Estimates for the spectral shift function of the polyharmonic operator

Alexander Pushnitski^�

Abstract

The Lifshits–Krein spectral shift function is considered for the pair of operators H_0 = (−△)^l, l > 0 and H = H_0 + V in L_2(R^d ), d ≥ 1; here V is a multiplication operator. The estimates for this spectral shift function ξ(λ; H, H_0) are obtained in terms of the spectral parameter λ > 0 and the integral norms of V . These estimates are in a good agreement with the ones predicted by the classical phase space volume considerations.

1 Introduction

The main object of study of this paper is the I. M. Lifshits–M. G. Krein spectral shift function (SSF). For an exposition of the SSF theory, see e.g., [6] or [26]. For a general pair of selfadjoint operators H_1, H_2 in a Hilbert space H, satisfying some trace class condition (see §2.3 below), the SSF ξ(λ; H_2, H_1) appears in connection with the trace formula [13, 11]:

Tr (ψ(H_2) − ψ(H_1)) = ∫_∞ −∞ ξ(λ; H_2, H_1)ψ^′(λ)dλ, ψ ∈ C^∞_0 (R).

Besides, the SSF is related to the scattering matrix S(λ) for the pair H_1, H_2 by the Birman– Krein formula [2]: det S(λ) = e^{−2πiξ(λ;H2,H1)}, for almost every λ on the absolutely continuous spectrum of H_1. This formula allows one to interpret the SSF as the scattering phase. Moreover, sometimes it is treated as the definition of the SSF. (Note that in some concrete problems this formula in a slightly different form appeared in [14, 7, 8] before the abstract paper [2]).

Let H_0 = (−△)^l, l > 0 in L_2(R^d ), d ≥ 1, and let V = V (x), x ∈ R^d , be a perturbation potential, which decays sufficiently fast as |x| → ∞. Our aim is to obtain pointwise (in λ > 0) bounds on ξ(λ; H_0 + V, H_0) in terms of λ and integral norms of V . The most interesting case is l = 1 (Schrödinger operator). Nevertheless, the technique of this paper

�School of Mathematical Sciences, University of Sussex, Falmer, East Sussex BN1 9QH, UK. E-mail: a.pushnitski@sussex.ac.uk

allows us to obtain bounds on the SSF in a uniform way for all l ∈ (0, ∞) (and all dimensions d), and thus we consider the problem in its natural generality.

The SSF is monotonic with respect to a perturbation:

ξ(λ; H_0 − V_−, H_0) ≤ ξ(λ; H_0 + V, H_0) ≤ ξ(λ; H_0 + V_+, H_0), (1.1)

where V_± = (|V | ± V )/2. The relations (1.1) reduce the problem of estimating the SSF to the case of perturbations of a definite sign. Thus, below we shall always assume that V ≥ 0 and consider the pair of functions ξ(λ; H_0 ± V, H_0).

Let us first consider a “classical analogue” of the SSF, expressed in terms of the phase space volumes, corresponding to the systems with the Hamiltonians h_0(p, x) = p^{2l} and h_±(p, x) = p^{2l} ± V (x). Let

{ = d/(2l)

and let ω_d be the volume of a unit ball in R^d ; define

ξ^{cl}(λ; H_0 + V, H_0) = (2π)^{−d}vol{(p, x) ∈ R^{2d} | h_0(p, x) < λ < h_+(p, x)} = (2π)^{−d}ω_d ∫ R^d

(λ– − (λ − V (x))–_+)dx, λ > 0, (1.2) ξ^{cl}(λ; H_0 − V, H_0) = −(2π)^{−d}vol{(p, x) ∈ R^{2d} | h_−(p, x) < λ < h_0(p, x)} = −(2π)^{−d}ω_d ∫ R^d

((λ + V (x))– − λ–)dx, λ > 0. (1.3)

It is well known that ξ^{cl}(λ; H_0 ± V, H_0) behaves in many respects like ξ(λ; H_0 ± V, H_0); for example, it has the same asymptotics in most asymptotical regimes — see the review [20] and references therein. The integrands in (1.2), (1.3) admit the following elementary bounds:

λ– − (λ − V )–_+ ≤ max{{, 1}λ–^{−1}V, { > 0; (1.4) (λ + V )– − λ– ≤ {λ–^{−1}V, { ≤ 1; (1.5) (λ + V )– − λ– ≤ C_1V – + C_2λ–^{−1}V, { > 1. (1.6)

It is easy to give concrete explicit values for C_1, C_2 in (1.6); for example, C_1 = 2–, C_2 = 2– − 1. Substituting (1.4)–(1.6) into (1.2), (1.3), we get the following bounds for ξ^{cl}:

ξ^{cl}(λ; H_0 + V, H_0) ≤ (2π)^{−d}ω_d max{{, 1}λ–^{−1}‖V ‖_{L1} , { > 0; (1.7) |ξ^{cl}(λ; H_0 − V, H_0)| ≤ (2π)^{−d}ω_d{λ–^{−1}‖V ‖_{L1} , { ≤ 1; (1.8) |ξ^{cl}(λ; H_0 − V, H_0)| ≤ C_1(2π)^{−d}ω_d‖V ‖–_L– + C_2(2π)^{−d}ω_dλ–^{−1}‖V ‖_{L1} , { > 1. (1.9) Estimates (1.7)–(1.9) are in good agreement with the asymptotics of ξ^{cl} for high energy and large coupling constant:

ξ^{cl}(λ; H_0 ± V, H_0) ∼ ±(2π)^{−d}ω_d{λ–^{−1} ∫ V (x)dx, λ → ∞, (1.10) ξ^{cl}(λ; H_0 − gV, H_0) ∼ −(2π)^{−d}ω_dg– ∫ V –(x)dx, g → ∞. (1.11)

We consider (1.7)–(1.9) as the model estimates. Our goal is to prove some analogues of (1.7)–(1.9) for the “real” SSF. The estimates for the SSF which we are actually able to prove (see (2.14), (2.17), (2.19), (2.22), (2.24) below) are slightly worse than (1.7)–(1.9), but they have a correct order in λ and V (up to logarithmic terms). Our results extend the estimates of [22] and are closely related to the results of [16] — see discussion in the end of the next section.

