C^∗-algebras related to the N-body problem and the self-adjoint operators affiliated to them by Mondher DAMAK and Vladimir GEORGESCU

CNRS (ESA 8080) and Department of Mathematics University of Cergy-Pontoise 2, avenue Adolphe Chauvin 95302 Cergy-Pontoise Cedex, France e-mail: vlad@math.u-cergy.fr

Abstract

We point out a class of “many-channel hamiltonians” naturally associated to vector space structures and we study their spectral properties (essential spectrum and Mourre estimate). The N-body dispersive regular systems as well as perturbed multi-stratified media are covered by our formalism.

1 Introduction

Let X be a finite dimensional real vector space, H(X) the space of square integrable functions on it and X^∗ the space dual to X. Our purpose is to define and study several C^∗-algebras of operators on H(X) naturally associated to the vector space structure of X and to develop the spectral theory of the self-adjoint operators affiliated to them. The most important of these algebras, denoted C^X below, is suggested by the quantum mechanical N-body problem: one can define it as the smallest C^∗-algebra to which are affiliated the non-relativistic N-body hamiltonians corresponding to a quadratic form on X^∗, X being the configuration space (see [DaG] for a proof of the fact that the so defined algebra is independent of the quadratic form). The class of hamiltonians affiliated to C^X is, however, much larger. Examples of physical interest are the N-body dispersive hamiltonians (arbitrary kinetic energies but interactions of the same type as in the non-relativistic case, cf. [De], [G]) as well as those corresponding to stratified or pluri-stratified media (where the higher order term of the free hamiltonian is x-dependent, see [DBP], [DI]).

Before going into the details of our results, let us recall some notations and introduce some terminology. If X is a locally compact space then C_c(X), C_0(X), C_b(X) are the spaces of continuous functions on X which have compact support, tend to zero at infinity, or are bounded, respectively. If X is a vector space, then C_{bu}(X) is the space of bounded uniformly continuous functions on X. A ∗-morphism between two ∗-algebras will be called morphism. If H is a Hilbert space, then B(H) and K(H) are the C^∗-algebras of all bounded and compact operators on H respectively. If C is a C^∗-algebra of operators on H, then a self-adjoint operator H on H is affiliated to C if there is a complex number z /∈ σ(H) (the spectrum of H) such that (H − z)^{−1} ∈ C; then φ(H) ∈ C for all φ ∈ C_0(R).

Section 2 of this paper is devoted to the study of the notion of affiliation in an abstract setting. Our main results in this context are Theorem 2.8 and Theorem 2.11. Theorem 2.8, used in connection with Lemma 2.9, gives a quite powerful criterion for an operator to be affiliated to a C^∗-algebra. See Theorem 4.9 for a concrete application, and also the examples that we shall discuss below. In the preliminary subsection 2.1 we discuss the class of self-adjoint operators affiliated to a C^∗-algebra C which are nondegenerate with respect to C (such operators will be called “strictly affiliated” in what follows). This class is especially important due to the Cohen-Hewitt theorem, which plays an important role in the proof of Theorem 2.11, but also because it avoids the use of non-densely defined self-adjoint operators in the context of graded C^∗-algebras (see Proposition 2.3).

In Subsection 2.3 we continue the study (began in [DaG]) of C^∗-algebras graded by an infinite semilattice (the lattice of all vector subspaces of a vector space being the case of interest for us). The main point here is an “explicit” realization of the quotient of C with respect to its natural minimal ideal. This allows us to prove (for infinite semilattices) a general version of the so-called HVZ theorem (see Theorem 2.10 and its consequences Theorems 4.2, 4.3) and later on will give us the main reduction step for the proof of the Mourre estimate (see Theorems 5.3 and 5.6). We stress the fact that in relations (4.2), (5.11) and (5.19) there is no need to take closures, the (infinite) unions being already closed. The final theorem of Section 2, Theorem 2.11, is our main affiliation criterion in the setting of graded C^∗-algebras (see Theorem 4.6 for a concrete application).

In Section 3 we introduce and study several C^∗-algebras of operators on H(X), X a real finite dimensional vector space, which are naturally associated to the vector space structure of X. A version of the algebras denoted here C^X (Y ), Y being a vector subspace of X, first appeared in [PSS] (see also [P]). This version was considered in detail in [ABG] under the assumption that an euclidean structure is given on X, the algebras being apparently dependent on this structure. In a previous paper [DaG] we have shown that C^X (Y ) are in fact crossed products and we gave a construction independent of any euclidean structure. Our treatment here is quite different, the main advantage being that it makes sense in a much more general setting (that of unitary representations of a locally compact group in a Hilbert space, see [GI]). On a more technical level, the definitions adopted here allow one to check rather easily the affiliation to the algebra for large classes of operators.

Subsection 3.1 contains an elementary description of the algebras C^X (Y ) and their properties. Strictly speaking, this subsection is not necessary for the later developments, because all these properties are easy consequences of Theorem 3.5, the main result of Section 3. Since the proof of this theorem is not so easy, we prefered however to begin with a simple treatment which suffices for the needs of the N-body problem.

We now define the algebras we shall study. Let {e_x(P )}_{x∈X} , {e_k(Q)}_{k∈X}∗ be the representations of X and X^∗ in H(X) defined by (e_x(P )f)(y) = f(x + y), (e_k(Q)f)(y) = e^{i⟨y,k⟩}f(y). The largest C^∗-algebra considered in this paper is the set U^X of T ∈ B(H(X)) such that ‖[T, e_k(Q)]‖ → 0 if k → 0 in X^∗ and ‖ [e_x(P ) − 1]T^{(∗)} ‖ → 0 if x → 0 in X (we use the notation T^{(∗)} when a relation holds for T and T^∗). Theorem 3.5 says that U^X coincides with the norm closed subspace of B(H(X)) generated by the operators of the form φ(Q)ψ(P ), with φ ∈ C_{bu}(X), ψ ∈ C_0(X^∗). Thus we get a second description of U^X as an algebra of pseudo-differential operators. This also proves that U^X is the crossed product of C_{bu}(X) by the action of the additive group X.

If Y is a subspace of X we define U^X_Y as the set of T ∈ U^X such that [T, e_x(P )] = 0 for all x ∈ Y . Subsections 3.2 and 3.3 are devoted to the study of these C^∗-algebras. The main fact is that U^X_Y is the crossed product of the algebra C_{bu}(X/Y ) by the action of X as group of translations on X/Y , cf. Theorem 3.7. A choice of a supplementary subspace for Y in X determines an isomorphism U^X_Y ≃ C_0(Y^∗) ⊗ U^{X/Y} , but the isomorphism is not canonical. Of course, one could choose an euclidean structure on X and always take as supplementary space the orthogonal of Y in X. This is natural in the non-relativistic N-body problem and, more generally, in the case of perturbed pluristratified media (cf. Section 6). But this would only complicate matters in the case of dispersive N-body systems, where the freedom in the choice of a supplementary subspace is quite useful (see [G], [Da], and also our Theorem 5.6). In order to bypass such difficulties, we have introduced the notion of covariant symbol for operators in U^X_Y , which gives a canonical isomorphism of this algebra with the space of sections of class C_0 of a (trivialisable) fiber bundle of C^∗-algebras over Y^∗.

Finally, let C^X (Y ) be the set of T ∈ U^X_Y such that ‖[e_k(Q) − 1]T ‖ → 0 when k → 0 in Y^⊥ (this is the orthogonal of Y in X^∗). Then C^X is the closure in B(H(X)) of the linear space generated by all the C^X (Y ). As we said before, our main goal is the spectral analysis of the self-adjoint operators affiliated to C^X , that we consider as a natural generalization of the N-body hamiltonians. C^X has a remarkable structure: it is graded by the lattice of all vector subspaces of X (the grassmannian of X). Moreover, the projection morphisms associated to the grading have a compactness property which plays an important rôle in the proof of the relations giving the essential spectrum and the threshold set for an operator affiliated to C^X . This compactness property is described in Proposition 5.4. Theorem 3.9 gives a description of C^X (Y ) in terms of pseudo-differential operators, and thus makes the connection with the crossed product formalism from [DaG].

Sections 4 and 5 are devoted to the spectral analysis of the self-adjoint operators strictly affiliated to C^X . Our point of view is to make no assumptions on the explicit form of H: the fact that it is affiliated to C^X should be a sufficiently strong condition. The results concerning the esential spectrum are stated in two versions in the theorems 4.2 and 4.3. We have two results on the Mourre estimate in Section 5. The first one, Theorem 5.3, is an abstract fact which allows one to compute the threshold set of the total hamiltonian in terms of the critical sets of its sub-hamiltonians. In the case of the standard N-body problem such a result is traditionally proved with the help of partitions of unity in configuration space introduced by B. Simon. See [PSS], [FH] for the non-relativistic case, [G] for the dispersive case, and [DI] for the case of pluristratified media. For us the result is a straightforward consequence of the graded structure of the algebra C^X . A direct proof in the spirit of [FH] would probably be impossible even in the case X = R^2 and H = Δ + ∑ Y V_Y (π(x)), where Y runs over a set of lines whose union is dense in R^2 .

Our final theorem concerning the Mourre estimate generalizes the results of C. Gérard [G] to our setting. In Theorem 5.6 we give a complete description of the threshold set of H under two rather strong conditions on the covariant symbol of the sub-hamiltonians. These are the positivity conditions of Gérard and we doubt that one can improve them (unless H has a very special form) if the generator of the dilation group is chosen as conjugate operator (and this seems unavoidable if one works with the lattice of all subspaces; a slight improvement could be achieved by working with D+⟨Q, k⟩ for some k ∈ X^∗, k ≠ 0). For explicit examples of kinetic energies verifing conditions (i), (ii) of Theorem 5.6 we refer to [G], [Da]. We treat another example, the case of perturbed pluristratified media, in Section 6.

We do not state explicitly in this paper the well-known consequences of the Mourre estimate (see, for example, chapters 7 and 9 in [ABG]). We only mention that for the validity of the limiting absorption principle a slightly stronger then the C^1_u(D) regularity condition of the hamiltonian with respect to the conjugate operator D is needed, the optimal one on the Besov scale being C^{1,1}(D). This covers short range and long range interactions with optimal assumptions on their decay at infinity.

In subsections 4.2 and 4.3 we point out explicit classes of operators affiliated to the algebras C^X and U^X . Our main purpose is to show the power of the affiliation criteria from Section 2 and the usefulness of the definitions of the algebras adopted in this paper. Indeed, as we said before, in our study of the spectral properties we do not make assumptions on the form of H. Let us give a very simple example in connection with Theorem 4.9. Let X = R^n and H_0 = Δ (the positive laplacian). Assume that V is the operator of multiplication by a real function such that −μΔ − δ ≤ V ≤ δ(Δ + 1) for some positive numbers μ < 1 and δ. Then the self-adjoint operator H = Δ + V is strictly affiliated to U^X . If one thinks of U^X as the C^∗-algebra generated by the operators of the form φ(Q)ψ(P ) with φ ∈ C_{bu}(R^n ), ψ ∈ C_0(R^n ), this is far from obvious.

However, the main feature of theorems 2.8 and 2.11 is that they allow one to treat singular perturbations of the same order as H_0. Our initial motivation for studying these matters came from a conversation that one of us (V.G.) had in May 1997 with Viorel Iftimie. He gave us a preliminary version of his common work [DI], [DI1], [DI2] with Yves Dermenjian on a class of hamiltonians which unifies the theory of non-relativistic N-body hamiltonians and that of stratified media (in the version of [DBP]). It seemed at that moment that the geometric methods they used (e.g. partitions of unity of Simon type) gave better results than the algebraic methods described in [ABG]. In fact, the strongest affiliation criterion to the N-body C^∗-algebra we knew at that moment (Proposition 3.6 from [BGS]), when applied to an operator of the form ∇^∗M∇, required that the function M be a small Hölder continuous perturbation of 1. Instead, they were able to treat the case M ∈ L^∞. Now our Theorem 2.11 covers this situation and goes further, since we allow non-local operators M and a more general behaviour at infinity. We treat this question in some detail in Section 6. For example, let X be euclidean and let us assume that for each Y a real function m^Y ∈ L^∞(Y ) is given such that the measure of the set where |m^Y (y)| ≥ ε is finite for each ε > 0. For simplicity, assume also m^Y ≠ 0 only for a finite number of subspaces Y and that M(x) = 1 + ∑ Y m^Y (π_Y (x)) is bounded from below by a strictly positive number. Then the self-adjoint operator ∇^∗M∇ is affiliated to C^X (use Proposition 4.8).

We are grateful to Viorel Iftimie for giving us a preliminary version of the preprints [DI], [DI1], [DI2] and for a very useful discussion.

2 Self-Adjoint Operators Affiliated to C^∗-Algebras

2.1. Let H be a Hilbert space, C a C^∗-algebra of operators on H, and H a self-adjoint operator on H affiliated to C. We say that H is nondegenerate with respect to C, or C-nondegenerate, if the operators of the form φ(H)T , with φ ∈ C_0(R) and T ∈ C, generate a (norm) dense linear subspace in C. This property holds if and only if the set of T ∈ C such that T H extends to an operator in C is a dense subset of C. An operator affiliated to C and C-nondegenerate will also be called strictly affiliated to C.

Lemma 2.1 Assume that H is affiliated to C.

(a) If there is θ ∈ C_0(R) with θ(0) = 1 such that lim_{ε→0} ‖θ(εH)T − T ‖ = 0 for each T ∈ C then H is C-nondegenerate.

(b) If H is C-nondegenerate then for all φ ∈ C_b(R) and T ∈ C the operators φ(H)T and T φ(H) belong to C. If, moreover, φ(0) = 1, then ‖φ(εH)T − T ‖ → 0 and ‖T φ(εH) − T ‖ → 0 when ε → 0. Proof. Part (a) and the first assertion of part (b) are obvious. To finish the proof note that if ψ ∈ C_0(R) then one has ‖(φ(εH) − 1)ψ(H)‖ ≤ sup_{x∈R} | (φ(εx) − 1)ψ(x) | → 0 when ε → 0.

A convenient choice in (a) is θ(εH) = (1 + iεH)^{−1}. The next assertion is rather deep: it follows from the Cohen-Hewitt theorem (see V.9.2 in [FD]).

Theorem 2.2 If an operator H affiliated to C is C-nondegenerate then for each S ∈ C there are φ, ψ ∈ C_0(R) and T ∈ C such that S = φ(H)T ψ(H).

We recall that the C^∗-algebra C is called nondegenerate (on H) if the linear subspace of H generated by the elements of the form T f , with T ∈ C and f ∈ H, is dense in H. Then, by the same theorem of Cohen and Hewitt, for each g ∈ H there are T ∈ C and f ∈ H such that g = T f.

Note that if there is a self-adjoint operator H in H which is affiliated to C then C is nondegenerate on H. Indeed, if θ ∈ C_0(R) and θ(0) = 1 then for each ε ≠ 0 one has θ(εH) ∈ C and θ(εH)f → f as ε → 0 for each f ∈ H.

Assume that A, C are C^∗-algebras and that a continuous bilinear map A × C ∋ (A, T ) −→ AT ∈ C has been given such that (AB)T = A(BT ) for all A, B ∈ A, T ∈ C (i.e. C is a left Banach A-module). For example, A could be a subalgebra of C. Denote A · C the linear subspace generated by the elements AT , with A ∈ A and T ∈ C. Say that A acts nondegenerately on C if A · C is dense in C. Then, again by the Cohen-Hewitt theorem, for each S ∈ C there are A ∈ A, T ∈ C such that S = AT .

Proposition 2.3 Let C_1, C_2 be nondegenerate C^∗-algebras of bounded operators on the Hilbert spaces H_1, H_2 respectively and let P : C_1 → C_2 be a morphism such that P(C_1) acts nondegenerately on C_2 (e.g. assume P is surjective). Then for each self-adjoint operator H_1 on H_1 strictly affiliated to C_1 there is a unique self-adjoint operator H_2 on H_2 such that P[φ(H_1)] = φ(H_2) for each φ ∈ C_0(R). H_2 is strictly affiliated to C_2.

Proof. For z ∈ C \ R set R_2(z) = P[(H_1 − z)^{−1}]. Then {R_2(z)} is a selfadjoint resolvent on H_2 and we shall prove below that ‖niR_2(−ni)f − f‖ → 0 as n → ∞ for each f ∈ H_2. This implies that there is a unique self-adjoint (densely defined) operator H_2 in H_2 such that R_2(z) = (H_2 − z)^{−1} for all z /∈ R. Then P[φ(H_1)] = φ(H_2) for all φ ∈ C_0(R) by the Stone-Weierstrass theorem.

Set θ(x) = i(x + i)^{−1} and ε = 1/n, then θ ∈ C_0(R), θ(0) = 1 and θ(εH_1) = ni(H_1 + ni)^{−1}. If φ ∈ C_0(R) then (θ(εx) − 1)φ(x) → 0 as ε → 0 uniformly in x on R, hence ‖(θ(εH_1) − 1)φ(H_1)‖ → 0. Since H_1 is C_1- nondegenerate we get ‖θ(εH_1)T − T ‖ → 0 for each T ∈ C_1. P(C_1) acts nondegenerately on C_2, so we obtain ‖niR_2(−ni)S − S‖ → 0 for each S ∈ C_2. In particular niR_2(−ni)Sg → Sg in H_2 for S ∈ C_2 and g ∈ H_2. But ‖niR_2(−ni)‖ ≤ 1 and C_2 is nondegenerate on H_2, hence niR_2(−ni)f → f for each f ∈ H_2.

Remark 2.4 If C is an abstract C^∗-algebra then by observable affiliated to C we mean a morphism H : C_0(R) → C and we use the notation φ(H) = H(φ). The notion of nondegenerate observable has an obvious meaning and Theorem 2.2 remains valid. A nondegenerate observable affiliated to C is realized as a (densely defined) self-adjoint operator in each nondegenerate representation of C. It is useful to go further and to define an X-valued observable affiliated to C for any locally compact space X: this is simply a morphism C_0(X) → C. Theorem 2.2 remains valid if R is replaced by X. Observe that a X-valued observable strictly affiliated to C naturally induces a C_b(X)-bimodule structure on C (cf. Lemma 2.1(b)).

2.2. Our purpose now is to give a general perturbative criterion for an operator H = H_0 +V to be affiliated to a C^∗-algebra C of bounded operators on a Hilbert space H. Here H_0 is a self-adjoint operator in H affiliated to C and V is a form bounded perturbation of H_0. The results in [BGS] and [ABG] are not sufficiently strong in some applications: they do not cover perturbations V of the same order as H_0 having a large positive part (as happens in the case of stratified media).

