POWER-LAW BOUNDS ON TRANSFER MATRICES AND QUANTUM DYNAMICS IN ONE DIMENSION

DAVID DAMANIK^1 AND SERGUEI TCHEREMCHANTSEV^2

1 Department of Mathematics 253–37, California Institute of Technology, Pasadena, CA 91125, USA

2 UMR 6628 – MAPMO, Université d’Orleans, B.P. 6759, F-45067 Orleans Cédex, France

E-mail: damanik@its.caltech.edu, serguei.tcherem@labomath.univ-orleans.fr

2000 AMS Subject Classification: 81Q10 Key Words: Schrödinger Operators, Quantum Dynamics, Fibonacci Potential

Abstract. We present an approach to quantum dynamical lower bounds for discrete one-dimensional Schrödinger operators which is based on power-law bounds on transfer matrices. It suffices to have such bounds for a nonempty set of energies. We apply this result to various models, including the Fibonacci Hamiltonian.

1. Introduction

Consider a self-adjoint operator H on a separable Hilbert space H = ℓ^2(Z^d) or ℓ^2(N). The dynamical evolution of an initial state ψ ∈ H, ‖ψ‖ = 1, is given by ψ(t) = exp(−itH)ψ. We shall denote ψ(t, n) = ⟨ψ(t), δ_n⟩, where B = {δ_n} is the canonical basis of H labelled by n ∈ Z^d or n ∈ N. One usually takes ψ so that ψ(0, n) = ψ(n) be well localized (fast decaying at infinity). For example, one can take ψ = δ_1 in the one-dimensional case. While being localized at t = 0, the wave packet in general spreads with time over the basis B. It is convenient to consider the time-averaged quantities

a(n, T ) = 1 T ∫_T 0 |ψ(t, n)|^2 dt, ∑ n a(n, T ) = ‖ψ‖^2 = 1 for all T > 0. (1) There exist basically two possibilities to characterize the spreading of the wave packet. First, one can consider the upper and lower rates associated to the fastest (or the slowest) part of the wave packet. Let S(γ, T ) = ∑ n:|n|≥T^γ −2 a(n, T ), γ ≥ 0. For the fastest part, one defines

D. D. was supported in part by NSF Grant No. DMS–0010101. 1

γ^− = sup { γ ≥ 0 | lim inf T →+∞ log S(γ, T ) log T = 0 } , (2)

γ^+ = sup { γ ≥ 0 | lim sup T →+∞ log S(γ, T ) log T = 0 } (3) (with convention log 0 = −∞). Assume that γ^± > 0. Then it follows from this definition that for any 0 < ν < γ^−, η > 0, ∑ n:|n|≥T^{γ−−ν} a(n, T ) ≥ CT^{−η} (4) for all T ≥ 1 with a uniform (in T ) constant C. For γ^+, a similar bound holds on some sequence of times T_k → +∞. One could take a slightly different definition of γ^± so that one has for any 0 < ν < γ^−, ∑ n:|n|≥T^{γ−−ν} a(n, T ) ≥ C(ν) > 0 (5) (and similarly for γ^+), but the meaning of numbers γ^± will be essentially the same.

The spreading rates for the slowest part of the wave packet can be defined with summation over {n : |n| ≤ T^γ } and taking inf{γ} in (2), (3) (see also [26] for a slightly different definition). In the present paper we shall be interested, however, only in the fastest part of the wave packet.

To determine the numbers γ^± for concrete quantum systems, one should be able to relate it to the spectral properties of H. What is in fact known are some general lower bounds for γ^±. Although not stated in this form, it follows from the proofs of [2, 29] that γ^− ≥ 1 d dim_H (μ_ψ), (6) and from the proof of [20] that

γ^+ ≥ 1 d dim_P (μ_ψ) (7) (with d ≥ 1 in the case of l^2(Z^d) and d = 1 in the case of l^2(N)). Here μ_ψ is the spectral measure associated to the state ψ and the operator H, and dim_H (μ), dim_P (μ) denote the (upper) Hausdorff and packing dimensions of the measure μ, respectively. For different definitions and relations between them, see, for example, [4, 17, 37]. In particular, the Hausdorff dimension is determined by the most continuous part of the measure μ:

dim_H (μ) = μ-ess-sup λ^−(E), where λ^−(E) is the lower local exponent of μ,

λ^−(E) = lim inf_{ε→0} log μ([E − ε, E + ε]) log ε , E ∈ supp μ. For the packing dimension, we have dim_P (μ) = μ-ess-sup λ^+(E), where λ^+(E) is the upper local exponent of the measure,

λ^+(E) = lim sup_{ε→0} log μ([E − ε, E + ε]) log ε , E ∈ supp μ. One can observe that for Hausdorff dimension, the result is slightly stronger than (6), namely, (5) holds with γ^− = dim_H (μ_ψ).