Our technique is based on the new representation for the SSF obtained in [15].

2 Main results

2.1 Notation. For a closable linear operator T in a Hilbert space H, by T we denote the closure of T . For a selfadjoint operator A, the symbols σ(A), ρ(A) denote its spectrum and resolvent set; R(z, A) = (A − zI)^{−1} (for z ∈ ρ(A)) and E_A(δ) is the spectral projection associated to a Borel set δ ⊂ R. By S_∞(H) we denote the space of all compact operators in H. For T = T^∗ ∈ S_∞(H) we introduce the counting functions of the spectrum by n_±(s, T ) := rank E_{±T} ((s, +∞)), s > 0. Note that (see, e.g., [5])

n_±(s_1 + s_2, T_1 + T_2) ≤ n_±(s_1, T_1) + n_±(s_2, T_2), s_1, s_2 > 0. (2.1)

For p ≥ 1 the Neumann–Schatten classes S_p are defined in a usual way:

T ∈ S_p if ‖T ‖^pS_p := ∑ n s^p_n(T ) < ∞, where {s_n(T )} is a sequence of singular numbers of T .

Integral without the domain of integration explicitly specified implies integration over

R^d . Formulas and statements with double indices (± and ∓) should be read as pairs

of statements, in one of which all the indices take upper values and in another — the lower ones. By C(d), C(l), etc. (possibly with sub- and superscripts) we denote various constants which depend only on d, l, etc. and whose particular values are of no importance. A constant which first appears in formula (i.j) is denoted by C_{i.j}.

Remind the definition of the lattice space l_1(L_r) ⊂ L_r(R^d ), r ≥ 1:

u ∈ l_1(L_r) if ‖u‖_{l1(Lr )} := ∑ j∈Z^d (∫ Q^d+j^{|u|} rdx )_{1/r} < ∞, Q^d = (0, 1)^d ⊂ R^d .

Everywhere H = L_2(R^d ), d ≥ 1 and H_0 = (−△)^l, l > 0. We shall need a notation for a logarithmic weight function. Namely, for x ∈ R^d and γ > 0 let

F_γ (x) = 1 + (log_+ |x|)^γ. (2.2)

2.2 Assumptions on V . Throughout the paper we assume that the perturbation potential V = V (x) is nonnegative: V ≥ 0. Besides, in various places we shall use some of the following assumptions on V :

V is H_0–form compact; (2.3) V ∈ L_1(R^d ); (2.4) V ∈ L–(R^d ); (2.5) ∫ V (x)F_γ (x)dx < ∞, γ > 2. (2.6) Note that for { < 1 (2.3) follows from (2.4), and for for { > 1 — from (2.5). The following assumption will appear only for { ≥ 2:

if { ≥ 2, then V ∈ l_1(L_2). (2.7)

2.3 Existence of the SSF. Let H_1, H_2 be a pair of selfadjoint operators in a Hilbert space H such that H_2 − H_1 ∈ S_1(H). (2.8) Then the SSF ξ(λ; H_2, H_1) exists and is given by the Krein formula [11]

ξ(λ; H_2, H_1) = 1 π lim_{ε→+0} arg Δ_{H2/H1} (λ + iε), a.e. λ ∈ R, (2.9)

where Δ_{H2/H1} (z) = det(H_2 − zI)(H_1 − zI)^{−1} and the branch of the argument is fixed by arg Δ_{H2/H1} (z) → 0 as Im z → +∞.

In applications, instead of (2.8), it is usually possible to check the inclusion f(H_2)−f(H_1) ∈ S_1, where f is some monotone smooth enough function. In this case one can first take h_1 = f(H_1), h_2 = f(H_2) and define ξ(λ; h_2, h_1) according to (2.9) and then put ξ(λ; H_2, H_1) := sign f^′ · ξ(f(λ); f(H_2), f(H_1)). (2.10) Thus defined, ξ(λ; H_2, H_1) still obeys the trace formula. See [6, 26] for details. Proposition 2.1 (i) Let { < 2 and let V obey (2.3), (2.4). Then, for any λ_0 < inf(σ(H_0)∪ σ(H_0 ± V )), the relation R(λ_0, H_0) − R(λ_0, H_0 ± V ) ∈ S_1 (2.11) holds. Thus, the SSF ξ(λ; H_0 ± V, H_0) is correctly defined by (2.10) with f(λ) = (λ − λ_0)^{−1}.

(ii) Let { ≥ 2 and let V obey (2.3), (2.7). Then, for any λ_0 < inf(σ(H_0) ∪ σ(H_0 ± V )) with large enough absolute value, and for any integer k > { −^1_2 , the relation R^k(λ_0, H_0) − R^k(λ_0, H_0 ± V ) ∈ S_1 (2.12) holds. Thus, the SSF ξ(λ; H_0 ± V, H_0) is correctly defined by (2.10) with f(λ) = (λ − λ_0)^{−k}.

Similar statements appeared in many different versions in connection with the trace class scattering theory; see, e.g., [27, 19, 18]. The proof of Proposition 2.1 is based on [18, Theorem XI.12] and is written down explicitly in [16].