In the rest of this section H_0 will be a self-adjoint operator in a Hilbert space H (with norm denoted ‖·‖) affiliated to a C^∗-algebra C ⊂ B(H). We denote by G the form domain of H_0, so G = D(| H_0 |^{1/2}) equipped with the graph topology, and we embed G ⊂ H = H^∗ ⊂ G^∗ in the usual way (G^∗ is the space of antilinear continuous functionals). Then for each z ∈ C \ σ(H_0 ) the operator H_0 − z extends to an isomorphism of G onto G^∗ whose inverse is a continuous extension of (H_0 − z)^{−1} to an operator G^∗ → G. We shall keep the notations H_0 − z and (H_0 − z)^{−1} for these extensions. We recall that the continuous (symmetric) sesquilinear forms on G are identified with the continuous (symmetric) linear operators G → G^∗.

Definition 2.5 We say that V is a standard form perturbation of H_0 if V is a continuous symmetric sesquilinear form on G and there are numbers μ ∈ [0, 1) and δ ∈ R such that one of the following conditions is satisfied: (i) ±V ≤ μ | H_0 | + δ as forms on G;

(ii) H_0 is bounded from below and V ≥ −μH_0 − δ as forms on G.

In this paper we are especially interested in the case (ii), when V may have a large positive part. By using the fact that the class of self-adjoint operators affiliated to C is stable under norm resolvent limits, one can treat some perturbations of the form V + W where W is a closed positive form.

If V is a standard form perturbation of H_0 then the operator H = H_0 +V ∈ B(G, G^∗) induces a self-adjoint operator in H which we shall denote also by H; this is the so-called form sum of H_0 and V . More precisely, the restriction of H to D(H) = {f ∈ G | Hf ∈ H} is a self-adjoint operator in H. This known fact is also a consequence of the proof of the Lemma 2.7. Indeed, we show there that there is a complex number z such that the maps H − z and H − z are isomorphisms of G onto G^∗, from which the self-adjointness of H on D(H) follows easily. Note also that in case (ii) the operator H is bounded from below.

For the proof of Theorem 2.8, the main result of this section, we need the next two lemmas.

Lemma 2.6 Let I be a real open interval and let {H_ν }_{ν∈I} be a family of self-adjoint operators on H which depend analytically on ν, i.e. the map ν −→ (H_ν −z)^{−1} ∈ B(H) is analytic on I for some (hence for all) z ∈ C \R. If there is a not empty open interval J ⊂ I such that H_ν is affiliated to C when ν ∈ J then H_ν is affiliated to C for all ν ∈ I.

Proof. Let F (ν) = (H_ν − z)^{−1}, then F : I −→ B(H) is analytic and F (ν) belongs to the closed subspace C if ν ∈ J = (a, b). Assume b ∈ I, then all the derivatives F^{(k)}(b) belong to C. Since F (ν) for ν near b is the sum of its Taylor expansion at ν = b we see that F (ν) ∈ C if b ≤ ν ≤ b + ε for some ε > 0. Repeating the argument we get F (ν) ∈ C for all ν ∈ I, ν > b.

Lemma 2.7 Let V be a standard form perturbation of H_0 and assume that there is z ∈ C \ σ(H_0) such that all the products of the form

(H_0 − z)^{−1} V (H_0 − z)^{−1} · · · V (H_0 − z)^{−1}

(2.1)

belong to C. Then the self-adjoint operator H = H_0 + V is affiliated to C.

Remark: Assume that for each k ≥ 1 integer there are numbers z_0, z_1, . . . , z_k outside σ(H_0) such that

(H_0 − z_0)^{−1} V (H_0 − z_1)^{−1} · · · V (H_0 − z_k)^{−1} ∈ C.

Then this relation holds for all choices of z_0, ···, z_k. This follows by induction on k by using the resolvent identity.

Proof. Assume first that we are in the case (i) and denote Λ = (H_0^2 + λ^2)^{−1/4} where λ is a real number ≠ 0. Then Λ is an isomorphism of H onto G and of G^∗ onto H, hence ΛV Λ is a bounded operator on H, and from the estimate ±V ≤ μ | H_0 | + δ we get ± Λ V Λ ≤ μ | H_0 | + δ (H_0^2 + λ^2)^{1/2} ≤ μ + δ | λ | < 1 if | λ | > δ(1 − μ)^{−1}. Fix such a λ and observe that ‖ΛV Λ‖ < 1. Let S be the unitary operator S = (H_0 + iλ)Λ^2. Then we have

H + iλ = (H_0 + iλ) + V = Λ^{−1}[S + Λ V Λ] Λ^{−1}.

But Λ^{−1} is an isomorphism of G onto H and of H onto G^∗ and ‖ΛV Λ‖ < 1, so S + ΛV Λ is invertible on H. Hence H + iλ is an isomorphism of G onto G^∗ with

(H + iλ)^{−1} = Λ ∞∑ k=0 (−S^{−1}ΛV Λ)^k S^{−1}Λ

= ∞∑ k=0 (H_0 + iλ)^{−1}(−V )(H_0 + iλ)^{−1} · · · (−V )(H_0 + iλ)^{−1}.

This is a norm convergent series of elements of C, so (H + iλ)^{−1} ∈ C, i.e. H is affiliated to C.

Assume now that we are in case (ii) and let λ be a positive number such that λ > − inf H_0. We take Λ = (H_0 + λ)^{−1/2} and observe that the estimate V ≥ −μH_0 − δ implies

U := Λ V Λ ≥ − μH_0 + δ H_0 + λ

= − μ + μλ − δ H_0 + λ ≥ − μ − δ λ + inf H_0 . Hence we can choose μ_0 ∈ (μ, 1) and λ such that the bounded symmetric operator U in H has the property U ≥ −μ_0. Let ε > 0 such that (1 + ε)μ_0 = μ_1 < 1, then for 0 ≤ ν ≤ 1+ε we shall have 1+νU ≥ 1−μ_1 > 0, hence 1+νU is invertible in B(H) with a bound ‖ (1 + νU)^{−1} ‖ ≤ (1 − μ_1)^{−1} independent of ν. Let us denote H_ν = H_0 + νV , so H_1 = H, then we have

H_ν + λ = (H_0 + λ) + νV = Λ^{−1} [1 + νU] Λ^{−1}.

So H_ν +λ is an isomorphism of G onto G^∗ and ‖ (H_ν + λ)^{−1} ‖ G^∗→G is bounded

by a constant independent of ν. Moreover, the map ν −→ (H_ν + λ)^{−1} ∈ B(G^∗, G) is analytic on the interval (0, 1+ε) (because so is ν → (1+νU)^{−1} ∈ B(H)). If 0 < ν < ‖U‖^{−1} then

(H_ν +λ)^{−1} = Λ ∞∑ k=0 (−νU)^kΛ = ∞∑ k=0 (−ν)^k(H_0+λ)^{−1}V (H_0+λ)^{−1}···V (H_0+λ)^{−1}

belongs to C. From Lemma 2.6 we get that the self-adjoint operator H_ν is affiliated to C for all ν ∈ (0, 1 + ε).

If C is a C^∗-subalgebra of B(H) we set M(C) = {S ∈ B(H) | T ∈ C ⇒ ST, T S ∈ C}. (2.2)

This is clearly a C^∗-algebra. It can be identified with the usual multiplier algebra of C if and only if C is nondegenerate on H. This is the case for the algebra considered here because the self-adjoint operator H_0 is affiliated to it. Note that if H_0 is C-nondegenerate then φ(H_0) ∈ M(C) for all φ ∈ C_b(R) (see Lemma 2.1). We also mention that M(C) is considerably larger than C in general. For example, if C = C_0(R^n ; K(H_0)) for some Hilbert space H_0 and if H = L^2(R^n ; H_0), then M(C) is the algebra of bounded strongly continuous functions R^n → B(H_0) (this is relevant for us in view of (3.18)).

If H_0 is affiliated to C and V ∈ M(C) is symmetric then it is easy to show that the self-adjoint operator H = H_0 + V is affiliated to C. More generally:

Theorem 2.8 Let C be a C^∗-algebra of bounded operators on a Hilbert space H and H_0 a self-adjoint operator affiliated to C. Let V be a standard form perturbation of H_0 and H = H_0 + V . If U ≡ (| H_0 | + 1)^{−1/2}V (| H_0 | + 1)^{−1/2} belongs to M(C) then H is affiliated to C. If H_0 is C-nondegenerate then H is C-nondegenerate too.

Proof. We check the conditions of Lemma 2.7. Let Λ = (| H_0 | + 1)^{−1/2} and S = (| H_0 | + 1)(H_0 − z)^{−1}, so that (H_0 − z)^{−1} = SΛ^2. Then

(H_0 − z)^{−1} V (H_0 − z)^{−1} · · · V (H_0 − z)^{−1} = S Λ U S U S · · · U S Λ.

The operators U and S belong to M(C) and M(C) is an algebra. Moreover, Λ ∈ C, so (H_0 − z)^{−1} V (H_0 − z)^{−1} · · · V (H_0 − z)^{−1} ∈ C.

Now assume that H_0 is C-nondegenerate. In order to prove that H is C-nondegenerate it suffices to show that lim_{ε→0} ‖θ(εH)R_0 − R_0‖ = 0 when θ(εH) = (1 + iεH)^{−1} and R_0 = (H_0 + i)^{−1} (by Lemma 2.1(a) and the fact that H_0 is C-nondegenerate). We have ‖θ(εH_0)R_0 − R_0‖ → 0, so it is enough to prove that ‖[θ(εH) − θ(εH_0)]R_0‖ → 0. The identity θ(εH) − θ(εH_0) =

−iεθ(εH)V θ(εH_0) holds in B(G^∗, G) and implies: ‖[θ(εH) − θ(εH_0)]R_0‖ ≤ ε ‖ ‖ ‖ (1 + | H_0 |)^{1/2} (1 + iεH) ‖ ‖ ‖ · ‖U‖ · ‖ ‖ ‖ (1 + | H_0 |)^{1/2} (H_0 + i)(1 + iεH_0) ‖ ‖ ‖ ≤ c ε ‖ ‖(1 + iεH)_{−1}(1 + | H_0 |)_{1/2} ‖ ‖ for some finite constant c. If we are in situation (ii) of Definition 2.5 then the operators H_0 and H have the same form domain, hence the operator (1 + | H |)^{−1/2}(1 + | H_0 |)^{1/2} is bounded. This clearly implies that the last term above is dominated by √ ε, hence tends to zero with ε. In situation (i) of Definition 2.5 the form domains of H_0 and H could be different, but we can argue as follows.

Let Λ_ε = (1 + ε^2H_0^2)^{−1/4} and S_ε = (1 + iεH_0)Λ^2_ε, so that S_ε is a unitary operator in H. Then

1 + iεH = 1 + iεH_0 + iεV = Λ^{−1}_ε [S_ε + iεΛ_εV Λ_ε]Λ^{−1}_ε .

From ± εV ≤ μ | εH_0 | + εδ we get ± εΛ_εV Λ_ε ≤ μ + εδ ≤ μ_0 < 1 if ε is small enough, hence ‖εΛ_εV Λ_ε‖ ≤ μ_0. Then by using

(1 + iεH)^{−1} = Λ_ε[S_ε + iεΛ_εV Λ_ε]^{−1}Λ_ε

we see that there is a finite number c such that for ε small: ‖ ‖(1 + iεH)^{−1}(1 + | H0 |)^{1/2} ‖ ‖ ≤ c ‖ ‖Λε(1 + | H0 |)^{1/2} ‖ ‖ which is dominated by ε^{−1/2}.

If H_0 is bounded from below one can obviously replace (| H_0 | + 1)^{−1/2} in the definition of U from Theorem 2.8 by (H_0 + λ)^{−1/2} if H_0 + λ ≥ c > 0. More generally, the following result is useful in applications for checking the hypotheses of the theorem.

Lemma 2.9 Assume that H_0 is a self-adjoint operator strictly affiliated to a C^∗-algebra C.

(a) A symmetric operator U ∈ B(H) belongs to M(C) if and only if one has φ(H_0)U ∈ C ∀φ ∈ C_c(R) and also if and only if ∃φ ∈ C_0(R) with φ(x) ≠ 0 ∀x ∈ R such that φ(H_0)U ∈ C.

(b) Let V be a symmetric continuous sesquilinear form on D(| H_0 |^{1/2}) and set U = (| H_0 | + 1)^{−1/2}V (| H_0 | + 1)^{−1/2}. Then U ∈ M(C) if and only if there is a continous function θ : R → C with c_1(| x | + 1)^{−1/2} ≤ | θ(x) | ≤ c_2(| x | + 1)^{−1/2} for some constants 0 < c_1 < c_2 and all x ∈ R such that φ(H_0)V θ(H_0) ∈ C for all φ ∈ C_c(R).

Proof. The first assertion follows from the fact that the elements of the form T φ(H_0), with T ∈ C and φ ∈ C_c(R), generate a dense subspace of C.

For the second one observe that there is η ∈ C_b(R) such that (| x |+1)^{−1/2} = θ(x)η(x). Hence from φ(H_0)V θ(H_0) ∈ C we get φ(H_0)V (| H_0 | + 1)^{−1/2} ∈ C by using (b) of Lemma 2.1. Replacing φ(x) by φ(x)(| x | + 1)^{−1/2} we get then φ(H_0)U ∈ C for all φ ∈ C_c(R), so U ∈ M(C) by the first assertion of the lemma. The reciprocal assertion is proved similarly.

2.3. We consider here a class of L-graded C^∗-algebras discussed in [ABG] when L is finite and in [DaG] in general. Note that our conventions differ from those in [ABG], the roles of the lower and upper bounds in the definition of the grading being interchanged.

If A, B are subalgebras of an algebra C then we denote by A·B the linear subspace of C generated by the elements of the form AB with A ∈ A, B ∈ B. A family {C_i}_{i∈I} of subalgebras of C is linearly independent if for each family {S_i}_{i∈I} such that S_i ∈ C_i ∀i, S_i ≠ 0 for at most a finite number of i and ∑ i∈I S_i = 0, one has S_i = 0 for all i ∈ I.

Let L be a semilattice, i.e. a partially ordered set in which each pair of elements a, b has a lower bound a ∧ b. For a ∈ L we set L_a = {b ∈ L|b ≥ a}; this is also a semilattice.

We say that a C^∗-algebra C is L-graded if a linearly independent family {C(a)}_{a∈L} of C^∗-subalgebras of C has been given such that: (i) C(a) · C(b) ⊂ C(a ∧ b) for all a, b ∈ L; (ii) if E ⊂ L is finite then ∑ a∈E C(a) is a closed subspace of C;

(iii) ∑ a∈L C(a) is dense in C.

For each E ⊂ L we set C(E)^∘ = ∑ a∈E C(a) and we define C(E) as the closure of C(E)^∘. Observe that C = ⋃ C(E)

(2.3)

where E runs over the set of countable subsets of L which are ∧-stable, so that each C(E) is an E-graded C^∗-subalgebra of C. Indeed, if T ∈ C then T is equal to the limit of a sequence of elements T_n ∈ C(E_n) where E_n are finite sets which can be assumed ∧-stable and such that E_n ⊂ E_{n+1}. Then it suffices to take E = ⋃ E_n .

If a ∈ L we set C_a = C(L_a). It is clear that C_a is a L_a-graded C^∗- subalgebra of C. There is a natural map P^∘_a : C(L)^∘ → C(L_a)^∘ defined by P^∘_a ∑ b∈L T (b) = ∑ b∈L_a T (b) if T (b) ∈ C(b) and T (b) ≠ 0 only for a finite

numbers of b. This map is clearly a surjective morphism of ∗-algebras. It is shown in [DaG] that this map is continuous, so it extends to a surjective morphism P_a : C → C_a. Moreover, P_a is a projection (in the sense of linear spaces) and its kernel is C(L^′_a), where L^′_a = {b ∈ L|b ≱ a}.

We need a second abstract result proved in [DaG] for infinite L. Assume that L has a least element min L, denote M the set of atoms of L (i.e. minimal elements of L \ {min L}) and assume that L is atomic (i.e. each a ≠ min L is minorated by an atom). Observe that C(min L) is a closed selfadjoint ideal in C, so the “abstract” C^∗-algebra C/C(min L) is well defined. The result we need says that one can “explicitly” realize this algebra as follows. There is a natural morphism C ∋ T −→ (P_a[T ])_{a∈M} ∈ ⨁ a∈M C_a,

(2.4)

where the direct sum is in the C^∗-algebra sense, and the kernel of this morphism is equal to C(min L). This gives us a canonical embedding

C/C(min L) ⊂ ⨁ a∈M C_a.

(2.5)

We make one more remark concerning the range of the embedding (2.5). If T ∈ C we denote T_a = P_a[T ]. Then for each T ∈ C the set {T_a | a ∈ M} is relatively compact in C. Indeed, for each ε > 0 there is E ⊂ L finite and there is S ∈ C(E) such that ‖T − S‖ < ε. Then ‖T_a − S_a‖ < ε for all a, so it suffices to prove that {S_a | a ∈ M} is a finite set. But this is clear because S_a = ∑ b∈E,b≥a S(b) and the set of subsets of E is finite.

It is sometimes necessary to show that the set {T_a | a ∈ M} is actually compact (this is especially important for the proof of the Mourre estimate in the case of infinite semilattices). Although this can be done in an abstract setting for a class of finite rank lattices, we shall treat this question in Section 5.2 only for the case of interest for us when L is the grassmannian of a vector space.

We stress the fact that all the preceding results are elementary and very easy to prove. They have, however, non-trivial consequences in spectral analysis, e.g. they allow one to compute the essential spectrum and to prove the Mourre estimate for large classes of many channel hamiltonians. We consider here only the question of the essential spectrum and assume that C is realized as a C^∗-algebra of operators on a Hilbert space H such that C(min L) = K(H). If H is a self-adjoint operator on H affiliated to C and a ∈ L then the map φ −→ P_a[φ(H)] is an observable affiliated to C_a (see the Remark 2.4) and cannot be realized as a densely defined selfadjoint operator on H in general. If, however, C_a is nondegenerate on H and H is C-nondegenerate then by Proposition 2.3 there is a unique self-adjoint operator H_a on H such that P_a[φ(H)] = φ(H_a) for all φ ∈ C_0(R). We shall set H_a = P_a[H]. We shall make below these nondegeneracy hypotheses although they are not necessary in this context (one could proceed as in Chapter 8 from [ABG]).

Theorem 2.10 Under the preceding conditions one has

σ_{ess}(H) = ⋃ a∈M σ(H_a). (2.6)

If for each T ∈ C the subset {T_a | a ∈ M} is compact in C then the set ⋃ a∈M σ(H_a) is closed.

Proof. Let λ be a real number. Then λ /∈ σ_{ess}(H) if and only if there is a function φ ∈ C_0(R) with φ(λ) ≠ 0 and φ(H) ∈ K(H). By (2.5) and the hypothesis C(min L) = K(H) this is equivalent to φ(H_a) = P_a[φ(H)] = 0 for all a ∈ M. So λ /∈ σ_{ess}(H) if and only if there is a neighbourhood V of λ such that V ∩ σ(H_a) = ∅ for all a ∈ M. But this is clearly equivalent to the fact that λ does not belong to the closure of the union of the sets σ(H_a).