If one knows the continuity properties of the spectral measure (encoded in λ^−(E)) and one has also some information about the decay of the generalized eigenfunctions u_ψ(n, E), associated to the state ψ, then one can improve the lower bound (6) for γ^− [26, 27].

More involved quantities which describe the fastest portion of the wave packet are the time-averaged moments of the position operator:

⟨|X|^p_ψ⟩(T ) = 1 T ∫_T 0 ∑ n |n|^p|ψ(t, n)|^2 = ∑ n |n|^pa(n, T ), p > 0 (8) (where |n| is the norm in Z^d in the case of l^2(Z^d)). One can define the associated upper and lower growth exponents,

β^−(p) = lim inf T →+∞ log ⟨|X|^p_ψ⟩(T ) log T , and in a similar manner for β^+(p). The numbers β^±(p) depend, in general, on the state ψ, but we will leave the dependence implicit. It is clear that (4) implies ⟨|X|^p_ψ⟩(T ) ≥ CT^{p(γ−−ν)−η} for any ν > 0, η > 0 uniformly in T ≥ 1 and thus β^−(p) ≥ pγ^−. Together with (6) this yields β^−(p) ≥ p d dim_H (μ_ψ), (9) the bound most often used to bound from below the moments of the position operator. Similarly, one always has β^+(p) ≥ pγ^+ ≥^p_d dim_P (μ_ψ).

It is important to observe that strict inequalities β^−(p) > pγ^−, β^+(p) > pγ^+ may occur. This is possible if the wave packet has polynomially decaying tails at infinity. Assume, for example, that for some γ > γ^− and some τ > 0, ∑ n:|n|≥T^γ a(n, T ) ≥ CT^{−τ} (10)

uniformly in T ≥ 1. Then β^−(p) ≥ pγ − τ. This bound is better than β^−(p) ≥ pγ^− for p large enough.

General lower bounds for the time-averaged moments which take into account (in a somewhat hidden form) polynomial tails, are obtained in [3] and [37]. The proofs are based on the spectral theorem and develop the ideas of Guarneri [19]. The obtained lower bounds are expressed in terms of spectral measure μ_ψ [3, 37] or in terms of both spectral measure and generalized eigenfunctions u_ψ(n, E) [37]. To apply them to concrete quantum systems, one should have a good knowledge of μ_ψ([E − ε, E + ε]), E ∈ supp μ_ψ (and also of the functions S_N (E) = ∑ n:|n|≤N |uψ(n, E)| 2 in the case of the mixed lower bounds from [37]).

Such a kind of information is difficult to obtain in the multidimensional case. However, in one dimension for operators H of the form

Hψ(n) = ψ(n − 1) + ψ(n + 1) + V (n)ψ(n),

(11)

there exist rather effective methods based on the study of solutions to the formal eigenfunction equation Hu = Eu, E ∈ R. In particular, the growth properties of the transfer matrix T (n, E) associated with this equation are closely related with the spectral properties of operator H. For simplicity, from now on we shall always take ψ = δ_1 and we write simply μ instead of μ_{δ1} .

Our purpose is not to give a detailed list of results obtained in this field. We will mainly be interested in models with power-law growth of the norm of the transfer matrix. Roughly speaking, the slower the growth of ‖T (n, E)‖, for E ∈ A and as |n| → ∞, the more continuous is the restriction of μ on A. What will be of particular interest for us in the present paper, are the two following results. First, if ‖T (n, E)‖ ≤ C(E)|n|^η for μ-a.e. E ∈ A, μ(A) > 0 with η ∈ [0, 1/2) and finite C(E), then [23, 24] μ([E − ε, E + ε]) ≤ D(E)ε^{1−2η} , E ∈ A, so that the measure is (1 − 2η)-continuous on A. In particular,

dim_H (μ) ≥ 1 − 2η, β^−(p) ≥ p(1 − 2η).

(12)

More generally, assume that every solution of the equation Hu = Eu, E ∈ A obeys

C_1(E)L^{2q1} ≤ ∑ n:|n|≤L |u(n, E)|^2 ≤ C_2(E)L^{2q2} (13)

with positive finite C_1(E), C_2(E) and 0 < q_1 ≤ q_2 < +∞. Then the measure is 2q_1/(q_1 + q_2)-continuous on A [14, 24]. In particular, dim_H (μ) ≥ 2q_1/(q_1 + q_2). One can observe that the condition ‖T (n, E)‖ ≤ C(E)|n|^α with some α ≥ 0 implies q_2 ≤ α + 1/2.