Finally, note that, since σ(H_0) = [0, ∞), one has

ξ(−λ; H_0 − V, H_0) = −rank E_{H0−V} ((−∞, −λ)), λ > 0. (2.13)

2.4 Estimates for the SSF. First we state the estimates in their general form, which covers the case of all { > 0. Remind that F_γ is defined by (2.2). The main result of this paper is

Theorem 2.2 Under the assumptions (2.3), (2.6), (2.7), the following estimates hold for λ > 0 and γ > 2:

|ξ(λ; H_0 + V, H_0)| ≤ C(d, l, γ)λ–^{−1}‖V ‖^{1/2}_{L1} ‖V F_γ‖^{1/2}_{L1} + C(d, l)λ–^{−1}(log_+ λ)‖V ‖_{L1} , (2.14) |ξ(λ; H_0 − V, H_0)| ≤ C(d, l, γ)λ–^{−1}‖V ‖^{1/2}_{L1} ‖V F_γ‖^{1/2}_{L1} + C(d, l)λ–^{−1}(log_+ λ)‖V ‖_{L1} + |ξ(−λ; H_0 − 6V, H_0)|. (2.15)

The proof is given in §7. Clearly, (2.14) is in agreement with (1.7) up to the constants, the logarithmic weight F_γ and the term log_+ λ. In (2.15), it remains to estimate the term |ξ(−λ; H_0 − 6V, H_0)|. This will be done differently for { > 1, { < 1 and { = 1. The factor 6 in (2.15) is chosen this way in order to simplify the constants appearing in the proof. Actually, this factor can be replaced by any number greater than 1; at the same time, the constants C(d, l, γ) and C(d, l) may have to be increased. This affects only the constants in the final estimates (2.17), (2.19), (2.22), (2.24) below.

2.5 The case { ≠ 1. If { > 1, the following estimate is well known: |ξ(−λ; H_0 − V, H_0)| ≤ C(d, l)‖V ‖–_L– . (2.16) For l = 1, this is the famous Cwikel–Lieb–Rozenblum bound [9, 12, 21]; note that the Cwikel’s proof already includes the case of arbitrary l ∈ (0, d/2) (and the Rozenblum’s proof — the case of l ∈ (0, d/2) ∩ N). Substituting (2.16) into (2.15), we get

Corollary 2.3 Let { > 1. Assume the hypothesis of Theorem 2.2 and the inclusion (2.5); then, for any λ > 0 and γ > 2, |ξ(λ; H_0 − V, H_0)| ≤ C(d, l, γ)λ–^{−1}‖V ‖^{1/2}_{L1} ‖V F_γ‖^{1/2}_{L1} + C(d, l)λ–^{−1}(log_+ λ)‖V ‖_{L1} + C(d, l)‖V ‖–_L–. (2.17)

For { < 1 let us use the Birman–Schwinger principle and estimate |ξ(−λ; H_0 − V, H_0)|

in the following simple way:

|ξ(−λ; H_0 − V, H_0)| ≤ Tr ( √ V R(−λ, H_0) √ V ) = C(d, l)λ–^{−1}‖V ‖_{L1} . (2.18)

Substituting (2.18) into (2.15) and taking into account the obvious estimate ‖V ‖_{L1} ≤ ‖V ‖^{1/2}_{L1} ‖V F_γ ‖^{1/2}_{L1} , we get the following corollary.

Corollary 2.4 Let { < 1; assume (2.6). Then, for any λ > 0 and γ > 2 |ξ(λ; H_0 − V, H_0)| ≤ C(d, l, γ)λ–^{−1}‖V ‖^{1/2}_{L1} ‖V F_γ ‖^{1/2}_{L1} + C(d, l)λ–^{−1}(log_+ λ)‖V ‖_{L1} . (2.19) 2.6 The case { = 1. This degenerative case includes the important physical situation d = 2, l = 1 and thus deserves proper attention. Now ξ^{cl}(−λ; H_0 − V, H_0) = −(2π)^{−d}ω_d ∫ V (x)dx, ∀λ ∈ R. Nevertheless, as it is well known, the “naive” estimate |ξ(−λ; H_0 − V, H_0)| ≤ C‖V ‖_{L1} , λ > 0 (2.20) is wrong; see, e.g., [3] for the discussion. Instead, there are numerous estimates of ξ(−λ; H_0− V, H_0), which are worse than (2.20) by a logarithmic term of some kind; see [24, 25]. Such estimates are a bit cumbersome as compared to (2.16), (2.18). Instead of discussing them, we consider two rough but simple estimates. The first one is (see, e.g., [4, Proposition 5.5]) |ξ(−λ; H_0 − V, H_0)| ≤ ‖ √ V R(−λ, H_0) √ V ‖^qS_q ≤ C(d, q)λ^{1−q}‖V ‖^q_{Lq} , q > 1; (2.21) it is of an “almost correct” order in V and λ. Substituting (2.21) into (2.15), we get Corollary 2.5 Let { = 1; assume (2.3), (2.6) and let V ∈ L_q(R^d ) for some q > 1. Then, for any λ > 0 and γ > 2 |ξ(λ; H_0 − V, H_0)| ≤ C(d, γ)‖V ‖^{1/2}_{L1} ‖V F_γ ‖^{1/2}_{L1} + C(d)(log_+ λ)‖V ‖_{L1} + C(d, q)λ^{1−q}‖V ‖^q_{Lq} . (2.22) Another simple estimate is valid (see, e.g., [4, Proposition 5.4]) for λ bounded away from zero: |ξ(−λ; H_0 − V, H_0)| ≤ C(d, r)‖V ‖_{l1(Lr)}, r > 1, λ ≥ 1. (2.23) Note that V ∈ l_1(L_r), r > 1, implies (2.3). Thus, substituting (2.23) into (2.15), we obtain Corollary 2.6 Let { = 1; assume (2.6) and let V ∈ l_1(L_r) for some r > 1. Then, for any λ ≥ 1 and γ > 2 |ξ(λ; H_0−V, H_0)| ≤ C(d, γ)‖V ‖^{1/2}_{L1} ‖V F_γ ‖^{1/2}_{L1} +C(d)(log_+ λ)‖V ‖_{L1} +C(d, r)‖V ‖_{l1(Lr)}. (2.24) Substituting the estimates of [24, 25] into (2.15), one can obtain more precise statements.