In order to prove the last assertion of the theorem, let us equip the set S of all self-adjoint operators on H with the metric

d(S_1, S_2) = ‖ (S_1 − i)^{−1} − (S_2 − i)^{−1} ‖ . Then for each φ ∈ C_0(R) the map S ∋ S −→ φ(S) ∈ B(H) is continuous. Let λ a real number not in ⋃ a∈M σ(H_a). Then for each a there is φ_a ∈ C_0(R) such that φ_a(μ) = 1 near λ and φ_a(H_a) = 0. For each a there is a neighbourhood V_a of H_a in S such that ‖φ_a(S)‖ ≤ 1/2 if S ∈ V_a. Since by our hypothesis the set {H_a | a ∈ M} is compact in S, there is a finite subset N ⊂ M such that the V_b, b ∈ N , cover {H_a | a ∈ M}. Let φ ∈ C_0(R) such that 0 ≤ φ ≤ 1, φ(μ) = 1 near λ and φφ_b = φ for all b ∈ N . Clearly we shall have ‖φ(H_a)‖ ≤ 1/2 for all a ∈ M. Then an open neighbourhood of λ on which φ(μ) = 1 has empty intersection with σ(H_a), ∀a ∈ M.

If L has a greatest element max L then each C(a) is equipped with a natural left and right action of the C^∗-algebra C(max L): indeed, one has C(max L) · C(a) ⊂ C(a) and C(a) · C(max L) ⊂ C(a). It follows immediately from the definition given in the subsection 2.1 that the action of C(max L) on C is nondegenerate if (and only if) its action on each C(a) is nondegenerate. In this case for each S ∈ C there are T ∈ C and A, B ∈ C(max L) such that S = AT B. From now on in this subsection we assume that L has a greatest element and that C is realized as a C^∗-algebra of bounded operators on a Hilbert space H. Let H_0 be a self adjoint operator on H strictly affiliated to C(max L). If C(max L) acts nondegenerately on each algebra C(a) then H_0 will be strictly affiliated to C. In this case for each S ∈ C there are T ∈ C and φ, ψ ∈ C_0(R) such that S = φ(H_0)T ψ(H_0); if S ∈ C(a) then one may choose T ∈ C(a).

For the next theorem we assume that a bounded from below self-adjoint operator H_0 on H and a family {H(a)}_{a∈L} of symmetric continuous sesquilinear forms on G = D(| H_0 |^{1/2}) are given such that H(a) ≥ −μ_aH_0 − δ_a for some positive numbers μ_a, δ_a with ∑ a∈L μ_a < 1 and ∑ a∈L δ_a < ∞. Moreover, we assume that the family {H(a)}_{a∈L} is (norm) summable in B(G; G^∗), in particular H(a) ≠ 0 for a set of a which is at most countable. We shall take H(max L) = 0 (this amounts to a redefinition of H_0).

If we denote V = ∑ b∈L H(b) and V_a = ∑ b≥a H(b) then V and V_a are standard form perturbations of H_0. Hence H = H_0 + V and H_a = H_0 + V_a are bounded from below self-adjoint operators on H with form domain equal to G and H_{max L} = H_0.

Theorem 2.11 Assume that H_0 is strictly affiliated to C(max L) and that C(max L) acts nondegenerately on each C(a). Moreover, assume that for some numbers α > 1/2 and λ > − inf H_0 and for each a ∈ L one has:

(λ + H_0)^{−α}H(a)(λ + H_0)^{−1/2} ∈ C(a)

(2.7)

Then H is strictly affiliated to C and P_a[H] = H_a for all a ∈ L.

Remark: If (2.7) holds for some α > 1/2 and λ > − inf H_0 then it holds for all such α, λ. Moreover, let θ ∈ C_0(R) such that θ(x) ∼ x^{−1/2} as x → +∞. Then (2.7) is a consequence of

φ(H_0)H(a)θ(H_0) ∈ C(a) ∀φ ∈ C_c(R)

(2.8)

and it implies

φ(H_0)θ(H_0)H(a)θ(H_0) ∈ C(a) ∀φ ∈ C_0(R).

(2.9)

Proof. We apply Theorem 2.8 with U = (λ+H_0)^{−1/2}V (λ+H_0)^{−1/2} (see the comment after Theorem 2.8). By the preceding remark we have φ(H_0)U ∈ C for all φ ∈ C_0(R). We have seen that H_0 is strictly affiliated to C so each S ∈ C is of the form S = T φ(H_0) with T ∈ C and φ ∈ C_0(R). We get SU ∈ C for all S ∈ C, hence U ∈ M(C). So, by Theorem 2.8, H is strictly affiliated to C. It remains to prove that P_a[H] = H_a for all a ∈ L.

Let us consider the operators H^ν = H_0 + νV and H^ν_a = H_0 + νV_a for 0 ≤ ν ≤ 1 + ε. The numbers λ, ε are chosen exactly as in the proof of the second part of Lemma 2.7. Then H^ν is affiliated to C and C-nondegenerate and the operators (λ + H^ν )^{−1} and (λ + H^ν_a )^{−1} depend analytically on ν ∈ (0, 1 + ε). Clearly it suffices to prove that the equality P_a[(λ + H^ν )^{−1}] = (λ + H^ν_a )^{−1} holds for small values of ν > 0.

Set Λ = (H_0 + λ)^{−1/2}, U_a = ΛV_aΛ and U = ΛV Λ. Let us assume that 0 < ν < min(‖U‖ , ‖U_a‖). Then (use the proof of Lemma 2.7) we have a norm convergent expansion

(λ + H^ν )^{−1} = ∞∑ k=0 (−ν)^kΛ U^kΛ.

This remains valid if we replace H^ν by H^ν_a and U bu U_a. So it suffices to prove that ΛU^kΛ belongs to C and that its projection onto C_a is ΛU^k_a Λ.

Since U = ∑ b ΛH(b)Λ one can develop the power U^k and see that ΛU^kΛ is a linear combination of terms of the form J = ΛU(b_1)...U(b_k)Λ with U(b) = ΛH(b)Λ. If in this linear combination one replaces by zero the terms such that b_j is not ≤ a for some j then one clearly gets ΛU^k_a Λ. So it suffices to prove that J ∈ C(b_1 ∧ ... ∧ b_k).

We shall show that ΛU(b_1) · · · U(b_k) ∈ C(b_1 ∧ · · · ∧ b_k) by induction over k. If k = 1 this is clear by the remark after the statement of the theorem. If the property holds for some k then by the Cohen-Hewitt theorem one can write ΛU(b_1)···U(b_k) = T φ(H_0) for some T ∈ C(b_1 ∧···∧b_k) and φ ∈ C_0(R) (cf. the discussion before the theorem). Then

ΛU(b_1) · · · U(b_k)U(b_{k+1}) = T φ(H_0)U(b_{k+1}) ∈ C(b_1 ∧ · · · ∧ b_{k+1})

because φ(H_0)U(b_{k+1}) ∈ C(b_{k+1}).

It is clear that Theorem 2.8 can be used to get better results than Theorem 2.11. Indeed, the decomposition into a sum ∑ H(a) of the perturbation V is not necessary. For example, a symmetric element V ∈ C could not be of this type and H_0 + V is affiliated to C. On the other hand, observe that a self-adjoint operator affiliated to C is necessarily affiliated to a C^∗- subalgebra of the form C(E), where E is a countable ∧-stable subset of L (see (2.3)).

3 C^∗-Algebras Associated to Vector Spaces

3.1. Let X be a finite dimensional real vector space and H(X) the space of (equivalence classes of) square integrable functions with respect to a Haar measure on X. A Haar measure (i.e. a translation invariant positive Radon measure) being defined only modulo a constant factor, there is no canonical norm on H(X). However, the topology on H(X) and the norm on B(H(X)) are uniquely defined. So B(X) = B(H(X)) and K(X) = K(H(X)) are C^∗-algebras independent of the choice of the measure. Note also that the notion of self-adjoint operator on H(X) is meaningful, the scalar products associated to different Haar measures being proportional.

Let X^∗ be the dual space of X, for x ∈ X, k ∈ X^∗ set ⟨x, k⟩ = k(x), and if Y ⊂ X is a subspace denote Y^⊥ = {k ∈ X^∗ | ⟨y, k⟩ = 0 ∀y ∈ Y }. For x ∈ X and k ∈ X^∗ we define unitary operators e_x(P ) ≡ e^{i⟨x,P ⟩}, e_k(Q) ≡ e^{i⟨Q,k⟩} in H(X) by (e_x(P )f)(y) = f(x + y) and (e_k(Q)f)(y) = e^{i⟨y,k⟩}f(y). We make the following notational convention: if a symbol like T^{(∗)} appears in a relation, then the relation must hold for the operator T and for its adjoint T^∗. The operator limits must be interpreted in the norm topology if not otherwise stated.

Definition 3.1 If Y is a linear subspace of X then C^X (Y ) is the set of operators T ∈ B(X) satisfying the following conditions: (i) [T, e_y(P )] = 0 ∀ y ∈ Y ; (ii) [T, e_k(Q)] → 0 if k → 0 in X^∗; (iii) [e_x(P ) − 1]T^{(∗)} → 0 if x → 0 in X; (iv) [e_k(Q) − 1]T^{(∗)} → 0 if k → 0 in Y^⊥.

Note that (iii) and

‖[T, e_x(P )]‖ ≤ ‖T [e_x(P ) − 1]‖ + ‖[e_x(P ) − 1]T ‖

(3.1)

imply that [T, e_x(P )] → 0 if x → 0 in X. Similarly, (iv) gives [T, e_k(Q)] → 0 if k → 0 in Y^⊥. In particular, it suffices in (ii) to consider k → 0 in Y^′, where Y^′ is a subspace supplementary to Y^⊥ in X^∗. It is less obvious, but we shall prove it in Proposition 3.10, that it suffices to require (iii) and (iv) to hold only for T (then they will hold for T^∗ too).

Obviously C^X (Y ) is a C^∗-algebra on H(X). In Theorem 3.9 we shall describe it as a C^∗-algebra of pseudo-differential operators.

We denote by Q and P the position and momentum observables in H(X), more precisely, if φ : X → C and ψ : X^∗ → C are Borel functions, then φ(Q) is the operator of multiplication by φ in H(X) and ψ(P ) is such that Fψ(P )F^{−1} is the operator of multiplication by ψ in H(X^∗). The Fourier transformation F is defined by (Ff)(k) = ∫ X e^{−i⟨x,k⟩}f(k)dk; F induces a map H(X) → H(X^∗) which is unitary if norms on these spaces are chosen conveniently. When it will be necessary to specify the space X in the notations, we shall use it as an upper index, e.g. Q^X , P^X , or F^X . For example, we have ψ(P^X ) = F^{−1}ψ(Q^{X∗} )F.

The map ψ → ψ(P ) is an injective morphism of C_0(X^∗) into B(X), and we shall often identify C_0(X^∗) with its range through this map. So, for example, a subspace C ⊂ B(X) is a C_0(X^∗)-bimodule if ψ(P )T and T ψ(P ) belong to C for each ψ ∈ C_0(X^∗) and T ∈ C. Similarly if C_0 is replaced by C_b. If Y is a subspace of X then π_Y = π^X_Y is the canonical surjection of X onto the quotient space X/Y . Then for φ : X/Y → C Borel we set φ(Q^X_Y ) ≡ φ(Q_Y ) = (φ ∘ π_Y )(Q). Note that φ → φ(Q_Y ) gives an embedding of C_0(X/Y ) into B(X). The next two relations will often be used without comment:

e_x(P ) φ(Q_Y ) e_x(P )^∗ = φ(Q_Y + π_Y (x))

(3.2)

e_k(Q) ψ(P ) e_k(Q)^∗ = ψ(P − k).

(3.3)

It will be convenient to express conditions (iii), (iv) in a different form. The next lemma is a particular case of a result from [Geo Ift], where representations of general abelian groups are considered.

Lemma 3.2 Let T ∈ B(X) and Y ⊂ X a subspace.

(a) One has [e_x(P ) − 1]T → 0 as x → 0 in X if and only if there is ψ ∈ C_0(X^∗) with ψ(0) = 1 such that lim_{ε→0}[ψ(εP ) − 1]T = 0. And then the last property holds for all ψ ∈ C_b(X^∗) with ψ(0) = 1.

(b) One has [e_k(Q) − 1]T → 0 as k → 0 in Y^⊥ if and only if there is φ ∈ C_0(X/Y ) with φ(0) = 1 such that lim_{ε→0}[φ(εQ_Y ) − 1]T = 0. And then the last relation holds for all φ ∈ C_b(X/Y ) with φ(0) = 1.

Proof. We prove (a), the proof of (b) being similar. Denote e_x(P ) = U_x, then ‖(U_x − 1)T ‖ ≤ 2 ‖[1 − ψ(εP )]T ‖ + ‖(U_x − 1)ψ(εP )‖ · ‖T ‖ ≤ 2 ‖[1 − ψ(εP )]T ‖ + sup_{k∈X∗} | | (e_{i⟨x,k⟩} − 1)ψ(εk) | | · ‖T ‖ .

So if ‖[ψ(εP ) − 1]T ‖ → 0 for ε → 0 and some ψ ∈ C_0(X^∗), then we shall have ‖(U_x − 1)T ‖ → 0 if x → 0 in X. Reciprocally, assume that ψ(k) = ∫ X e^{i⟨x,k⟩}μ(dx) for an integrable measure on X and ψ(0) = 1, then ψ(εP ) − 1 = ∫ X (U_{εx} − 1)μ(dx), hence for each compact set K ⊂ X: ‖[ψ(εP ) − 1]T ‖ ≤ ∫ K ‖(U_{εx} − 1)T ‖ | μ | (dx) + 2 ‖T ‖ ∫ X\K | μ | (dx). Given δ > 0 we choose K such that the last term be < δ/2. Then there is ε_0 > 0 such that for | ε | < ε_0 and x ∈ K one has ‖(U_{εx} − 1)T ‖ < δ[2 | μ | (K)]^{−1}; hence ‖[ψ(εP ) − 1]T ‖ < δ if | ε | < ε_0. The fact that we shall also have ‖[ψ(εP ) − 1]T ‖ → 0 if ψ ∈ C_b(X^∗) is shown as in the proof of Lemma 2.1.

Proposition 3.3 The C^∗-algebra C^X (Y ) has the following properties: (i) it acts nondegenerately on H(X);

(ii) it is a nondegenerate C_0(X^∗)-bimodule and a C_b(X^∗)-bimodule; (iii) it is a nondegenerate C_0(X/Y )-bimodule and a C_b(X/Y )-bimodule. Proof. It is easy to check, by using (3.2), (3.3) that φ(Q_Y )ψ(P ) ∈ C^X (Y ) if φ ∈ C_0(X/Y ) and ψ ∈ C_0(X^∗). Since s − lim_{ε→0} φ(εQ_Y )ψ(εP ) = φ(0)ψ(0), it is clear that C^X (Y ) acts nondegenerately on H(X). It is also clear that φ(Q_Y )T , T φ(Q_Y ), ψ(P )T and T ψ(P ) belong to C^X (Y ) if T ∈ C^X (Y ), i.e. C^X (Y ) is a C_0(X/Y )-bimodule and a C_0(X^∗)-bimodule. Lemma 3.2 implies that these bimodules are nondegenerate. Finally, the operators φ(Q_Y )T , T φ(Q_Y ), ψ(P )T and T ψ(P ) belong to C^X (Y ) if φ ∈ C_b(X/Y ), ψ ∈ C_b(X^∗) as a consequence of the nondegeneracy (see Theorem 2.2 and the Remark 2.4).

Next we present the main properties of the family of C^∗-algebras C^X (Y ) when Y runs over the set of subspaces of X. We set O = {0} for the zero dimensional subspace.

Theorem 3.4 (a) C^X (O) = K(X) and C^X (X) = C_0(X^∗). (b) C^X (Y ) · C^X (Z) ⊂ C^X (Y ∩ Z) if Y, Z are subspaces of X. (c) The family {C^X (Y ) | Y subspace of X} of C^∗-subalgebras of B(X) is linearly independent.

(d) If E is a finite family of subspaces of X, then C^X (E) := ∑ Y ∈E C X (Y ) (linear subspace of B(X) generated by ⋃ Y ∈E C X (Y )) is a norm closed subspace of B(X).

Proof. 1) If Y = O then only conditions (iii) and (iv) of Definition 3.1 have to be taken into account (clearly (iv) ⇒ (ii) in this case). From the strong continuity of the representations e_x(P ) of X and e_k(Q) of X^∗ it follows that each compact operator T verifies (iii) and (iv). Reciprocally, we prove the following slightly stronger fact: if T ∈ B(X) and

lim_{x→0} ‖[e_x(P ) − 1]T ‖ = lim_{k→0} ‖[e_k(Q) − 1]T ‖ = 0

(3.4)

then T is compact (so the conditions on T^{(∗)} from (iii) and (iv) are not needed). Let φ ∈ C_0(X) and ψ ∈ C_0(X^∗) such that φ(0) = ψ(0) = 1. Then by Lemma 3.2(a) we have ψ(εP )T − T → 0 if ε → 0. So for each δ > 0 there is ε_1 > 0 such that ‖ψ(ε_1P )T − T ‖ < δ/2. Since ψ is a uniformly continuous function we have ‖[e_k(Q) − 1]ψ(ε_1P )T ‖ → 0 if k → 0 in X^∗ (use (3.3)) hence from Lemma 3.2(b) we see that there is ε_2 > 0 such that ‖[φ(ε_2Q) − 1]ψ(ε_1P )T ‖ < δ/2. Thus we have ‖φ(ε_2Q)ψ(ε_1P )T − T ‖ < δ. On the other hand φ(ε_2Q)ψ(ε_1P ) is a compact operator. Hence T is compact. So C^X (O) = K(X).

Clearly C_0(X^∗) ⊂ C^X (X). To prove the oposite inclusion note that (i) with Y = X implies T = ψ(P ) for some bounded Borel function ψ on X^∗. Then (3.3) and (ii) imply that ψ is uniformly continuous and (iii) that ψ tends to zero at infinity (use Lemma 3.2(a)), i.e. ψ ∈ C_0(X^∗). 2) Now we prove (b). Let S ∈ C^X (Y ) and T ∈ C^X (Z). Clearly ST satisfies (i) if Y is replaced by Y ∩ Z, and also (ii), (iii). Since (Y ∩ Z)^⊥ = Y^⊥ + Z^⊥, if {k_n} is a sequence in (Y ∩ Z)^⊥ which tend to zero we can write k_n = u_n + v_n with u_n ∈ Y^⊥, u_n → 0, v_n ∈ Z^⊥, v_n → 0. We easily deduce then [e_{kn} (Q) − 1](ST )^{(∗)} → 0. Thus (b) is proved.

3) For the proof of (c) and (d) we need a simple preliminary fact:

lim S e_x(P ) T = 0 if S, T ∈ C^X (Y ) and π_Y (x) → ∞.

(3.5)

Indeed, C^X (Y ) is a nondegenerate C_0(X/Y )-bimodule, so we may assume S = S_0φ_1(Q_Y ), T = φ_2(Q_Y )T_0 for some φ_1, φ_2 ∈ C_0(X/Y ). So (3.5) follows from (3.2).

