_{k,i}(x)F (τx) dx | | | ≤ Lip(F ∘ τ) · r^{k,i} · ‖H^{k,i}‖^1 ≤ ϵQ · const ·s^{i−k−} √ k · ‖ ‖(S_{νk} S^{−1}_{ν∗} − Id)h_∗ ‖ ‖_1 .

As |S_{νk} S^{−1}_{ν∗} (x) − x| ≤ ϵ · ‖γ^′‖_∞ · δ_k, it follows from [11, Lemma 13] that ‖ ‖(S_{νk} S^{−1}_{ν∗} − Id)h_∗ ‖ ‖_1 ≤ ϵ · const ·δ_k (23)

so that | | | | ∫ H_{k,i}(x)F (τx) dx | | | | ≤ ϵ^2Q^2 · const ·s^{i−k−2} √ k for k = i − p, . . . , i. Inserting this estimate into (22) and observing that 1 = ‖u_0‖_1 ≤ ‖u_0‖_{BV} we arrive at

δ_{i+1} ≤ const ·‖u_0‖_{BV} · β^{i+1} + β^{[Ap]} + ϵ^2Q^2 i∑ k=i−p+1 s^{i−k−2} √ k

We estimate the sum in this expression: As √ i − √ i − j ≤ 1 for j = 0, . . . , p = [ √ i], we have s^{√i} · i∑ k=i−p+1 s^{i−k−2√k} = p−1∑ j=0 s^{j−√i+2(√i−√i−j)} ≤ p−1∑ j=0 s^{j−p+2} ≤ s^2 s − 1 . Therefore there is a constant K > 0 independent of Q, ϵ and u_0 such that δ_{i+1} Q · s^{−√i} · ‖u_0‖_{BV} ≤ K · ( 1 Q β^{i+1}s^{√i+1} + 1 Q + ϵ^2Q ) . Choosing Q large enough we may assume that Q ≥ 2K · (1 + max_{i≥0} β^{i+1}s^{√i+1}). Then, if ϵ < √_1

2KQ (and ϵ <^ρ_{const ·Q} from above), we have δ_{i+1} ≤ Q · s^{−√i+1} · ‖u_0‖_{BV} which finishes the induction.

Finally we use these bounds to estimate ‖u_{i+1} − h_∗‖_1: With a decomposition as in (19) and using (23) and the conclusions of Lemma 8 we have

‖u_{i+1} − h_∗‖_1 ≤ const · β^{i+1} + i−[Ap]∑

k=0 β^{i−k} ‖u_0‖_{BV} + i∑ k=1−[Ap]+1 ‖H_{k,i}‖_1

≤ const · β^{[Ap]}‖u_0‖_{BV} + i∑ k=i−[Ap]+1 δ_k ≤ const · √ i · s^{−√i}‖u_0‖_{BV}

which gives the assertion of the theorem. 2

References

[1] D.J. Aldous, Exchangeability and related topics, Springer Lecture Notes in Mathematics 1117 (1985), 1-198.

[2] V. Baladi, L.-S. Young, On the spectra of randomly perturbed expanding maps, Commun.

Math. Phys. 156 (1993), 355-385.

[3] A. Boyarsky, P. Góra, Laws of Chaos - Invariant Measures and Dynamical Systems in One Dimension, Birkhäuser (1997).

[4] T. Chawanya, S. Morita, On the bifurcation structure of the mean-field fluctuation in the globally coupled tent map systems, Physica D 116 (1998), 44-70.

[5] S.V. Ershov, A.B. Potapov, On mean field fluctuations in globally coupled maps, Physica D 86 (1995), 523-558.

[6] L.C. Evans, R.F. Gariepy, Measure Theory and Fine Properties of Functions, CRC Press (1992),

[7] E. Järvenpää, An SRB-measure for globally coupled analytic expanding circle maps, Nonlinearity 10 (1997), 1435-1469.

[8] W. Just, Globally coupled maps: phase transitions and synchronization, Physica D 81 (1995), 317-340.

[9] K. Kaneko, Globally coupled chaos violates the law of large numbers but not the central limit theorem, Phys. Rev. Letters 65 (1990), 1391-1394.

[10] K. Kaneko, Remarks on the mean field dynamics of networks of chaotic elements, Physica D 86 (1995), 158-170.

[11] G. Keller, Stochastic stability in some chaotic dynamical systems, Monatshefte Math. 94 (1982), 313-333.

[12] G. Keller, Coupled map lattices via transfer operators on functions of bounded variation, Stochastic and spatial structures of dynamical systems (Ed.: S.J. van Strien, S.M. Verduyn Lunel) Kon. Nederl. Akad. Wetensch. Verhandelingen, Afd. Natuurkunde, Eerste Reeks, Vol. 45 (1996), 71-80.

[13] G. Keller, Mixing for finite systems of coupled tent maps, Proc. Steklov Inst. Math. 216 (1997), 315-321.

[14] G. Keller, Interval maps with strictly contracting Perron-Frobenius operators, Preprint (1997).

[15] G. Keller, M. Künzle, Transfer operators for coupled map lattices, Ergod. Th.& Dynam. Sys.

12 (1992), 297-318.

[16] M. Künzle, Invariante Maße für gekoppelte Abbildungsgitter, Thesis, Erlangen (1993). [17] K. Krzyzewski, Some results on expanding mappings, Astérisque 50 (1977), 205-218. [18] N. Nakagawa, T.S. Komatsu, Dominant collective motion in globally coupled tent maps, Preprint (1996).

[19] N. Nakagawa, T.S. Komatsu, Confined chaotic behavior in collective motion for populations of globally coupled chaotic elements, Preprint (1998).