2.7 Comparison with the results of [22]. In [22], the following result has been obtained. Let d ≥ 2, l = 1 and let V = V (x) ≥ 0 satisfy the estimate V (x) ≤ C_{2.25}(1 + |x|)^{−ρ}, ρ > d. (2.25) For all λ ≥ C > 0 and all coupling constants g > 0 the following bounds have been established (see [22, Theorem 4.2]):

ξ(λ; H_0 + gV, H_0) ≤ C_{2.26}gλ–^{−1}(| log λ| + 1). (2.26) |ξ(λ; H_0 − gV, H_0)| ≤ C_{2.27}(gλ–^{−1}(| log λ| + 1) + g–), (2.27)

The constants C_{2.26}, C_{2.27} may depend on d and C_{2.25}; this dependence has not been studied in [22]. Clearly, (2.26) follows from (2.14) and (2.27) — from (2.17), (2.24). The basic difference between our results and the ones of [22] in the fact that the dependence on V is explicit in (2.14), (2.17), (2.24) but not in (2.26), (2.27). Besides, Theorem 2.2 and Corollaries 2.3–2.6 extend the results of [22] in some other respects:

1)Theorem 2.2 and Corollary 2.4 deal with the case { < 1, which has not been considered in [22];

2) the class of potentials V in Theorem 2.2 and Corollaries 2.3–2.6 is broader than the one given by (2.25);

3) Theorem 2.2 and Corollaries 2.3–2.5 concern all λ > 0 and in [22] λ is assumed to be bounded away from zero.

2.8 Integral estimates for the SSF. In [16], the integral estimates for the SSF ξ(λ, H_0 ± V, H_0) were obtained (for the same operators H_0, V as in the present paper). Before discussing them, let us write down the estimates for ξ^{cl}, which easily follow from the definition (1.2), (1.3): ∫_R 0 ξ^{cl}(λ; H_0 + V, H_0)dλ ≤ (2π)^{−d}ω_dR–‖V ‖_{L1} , R > 0, { > 0, (2.28) ∫_R 0 |ξ^{cl}(λ; H_0 − V, H_0)|dλ ≤ (2π)^{−d}ω_dR–‖V ‖_{L1} , R > 0, { ≤ 1, (2.29) ∫_R 0 |ξ^{cl}(λ; H_0 − V, H_0)|dλ ≤ C_1(d, l)R–‖V ‖_{L1} + C_2(d, l)R‖V ‖–_L–, R > 0, { > 1. (2.30)

It appears that the estimates (2.28), (2.30) can be carried over onto the real SSF (see [16], estimates (6.2) and (6.10) respectively); it is interesting that even the constant in [16, (6.2)] coincides with the classical one, given by (2.28). For { < 1, the estimate ∫_R 0 |ξ(λ; H_0 − V, H_0)|dλ ≤ C(d, l)R–‖V ‖_{L1} , R > 0, { < 1, (with the constant C(d, l) greater than the classical one, given by (2.29)) follows from [16, (6.7)] and (2.18). For { = 1 the estimate [16, (6.7)] together with (2.21) implies ∫_R 0 |ξ(λ; H_0 − V, H_0)|dλ ≤ C(d)R‖V ‖_{L1} + C(d, q)R^{2−q}‖V ‖^q_{Lq} , R > 0, { = 1 for any q > 1, and together with (2.23) it implies ∫_R 0 |ξ(λ; H_0 − V, H_0)|dλ ≤ C(d)R‖V ‖_{L1} + C(d, r)R‖V ‖_{l1(Lr )}, R > 1, { = 1 for any r > 1.

2.9 Remarks. 1. Note that in [22] some estimates for the SSF have been found which have better order in λ and g, than (2.26), (2.27), depending on the exponent ρ in

(2.25). These estimates, however, are of a conditional character, since they depend on some hypothesis on the boundary values of the resolvent of H_0, which has not been proved yet.

2. The proof of Theorem 2.2 borrows some elements of reasoning of [22]. But the operator theoretic part of our approach (Propositions 3.2, 3.3) is completely different.

3. It is natural to compare the estimates for the SSF with its asymptotics. Note that formula (1.10) for the real SSF and its various extensions is well known (see, e.g., [20] and references therein). The relation (1.11) for the real SSF is a classical fact for λ < 0 (see, e.g., [4]) and has been proved in [17] for λ > 0 and l = 1. Comparing the estimates (2.14), (2.17), (2.19), (2.24) with the asymptotics (1.10), (1.11), we see that the estimates are of a correct order in the coupling constant g (as g → ∞) and of an almost correct (up to the logarithmic terms) order in λ as λ → ∞.

4. In the case d = l = 1, a pointwise estimate on the SSF, which is somewhat different from (2.19), has been obtained in [10]. See the end of §7 for the discussion of this estimate.

3 Representation for the SSF

Assume (2.3), (2.4) and denote W := √ V . Assumption (2.3) means that

W (H_0 + I)^{−1/2} ∈ S_∞. (3.1)

For Im z > 0 consider the “sandwiched resolvent”

T (z) := (W (H_0 + I)^{−1/2})(H_0 + I)R_0(z)(W (H_0 + I)^{−1/2})^∗ = W R_0(z)W ;

by (3.1), T (z) ∈ S_∞. Denote

A(z) = Re T (z), K(z) = Im T (z).

By (2.4), for any bounded interval δ ⊂ R one has

W E_{H0} (δ) ∈ S_2. (3.2)

From here follows

Proposition 3.1 Assume (2.3), (2.4). For a.e. λ ∈ R,

∃ lim_{ε→0+} T (λ + iε) =: T (λ + i0) ∈ S_∞ and K(λ + i0) ∈ S_1. (3.3)

Proof For any δ ⊂ R, denote

T_δ(z) := (W (H_0 + I)^{−1/2}E_{H0} (δ))(H_0 + I)R_0(z)(W (H_0 + I)^{−1/2}E_{H0} (δ))^∗, A_δ(z) = Re T_δ(z), K_δ(z) = Im T_δ(z).