4) We can now prove (c) and (d). Let E be a finite family of subspaces of X, for each Y ∈ E let T_Y ∈ C^X (Y ), and let us set T = ∑ Y ∈E TY . For ω ∈ X we set E(ω) = {Y ∈ E | ω ∈ Y }. If λ ∈ R and Y ∈ E(ω) we have e_x(P )^∗T_Y e_x(P ) = T_Y for x = λω (because of (i)). Thus (3.5) and the nondegeneracy of C^X (Y ) imply

s − lim_{λ→∞} e_{λω}(P )^∗ T e_{λω}(P ) = ∑ Y ∈E(ω) T_Y . (3.6)

In particular ‖ ‖ ‖ ‖ ∑ Y ∈E(ω) T_Y ‖ ‖ ‖ ‖ ≤ ‖ ‖ ‖ ∑ Y ∈E T_Y ‖ ‖ ‖ . (3.7)

We shall prove that there is a constant C such that for all Z ∈ E and all families {T_Y }_{Y ∈E} with T_Y ∈ C^X (Y ) ‖T_Z ‖ ≤ C ‖ ‖ ‖ ∑ Y ∈E T_Y ‖ ‖ ‖ . (3.8)

This clearly finishes the proof of (c), (d). If the set

Z_0 = Z \ ⋃ Y ≠Z Y = ⋂ Y ≠Z [Z \ (Y ⋂ Z)]

is not empty, then (3.7) with a choice ω ∈ Z_0 gives (3.8) with C = 1. Since Y ∩ Z are linear subspaces of Z, one has Z_0 = ∅ if and only if there is Y ∈ E such that Z ⊂ Y strictly. This cannot happen if Z is a maximal element in E (for the inclusion relation), hence (3.8) holds for such elements. Let E_1 be the set of Y ∈ E which are not maximal elements in E. Then we get ‖ ‖∑_{Y ∈E1} T_Y ‖ ‖ ≤ C_1 ‖ ‖∑_{Y ∈E} T_Y ‖ ‖ for some constant C_1. By what we already proved we see then that (3.8) holds for the maximal elements of E_1, etc.

The object of main interest for us will be the C^∗-subalgebra C^X of B(X) generated by the family {C^X (Y )} when Y runs over the family of all subspaces of X. Theorem 3.4(b) allows us to define

C^X = norm closure in B(X) of ∑ Y ⊂X C^X (Y ).

(3.9)

Let G (X), the grassmanian of X, be the set of all vector subspaces of X equipped with the order relation defined by inclusion. Then G (X) is a complete lattice and Y ∧ Z = Y ∩ Z, min G (X) = O = {0}, max G (X) = X. From Section 2.3 and Theorem 3.4 we see that C^X is a G (X)-graded C^∗- algebra.

We shall use in this context the abstract theory presented in Section 2.3. In particular, for each subspace Y of X we define

C^X_Y = norm closure in B(X) of ∑ Z⊃Y C^X (Z).

This is a C^∗-subalgebra of C^X and there is a canonical morphism P_Y : C^X → C^X_Y which is at the same time a projection in the sense of linear spaces. P_Y is uniquely determined by the property P_Y ∑ Z T (Z) = ∑ Z⊃Y T (Z) if T (Z) ∈ C^X (Z) for each Z ∈ G (X) and T (Z) ≠ 0 only for a finite number of Z. Moreover, J^X_Y := ker P_Y (a closed self-adjoint ideal) is equal to the closure of ∑ Z⊉Y C^X_Z and we have C^X = C^X_Y + J^X_Y , a topological direct sum.

If T belongs to C^X we shall often denote by T_Y = P_Y [T ] its component in C^X_Y .

3.2. What we have done until now suffices for an elementary treatment of the N-body hamiltonians. It is, however, useful and interesting to study a class of larger algebras, which appear quite naturally in our context. This will give us a better understanding of the structure of the algebras C^X (Y ).

Theorem 3.5 Let U^X be the set of operators T ∈ B(X) such that: (i) [T, e_k(Q)] → 0 if k → 0 in X^∗, and (ii) [e_x(P ) − 1]T^{(∗)} → 0 if x → 0 in X. Then U^X coincides with the norm closed subspace of B(X) generated by the operators of the form φ(Q)ψ(P ), with φ ∈ C_{bu}(X), ψ ∈ C_0(X^∗).

Proof. The method of proof is based on an idea from [Geo Ift]. Let A be the closed subspace of B(X) generated by the operators φ(Q)ψ(P ) with φ, ψ as above. Clearly U^X is a norm closed subspace of B(X) and φ(Q)ψ(P ) ∈ U^X if φ ∈ C_{bu}(X), ψ ∈ C_0(X^∗). So we have A ⊂ U^X and it remains to prove the oposite inclusion. From now we assume X = R^n = X^∗ and choose a function v ∈ C^∞_c (R^n ) with ∫ vdx = 1 and such that the support of its Fourier transform ^v is included in the unit ball. For T ∈ B(X) and ε > 0 we set T_ε = ∫ R^n e_{εk}(Q) T e_{εk}(Q)^∗ v(k)dk. If T ∈ U^X then ‖T_ε − T ‖ → 0 (because of (i)) and clearly T_ε ∈ U^X . The property of T_ε which is important for us is the following: if θ_1, θ_2 are bounded functions and dist(supp θ_1, supp θ_2) > ε^{−1}, then θ_1(Q)T_εθ_2(Q) = 0. This is proven, in a more general context, in [Geo Ift] and the computations will not be repeated here (it suffices to assume that T is a rank one operator and then the computation is straightforward).

Now we are clearly reduced to proving the following: if T ∈ U^X and if there is a number r > 0 such that θ_1(Q)T θ_2(Q) = 0 if θ_1, θ_2 ∈ C_c(X) and dist(supp θ_1, supp θ_2) > r, then T is a norm limit of linear combinations of operators of the form φ(Q)ψ(P ) with φ ∈ C_{bu}(X), ψ ∈ C_0(X^∗).

From Theorem 1.4.6 in [H] it follows that there is θ ∈ C^∞_c (R^n ) with support in the unit ball such that ∑ a∈L θ(x − a) = 1, where L = Z^n. We set θ^a = θ(Q − a) = e_a(P )^∗θ(Q)e_a(P ) and θ ≡ θ(Q). Then we get: T = ∑ a,b θ^a T θ^b = ∑ a θ^a T ∑ | b−a |<r+2 θ^b

= ∑ a e_a(P )^∗ θ e_a(P ) T e_a(P )^∗ ∑ | b−a |<r+2 θ(Q − (b − a))e_a(P ).

Denote ~θ(x) = ∑ | c |<r+2 θ(x − c) and Ta = ea(P )T ea(P ) ∗. Then we get: T = ∑ a e_a(P )^∗ θ T_a ~θ e_a(P ).

Set K_a = θT_a ~θ. Then there is a compact set Λ ⊂ X such that χK_aχ = K_a for all a; here χ is the operator of multiplication by the characteristic function of the set Λ. Moreover, from ‖ ‖[e_x(P ) − 1]T (∗) ‖ ‖ → 0 if x → 0

we easily get ‖ ‖[ex(P ) − 1]K^{(∗)}a ‖ ‖ → 0 as x → 0, uniformly in a. From the Riesz-Kolmogorov compacity criterion it follows now that {K_a}_{a∈Z}n is a relatively compact family of compact operators. Hence for each ε > 0 there is a finite set M ⊂ L such that L can be written as a disjoint union of subsets L_m, m ∈ M, with the property: a ∈ L_m ⇒ ‖K_a − K_m‖ < ε. Let S_m = ∑ a∈L_m ea(P ) ∗K_me_a(P ) and S = ∑ m∈M S_m. Then we have T − S = ∑ m∈M ∑ a∈L_m e_a(P )^∗[K_a − K_m]e_a(P ) = ∑ m∈M ∑ a∈L_m χ^ae_a(P )^∗[K_a − K_m]e_a(P )χ^a

where χ^a is the characteristic function of the set a+Λ. Since Λ is a compact set and a belongs to Z^n, it is elementary to prove that there is N < ∞, depending only on a and Λ, such that the norm of the last term above is smaller than N sup{‖K_a − K_m‖ | m ∈ M, a ∈ L_m}, which in turn is ≤ Nε (this is also a consequence of a simple version of the Cotlar-Stein lemma).

Finally, we see that it suffices to show that an operator of the form S_m belongs to A. K_m being compact and supported by a compact set, for each λ ≥ 0 and each ε > 0 there are φ_1, · · · , φ_j ∈ C_c(X) and ψ_1, · · · , ψ_j ∈ C_c(X^∗) such that ‖ ‖[K_m − ∑j_{i=1} φ_i(Q)ψ_i(P )]⟨Q⟩_λ ‖ ‖ < ε. Let

~S_m = ∑ a∈L_m e_a(P )^∗ j∑ i=1 φ_i(Q)ψ_i(P )e_a(P )

= j∑ i=1 [ ∑ a∈L_m φ_i(Q − a) ] ψ_i(P ) ≡ j∑ i=1 Φ_i(Q)ψ_i(P ).

We have Φ_i ∈ C_{bu}(X), so ~S_m belongs to A. Hence it suffices to prove that ‖ ‖S_m − ~S_m ‖ ‖ ≤ const. ε. Such an estimate follows easily from the fol-

lowing more general fact: if J ⊂ R^n is such that |j − k| ≥ const. > 0 for j, k ∈ J, j ≠ k, then for each λ > 2n there is C(n) < ∞ such that

‖∑ a∈J e_a(P )^∗Be_a(P ) ‖ ≤ C(n) [‖ ⟨Q⟩^λB ‖ + ‖ B⟨Q⟩^λ ‖] for all bounded operators B. This is is a straightforward consequence of the Cotlar-Stein lemma, see [GI] for details.

The space U^X is clearly a C^∗-subalgebra of B(X). It can also be proved directly that A (notation as in the preceding proof) is a C^∗-algebra (show that ψ(P )φ(Q) ∈ A if ψ ∈ C^∞_c (X^∗), φ ∈ C_{bu}(X), cf. [DaG]). In fact, A and the C^∗-crossed product C_{bu}(X) ⋊ X are canonically isomorphic.

To each subspace Y of X we associate the C^∗-subalgebra of B(X) defined by U^X_Y = {T ∈ U^X | [T, e_y(P )] = 0 ∀ y ∈ Y }.

Then U^X_Z ⊂ U^X_Y if Y ⊂ Z and it is easy to prove that U^X = C_0(X^∗). More generally:

Lemma 3.6 Each supplementary subspace of Y in X determines an isomorphism U^X_Y ≃ C_0(Y^∗) ⊗ U^{X/Y} = C_0(Y^∗; U^{X/Y} ).

(3.10)

Proof. Let Y_1 ⊂ X be a subspace such that X = Y + Y_1 and Y ∩ Y_1 = {0}. Then we have a natural identification X/Y ≃ Y_1 and

H(X) = H(Y ) ⊗ H(Y_1) = H(Y ; H(Y_1)).

(3.11)

Note that we make the natural conventions: if Y = O = {0} then H(Y ) = C , B(Y ) = K(Y ) = C . Denote F_Y the operator H(Y ; H(Y_1)) → H(Y^∗; H(Y_1)) defined by the Fourier transformation in the Y -variables (so F_Y = F^Y ⊗ 1 in the factorization (3.11)). Then to each bounded continuous map F : Y^∗ → B(X/Y ) we associate an operator F (P^Y ) ∈ B(X) by the following rule: F_Y F (P^Y )F_Y^{−1} is the operator of multiplication by the operator valued function F in H(Y^∗; H(Y_1)). We shall prove: F → F (P^Y ) is an isomorphism of C_0(Y^∗; U^{X/Y} ) onto U^X_Y . (3.12)

For each T ∈ B(X) let us set ~T = F_Y T F_Y^{−1}, a bounded operator in H(Y^∗; H(Y_1)). It is well known that the condition [e_y(P ), T ] = 0 ∀y ∈ Y is equivalent to the existence of a bounded weakly measurable function F : Y^∗ → B(Y_1) such that ~T is the operator of multiplication by F . Let Y^′ = Y^⊥_1 , then we have a direct sum decomposition X^∗ = Y^⊥ + Y^′ which allows us to identify Y^⊥ = Y^∗_1 and Y^′ = Y^∗. Then the condition [T, e_k(Q)] → 0 if k → 0 in Y^′ is equivalent to

ess− sup_{p∈Y ∗} ‖F (p + k) − F (p)‖ → 0 if k → 0 in Y^∗.

This means that F is uniformly norm continuous. If we also require that [e_y(P ) − 1]T → 0 if y → 0 in Y , then ess− sup_{p∈Y ∗} ‖ ‖[e_{i⟨y,p⟩} − 1]F (p) ‖ ‖ → 0 if y → 0 in Y.

By using Lemma 3.2 we thus get F ∈ C_0(Y^∗; B(Y_1)). The conditions [T, e_k(Q)] → 0 if k → 0 in Y^⊥ and [e_x(P ) − 1]T^{(∗)} → 0 if x → 0 in Y_1 are equivalent to sup_{p∈Y ∗} ‖ ‖[e_k(Q^Y1 ), F (p)] ‖ ‖ → 0 if k → 0 in Y^∗_1 , (3.13)

sup_{p∈Y ∗} ‖ ‖[ey(P^{Y1} ) − 1]F (p)^{(∗)} ‖ ‖ → 0 if y → 0 in Y1.

(3.14)

Thus we have F (p) ∈ U^{Y1} for all p ∈ Y^∗.

Theorem 3.7 U^X_Y coincides with the closed linear subspace of B(X) generated by the operators φ(Q_Y )ψ(P ), with φ ∈ C_{bu}(X/Y ) and ψ ∈ C_0(X^∗).

Proof. It is clear that φ(Q_Y )ψ(P ) ∈ U^X_Y if φ, ψ are as above, so one inclusion is obvious. In order to prove the opposite inclusion we use the isomorphism (3.10) determined by a supplementary subspace Y_1. The linear space generated by the functions of the form F (p) = θ(p)S, with θ ∈ C_0(Y^∗) and S ∈ U^{X/Y} , is dense in C_0(Y^∗; U^{X/Y} ), so it suffices to consider operators T such that ~T is of this form. Moreover, by Theorem 3.5 (with X replaced by X/Y ), it suffices to assume that S = φ(Q^{X/Y} )ξ(P^{X/Y} ) for some φ ∈ C_{bu}(X/Y ) and ξ ∈ C_0((X/Y )^∗). Recall that (X/Y )^∗ = Y^⊥, Y^∗ ≃ Y_1^⊥, and X^∗ = Y_1^⊥ + Y^⊥ direct sum. Thus we can define ψ ∈ C_0(X^∗) by ψ(p_1 + p_2) = θ(p_1)ξ(p_2) if p_1 ∈ Y_1^⊥, p_2 ∈ Y^⊥. Then T = φ(Q_Y )ψ(P ).

3.3. The isomorphism of Lemma 3.6 depends on the choice of a supplementary space for Y , and this is esthetically and practically annoying. We present below an intrinsic version of this construction.

We define C^X_0 (Y^∗; U^{X/Y} ) as the C^∗-algebra of norm continuous maps F : X^∗ → U^{X/Y} such that:

(a) F (k + p) = e_p(Q^{X/Y} )^∗ F (k) e_p(Q^{X/Y} ) for all k ∈ X^∗, p ∈ Y^⊥; (b) ‖F (k)‖ → 0 if π^{X∗}_{Y ⊥} (k) → ∞.

Note that Y^⊥ = (X/Y )^∗ and π^{X∗}_{Y ⊥} is the projection map X^∗ → X^∗/Y^⊥ = Y^∗. Such functions F are sections of a (trivialisable but not trivial) fiber bundle of C^∗-algebras over Y^∗. One can similarly define C^X_0 (Y^∗; C) for any C^∗-subalgebra C ⊂ B(X/Y ) which has the property: if S ∈ C then for each p ∈ Y^⊥ the operator e_p(Q^{X/Y} )^∗Se_p(Q^{X/Y} ) belongs to C and depends norm-continuously on p. A map F : X^∗ → B(X/Y ) satisfying (a) will be called Y -covariant.

The choice of a supplementary subspace Y^′ for Y^⊥ in X^∗ determines an isomorphism C^X_0 (Y^∗; U^{X/Y} ) ≃ C_0(Y^∗; U^{X/Y} ).

(3.15)

Indeed, we have a direct sum decomposition X^∗ = Y^′ + Y^⊥ and the identification Y^∗ ≃ Y^′, so we may write X^∗ = Y^∗ ⊕ Y^⊥. We get the isomorphism

(3.15) by associating to each F : X^∗ → U^{X/Y} the map F_0 : Y^∗ → U^{X/Y} obtained by restriction: F_0 = F |Y^′. Then F_0 uniquely determines F if (a) has to be satisfied: if k ∈ Y^′ and p ∈ Y^⊥ we must take F (k + p) = e_p(Q^{X/Y} )^∗ F_0(k) e_p(Q^{X/Y} ).

If ψ ∈ C_0(X^∗) and k ∈ X^∗ we denote ψ^k_Y the map Y^⊥ ∋ p → ψ(k + p). Since Y^⊥ = (X/Y )^∗ we may define ψ(k + P^{X/Y} ) := ψ^k_Y (P^{X/Y} ) ∈ U^{X/Y} . The map k → ψ(k + P^{X/Y} ) is norm continuous and satisfies (a), (b) as a consequence of the corresponding properties of the map k → ψ^k_Y ∈ C_0(Y^⊥).

Theorem 3.8 There is a unique isomorphism T → ~T of U^X_Y onto the algebra C^X_0 (Y^∗; U^{X/Y} ) such that, if T = φ(Q^X_Y )ψ(P^X ) for some functions φ ∈ C_{bu}(X/Y ), ψ ∈ C_0(X^∗), then ~T (k) = φ(Q^{X/Y} )ψ(k + P^{X/Y} ).

Proof. If such a morphism exists, then it is unique by Theorem 3.5. So it suffices to show that there is an isomorphism with the required property, and this can be donne with the help of a supplementary subspace Y_1 for Y and the isomorphisms (3.10), (3.15) determined by it (Y^′ = Y^⊥_1 ). The proof of Theorem 3.7 shows that φ(Q^X_Y )ψ(P^X ) is sent into k → φ(Q^{X/Y} )ψ(k+P^{X/Y} ) by this isomorphism.

The function ~T ∈ C^X_0 (Y^∗; U^{X/Y} ) will be called covariant symbol of T . It will be convenient to set T (k) ≡ ~T (k) for k ∈ X^∗, hence to denote T (·) ≡ ~T .

It is possible to reformulate the definition of the covariant symbol as follows. First note that there is a unique surjective morphism U^X_Y ∋ T −→ T^{X/Y} ∈ U^{X/Y} (3.16)

such that T^{X/Y} = φ(Q^{X/Y} )ψ(P^{X/Y} ) if T = φ(Q^X_Y )ψ(P^X ) (in the computation of the operator ψ(P^{X/Y} ) the restriction of ψ to the subspace (X/Y )^∗ = Y^⊥ of X^∗ is involved). This is clear from Theorem 3.8. Then one has T (k) ≡ ~T (k) = [e_k(Q^X )^∗T e_k(Q^X )]^{X/Y}

(3.17)

for all k ∈ X^∗.

3.4. Now we return to the study of the C^∗-algebras C^X (Y ). We have

C^X (Y ) = {T ∈ U^X_Y | [e_k(Q) − 1]T^{(∗)} → 0 if k → 0 in Y^⊥}.

It will be clear from the proof of the next theorem that the condition on T^∗ is not needed.

Theorem 3.9 C^X (Y ) coincides with the norm closed linear subspace of B(X) generated by the operators of the form φ(Q_Y )ψ(P ), with φ ∈ C_0(X/Y ) and ψ ∈ C_0(X^∗).

Proof. We have seen in the proof of Proposition 3.3 that the operators φ(Q_Y )ψ(P ) belong to C^X (Y ). Reciprocally, let T ∈ U^X_Y such that [e_k(Q) − 1]T → 0 if k → 0 in Y^⊥. Let θ ∈ C_0(X/Y ) with θ(0) = 1. Then [θ(εQ_Y ) − 1]T → 0 as ε → 0 (see Lemma 3.2). On the other hand, T is a norm limit of operators of the form ∑ φ_i(Q_Y )ψ_i(P ) with φ_i ∈ C_{bu}(X/Y ), ψ_i ∈ C_0(X^∗) (see Theorem 3.5). Thus T is a norm limit of operators of the form ∑ θ(εQ_Y )φ_i(Q_Y )ψ_i(P ).

Proposition 3.10 An operator T ∈ B(X) belongs to C^X (Y ) if and only if there is a subspace Y^′ supplementary to Y^⊥ in X^∗ such that the next relations hold:

(i)_0 [T, e_y(P)] = 0 ∀ y ∈ Y; (ii)_0 [T, e_k(Q)] → 0 if k → 0 in Y^′; (iii)_0 [e_x(P) − 1]T → 0 if x → 0 in X; (iv)_0 [e_k(Q) − 1]T → 0 if k → 0 in Y^⊥.

Proof. It will be convenient to decompose the condition the condition (iii)_0 in two parts: (iii)_Y, obtained by restricting x to Y in (iii)_0, and (iii)_Y′ , obtained by restricting x to Y_1 := Y^{′⊥} in (iii)_0. We use the same conventions and notations as in the proof of Lemma 3.6. We have seen there that conditions (i)_0, (ii)_0 and (iii)_Y are equivalent to the existence of F ∈ C_0(Y^∗; B(Y_1)) such that T = F (P^Y ). Then (iv)_0 is equivalent to (3.13) while (iii)_Y′ can be written as (3.14) but with F (p)^{(∗)} replaced by F (p). Now we can use the Riesz-Kolmogorov compacity criterion to get that F (p) is a compact operator for each p. Clearly, for each ε > 0 we can find positive functions θ_1, . . . , θ_n ∈ C_c(Y^∗) and points p_1, . . . , p_n ∈ Y^∗ such that ∑ i θ_i(p) ≤ 1 on Y^∗ and ‖F (p) − ∑ i F (p_i)θ_i(p)‖ ≤ ε. Moreover, there are operators of the form K_i = ∑ j φ_{ij} (Q^{Y1} )ψ_{ij} (P^{Y1} ), with φ_{ij} ∈ C_c(Y_1), ψ_{ij} ∈ C_c(Y^∗_1 ), such that ‖F (p_i) − K_i‖ ≤ ε. Thus ‖ ‖ ‖F (p) − ∑ ij φ_{ij} (Q^{Y1} )ψ_{ij} (P^{Y1} )θ(p) ‖ ‖ ‖ ≤ 2ε ∀p ∈ Y^∗. This means that there are functions φ_i ∈ C_c(X/Y ) and ψ_i ∈ C_c(X^∗) such that ‖T − ∑ φ_i(Q_Y )ψ(P )‖ ≤ 2ε, and this finishes the proof.

Observe that the elements of C^X (Y ) can be characterized in terms of their covariant symbols as follows: the map T → T (·) is an isomorphism

C^X (Y ) → C^X_0 (Y^∗; K(X/Y )).

(3.18)

This map is uniquely determined by the property T (k) = φ(Q^{X/Y} )ψ(k + P^{X/Y} ) if T = φ(Q^X_Y )ψ(P^X ) with φ ∈ C_0(X/Y ) and ψ ∈ C_0(X^∗).

More generally, let Y, Z be subspaces of X such that Y ⊂ Z. Then T → T (·) induces an isomorphism

C^X (Z) → C^X_0 (Y^∗; C^{X/Y} (Z/Y )) uniquely determined by the property T (k) = φ(Q^{X/Y}_{Z/Y} )ψ(k + P^{X/Y} ) if T = φ(Q^X_Z )ψ(P^X ) and φ ∈ C_0(X/Z), ψ ∈ C_0(X^∗). Note that one has Z/Y ⊂ X/Y and (X/Y )/(Z/Y ) = X/Z, π^X_Z = π^{X/Y}_{Z/Y} ∘ π^X_Y . Clearly C^X ⊂ U^X and C^X_Y ⊂ U^X_Y . By taking into account the remarks made above in connection with C^X (Z), we have the following description of C^X_Y in terms of covariant symbols: C^X_Y = {T ∈ U^X_Y | T (k) ∈ C^{X/Y} ∀k ∈ X^∗}. (3.19) In other terms, T → T (·) gives a canonical isomorphism C^X_Y ∼= C^X_0 (Y^∗; C^{X/Y} )

(3.20) and a choice of a supplementary subspace Y^′ for Y^⊥ in X^∗ determines a non-canonical isomorphism (cf. (3.15)): C^X_Y ≃ C_0(Y^∗; C^{X/Y} ) = C_0(Y^∗) ⊗ C^{X/Y} .

(3.21)

We discuss now a property of the covariant symbols which will be needed for the proof of the Mourre estimate. Let Y ⊊ Z ⊊ X and T ∈ C^X . Then T_Y ∈ C^X_Y and its covariant symbol is a map T_Y (·) : X^∗ → C^{X/Y} , hence for each k ∈ X^∗ one gets an operator T_Y (k) ∈ C^{X/Y} . But Z/Y is a subspace of X/Y so we can consider the operator [T_Y (k)]_{Z/Y} ∈ C^{X/Y}_{Z/Y} whose covariant symbol is a map [T_Y (k)]_{Z/Y} (·) : (X/Y )^∗ = Y^⊥ → C^{X/Z} , where we used the identification (X/Y )/(Z/Y ) = X/Z. Thus for each p ∈ Y^⊥ we get an operator [T_Y (k)]_{Z/Y} (p) ∈ C^{X/Z} . On the other hand, we may also consider the operator T_Z ∈ C^X_Z whose covariant symbol is a map T_Z (·) : X^∗ → C^{X/Z} . We shall prove that [T_Y (k)]_{Z/Y} (p) = T_Z (k + p).

(3.22) Indeed, it suffices to show this for T = φ(Q^X_E )ψ(P^X ), where E is a subspace of X and φ ∈ C_0(X/E), ψ ∈ C_0(X^∗). Moreover, we may assume E ⊃ Z, otherwise both members above are zero. Then T_Y = T and from π^X_E = π^{X/Y}_{E/Y} ∘ π^X_Y we get T_Y (k) = φ ∘ π^{X/Y}_{E/Y} (Q^{X/Y} )ψ^k_Y (P^{X/Y} ) for all k ∈ X^∗. Since E/Y ⊃ Z/Y we shall also have [T_Y (k)]_{Z/Y} = T_Y (k). From π^{X/Y}_{E/Y} = π^{X/Z}_{E/Z} ∘π^{X/Y}_{Z/Y} we obtain [T_Y (k)]_{Z/Y} (p) = φ∘π^{X/Z}_{E/Z} (Q^{X/Z} )ψ^k_Y (p+P^{X/Z} ) which is the same as φ(Q^{X/Z}_{E/Z} )ψ(k + p + P^{X/Z} ), so (3.22) is proved.

We also observe that by taking k = 0 in (3.22) we get an expression for the covariant symbol of the projection onto C^{X/Y}_{Z/Y} of the operator T^{X/Y} : T^{X/Y}_{Z/Y} (p) = T_Z (p) (3.23) for all p ∈ (X/Y )^∗ = Y^⊥. And then by taking p = 0 we get [T^{X/Y} ]^{Z/Y} = T^{X/Z} . (3.24)

4 The Hamiltonian and its Essential Spectrum

4.1. We are interested in the spectral analysis of the self-adjoint operators affiliated to the G (X)-graded C^∗-algebra C^X . Note that according to Proposition 3.3 all the nondegeneracy requirements from Section 2.3 are satisfied. Observe also that C^X (min G (X)) = C^X (O) = K(X), C^X (max G (X)) = C^X (X) = C_0(X^∗).

Let H be a self-adjoint operator on H(X) strictly affiliated to C^X . Then for each subspace Y of X there is a unique self-adjoint operator H_Y on H(X), called sub-hamiltonian of H, such that P_Y [φ(H)] = φ(H_Y ) for all φ ∈ C_0(R), and this operator is strictly affiliated to C^X_Y (use Proposition 2.3). According to standard conventions we should set H_0 = H_X , but note that H = H_O, where O is the zero dimensional subspace. We may introduce the covariant symbol H_Y (·); this is the map k → H_Y (k) from X^∗ to the space of self-adjoint operators on H(X/Y ) defined by the rule:

θ(H)_Y (k) = θ(H_Y (k)) for all θ ∈ C_0(R) and k ∈ X^∗.

Then we have (i) H_Y (k + p) = e_p(Q^{X/Y} )^∗H_Y (k)e_p(Q^{X/Y} ) if k ∈ X^∗, p ∈ (X/Y )^∗ = Y^⊥; (ii) k → H_Y (k) is continuous in norm resolvent sense;

(iii) H_Y (k) → ∞ if dist(k, Y^⊥) → ∞, in the sense that: for each compact Λ ⊂ R there is r < ∞ such that σ(H_Y (k)) ∩ Λ = ∅ if dist(k, Y^⊥) > r.

It is clear from (i) that σ(H_Y (k)) depends only on the class of k in X^∗/Y^⊥ = Y^∗. For p ∈ Y^∗ let σ(p) := σ(H_Y (k)) if k ∈ X^∗ is in the class p. Then we have σ(H_Y ) = ∪_{p∈Y} ∗ σ(p).

We also define H^{X/Y} = H_Y (0); then H^{X/Y} is a self-adjoint operator strictly affiliated to C^{X/Y} . These operators will play an important rôle in the proof of the Mourre estimate.

Our first theorem shows that the essential spectrum σ_{ess}(H) of H can be computed in terms of the spectra of its sub-hamiltonians. The next lemma will be needed in the proof.

Lemma 4.1 If Y ≠ O and S ∈ C^X_Y is a self-adjoint operator then σ(S) is an interval.

Proof. By using C^X_Y ⊂ U^X_Y and Lemma 3.6 we see that we may suppose that there is a Hilbert space H_0 such that S is the operator of multiplication by a continuous function S(·) : Y^∗ → B(H_0) with the property ‖S(k)‖ → 0 if k → ∞. Clearly then σ(S) is equal to the closure of the union of the spectra of the operators S(k). If α(k), β(k) are the lower and upper bounds respectively of S(k) then σ(S(k)) ⊂ [α(k), β(k)]. Moreover, we have α(k), β(k) ∈ σ(S(k)) for all k ∈ Y^∗ and α, β ∈ C_0(Y^∗). This clearly implies σ(S) = [min α, max β].

The set of atoms of the lattice G (X) is the projective space P(X) of X, i.e. the set of one dimensional subspaces of X.We mention a consequence of relation (3.6): for each Y ∈ P(X) and ω ∈ Y , ω ≠ 0 :

H_Y = s − lim_{λ→∞} e_{λω}(P )^∗He_{λω}(P )

(4.1)

in the strong resolvent sense.

Theorem 4.2 Let H be a self-adjoint bounded from below operator on H(X) and let us assume that H is strictly affiliated to the C^∗-algebra C^X . Set τ_Y = inf H_Y and let τ = min{τ_Y | Y ∈ P(X)}. Then for Y ≠ O one has σ(H_Y ) = [τ_Y , ∞). Moreover, σ_{ess}(H) = [τ, ∞).

Proof. We first prove that the spectrum of H_Y is an interval if Y ≠ O. Let c be a real number such that H_Y + c ≥ const > 0 and set S = (H_Y + c)^{−1}. Then it suffices to show that the spectrum of S is an interval. Since S ∈ C^X_Y and is a self-adjoint operator, this follows from Lemma 4.1. Now according to Theorem 2.10 and Proposition 5.4 below we have

σ_{ess}(H) = ⋃ Y ∈P(X) σ(H_Y )

(4.2)

which clearly proves the theorem.

If H is affiliated to C^X (E) for some stable under intersections set E ⊂ G (X) and if Z is the smallest element of E such that Z ⊃ Y for a given Y ∈ P(X), then clearly H_Y = H_Z . This gives a version of Theorem 4.2 which looks like the usual HVZ theorem.

There is a second version of Theorem 4.2 which is worth to be mentioned. This is an immediate consequence of (4.1) and (4.2).

Theorem 4.3 Let H be a self-adjoint operator on H(X) strictly affiliated to the C^X . Then for each ω ∈ X the limit H_ω = s − lim_{λ→∞} e_{λω}(P )^∗He_{λω}(P ) exists in the strong resolvent sense and σ_{ess}(H) = ⋃ ω≠0 σ(Hω). 4.2. In this section we apply the results of Section 2.3 and get an explicit class of operators strictly affiliated to the algebra C^X . Let H_0 ≡ H_X be a self-adjoint, bounded from below operator on H(X), strictly affiliated to C^X (X) = C_0(X^∗). Equivalently, let H_0 = h(P ) for some continuous divergent function h : X^∗ → R (we say that h is divergent if h(k) → ∞ if k → ∞ in X^∗). We keep the notations G, G^∗ from Section 2.2.

We recall that the Sobolev scale {H^s(X)}_{s∈R} associated to the translation group is defined by the norms ‖f‖_s = ‖⟨P ⟩^sf‖. Here (and later) we use norms | · | on X^∗ and ‖·‖ on H(X) and set ⟨k⟩ = (1 + | k |^2)^{1/2}. One has H^0(X) = H(X) and H^s(X) ⊂ H^t(X) as topological vector spaces if t ≤ s. We denote ‖·‖_{s,t} the norm in the space B(H^s(X), H^t(X)). Of course, the choice of norms is not important.

In this section we shall consider only the case when G = H^s(X) for some s > 0. Since one may take as norm on G the expression ⟨f, [λ + h(P )]f⟩^{1/2} for λ large enough, one has G = H^s(X) for some s > 0 if and only if there are constants C, R > 0 such that C^{−1}⟨k⟩^{2s} ≤ h(k) ≤ C⟨k⟩^{2s} if | k | > R. (4.3)

In order to state conditions on the perturbations H(Y ) (cf. Theorem 2.11) it is convenient to introduce analogues of the spaces C^X (Y ) consisting of unbounded operators.

Definition 4.4 Let s > 0 real and Y a subspace of X. Then C^X_s (Y ) is the set of continuous operators S : H^s(X) → H^{−s}(X) such that the following properties hold for some real t > s: (i) [S, e_y(P )] = 0 ∀y ∈ Y , (ii) ‖[S, e_k(Q)]‖_{s,−t} → 0 if k → 0 in X^∗,

(iii) ‖[e_k(Q) − 1]S‖_{s,−t} → 0 if k → 0 in Y^⊥.

It could seem more natural to consider the more restricted class of operators obtained by requiring t = s. However, the little gain of generality afforded by the preceding definition is useful in applications. We shall prove below that one gets the same class of operators if in (ii) k is restricted to a subspace Y^′ supplementary to Y^⊥ in X^∗ (as in (ii)_0 of Proposition 3.10). An easy convexity argument shows that if (ii) (or (iii)) holds for one t > s, then it holds for all t > s. Moreover, by an argument similar to that in the proof of Lemma 3.2, the condition (iii) is equivalent with the existence of a function θ ∈ C^∞(X/Y ), with θ(z) = 0 if z is in a neighbourhood of zero and θ(z) = 1 if z is outside a compact set, such that ‖θ(εQ_Y )S‖_{s,−t} → 0 if ε → 0.

Lemma 4.5 An operator S ∈ B(H^s(X), H^{−s}(X)) belongs to C^X_s (Y ) if and only if one has ⟨P ⟩^{−t}S⟨P ⟩^{−s} ∈ C^X (Y ) for some t > s. And then the last property holds for all t > s.

Proof. Let T = ⟨P ⟩^{−t}S⟨P ⟩^{−s}. It is clear that T satisfies (i)_0 of Proposition 3.10 if and only if S satisfies (i) of Definition 4.4. Let ω(k) = ⟨k⟩^s and u = t/s, v = u − 1 > 0. Then

‖[e_x(P ) − 1]T ‖ ≤ ‖ ‖[e_x(P ) − 1]ω(P )^{−v} ‖ ‖ · ‖ ‖ω(P )^{−1}Sω(P )^{−1} ‖ ‖ hence (iii)_0 of Proposition 3.10 follows from ω(k)^{−v} → 0 as k → ∞.

For the rest of the proof we need the following observation: if r is an arbitrary real number then ‖ ‖[e_k(Q), ω(P )^r]ω(P )^{−r} ‖ ‖ → 0 if k → 0 in X^∗.

(4.4)

To prove, this, note that the norm above is equal to sup_{p∈X∗} | | 1 − w(p + k) w(p) | | where w(k) = ω(k)^r, so it suffices to show that this quantity tends to zero when k → 0. Clearly ⟨p + k⟩ ≤ (1 + | k |)⟨p⟩ for all k, p ∈ X^∗. Replacing p by p − k and then changing k in −k we also get ⟨p + k⟩ ≥ (1 + | k |)^{−1}⟨p⟩. Thus for r ∈ R we have w(k + p) ≤ (1 + C | k |)^N w(p) with C = 1 and N = sr (we write this estimate in a form more general than needed here in view of later applications). Then clearly (1 + C | k |)^{−N} ≤ w(p + k) w(p) ≤ (1 + C | k |)^N from which the result follows.

Now we can check (ii)_0 of Proposition 3.10 by using

[e_k(Q), T ] = [e_k(Q), ω(P )^{−u}]ω(P )^u · T + ω(P )^{−u}[e_k(Q), S]ω(P )^{−1} + T · ω(P )[e_k(Q), ω(P )^{−1}].

For (iv)_0 we use

[e_k(Q) − 1]T = [e_k(Q), ω(P )^{−u}]ω(P )^u · T + ω(P )^{−u}[e_k(Q) − 1]Sω(P )^{−1}.