(3.4)

Now let δ ⊂ R be some open bounded interval. It is a classic fact of the trace class scattering theory (see [1] or [26]) that (3.2) implies

∃ T_δ(λ + i0) ∈ S_2 and K_δ(λ + i0) ∈ S_1, a.e. λ ∈ R. (3.5)

On the other hand, the operator TR_{\δ}(z) is analytically extendable through δ; obviously,

TR_{\δ}(λ) ∈ S_∞ and KR_{\δ}(λ) = 0, λ ∈ δ. (3.6)

Finally, writing T (z) = T_δ(z) + TR_{\δ}(z) and taking into account (3.5), (3.6), we get (3.3) for a.e. λ ∈ δ. Since δ ⊂ R is arbitrary, this implies the required statement.

It will follow from the reasoning of §6 that under the additional assumption (2.6), the condition (3.3) actually holds for all λ ≠ 0 and T (λ + i0) depends continuously on λ in the operator norm and K(λ + i0) — in the trace norm.

Let λ be such that (3.3) holds; denote

N_±(λ) := 1 π ∫_∞ −∞ dt 1 + t^2 n_±(1, A(λ + i0) + tK(λ + i0)). (3.7)

One easily checks that (3.3) implies convergence of the integral in (3.7).

Proposition 3.2 [15, 16] Assume (2.3), (2.4), (2.7); for a.e. λ ∈ R

ξ(λ; H_0 ± V, H_0) = ±N_∓(λ). (3.8)

Representation (3.7), (3.8) for the SSF has been established in [15] as an abstract operator theoretic fact; application to the polyharmonic operator was considered in [16, Theorems 6.2, 6.3]. Formula (3.8) can be considered as the Birman-Schwinger principle on the continuous spectrum; see [15] for the discussion.

A straightforward analysis of the r.h.s. of (3.7) gives the following

Proposition 3.3 [15] Let, for some λ > 0, the condition (3.3) hold. For any θ ∈ (0, 1) the following estimate holds:

N_±(λ) ≤ n_±(1 − θ, A(λ + i0)) + θ^{−1}π^{−1}‖K(λ + i0)‖S_1 . (3.9)

In the proof of Theorem 2.2, we shall use (3.9) together with the following decomposition:

A(λ + i0) = A_δ(λ + i0) + AR_{\δ}(λ), λ > 0, δ = (0, 2λ), (3.10)

where the operators in the r.h.s. are defined by (3.4). Substituting (3.10) into (3.9), fixing θ = 1/4 and using (2.1), we get the following inequality:

N_±(λ) ≤ n_±(1/2, AR_{\δ}(λ)) + n_±(1/4, A_δ(λ + i0)) + 4π^{−1}‖K(λ + i0)‖S_1 . (3.11)

The relation (3.11) plays the key role in the proof of Theorem 2.2. In what follows we merely estimate each of the three terms in the r.h.s. of (3.11). Note that AR_{\δ}(λ) ≥ 0; thus, n_−(1/2, AR_{\δ}(λ)) = 0. Certainly, there is much freedom in choosing the constants θ in (3.9) and s_{1,2} in (2.1), but this choice affects only the constants in the resulting formulas (2.14), (2.17), (2.19), (2.22), (2.24).

4 Estimate for AR_{\δ}

Assume (2.3); as in the end of the previous section, let us fix some λ > 0, denote δ = (0, 2λ) and define the operator AR_{\δ} according to (3.4). Proposition 4.1 Under the above assumptions, for any s > 0, n_+(s, AR_{\δ}(λ + i0)) ≤ |ξ(−λ; H_0 − 3s^{−1}V, H_0)|. (4.1) Proof: A straightforward calculation shows that R(λ, H_0)E_{H0} (R \ δ) ≤ 3R(−λ, H_0) in the quadratic form sense. It follows that AR_{\δ}(λ + i0) ≤ 3T (−λ). From here, using the Birman-Schwinger principle, we get:

n_+(s, AR_{\δ}(λ + i0)) ≤ n_+(s, 3T (−λ)) = rank E_{H0−3s}�1_V ((−∞, −λ)) = |ξ(−λ; H_0 − 3s^{−1}V, H_0)|. 5 Estimate for K

Assume (2.3), (2.4). For λ > 0 consider the operator (W E((0, λ)))(W E((0, λ)))^∗. (5.1) By (3.2), the operator (5.1) belongs to the trace class. We will need a well known representation for the derivative of (5.1) with respect to λ. In order to write down this representation, for every t > 0 define the operator J(t) : L_2(R^d ) → L_2(S^{d−1}), which acts according to the formula J(t) : f(x) → (2π)^{−d/2} ∫ R^d e^{it⟨x,ν⟩}W (x)f(x)dx, ν ∈ S^{d−1}. For d = 1 by S^{d−1} we mean the set {−1, 1}. Clearly, J(t) ∈ S_2 and ‖J(t)‖^2S_2 = dω_d(2π)^{−d}‖V ‖_{L1} . (5.2) A straightforward calculation shows that the operator valued function (5.1) is differentiable in λ in the trace class and

F(λ) := d dλ (W E((0, λ)))(W E((0, λ)))^∗ = (2l)^{−1}λ–^{−1}J^∗(λ^{1/(2l)})J(λ^{1/(2l)}) ≥ 0. (5.3) If for some λ > 0 the limit T (λ + i0) exists, then, clearly, K(λ + i0) = πF(λ). (5.4) Thus,

‖K(λ + i0)‖S_1 = πTr F(λ) = π(2l)^{−1}λ–^{−1}‖J(λ^{1/(2l)})‖^2S_2 = π{ω_d(2π)^{−d}λ–^{−1}‖V ‖_{L1} . (5.5)

6 Estimate for A_δ

6.1 Preliminary estimates. Define the function φ(t), t > 0, by φ(t) = { |e^{it} − 1|^2, t ≤ π, 4, t ≥ π. (6.1) Proposition 6.1 Assume (2.4). For any t_1 > 0, t_2 > 0 the following estimate holds: ‖J(t_1) − J(t_2)‖^2S_2 ≤ dω_d(2π)^{−d} ∫ R^d V (x)φ(|x||t_1 − t_2|)dx. (6.2) Proof:

‖J(t_1) − J(t_2)‖^2S_2 ≤ (2π)^{−d} ∫ R^d V (x) ∫ S^d�^1 |e^{it1⟨ν,x⟩} − e^{it2⟨ν,x⟩}|^2dνdx ≤ (2π)^{−d} ∫ R^d V (x) ∫ S^d�^1 φ(|x||t_1 − t_2|)dνdx = (2π)^{−d}dω_d ∫ R^d V (x)φ(|x||t_1 − t_2|)dx. Remind that F(λ) is defined by (5.3).