Thus we see that T verifies all the conditions of Proposition 3.10, so T ∈ C^X (Y ). Reciprocally, if T has this property then we check (ii) of Definition 4.4 by writing ‖[e_k(Q), S]‖_{s,−t} = ‖ ‖⟨P ⟩^{−t}[e_k(Q), S]⟨P ⟩^{−t} ‖ ‖ = ‖ [e_k(Q), T ] − [e_k(Q), ⟨P ⟩^{−t}]⟨P ⟩^t · T − T · ⟨P ⟩^s[e_k(Q), ⟨P ⟩^{−s}] ‖ and using (4.4). Then (iii) is proved similarly, hence S ∈ C^X_s (Y ). Observe that this also proves ‖S[e_k(Q) − 1]‖_{s,−t} → 0 if k → 0 in Y^⊥.

The last assertion of the lemma is a consequence of the analyticity of the map t → ⟨P ⟩^{−t}S⟨P ⟩^{−s} ∈ B(H) on the interval (s, ∞) (see the proof of Lemma 2.6).

The preceding lemma and Proposition 3.10 imply an assertion we made before: in condition (ii) of Definition 4.4 it suffices to assume k ∈ Y^′, where Y^′ is a supplementary subspace for Y^⊥ in X^∗.

Theorem 4.6 Let H_0 = h(P ) for some continuous function h on X^∗ satisfying (4.3) for some s > 0. Set H(X) = 0 and for each Y ∈ G (X) \ {X} let H(Y ) ∈ C^X_s (Y ) be symmetric and such that H(Y ) ≥ −μ_Y H_0 − δ_Y for some positive numbers μ_Y , δ_Y with ∑ μ_Y < 1, ∑ δ_Y < ∞. Assume that the family {H(Y )}_{Y ∈G(X)} is summable in B(H^s; H^{−s}). Let H = H_0 + ∑ H(Y ), the sum being taken in the sense of forms. Then H is a self-adjoint operator strictly affiliated to C^X and P_Y [H] = H_0 + ∑ Z⊃Y H(Z) for all Y ∈ G (X). Proof. The only condition of Theorem 2.11 which has not been already checked is (2.7). Let ω(k) = ⟨k⟩^s, then we write

(λ + H_0)^{−α}H(Y )(λ + H_0)^{−1/2} = (λ + H_0)^{−α}ω(P )^{2α} · T · ω(P )(λ + H_0)^{−1/2}

where T = ω(P )^{−2α}H(Y )ω(P )^{−1}. We have H_0 = h(P ) for some h : X^∗ → R continuous and verifying (4.3). So the operators (λ + H_0)^{−α}ω(P )^{2α} and ω(P )(λ+H_0)^{−1/2} are of the form ψ(P ) for some ψ ∈ C_b(X^∗). By taking into account Proposition 3.3(ii) we see that (2.7) is a consequence of T ∈ C^X (Y ). But this holds by Lemma 4.5.

We recall that an operator affiliated to C^X is necessarily affiliated to the closure of ∑ Y ∈E C X (Y ) for some countable, stable under intersections subset E of G (X). However, the requirement of convergence in B(H^s; H^{−s}) of the series ∑ H(Y ) can be relaxed, e.g. one can take H = H_0 + V with V in the closure of ∑ Y ∈G(X) C X s (Y ) in B(H^s; H^{−s}).

It is possible to give a more explicit description of the class C^X_s (Y ) by using the covariant symbols of its elements but this not useful for our purposes. We shall give only an explicit construction of a large class of operators belonging to this space. For this it is convenient to use the following notion (see Definition 9.4.7 in [ABG]). Let Z be a real finite dimensional vector space and let L : H^s(Z) → H^t(Z) be a continuous linear operator for some s, t ∈ R. One says that L is small at infinity if for some (and hence for all) u < t one of the following equivalent conditions is satisfied: (1) L : H^s(Z) → H^u(Z) is compact. (2) ‖ ‖[e_k(Q^Z ) − 1]L ‖ ‖_{s,u} → 0 if k → 0 in Z^∗.

(3) There is θ ∈ C^∞(Z), with θ(z) = 0 on a neighbourhood of zero and θ(z) = 1 for large z, such that ‖ ‖θ(εQZ )L ‖ ‖_{s,u} → 0 as ε → 0.

In the next proposition we use the same notations as in the proof of Lemma 3.6.

Proposition 4.7 Let F : Y^∗ → B(H^s(X/Y ); H^{−s}(X/Y )) be a norm continuous map such that the operators F (k) are symmetric and satisfy: (i) ±F (k) ≤ C[⟨P^{X/Y} ⟩^{2s} + ⟨k⟩^{2s}] for some constant C and all k ∈ Y^∗, (ii) F (k) : H^s(X/Y ) → H^{−s}(X/Y ) is small at infinity for each k ∈ Y^∗.

Let Y_1 be a supplementary subspace for Y in X, identify X/Y = Y_1, and define F (P^Y ) : H^s(X) → H^{−s}(X) by ⟨f, F (P^Y )f⟩ = ∫ Y^∗ ⟨(F_Y f)(k), F (k) (F_Y f)(k)⟩ dk. Then F (P^Y ) ∈ C^X_s (Y ).

Proof. Clearly F_Y ⟨P ⟩^{−t}F (P^Y )⟨P ⟩^{−s}F^∗_Y is the operator of multiplication by the operator valued map

k → (1 + |P^{X/Y} |^2 + | k |^2)^{−t/2}F (k)(1 + |P^{X/Y} |^2 + | k |^2)^{−s/2}

and the result follows from the lemmas 4.5 and 3.6 and from (3.18).

Not all the symmetric operators in C^X_s (Y ) are of the form F (P^Y ) with F as above: indeed, we could require that F : Y^∗ → B(H^s(Y_1); H^{−t}(Y_1)) be norm continuous for some t > s.

Finally, we give an explicit example in the case s = t = 0 which shows that the notion of smallness at infinity used above goes beyond the classical setting. Let m : Z → C be a bounded Borel function. If m(z) → 0 as | z | → ∞ then clearly the linear continuous operator m(Q) : H(Z) → H(Z) of multiplication by m is small at infinity. But such a condition is by no means necessary:

Proposition 4.8 Let m : Z → C be a bounded Borel function such that the measure of the set {z ∈ Z | | m(z) | > ε} is finite for each ε > 0. Then the linear operator m(Q) : H(Z) → H(Z) is small at infinity.

Remark The preceding hypotheses are satisfied if m ∈ L^p(Z) ∩ L^∞(Z) for some p < ∞. Note that such a function could not tend to zero at infinity.

Proof. (i) Let A ⊂ Z be a Borel set of finite measure. We first prove that for each s > 0 the operator χ_A of multiplication by the characteristic measure of A is compact operator H^s(Z) → H(Z). By interpolation it suffices to prove this for large s; we shall take s > dimZ/2. Then χ_A = χ_A⟨P ⟩^{−s}.⟨P ⟩^s, ⟨P ⟩^s : H^s(Z) → H(Z) is an isomorphism, and χ_A⟨P ⟩^{−s} is a Hilbert-Schmidt operator on H(Z).

(ii) Let θ ∈ C^∞(Z) with θ(z) = 0 on a neighbourhood of the origin and θ(z) = 1 on a neighbourhood of infinity and set θ_r = θ(Qr^{−1}). We show that ‖θ_rm(Q)‖_{s,0} → 0 as r → ∞; this suffices to prove the proposition, as is clear by a transposition argument. Let ε > 0 and A = {z ∈ Z | | m(z) | > ε}. Denote c = sup | m(z) |. Then for each f ∈ H(Z) one has: ‖θ_rmf‖^2 = ∫ A | θ_r mf |^2 dz + ∫ Z\A | θ_r mf |^2 dz ≤ c^2 ‖θ_r χ_Af‖^2 + ε^2‖f‖^2

Since θ_r → 0 strongly on H(Z) and χ_A : H^s → H is compact one has ‖θ_rχ_A‖_{s,0} → 0 as r → ∞. So there is R > 0 such that ‖θ_r χ_Af‖ ≤^ε_c ‖f‖_Hs for all f ∈ H^s and r ≥ R. Hence for r ≥ R we get ‖θ_r m(Q)‖_{s,0} ≤ √ 2ε. 4.3. We end this section with a result concerning the algebra U^X and some remarks on a more general class of kinetic energies.

Theorem 4.9 Let H_0 = h(P ) for some continuous function h on X^∗ satisfying (4.3) for some s > 0 and such that |h(p + k) − h(p)|⟨p⟩^{−2s} → 0 when k → 0, uniformly in p. Let V be a standard form perturbation of H_0 such that ‖[V, e_k(Q)]‖_{s,−s} → 0 if k → 0 in X^∗. Then the operator H = H_0 + V is strictly affiliated to U^X .

Proof. We check the conditions of Lemma 2.7 by using directly the definition of U^X . Let λ > 0 be a large positive number, R = (H + λ)^{−1}, Ω = ⟨P ⟩^s and U = Ω^{−1}V Ω^{−1}, so that RV R . . . V R = RΩ · U · Ω^2R · U · . . . · Ω^2R · U · ΩR. The right hand side above is written as a product of bounded operators and RΩ = ψ(P ) with ψ ∈ C_0(X^∗), hence condition (ii) of Theorem 3.5 is satisfied. From (4.4) and our hypothesis on V it follows that T = U fulfills (i) of Theorem 3.5. The fact that Ω^2R also has this property follows immediately from our hpotheses on h. Thus RV R . . . V R ∈ U^X .

We shall explain now how one can treat operators whose form domain is not a Sobolev space (e.g. hypoelliptic operators). The proof of Lemma 4.5 shows that if w : X^∗ → (0, ∞) satisfies w(k + p) ≤ (1 + C|k|)^N w(p) for some C > 0, N ∈ R and a norm | · | on X^∗, then ‖ [e_k(Q), w(P )] w(P )^{−1} ‖ → 0 if k → 0 in X^∗. We call such a function w a strict N−weight (see Section 10.1 in [H]). If w : X^∗ → (0, ∞) is continuous and satisfies w(k+p) ≤ C⟨k⟩^N w(p), we say that w is a N−weight. We have:

Lemma 4.10 Let H_0 = h(P ) for some continuous divergent function h on X^∗. Denote G the space D(|H_0|^{1/2}) equipped with the graph topology. Then for each N > 0 the following assertions are equivalent:

(i) e_k(Q)G ⊂ G and ‖e_k(Q)‖_{B(G)} ≤ C⟨k⟩^N for a constant C and all k ∈ X^∗; (ii) there is a divergent N−weight w such that G is the domain of w(P ) ; (iii) there is a divergent strict N−weight such that (ii) holds.

Proof. We may assume h(k) > 0 for all k and then we may take as norm on G the expression ⟨f, h(P )f⟩^{1/2}. From e_{−k}(Q)h(P )e_k(P ) = h(P + k) we see that condition (i) is equivalent to ⟨f, h(P + k)f⟩ ≤ C^2⟨k⟩^{2N} ⟨f, h(P )f⟩ for all f which, in turn, is equivalent to h(k + p) ≤ C^2⟨k⟩^{2N} h(p) ∀k, p ∈ X^∗. If we set ω(k) = h(k)^{1/2} then we get a continuous divergent function on X^∗ such that ω(k + p) ≤ C⟨k⟩^N ω(p). Then by using the Remark after Theorem

10.1.5 from [H] we obtain a strict N−weight w such that w ≤ ω ≤ C_1w for a constant C_1.

Observe that (ii) above is equivalent to C^{−1}w(k)^2 ≤ h(k) ≤ Cw(k)^2 for all |k| ≥ R and some constants C, R. It is rather straightforward now to develop the theory replacing above the Sobolev space H^s(X) by H^w(X) = {f ∈ H(X) | w(P )f ∈ H(X)}, see Sections 2.7 and 2.9 in [GM].

5 The Mourre Estimate

5.1. In order to get finer spectral properties of an operator affiliated to C^X we shall use the Mourre method with the generator of dilations as conjugate operator. In this section we discuss some general facts concerning the Mourre estimate, which is the main technical point of the theory.

Let A, H be self-adjoint operators on a Hilbert space H. We say that H is of class C^1(A) if the map τ −→ e^{−iAτ} (H +i)^{−1}e^{iAτ} is strongly differentiable and that H is of class C^1_u(A) if this map is norm differentiable. One can show (see Theorem 6.2.10 from [ABG]) that if H is of class C^1(A) then D(A) ∩ D(H) is a core for H and there is a sesquilinear form [H, iA] on D(H) continuous for the graph topology and such that ⟨f, [H, iA]f⟩ = 2Re⟨Hf, iAf⟩ for all f ∈ D(A) ∩ D(H). Another characterization of the C^1(A) property is given by the next result.

Proposition 5.1 Let A, H be self-adjoint operators in a Hilbert space H. Then H ∈ C^1(A) if and only if the next limit exists for each f ∈ D(H):

lim_{t→0} 1 t [⟨Hf, e^{itA}f⟩ − ⟨f, e^{itA}Hf⟩]. (5.1)

Under this condition, there is a unique operator [H, iA] ∈ B(D(H); D(H)^∗) such that the preceding limit be equal to ⟨f, [H, iA]f⟩, and we shall have for each z /∈ σ(H): [iA, (H − z)^{−1}] = (H − z)^{−1}[H, iA](H − z)^{−1}. (5.2)

Proof. Let z ∈ C \σ(H) and denote R = (H − z)^{−1}. Then for each g ∈ H and t ≠ 0 we have: ⟨g, 1 t [e^{itA}, R]g⟩ = 1 t ⟨(H − z)R^∗g, e^{itA}Rg⟩ − 1 t ⟨R^∗g, e^{itA}(H − z)Rg⟩

= 1 t [⟨HR^∗g, e^{itA}Rg⟩ − ⟨R^∗g, e^{itA}HRg⟩]. (5.3)

If (5.1) holds then by using the polarization identity we see that the limit of the right-hand side above exists. An easy argument shows then that R is of class C^1(A) (Lemma 6.2.3(a) from [ABG] would give a stronger result). The fact that the limit in (5.1) is of the form ⟨f, [H, iA]f⟩ for a unique continuous operator [H, iA] : D(H) → D(H)^∗ (or a continuous quadratic form on D(H)) is clear by the uniform boundedness principle. Then (5.2) implies ⟨g, [iA, R]g⟩ = ⟨R^∗g, [H, iA]Rg⟩ so (5.2) is proved. The reciprocal assertion, i.e. that (5.1) exists for each f ∈ D(H) if R is of class C^1(A), is also a consequence of (5.3).

A bounded operator S is called of class C^1(A) if e^{−iAτ} Se^{iAτ} is strongly differentiable as a function of τ. This is equivalent to the fact that the sesquilinear form ⟨f, SAf⟩ − ⟨Af, Sf⟩ with domain D(A) extends to a continuous form, denoted [S, A], on H. From the Helfer-Sjöstrand formula (see (8.1.1) in [ABG]) it follows that if H is of class C^1(A) and ψ ∈ C^2_c (R) then ψ(H) is also of class C^1(A).

One says that an operator H of class C^1(A) satisfies a Mourre estimate (with respect to A) at some point λ ∈ R if there are a strictly positive real number c, a real function φ ∈ C_c(R) with φ(λ) ≠ 0, and a compact operator K such that φ(H)[H, iA]φ(H) ≥ cφ(H)^2 + K. (5.4)

Note that the sesquilinear form from the l.h.s. above can be identified with a bounded symmetric operator in H. Indeed, (5.1) implies φ(H)[H, iA]φ(H) = φ(H)[ψ(H), iA]φ(H) (5.5)

if ψ ∈ C^2_c (R) and ψ(x)φ(x) = xφ(x) ∀x. The closed real set

τ_A(H) = {λ ∈ R | H does not satisfy a Mourre estimate at λ }

will be called the set of A-thresholds of H. If (5.4) holds with K = 0 we say that H satisfies a strict Mourre estimate at λ and we define the (closed) set of A-critical points of H by

κ_A(H) = {λ ∈ R | H does not satisfy a strict Mourre estimate at λ }.

For the computation of the sets τ_A(H) and κ_A(H) it is convenient to introduce the lower semicontinuous functions ~ρ_H : R → (−∞, +∞] and ρ_H : R → (−∞, +∞] defined as follows: ~ρ_H (λ) is the upper bound of the numbers c such that the inequality (5.4) holds for some φ, K; similarly, ρ_H (λ) is the upper bound of the numbers c such that the inequality (5.4) holds for some φ and K = 0. Clearly τ_A(H) is just the set of λ ∈ R such that ~ρ_H (λ) ≤ 0 and κ_A(H) is the set of λ such that ρ_H (λ) ≤ 0.

An important property of the functions ρ_H and ~ρ_H is the following (see Theorem 7.2.13 from [ABG]): ρ_H (λ) = ~ρ_H (λ) with the exception of the points λ which are eigenvalues of H and where ~ρ_H (λ) > 0; at these points one has ρ_H (λ) = 0. In particular, ρ_H (λ) > 0 if and only if ~ρ_H (λ) > 0 and λ /∈ σ_p(H). In other terms

κ_A(H) = τ_A(H) ∪ σ_p(H).

(5.6)

We shall need some information concerning the dependence on H of the function ϱ_H . Let S^1_A be the set of self-adjoint operators of class C^1(A) on H equipped with the following metric:

d(H_1, H_2)= ‖ (H_1 − i)^{−1} − (H_2 − i)^{−1} ‖ + ‖ [(H_1 − i)^{−1},A] − [(H_2 − i)^{−1},A] ‖ . Then for each φ ∈ C_0(R) and ψ ∈ C^2_c (R) the maps S^1_A ∋ H −→ φ(H) ∈ B(H), S^1_A ∋ H −→ [ψ(H), A] ∈ B(H) are continuous. Indeed, the set of φ for which this holds is a self-adjoint closed subalgebra of C_0(R) which contains φ(λ) = (λ − i)^{−1}, hence is equal to C_0(R). The second assertion is a consequence of the relation (8.3.1) from [ABG] and of the Helfer-Sjöstrand formula. By using (5.5) we see that if φ ∈ C_c(R) then the map S^1_A ∋ H −→ φ(H)[H, iA]φ(H) ∈ B(H) is also continuous.

Proposition 5.2 Let λ be a real number.