Proposition 6.2 Assume (2.4). For any λ_1 > 0, λ_2 > 0:

‖F(λ_1) − F(λ_2)‖S_1 ≤ {ω_d(2π)^{−d}|λ–^{−1}_1 − λ–^{−1}_2 |‖V ‖_{L1} + 2{ω_d(2π)^{−d}λ–^{−1}_2 ‖V ‖^{1/2}_{L1} × (∫ V (x)φ(|x||λ^{1/(2l)}_1 − λ^{1/(2l)}_2 |)dx )_{1/2} . (6.3) Proof: By (5.3), ‖F(λ_1) − F(λ_2)‖S_1 = (2l)^{−1}‖λ–^{−1}_1 J^∗(λ^{1/(2l)}_1 )J(λ^{1/(2l)}_1 ) − λ–^{−1}_2 J^∗(λ^{1/(2l)}_2 )J(λ^{1/(2l)}_2 )‖S_1 ≤ (2l)^{−1}|λ–^{−1}_1 − λ–^{−1}_2 |‖J^∗(λ^{1/(2l)}_1 )J(λ^{1/(2l)}_1 )‖S_1 + (2l)^{−1}λ–^{−1}_2 ‖(J^∗(λ^{1/(2l)}_1 ) − J^∗(λ^{1/(2l)}_2 ))J(λ^{1/(2l)}_1 )‖S_1 + (2l)^{−1}λ–^{−1}_2 ‖J^∗(λ^{1/(2l)}_2 )(J(λ^{1/(2l)}_1 ) − J(λ^{1/(2l)}_2 ))‖S_1 .

Substituting (5.2) and (6.2) into the r.h.s. of the last estimate, we arrive at (6.3). Proposition 6.3 Assume (2.6); then there exist such constants 0 < C^{(1)}_{6.4} (γ) and 0 < C^{(2)}_{6.4} (γ) < 1, that ∫ V (x)φ(|x|s)dx ≤ C^{(1)}_{6.4} (γ)| log s|^{−γ}‖V F_γ ‖_{L1} , ∀ s ∈ (0, C^{(2)}_{6.4} (γ)). (6.4)

Proof: One has ∫ V (x)φ(|x|s)dx ≤ sup_{x∈} R^d φ(|x|s) F_γ (x) ∫ V (x)F_γ (x)dx. It is a straightforward calculation to check that

sup_{x∈}

R^d φ(|x|s) F_γ (x)

≤ C^{(1)}_{6.4} (γ)| log s|^{−γ}

for some constant C^{(1)}_{6.4} (γ) and for all small enough s > 0.

6.2 Existence of A_δ(λ + i0).

Proposition 6.4 Assume (2.6), fix λ > 0 and let δ = (0, 2λ). Then the limit A_δ(λ + i0) exists in the trace norm and

A_δ(λ + i0) = ∫_{2λ} 0 F(t) − F(λ) t − λ dt; (6.5)

the last integral is absolutely convergent in the trace norm.

Proof We start from the obvious formula which is a consequence of the spectral theorem:

A_δ(λ + iε) = ∫_{2λ} 0 t − λ (t − λ)^2 + ε^2 F(t)dt, ε > 0. Clearly, ∫_{2λ} 0 t − λ (t − λ)^2 + ε^2 F(t)dt = ∫_{2λ} 0 t − λ (t − λ)^2 + ε^2 (F(t) − F(λ))dt. (6.6) From Propositions 6.2, 6.3 it follows that ‖F(λ + s) − F(λ)‖S_1 ≤ C(λ, V )| log |s||^{−γ/2} (6.7) for all small enough s ∈ R. Thus, the integrands both in (6.6) and in (6.5) are dominated (in the trace norm) by an integrable function C(λ, V )|t − λ|^{−1}| log |t − λ||^{−γ/2} in the neighbourhood of t = λ. It follows that the r.h.s. of (6.6) converges to the r.h.s. of (6.5).

Remark 6.5 Note that it follows from the estimate (6.7) that under the assumptions (2.3), (2.6) the condition (3.3) holds for all λ > 0 and the operator A_δ(λ + i0) is continuous in λ > 0 in the trace norm. Thus, T (λ + i0) is continuous in λ > 0 in the operator norm. Next, if instead of (2.6) one assumes a stronger condition ∫ V (x)(1 + |x|)^γ dx < ∞, γ ∈ (0, 2), then the same reasoning leads to the estimate ‖F(λ + s) − F(λ)‖S_1 ≤ C(λ, V )|s|^{γ/2} for all small enough s ∈ R. This estimate implies Hölder continuity of A_δ(λ+i0) in the trace norm with the exponent γ/2 and thus the Hölder continuity of T (λ + i0) in the operator norm.

6.3 Estimates for A_δ(λ + i0). First we consider the case λ = 1. Proposition 6.6 Assume (2.6); let δ = (0, 2). One has: ‖A_δ(1 + i0)‖S_1 ≤ C(d, l)‖V ‖_{L1} + C(d, l)‖V ‖^{1/2}_{L1} ∫_1 0 ds s (∫ V (x)φ(|x|s)dx )_{1/2} . (6.8)

Proof: Let us use (6.5) and (6.3):

‖A_δ(1 + i0)‖S_1 ≤

∫_2 0 ‖F(λ) − F(1)‖S_1 |λ − 1| dλ ≤ {ω_d(2π)^{−d}‖V ‖_{L1} ∫_2 0 |λ–^{−1} − 1| |λ − 1| dλ + 2{ω_d(2π)^{−d}‖V ‖^{1/2}_{L1}

∫_2 0 dλ |λ − 1| (∫ V (x)φ(|x||λ^{1/(2l)} − 1|)dx )_{1/2} (6.9)

Changing variable in the last integral, we obtain: ∫_2 0 1 |λ − 1| (∫ V (x)φ(|x||λ^{1/(2l)} − 1|)dx )_{1/2} dλ

= 21^/(2^l)−1 ∫ −1 2l(s + 1)^{2l−1} |(s + 1)^{2l} − 1| (∫ V (x)φ(|x|s)dx )_{1/2} ds

≤ C(l) ∫_1 −1 ds |s| (∫ V (x)φ(|x|s)dx )_{1/2} + 21^/(2^l)−1 ∫ 1 2l(s + 1)^{2l−1} |(s + 1)^{2l} − 1| (∫ V (x)φ(|x|s)dx )_{1/2} ds

≤ C(l) ∫_1 0 ds s (∫ V (x)φ(|x|s)dx )_{1/2} + C(l)‖V ‖^{1/2}_{L1} . (6.10)

Note that the integral over (1, 2^{1/(2l)} − 1) enters the last calculation only if 2^{1/(2l)} − 1 > 1, i.e., if l < 1/2. In order to estimate this integral, we use the bound φ(t) ≤ 4. The estimates (6.9) and (6.10) together give (6.8).

Proposition 6.7 Assume (2.6), fix λ > 0 and let δ = (0, 2λ). The following estimate holds:

‖A_δ(λ + i0)‖S_1 ≤ C(d, l, γ)λ–^{−1}‖V ‖^{1/2}_{L1} ‖V F_γ ‖^{1/2}_{L1} + C(d, l)λ–^{−1}(log_+ λ)‖V ‖_{L1} . (6.11) Proof: We start from the standard dilatation argument. Namely, let U_r, r > 0, be the unitary dilatation operator in L_2(R^d ): (U_rf)(x) = r^{d/2}f(rx). Then, obviously, U_rA(z)U^∗_r = r^{2l}A^{(r)}(r^{2l}z), where A^{(r)} corresponds to the perturbation potential V^{(r)}(x) = V (xr). Thus, taking r = λ^{−1/(2l)}, using (6.8), and changing variable in the resulting integrals, we obtain:

‖A(λ + i0)‖S_1 = ‖U_rA(λ + i0)U^∗_r ‖S_1 = λ^{−1}‖A^{(r)}(1 + i0)‖S_1 ≤ λ–^{−1}C(d, l)‖V ‖_{L1} + C(d, l)λ–^{−1}‖V ‖^{1/2}_{L1} ∫_λ1/(2l) 0 ds s (∫ V (x)φ(|x|s)dx )_{1/2} .

It remains to estimate the last integral. First let λ ≥ 1. Using (6.4) and the bound φ(t) ≤ 4, we get:

λ1^/(2^l)∫

0 ds s (∫ V (x)φ(|x|s)dx )_{1/2} ≤ (C^{(1)}_{6.4} (γ))^{1/2}‖V F_γ‖^{1/2}_{L1}

C(2)6_.4∫

0 ds s | log s|^{−γ/2} + 2‖V ‖^{1/2}_{L1} λ1^/(2^l)∫

C(2)6_.4 ds s ≤ C(γ)‖V F_γ ‖^{1/2}_{L1} + ‖V ‖^{1/2}_{L1} l^{−1} log_+ λ − 2‖V ‖^{1/2}_{L1} log C^{(2)}_{6.4} ≤ (C(γ) − 2 log C^{(2)}_{6.4} )‖V F_γ ‖^{1/2}_{L1} + ‖V ‖^{1/2}_{L1} l^{−1} log_+ λ ≤ C(γ)‖V F_γ ‖^{1/2}_{L1} + ‖V ‖^{1/2}_{L1} l^{−1} log_+ λ.

Finally, if λ < 1, we merely replace the integration interval (0, λ^{1/(2l)}) by (0, 1), thus getting the upper bound.

7 Proof of Theorem 2.2. Concluding remarks.

7.1 Proof of Theorem 2.2. Obviously,

n_+(1/4, A_δ(λ + i0)) ≤ 4‖A_δ(λ + i0)‖S_1 .

It remains to substitute the last estimate together with (6.11), (4.1), (5.5), into (3.11) and take into account Proposition 3.2.

7.2 Remarks. 1. Our Proposition 6.4 is fairly close to the “limiting absorption principle in the trace class” of [22], though these two statements are proved by using very different technique.

2. One can exploit (3.11) by using some other (different from ours) estimates for K(λ + i0), A_δ(λ+i0), AR_{\δ}(λ+i0), thus getting new estimates for the SSF. Let us give an example.

In [23], the following estimate has been proved for l = 1, d ≥ 2:

‖A_δ(λ + i0)‖^2S_2 ≤ C(d)λ^{d−2−(q/2)} ∫ ∫ V (x)V (x^′) |x − x^′|^q dxdx^′, q ∈ [0, d − 1]. (7.1) For d = 1 this estimate is obviously also true. Observing that n_±(s, A_δ(λ + i0)) ≤ 1 2 s^{−2}‖A_δ(λ + i0)‖^2S_2 (7.2)

and substituting (7.1), (7.2) into (3.11), one obtains the following estimates for l = 1, λ > 0, q ∈ [0, d − 1]: ξ(λ; H_0 + V, H_0) ≤ C(d)λ^{d−2−(q/2)} ∫ ∫ V (x)V (x^′) |x − x^′|^q dxdx^′ + C(d)λ^{(d/2)−1}‖V ‖_{L1} , |ξ(λ; H_0 − V, H_0)| ≤ C(d)λ^{d−2−(q/2)} ∫ ∫ V (x)V (x^′) |x − x^′|^q dxdx^′ + C(d)λ^{(d/2)−1}‖V ‖_{L1} + |ξ(−λ; H_0 − 6V, H_0)|.