(a) The map S^1_A ∋ H −→ ρ_H (λ) is lower semicontinuous. (b) Let U be a compact subset of S^1_A and c a number such that c < ρ_H (λ) for H ∈ U. Then there is a real φ ∈ C_c(R) with φ(λ) ≠ 0 such that φ(H)[H, iA]φ(H) ≥ c φ(H)^2 for all H ∈ U. Proof. Let c_1 < c_0 < ρ_{H0} (λ) for some H_0 ∈ S^1_A. Then there is a real function φ_0 ∈ C_c(R) with φ_0(μ) = 1 on a neighbourhood of λ such that φ_0(H_0)[H_0, iA]φ_0(H_0) ≥ c_0φ_0(H_0)^2. The continuity properties discussed before the proposition imply that there is a neighbourhood V (H_0) of H_0 in S^1_A such that φ_0(H)[H, iA]φ_0(H) ≥ c_0φ_0(H)^2 − (c_0 − c_1) if H belongs to V (H_0). Let φ ∈ C_c(R) with φ(μ) = 1 on a neighbourhood of λ and φφ_0 = φ. By left and right multiplying the preceding inequality with φ(H) we get φ(H)[H, iA]φ(H) ≥ c_1φ(H)^2 hence ρ_H (λ) ≥ c_1. This proves assertion (a) of the proposition. Under the conditions of (b) we take c_1 = c and observe that, due to the fact that a lower semicontinuous function on a compact set reaches its lower bound, there is c_0 > c_1 such that ϱ_{H0} (λ) > c_0 for all H_0 ∈ U. We cover U with neighbourhoods V (H_0) as above and then we can extract a finite covering V (H_1), . . . , V (H_n). Moreover, by what we have shown, we can find φ_1, . . . , φ_n such that φ_k(μ) = 1 on a neighbourhood of λ and φ_k(H)[H, iA]φ_k (H) ≥ c_1φ_k(H)^2 if H ∈ V (H_k). Now it suffices to choose φ such that φφ_k = φ for all k and φ(λ) ≠ 0.

Now let us assume that a L-graded C^∗-subalgebra C of B(H) is given such that (i) each C_a is nondegenerate on H;

(ii) L has a least element and C(min L) = K(H); (iii) L is atomic (denote M the set of its atoms); (iv) if T ∈ C then the set {T_a | a ∈ M} is compact in C; (v) for all a ∈ L and τ ∈ R e^{−iAτ} C(a)e^{iAτ} ⊂ C(a). (5.7)

We recall that if “compact” is replaced by “relatively compact” then (iii) is always satisfied, see Section 2.3. But we shall need the stronger form (iii) and we shall prove it for the algebra C^X .

Then, if H is strictly affiliated to C and of class C^1_u(A), each operator H_a will also be of class C^1_u(A): indeed, this follows immediately from the norm continuity of P_a and from the relation e^{−iAτ} P_a[T ]e^{iAτ} = P_a[e^{−iAτ} T e^{iAτ} ] (5.8)

valid for all T ∈ C and τ ∈ R. By using (5.5) and (5.8) we also get φ(H)[H, iA]φ(H) ∈ C if φ ∈ C_c(R) and P_a[φ(H)[H, iA]φ(H)] = φ(H_a)[H_a, iA]φ(H_a). (5.9)

Theorem 5.3 Let H be of class C^1_u(A) and strictly affiliated to C. Then ~ρ_H = inf_{a∈M} ρ_{Ha} and for each real number λ:

~ρ_H (λ) = min_{a∈M} ρ_{Ha} (λ).

(5.10)

Moreover, one has τ_A(H) = ⋃ a∈M κ_A(H_a), (5.11)

in particular the right hand side above is a closed set.

Proof. We first show that the set of operators H_a, a ∈ M, is compact in S^1_A. Let R = (H −i)^{−1} and R_a = P_a[R_a] = (H_a −i)^{−1}. If {H_{an} } is a Cauchy sequence in S^1_A for some sequence {a_n} in M then {R_{an} } and {[R_{an} , A]} are Cauchy sequences in B(H), hence there are bounded operators S, T such that ‖R_{an} − S‖ → 0 and ‖[R_{an} , A] − T ‖ → 0. By hypothesis (iv) the set of operators R_a, a ∈ M, is compact in C, so there is a ∈ M such that S = R_a. We have [R_{an} , A] → [R_a, A] as forms on the domain of A, so [R_a, A] = T . Thus H_{an} → H_a in S^1_A.

Now we prove (5.10). One has c < ~ρ_H (λ) if and only if (5.4) holds for some φ, K. From (2.5), (5.9) and (ii) we then get φ(H_a)[H_a, iA]φ(H_a) ≥ cφ(H_a)^2 for all a ∈ M, hence c ≤ inf ρ_{Ha} (λ). Reciprocally, let c < min ρ_{Ha} (λ). Then by Proposition 5.2(b) one has φ(H_a)[H_a, iA]φ(H_a) ≥ cφ(H_a)^2 for some φ with φ(λ) ≠ 0 and all a ∈ M. By using again (2.5) we see that (5.4) holds for some compact K, so c ≤ ~ρ_H (λ).

The equality (5.11) is a consequence of (5.6) (with H replaced by H_a) because one has ρ_{Ha} (λ) > 0 for all a ∈ M if and only if min ρ_{Ha} (λ) > 0.

We stress the fact that in (5.10) one takes the minimum and not the infimum of the family of numbers ρ_{Ha} (λ). One can also see this as follows: by taking into account Proposition 5.2(a), the compacity of the set {H_a | a ∈ M} and the fact that a lower semicontinuous function on a compact set reaches its lower bound, we get min_{a∈M} ρ_{Ha} (λ) = inf_{a∈M} ρ_{Ha} (λ).

5.2. We shall apply the preceding general results to the self-adjoint operators on the Hilbert space H = H(X) strictly affiliated to the C^∗-algebra C^X . As conjugate operator A we take the generator of dilations D, more precisely the operator D defined by the property

(e^{iτ D}f)(x) = e^{τ dimX/2}f(e^τ x).

With slightly formal notations D =^1_2 (⟨Q, P ⟩+⟨P, Q⟩). If needed, we specify the space X as an upper index, so we set D = D^X . We also use the notation W_τ = W^X_τ = e^{iτ D}.

We mention one fact concerning the regularity condition with respect to D. Let H be a self-adjoint operator strictly affiliated to C^X ; then H is of class C^1_u(D) if and only if there is z ∈ C \ σ(H) such that the sesquilinear form [(H − z)^{−1}, D] with domain C^∞_c (X) extends to a bounded operator belonging to C^X . This is an immediate consequence of the fact that W_τ induces a group of automorphisms of C^X which is norm continuous (the group induced on U^X being only strongly continuous).

It is clear that the conditions (i)-(iii) from Section 5.1 are satisfied by the algebra C^X . We shall prove in Proposition 5.4 that (iv) is fulfilled too. That (v) is verified is easy to check either directly on Definition 3.1, or by using the relations

W^∗_τ φ(Q)W_τ = φ(e^{−τ} Q), W^∗_τ ψ(P )W_τ = ψ(e^τ P )

(5.12)

and Theorem 3.9.

Proposition 5.4 If T ∈ C^X then {P_Y [T ] | Y ∈ P(X)} is compact in C^X .

Proof. We first show that for each subspace Z ≠ O there is Y ∈ P(X) such that T_Y = T_Z . There is a countable ∩-stable set E ⊂ G (X) such that T is affiliated to C^X (E), cf. (2.3). Then the set of of subspaces E ∈ E which do not include Z is countable, so there is ω ∈ Z such that ω /∈ E for all such E. Let Y = Rω, then for E ∈ E with Y ⊂ E we have Z ⊂ E. Let S ∈ C^X (E)^∘, then

P_Y (S) = ∑ Y ⊂E S(E) = ∑ Y ⊂E,E∈E S(E) = ∑ Z⊂E,E∈E S(E) = P_Z (S).

Since C^X (E)^∘ is dense in C^X (E), we see that the P_Y |C^X (E) = P_Z |C^X (E), which proves the assertion.

We make two other remarks that we will need below. Let E, F be subspaces of X, then P_E P_F = P_F P_E = P_{E+F} .

Indeed, this is obvious on C^X (G (X))^∘ and remains true by continuity on C^X . Note that E + F = E ∨ F in the lattice G (X). Let P^′_E = 1 − P_E , then

P_E − P_F = P_EP^′_F − P^′_E P_F

hence P_E (P_E − P_F ) = P_E P^′_F , which gives for all T ∈ C^X ‖ ‖P_E P^′_F T ‖ ‖ ≤ ‖P_E T − P_F T ‖ . Let S be an accumulation point of the set {T_Y | Y ∈ P(X)}. Then there is an injective sequence Y_n such that ‖T_{Yn} − S‖ → 0. We define Z = ⋂ n≥0 ∑ m≥n Y_m and let k = dim Z. A monotonic sequence of subspaces being stationary, for each large enough n one can find n_1 = n < n_2 < . . . < n_k such that Z = Y_{n1} + . . . + Y_{nk} . For each ε > 0 there is N such that ‖T_{Yn} − T_{Ym} ‖ ≤ ε if n, m > N. We choose a sequence n_1 = n < n_2 < . . . < n_k as above and denote Z_i = Y_{n1} + . . . + Y_{ni−1} . Then we have ε ≥ ‖ ‖PY_n T − PY_{ni} T ‖ ‖ ≥ ‖ ‖PY_n P^′_{Yni} T ‖ ‖ ≥ ‖ ‖PZ_i PY_n P^′_{Yni} T ‖ ‖ = ‖ ‖PZ_i P^′_{Yni} T ‖ ‖ . On the other hand, we can write

P_{Yn} = P_{Yn1} P^′_{Yn2} + P_{Yn1} P_{Yn2} = P_{Yn1} P^′_{Yn2} + P_{Yn1 +Yn2} .

Repeating this procedure we get P_{Yn} = k∑ i=2 P_{Zi} P^′_{Yni} + P_Z . Thus we get ‖T_{Yn} − T_Z ‖ ≤ (k − 1)ε. This shows that S = T_Z and now it suffices to use the assertion established at the beginning of the proof.

Proposition 5.4 allows us to apply Theorem 5.3 to each hamiltonian H of class C^1_u(D) strictly affiliated to C^X . Since from now on the conjugate operator A = D is fixed, we shall omit it in the notations, so we set τ(H) = τ_D(H), κ(H) = κ_D(H) = τ(H) ∪ σ_p(H).

Thus we have τ(H) = ⋃ Y ∈P(X) κ(H_Y )

(5.13)

for each h as above. If H_Y has no eigenvalues for Y ≠ O, as it happens in most cases, we get τ(H) = ⋃ Y ∈P(X) τ(H_Y ). (5.14)

Let H_Y (·) be the covariant symbol of the operator H_Y affiliated to C^X_Y (see the beginning of the section 4.1) and H^{X/Y} = H_Y (0), a self-adjoint operator on H(X/Y ) affiliated to the algebra C^{X/Y} .

Proposition 5.5 If H is a self-adjoint operator on H(X) of class C^1_u(D) and strictly affiliated to C^X , then τ(H) ⊃ ⋃ Y ∈G^0 (X) σ_p(H^{X/Y} ), (5.15)

where G^0 (X) is the set of linear subspaces Y ⊂ X such that Y ≠ O.

Proof. We have introduced before (see (3.16), (3.19)) a canonical morphism T → T^{X/Y} of C^X_Y onto C^{X/Y} . By using (5.12) and Theorem 3.9 we obtain for all τ ∈ R and T ∈ C^X_Y

((W^X_τ )^∗T W^X_τ )(k) = (W^{X/Y}_τ )^∗T (e^τ k)W^{X/Y}_τ ∀ k ∈ X^∗.

(5.16)

Then by taking k = 0 we get

[(W^X_τ )^∗T W^X_τ ]^{X/Y} = (W^{X/Y}_τ )^∗T^{/Y} W^{X/Y}_τ ,

(5.17)

i.e. the morphism T → T^{X/Y} intertwines the natural actions of the dilation groups on C^X_Y and C^{X/Y} . It is clear that H^{X/Y} , seen as observable affiliated to C^{X/Y} , is just the image of the observable H_Y through this morphism. Now by an argument that we already used before (cf. (5.8), (5.9)) we see that H^{X/Y} is of class C^1_u(D^{X/Y} ) and that we have κ(H^{X/Y} ) ⊂ κ(H_Y ). From (5.6) and (5.13) we thus get τ(H) ⊃ ⋃ Y ∈P(X) [ σ_p(H_Y ) ∪ σ_p(H^{X/Y} ) ∪ τ(H^{X/Y} ) ] . (5.18)

An operator like H^{X/Y} has all the properties of H except that the space X is replaced by X/Y . Moreover, it is clear that for Y ⊂ Z ⊂ X one has (H^{X/Y} )^{Z/Y} = H^{X/Z} (use (3.24)). Hence relation (5.18) with H replaced by H^{X/Y} will give τ(H^{X/Y} ) ⊃ ⋃ Z [ σ_p(H^{X/Z} ) ∪ τ(H^{X/Z} ) ] where Z runs over the set of subspaces of dimension 2 of X which contain Y . By continuing in this way and by taking into account that H^{X/X} is an operator on H(X/X) = C , hence σ_p(H^{X/X} ) = τ(H^{X/X} ), we get (5.15).

Under more restrictive assumptions we shall now obtain the inclusion converse to that in (5.15). The positivity conditions (i) and (ii) from the next theorem have been isolated by Christian Gerard in his study of dispersive N−body systems [G].

In order to avoid conditions on the domain of H we shall use the following notion. Let S(·) be a map defined on a finite dimensional vector space with values in the set of self-adjoint operators on a Hilbert space H such that S(k) ≥ a for some real a and all k. We say that S(·) is norm C^1 if there is λ < a such that the map k → R(k) = (λ − S(k))^{−1} ∈ B(H) is of class C^1 in norm. We write k∇S(k) ≥ b(k), where b(k) is a real number, if k∇R(k) = d dt R(tk)|_{t=1} ≥ b(k)R(k)^2. An inequality like p∇_pS(k + p) ≥ 0 is interpreted similarly; note that p∇_pS(k+p) ≥ 0 =^d_{dt} R(k+tp)|_{t=1}. These conditions are independent of λ because if λ_1, λ_2 < a, R_i(k) = (λ_i − S(k))^{−1}, μ = λ_1 − λ_2, then R_2(k) = R_1(k) + μR_1(k)R_2(k) and

k∇R_2(k) = [1 + μR_2(k)] k∇R_1(k) [1 + μR_2(k)] .

If the operators S(k) have the same form domain G and we identify G ⊂ H ⊂ G^∗ then it suffices to ask that the map k → S(k) ∈ B(G, G^∗) be of class C^1 in norm and that k∇S(k) ≥ b(k) be satisfied in the sense of forms on G.

Theorem 5.6 Let H be a self-adjoint bounded from below operator on H(X), of class C^1_u(D) and strictly affiliated to C^X . Assume that for each Y ⊂ X a subspace Y^′ ⊂ X^∗ supplementary to Y^⊥ is given such that Y^′ ⊂ Z^′ if Y ⊂ Z, the restriction to Y^′ of the covariant symbol H_Y (·) is norm C^1, and: (i) k∇H_Y (k) ≥ c(k) for some real c(k) > 0 if k ∈ Y^′, k ≠ 0; (ii) p∇_pH_Z (k + p) ≥ 0 if Y ⊂ Z, k ∈ Y^′, p ∈ Z^′ ∩ Y^⊥. Then τ(H) is a closed countable real set and we have τ(H) = ⋃ Y ∈G^0 (X) σ_p(H^{X/Y} ), (5.19)

where G^0 (X) is the set of linear subspaces Y ⊂ X such that Y ≠ O. If Y ≠ O then the operator H_Y has no eigenvalues.

Proof. (a) We begin with some preliminary notations and remarks. We already now that τ(H) is a closed set and that the right-hand side of (5.19) is included in τ(H). If we prove the reverse inclusion, then the countability of τ(H) follows, because only a countable number of operators H^{X/Y} are distinct (see the comment after Theorem 2.11).

We fix a real number λ_0 such that H ≥ 1 + λ_0. Then for each Y one has H_Y ≥ 1 + λ_0, hence the operator R_Y = (λ_0 − H_Y )^{−1} ∈ C^X_Y verifies

−1 ≤ R_Y < 0 and is of class C^1_u(D). Moreover, Proposition 7.2.5 in [ABG] gives ϱ_{HY} (λ) = (λ_0 − λ)^2ϱ_{RY} ((λ_0 − λ)^{−1})

(5.20)

if λ ∈ R \ {λ_0}. Thus, if we set μ = (λ_0 − λ)^{−1}, then ϱ_{HY} (λ) ≥ 0 ⇐⇒ ϱ_{RY} (μ) ≥ 0, (5.21) ϱ_{HY} (λ) > 0 ⇐⇒ ϱ_{RY} (μ) > 0. (5.22)

Note that only values λ ≥ 1 + λ_0 and μ ∈ [−1, 0) are of interest because of the position of the spectra of H_Y and R_Y . Let J ⊂ (−∞, 0) be a compact neighbourhood of μ. Since ‖R_Y (k)‖ → 0 when k → ∞ in Y^′, there is a compact set U ⊂ Y^′ such that φ(R_Y (k)) = 0 if φ ∈ C_c(J) and k ∈ Y^′ \ U. From now on the functions φ (with various indices) are assumed in C_c(J).

We shall also need a formula for the covariant symbol of an operator of the form [T, iD] with T ∈ C^X_Y ∩ C^1_u(D). Note that in this case [T, iD] ∈ C^X_Y . From (5.16) we easily get [ T, iD^X ] (k) = k∇T (k) + [ T (k), iD^{X/Y} ] (5.23)

if T (·) is norm derivable at the point k ∈ X. This formula can be used for T = R_Y and k ∈ Y^′ and has the follwing consequence (which has to be used when we apply Proposition 5.2(b)): the maps k → [R_Y , iD](k) and k → k∇R_Y (k) being norm continuous on Y^′, the map k → [R_Y (k), iD^{X/Y} ] is norm continuous too.

We have c < ϱ_{RY} (μ) if and only if there is φ ∈ C_c(R) real, with φ(μ) ≠ 0, such that φ(R_{RY} ) [R_Y , iD] φ(R_{RY} ) ≥ cφ(R_{RY} )^2, which is equivalent to

φ(R_Y (k)) [ R_Y , iD^X ] (k)φ(R_Y (k)) ≥ cφ(R_Y (k))^2 ∀k ∈ X^∗. (5.24)

By Y -covariance, norm differentiability of R_Y on Y^′ and (5.23) we see that this relation holds if and only if for each k ∈ Y^′

φ(R_Y (k)) { k∇R_Y (k) + [ R_Y (k), iD^{X/Y} ]} φ(R_Y (k)) ≥ cφ(R_Y (k))^2.

(5.25)

From hypothesis (ii) of the theorem (with Y = O) we get k∇R_Y (k) ≥ 0 for all k ∈ Y^′, hence the preceding relation is a consequence of

φ(R_Y (k)) [ R_Y (k), iD^{X/Y} ] φ(R_Y (k)) ≥ cφ(R_Y (k))^2 ∀k ∈ Y^′.

(5.26)

(b) At this step we show that ϱ_H ≥ 0. The property (i) will not be used here. We make the induction hypothesis that ϱ_H ≥ 0 if the dimension of X is strictly smaller than a number N (this is trivially satisfied if N = 1 and easy to check if N = 2). Let X be a vector space of dimension N and Y ∈ G^0 (X). If k ∈ Y^′ then the self-adjoint operator H_Y (k) in the space H(X/Y ), with resolvent (λ_0 − H_Y (k))^{−1} = R_Y (k), has properties similar to H in H(X): it is bounded from below, affiliated to C^{X/Y} , of class C^1_u(D^{X/Y} ), and verifies the analogue of the condition (ii). To check this last fact it suffices to use the following consequence of (3.22): if Y ⊂ Z then

[H_Y (k)]_{Z/Y} (p) = H_Z (k + p).