One can combine the last estimate with (2.16), (2.18), (2.21), (2.23) or similar bounds in an obvious way. Note that the estimate (2.10) of [10] is contained in this series of estimates (for d = 1).

Acknowledgments

The author is grateful to M. Sh. Birman and A. V. Sobolev for useful discussions.

References

[1] M. Sh. Birman and S. B. Entina, The stationary approach in abstract scattering theory, Izv. Akad. Nauk SSSR Ser. Mat. 31, no. 2 (1967), 401–430; English translation in Math. USSR Izv. 1, no. 1 (1967), 391–420.

[2] M. Sh. Birman, M. G. Krein, On the theory of wave operators and scattering operators, Dokl. Akad. Nauk SSSR 144 (1962), 475-478; English transl. in Soviet Math. Dokl. 3 (1962).

[3] Birman, M. Sh.; Laptev, A. The negative discrete spectrum of a two-dimensional Schrödinger operator. Comm. Pure Appl. Math. 49 (1996), no. 9, 967–997.

[4] M. Sh. Birman, M. Z. Solomyak, Estimates for the number of negative eigenvalues of the Schrödinger operator and its generalizations. Estimates and asymptotics for discrete spectra of integral and differential equations (Leningrad, 1989–90), 1–55. Adv. Soviet Math., 7, Amer. Math. Soc., Providence, RI, 1991.

[5] Birman, M. Sh.; Solomyak, M. Z. Spectral theory of selfadjoint operators in Hilbert space. Translated from Russian. Mathematics and its Applications (Soviet Series). D. Reidel Publishing Co., Dordrecht, 1987.

[6] M. Sh. Birman, D. R. Yafaev, The spectral shift function. The papers of M. G. Krein and their further development. (Russian) Algebra i Analiz 4, no. 5 (1992), 1–44. English translation in: St. Petersburg Math. J. 4, no. 5 (1993), 833–870.

[7] V. S. Buslaev, L. D. Faddeev, Formulas for traces for a singular Sturm-Liouville differential operator (Russian), Dokl. Akad. Nauk SSSR 132, no. 1 (1960), 13–16; English transl. in Soviet Math. Dokl. 1 (1960), 451–454.

[8] V. S. Buslaev, Trace formulas for the Schrödinger operator in three-dimensional space, Dokl. Akad. Nauk SSSR 143 (1962), 1067–1070; English transl. in Soviet Math. Dokl. 3 (1962).

[9] M. Cwikel, Weak type estimates for singular values and the number of bound states of Schrödinger operators, Ann. Math. 206 (1977), 93-100.

[10] V. Kostrykin, R. Schrader, Scattering theory approach to random Schrödinger operators in one dimension, Submitted to Reviews in Mathematical Physics.

[11] M. G. Krein, On the trace formula in perturbation theory. (Russian) Mat. Sb. 33 (75), no. 3 (1953), 597–626.

[12] E. Lieb, The number of bound states of one-body Schrödinger operators and the Weyl problem, Proc. Am. Math. Soc. Symposia Pure Math. 36 (1980), 241–252.

[13] I. M. Lifshits, On a problem in perturbation theory, (Russian) Uspekhi Mat. Nauk 7, no. 1 (47) (1952), 171–180.

[14] I. M. Lifshits, On the problem of scattering of particles by a centrally symmetric field in quantum mechanics, (Russian) Khar’kov. Gos. Univ. Uchen. Zap. 27 (1948), 105–107.

[15] A. B. Pushnitski, Representation for the spectral shift function for perturbations of a definite sign. (Russian) Algebra i Analiz, 9, no. 6 (1997), 197–213; English translation in: St. Petersburg Math. J., 9, no. 6 (1998), 1181–1194.

[16] A. B. Pushnitski, Integral estimates for the spectral shift function. (Russian) Algebra i Analiz, 10, no. 6 (1998), 198–234; English translation to appear in: St. Petersburg Math. J., 10, no. 6 (1999).

[17] A. B. Pushnitski, Spectral shift function of the Scrödinger operator in the large coupling constant limit, submitted to Commun. in PDE.

[18] M. Reed, B. Simon, Methods of modern mathematical physics. Vol. 3. Scattering theory, Academic Press, New York–London, 1975.

[19] M. Reed, B. Simon, The scattering of classical waves from inhomogenious media, Math.

Z., 155 (1977), 163–180.

[20] D. Robert, Semi-classical asymptotics of the spectral shift function, “Differential Operators and Spectral Theory. Collection of papers, dedicated to the 70-th birthday of M. Sh. Birman” (to appear).

[21] G. V. Rozenblum, Distribution of the discrete spectrum of singular differential operators. (Russian) Dokl. Akad. Nauk SSSR 202 no. 5 (1972), 1012–1015. English translation in Soviet Math. Dokl. 13 (1972), 245–249.

[22] A. V. Sobolev, Efficient bounds for the spectral shift function, Ann. Inst. H. Poincare Phys. Theor. 58, no. 1 (1993), 55–83.

[23] A. V. Sobolev and D. R. Yafaev, Spectral properties of the abstract scattering matrix, Trudy MIAN, 188 (1990), 125-149 (Russian); English transl. in: Proceedings of the Steklov Institute of Mathematics, (1991) no. 3, 159–189.

[24] M. Z. Solomyak, Piecewise-polynomial approximation of functions from H^l((0, 1)^d), 2l = d, and applications to the spectral theory of the Schrödinger operator, Israel J. Math. 86 (1994), 253–276.

[25] T. Weidl, Another look at Cwikel’s inequality, preprint 1998.

[26] D. R. Yafaev, Mathematical scattering theory. General theory, Amer. Math. Soc., Providence, RI, 1992.

[27] D. R. Yafaev, Remark on the scattering theory for a perturbed polyharmonic operator (Russian), Mat. zametki, 15, no. 3 (1974), 445–454.