(5.27)

Then by the induction hypothesis ϱ_{HY (k)} ≥ 0 if k ∈ Y^′. Relation (5.26) is satisfied if k ∈ Y^′ \ U for all c. If c < 0 we can apply Proposition 5.2(b) to the family U = {H_Y (k) | k ∈ U} in order to obtain a function φ ∈ C_c(J) with φ(μ) ≠ 0 such that (5.26) be satisfied. Thus ϱ_{RY} (μ) ≥ 0 hence, by (5.21), ϱ_{HY} (λ) ≥ 0. This holds for all Y ∈ P(X), so from (5.10) we get ~ϱ_H (λ) ≥ 0. Since ~ρ_H ≥ 0 ⇔ ρ_H ≥ 0 (see the comments before (5.6)) we obtain ϱ_H (λ) ≥ 0 for all λ.

(c) Now we assume that λ does not belong to the right hand side of (5.19) and prove that λ /∈ τ(H). Because of (5.13) it suffices to show that λ /∈ κ(H_Y ) if Y ∈ P(X). Equivalently, we have to show that ϱ_{RY} (μ) > 0, which means that there are c > 0 and φ such that (5.25) is satisfied for all k ∈ Y^′. J and U being as above, it suffices to consider k ∈ U. We have λ /∈ κ(H^{X/Y} ) because λ /∈ σ_p(H^{X/Y} ) and τ(H^{X/Y} ) = ⋃ E∈G^0 (X/Y ) σ_p ( [H^{X/Y} ]^{(X/Y )/E} ) = ⋃ Z∈G(X),Y ⊊Z σ_p(H^{X/Z} ). The last equality follows from (3.24) or from (5.27) with k = p = 0. Since H^{X/Y} = H_Y (0) we see that ϱ_{RY (0)}(μ) > 0, hence by using Proposition 5.2(a) we get a compact neighbourhood V of 0 in Y^′ and a number c_1 > 0 such that ϱ_{RY (k)}(μ) > c_1 if k ∈ V . Now part (b) of Proposition 5.2 gives φ_1 ∈ C_c(J) with φ_1(ν) = 1 on a neighbourhood of μ such that

φ_1(R_Y (k)) [ R_Y (k), iD^{X/Y} ] φ_1(R_Y (k)) ≥ c_1φ_1(R_Y (k))^2 ∀k ∈ V.

(5.28)

Thus (5.25) holds if k ∈ V with φ = φ_1 and c = c_1, the term k∇R_Y (k) being positive. Let α = sup J. From hypothesis (i) of the theorem we get for ψ ∈ C_c(J):

ψ(R_Y (k))k∇R_Y (k)ψ(R_Y (k)) ≥ c(k)ψ(R_Y (k))R_Y (k)^2ψ(R_Y (k)) ≥ c(k)α^2ψ(R_Y (k))^2.

Let W be the set of points of U which do not belong to the interior of V , so W is a compact subset of Y^′. By the norm continuity of k∇R_Y (k) we see that there is c_2 > 0 such that ψ(R_Y (k))k∇R_Y (k)ψ(R_Y (k)) ≥ 2c_2ψ(R_Y (k))^2 if k ∈ W . By using once again Proposition 5.2(b) in relation with ϱ_{RY (k)} ≥ 0 we also see that there is φ_2 ∈ C_c(J) with φ_2(ν) = 1 on a neighbourhood of μ such that

φ_2(R_Y (k)) [ R_Y (k), iD^{X/Y} ] φ_2(R_Y (k)) ≥ −c_2φ_1(R_Y (k))^2 ∀k ∈ W.

(5.29)

Thus (5.25) holds if k ∈ W with φ = φ_2 and c = c_2. Finally, let φ ∈ C_c(J) with φ(μ) ≠ 0 such that φφ_1 = φφ_2 = φ and c = min(c_1, c_2). Then (5.25) holds for all k ∈ Y^′.

(d) We now prove that σ_p(H_Y ) = ∅ if Y ≠ O. It suffices to show that if u ∈ H(X) satisfies R_Y u = μu for some real μ then u = 0. By the virial theorem we have ⟨u, [R_Y , iD]u⟩ = 0. We choose a Haar measure on Y^′ and make a Fourier transformation in the Y^′-variable. It is possible to identify H(X) ∼= L^2(Y^′; H(X/Y )) such that R_Y becomes the operator of multiplication by the operator valued map R_Y |Y^′ and u becomes a square integrable map u : Y^′ → H(X/Y ) such that R_Y (k)u(k) = μu(k) for a.e. k ∈ Y^′. Since ‖R_Y (k)‖ → 0 when k → ∞ in Y^′, μ cannot be in the spectrum of R_Y (k) for large k. Thus there is a compact set U ⊂ Y^′ such that u(k) = 0 if k ∈ Y^′ \ U. From ⟨u, [R_Y , iD]u⟩ = 0 we get ∫ U ⟨u(k), { k∇R_Y (k) + [ R_Y (k), iD^{X/Y} ]} u(k)⟩dk = 0. (5.30)

We have proved above that ϱ_{RY} ≥ 0. Proposition 5.2(b) shows that for each c > 0 we can find φ ∈ C_c(R) real with φ(μ) = 1 such that

φ(R_Y (k)) [ R_Y (k), iD^{X/Y} ] φ(R_Y (k)) ≥ −cφ(R_Y (k))^2

for all k ∈ U. But φ(R_Y (k))u(k) = u(k), so (5.30) implies ∫ U ⟨u(k), k∇R_Y (k)u(k)⟩dk ≤ c ‖u‖^2 . Since c > 0 is arbitrary, we get ∫ U ⟨u(k), k∇R_Y (k)u(k)⟩dk ≤ 0. From hy- pothesis (i) it follows that u = 0.

6 Dispersive Systems and Pluristratified Media

6.1. It is clear, by Theorem 4.6 and Proposition 4.7, that the class of operators affiliated to C^X contains the dispersive N-body hamiltonians first studied by J. Derezinski [De] and C. Gerard [G]. The fact that the dispersive hamiltonians are affiliated to C was already pointed out in [ABG] (see also references there) but a detailed presentation of the subject from our point of view appears only in [Da]. However, the class of dispersive hamiltonians considered by these authors is significantly smaller than that covered by Theorem 4.6 (even if we consider only operators affiliated to finite parts of C^X ). Indeed, in Theorem 3.1 from [Da] (which contains the best results on dispersive hamiltonians among the quoted references) the operators V^a are independent of x_a and have to satisfy two other restrictive requirements: 1) their form-bound with respect to h(P^a) has to be less than 1 (or our Theorem

4.6 allows an arbitrary positive part); 2) there must exist t > s such that V^aH^t(X^a) ⊂ H^{t−2s}(X^a). This last condition is especially annoying since it is a rather strong local regularity condition on the coefficients of the principal part of H.

Our purpose now is to show that the class of operators introduced in Theorem 4.6 contains the hamiltonians, describing the propagation of waves in perturbed pluristratified media, considered by Dermenjian and Iftimie in [DI]. These hamiltonians are generalizations in the spirit of the N-body theory of a class of operators describing stratified media first studied by the conjugate operator method by De Bièvre and Pravica [DBP]. More precisely, they consider operators of the form H = ∇^∗M ∇ + W where ∇ and ∇^∗ are the gradient and divergence operators associated to an euclidean structure on X. So if ∂_i (i = 1, ..., dim X) denotes the derivative in the direction of the i-th vector of an orthonormal basis in X then H = − dim X∑

i=1 ∂_i M ∂_i + W. The operators M and W have the form

M = 1 + m = 1 + ∑ Y ∈G(X) m(Y ) , W = ∑ Y ∈G(X) W (Y ).

We shall identify X^∗ = X with the help of the euclidean structure given on X. If Y is a subspace of X then we identify X/Y = Y^⊥ and we denote by ⊗_Y the tensor product determined by the direct sum decomposition X = Y^⊥ ⊕ Y , which gives a canonical isomorphism H(X) ∼= H(Y^⊥) ⨂ H(Y ). Then the operators m(Y ), W (Y ) are assumed to have the form

m(Y ) = m^{Y ⊥} ⊗_Y 1 , W (Y ) = W^{Y ⊥} ⊗_Y 1.

If Y = X then Y^⊥ = O and we take m^O = W^O = 0. For the other m^{Y ⊥} , W^{Y ⊥} we make the following hypotheses, where Δ = ∇^∗∇ is the Laplace operator associated to the euclidean structure on X:

(i) m^{Y ⊥} : H(Y^⊥) → H(Y^⊥) is a symmetric and small at infinity operator; (ii) W^{Y ⊥} : H^1(Y^⊥) → H^{−1}(Y^⊥) is symmetric and small at infinity; (iii) one has

−μ_Y Δ − δ_Y ≤ ∇^∗m(Y )∇ + W (Y ) ≤ δ_Y Δ + δ_Y

for some constants μ_Y , δ_Y ≥ 0 such that ∑ μ_Y < 1 and ∑ δ_Y < ∞.

This class of operators contains both non-relativistic N-body hamiltonians and hamiltonians of perturbed pluristratified media, see [DI].

We check now the assumptions of Theorem 4.6. We decompose H as follows:

H = ∇^∗∇ + (∇^∗m ∇ + W ) ≡ Δ + V. We set H_0 = Δ = h(P ) where h(x) = | x |^2 and V = ∇^∗m ∇ + W = ∑ [∇^∗m(Y )∇ + W (Y )] By taking an orthonormal basis in X compatible with the direct sum decomposition X = Y^⊥ ⊕ Y we easily see that ∇^∗m(Y )∇ = (∇_Y ⊥^∗m^{Y ⊥} ∇_Y ⊥ ) ⊗_Y 1 + m^{Y ⊥} ⊗_Y Δ_Y .

Here ∇_Y ⊥ is the gradient operator associated to the euclidean space Y^⊥ and Δ_Y is the Laplace operator associated to the euclidean space Y . With the notations of Theorem 4.6 and Proposition 4.7, we take H(Y ) = F (P^Y ), where F (y) = | y |^2 m^{Y ⊥} + ∇_Y ⊥^∗m^{Y ⊥} ∇_Y ⊥ + W^{Y ⊥} and obviously all the conditions of Theorem 4.6 are fulfilled (with s = 1).

It follows that the operator H is affiliated to the C^∗-algebra C^X and for each subspace Y one has H_Y = ∇^∗M_Y ∇ + W_Y , M_Y = 1 + ∑ Z⊃Y m(Z), W_Z = ∑ Z⊃Y W (Z). We notice that as in the N-body non-relativistic situation the subhamiltonians H_Y have a quite special form. For each Y (here the notations Y and Y^⊥ are interchanged) let us denote by M^Y the operator in B(H(Y )) defined as follows: M^Y = 1 + ∑ Z⊂Y m^Z ⊗^Y_Z 1 ≡ 1 + ∑ Z⊂Y m^Y (Z^⊥ ∩ Y )

where ⊗^Y_Z corresponds to the tensor product decomposition H(Y ) ∼= H(Z) ⨂ H(Z^⊥ ∩ Y ). Then let H^Y be the self-adjoint operator in H(Y ) given by

H^Y = ∇^∗_Y M^Y ∇_Y + ∑ Z⊂Y W^Z ⊗^Y_Z 1 ≡ ∇^∗_Y M^Y ∇_Y + ∑ Z⊂Y W^Y (Z^⊥ ∩ Y ).

Note that the operator H^Y in H(Y ) has a structure similar to that of H in H(X). We clearly have M_Y = M^{Y ⊥} ⊗_Y 1 and so H_Y = H^{Y ⊥} ⊗_Y 1 + M^{Y ⊥} ⊗_Y Δ_Y .

(6.1) Now, as in the non-relativistic N-body case, we have:

Theorem 6.1 For each Y ≠ O one has inf H_Y = inf H^Y ≡ τ_Y and σ(H_Y ) = [τ_Y , ∞); if M^{Y ⊥} ≥ const > 0 then the operator H_Y has no eigenvalues. The set {τ_Y | Y ∈ P(X)} has a smallest element τ and σ_{ess}(H) = [τ, ∞).

Proof. We shall use Theorem 4.2. Note that F_Y H_Y F^∗_Y is the operator of multiplication by the operator valued function H_Y (k) = H^{Y ⊥} + M^{Y ⊥} |k|^2 in L^2(Y ; H(Y^⊥)). Since the spectrum of H_Y is an interval and is the union of the spectra of the operators H_Y (k), and since H_Y (0) = H^{Y ⊥} , we get inf H_Y = inf H^{Y ⊥} . The fact that H_Y has no eigenvalues also folows from the representation (6.1). We prove it in a more general context, without using the virial theorem, in the next lemma.

Lemma 6.2 Let H^a and Δ_a be self-adjoint operators in the Hilbert spaces H^a and H_a respectively. Let M^a ∈ B(H^a) be positive and invertible. Then the operator S_0 = H^a ⊗ 1 + M^a ⊗ Δ_a in H = H^a ⨂ H_a is essentially selfadjoint on the algebraic tensor product of D(H^a) and D(Δ_a). If Δ_a has a purely continuous spectrum then the closure S of S_0 has a purely continuous spectrum too.

Proof. (i) We shall use the following elementary fact. Let T be a (essentially) self-adjoint operator on a Hilbert space K and let B : K → K be a self-adjoint isomorphism. Then BT B (with domain B^{−1}D(T )) is (essentially) self-adjoint.

(ii) Let N : H^a → H^a be a self-adjoint isomorphism such that N^2 = M^a and set L = N ⊗ 1. Then on the algebraic tensor product of D(H^a) and D(Δ_a) one clearly has:

S_0 = L{[N^{−1}H^aN^{−1}] ⊗ 1 + 1 ⊗ Δ_a}L

By using (i) two times and a well-known fact concerning operators of the form H_1 ⊗ 1 + 1 ⊗ H_2 one gets the essential self-adjointness of S_0. (iii) Now assume that Δ_a has no eigenvalues. Assume that f ∈ D(S) and Sf = λf; we show that f = 0. Replacing H^a by H^a − λ we see that it suffices to assume λ = 0. It is known that the closure T of the operator [N^{−1}H^aN^{−1}] ⊗ 1 + 1 ⊗ Δ_a has a purely continuous spectrum, in particular T is injective. So from 0 = Sf = LT Lf = 0 we get Lf = 0, hence f = 0.

The covariant symbol of H_Y can be computed with the help of relation (3.17) from its restriction to Y . On the other hand, it is easy to see that for k ∈ Y one has H_Y (k) = H^{Y ⊥} + M^{Y ⊥} |k|^2.

(6.2)

We want to apply Theorem 5.6 with Z^′ = Z ∀Z. If k ∈ Y then k∇H_Y (k) = 2M^{Y ⊥} |k|^2, so assumption (i) of Theorem 5.6 is fulfilled if M^{Y ⊥} ≥ const > 0. If Y ⊂ Z, k ∈ Y, p ∈ Z ∩ Y^⊥, then p∇_pH_Z (k + p) = 2M^{Z⊥} |p|^2, hence assumption (ii) is satisfied if M^{Z⊥} ≥ const > 0. Thus the theorem can be applied and the results of [DI] can be recovered.

We do not treat here the case, considered in detail by Dermenjian and Iftimie, when the operators m^Y , W^Y are non zero only for a special class of subspaces Y . Then a conjugate operator different from the generator of the dilation group can be chosen such that condition 5.7 still be satisfied, and the rest of the theory works with minor changes (e.g. the relation (5.23) will have a different form).

References

[ABG] W. Amrein, A. Boutet de Monvel, and V. Georgescu, C_0-Groups, Commutator Methods and Spectral Theory of N-Body Hamiltonians, Birkhäuser, Progress in Math. Ser. 135, (1996).

[BGS] A. Boutet de Monvel V. Georgescu and A. Soffer, N-Body Hamiltonians with Hard Core Interactions, Reviews in Math. Physics 6, 1-82 (1994).

[Da] M. Damak, On the Spectral Theory of Dispersive N-Body Hamiltonians, J.

Math. Phys. 40, 35-48 (1999).

[DaG] M. Damak and V. Georgescu, C^∗-Crossed Products and a Generalized Quantum Mechanical N-Body Problem, to appear in Electronic J. of Diff. Eq..

[DBP] S. De Bièvre and D. W. Pravica, Spectral analysis for optical fibres and stratified fluids. I The limiting absorption principle, J. Funct. Anal. 98 , 404- 436 (1991).

[De] J. Derezinski, The Mourre Estimate For Dispersive N-Body Schrödinger Operators, Trans. Amer. Math. Soc. 317, 773-798 (1990).

[DeG] J. Derezinski and Ch. Gerard, Scattering Theory of Classical and Quantum N-Particle Systems, Springer, Berlin (1997).

[DI] Y. Dermenjian and V. Iftimie, Méthodes à N corps pour un problème de milieux pluristratifiés perturbés, Preprint Universitd́e Provence (1998).

[DI1] Y. Dermenjian and V. Iftimie, Absence des valeurs propres pour les milieux pluristratifiés, Preprint IMAR, Bucarest (1998).

[DI2] Y. Dermenjian and V. Iftimie, Completude asymptotique pour les milieux pluristratifiés, Preprint IMAR, Bucarest (1999).

[FD] J. M. G. Fell and R. S. Doran, Representations of ∗-Algebras, Locally Compact Groups, and Banach ∗-Algebraic Bundles; volume 1, Basic Representation Theory of Groups and Algebras, Academic Press, Boston (1988).

[FH] R. Froese and I. Herbst, A New proof of the Pourre Estimate, Duke Math. J.

49, 1075-1085 (1982).

[G] C. Gerard, The Mourre Estimate For Regular Dispersive Systems, Ann. Inst.

H. Poincare, Phys. Theor. 54, 59-88 (1991).

[GI] V. Georgescu and A. Iftimovici, C^∗-algebras of Energy Observables, in preparation.

[GM] V. Georgescu and M. Mantoiu On the Spectral Theory of Singular Dirac Type Operators, to appear in J. Operator Theory.

[H] L. Hörmander, The Analysis of Linear Partial Differential Operators, Springer, Berlin (1983).

[L] C. Lance, Hilbert C^∗-modules. A toolkit for operator algebraists, London Mathematical Society Lecture Note Series 210, Cambridge University Press (1995).

[M] E. Mourre, Absence of Singular Continuous Spectrum for Certain Self-Adjoint Operators, Comm. Math. Phys. 78, 391-408 (1981).

[PSS] P. Perry, I.M, Sigal and B. Simon, Spectral Analysis of N-Body Schrödinger Operators, Ann. Math. 114, 519-567 (1981).

[P] W. N. Polyzou, Combinatorics, Partitions and Many-Body Physics, J. Math.

Phys. 21, 506-513 (1980).