The polynomial upper bound on the norm of the transfer matrix also allows one to bound from below μ([E − ε, E + ε]). Such a bound can be used, following general results of [3, 37], to obtain non-trivial dynamical bounds for the moments (β^−(p) > 0) for some systems with pure point spectrum [18]. Since in this case dim_H (μ) = 0, these bounds cannot be obtained by usual methods based on the continuity properties of the measure. (Another example of this kind, studied by Jitomirskaya et al. in [25], will be discussed later on).

As was said above, the general results of [3, 37] were obtained using the spectral theorem for the operator H and thus by representing all the quantities of interest as some integrals over the spectral measure. In the present paper we propose another method based on integrals over Lebesgue measure rather than over μ_ψ. One can bound from below rather directly the sums ∑ n:|n|≥L a(n, T ) (and thus the time-

averaged moments ⟨|X|^p⟩(T )) using the Parseval equality [32]. Namely, for any ψ ∈ H, 1 T ∫_{+∞} 0 e^{−2t/T} |ψ(t, n)|^2 dt = 1 2πT ∫ R |(R(E + i/T )ψ)(n)|^2 dE. (14)

Here, n ∈ Z^d or n ∈ N, and R(z) = (H − zI)^{−1} is the resolvent of H. The integral on the l.h.s. in (14) is very close to the Cesaro time-averaged quantity a(n, T ). Therefore we modify the definition of a(n, T ) in (1) and of ⟨|X|^p⟩(T ) in (8) accordingly (this is done in this way by many authors),

a(n, T ) = 1 T ∫_{+∞} 0 e^{−2t/T} |ψ(t, n)|^2 dt, ⟨|X|^p_ψ⟩(T ) = ∑ n |n|^pa(n, T ), (15)

and work with these definitions in what follows. One can easily see that this does not change the numbers β^±(p), provided that the moments |X|^p_ψ(t) do not grow faster than polynomially (which is true in most applications and, in particular, in all applications considered in the present paper).

To obtain a non-trivial dynamical lower bound, it is sufficient to bound from below ∑ n:|n|≥T^γ |R(E + i/T )ψ(n)| 2 for some γ > 0 for E from some set of positive Lebesgue measure. In our one-dimensional case with ψ = δ_1, the resolvent R(E + i/T )δ_1(n) is closely related to the corresponding transfer matrix T (n, 1; E + i/T ), which is in turn close to T (n, 1; E) if T is large and n is not too large. Roughly speaking, if ‖T (n, 1; E)‖ is bounded from above polynomially in n for some E, then R(E + i/T )δ_1(n) decays no faster than polynomially for n not too large (depending on T ). The following result will be proved in Section 2:

Theorem 1. Let the operator H in ℓ^2(Z) or ℓ^2(N) be given by (11) (with Dirichlet boundary conditions at 0 in the half-line case). Suppose that for some K > 0, C > 0, α > 0, the following condition holds:

For any N > 0 large enough, there exists a nonempty Borel set A(N) ⊂ R such that A(N) ⊂ [−K, K] and ‖T (n, m; E)‖ ≤ CN^α ∀E ∈ A(N), ∀ n, m : |n| ≤ N, |m| ≤ N (16)

(resp., with 1 ≤ n ≤ N, 1 ≤ m ≤ N in the case of ℓ^2(N)).

Let N(T ) = T^{1/(1+α)} and let B(T ) be the 1/T -neighborhood of the set A(N(T )): B(T ) = {E ∈ R : ∃E^′ ∈ A(N(T )), |E − E^′| ≤ 1/T }. Then for all T > 1 large enough, the following bound holds: ∑ |n|≥N(T )/2 a(n, T ) ≥ Ĉ T |B(T )|N^{1−2α}(T ), (17)

where Ĉ is some uniform positive constant and |B| denotes the Lebesgue measure of the set B.

In particular, for any p > 0, one has the following bound for the time-averaged moments of the position operator:

⟨|X|^p_ψ⟩(T ) ≥ Ĉ T |B(T )|N^{p+1−2α}(T ), (18)

where ⟨|X|^p_ψ⟩(T ) is defined as in (15).

In the statement of Theorem 1 it is important that the constant C in (16) be independent of N and of E ∈ A(N). If A(N) consists of a single point E_0 (independently of N), the statement of the theorem is still non-trivial. Namely,

Corollary 1.1 (One-Energy Theorem). If ‖T (n, m; E_0)‖ ≤ C(E_0)(|n| + |m|)^α (19) for some E_0, uniformly in n, m, then β^−(p) ≥ p − 1 − 4α 1 + α . If one only knows that ‖T (n, 1; E_0)‖ ≤ C(E_0)|n|^η, then one can take α = 2η, so that β^−(p) ≥ p − 1 − 8η 1 + 2η . (20)

It is interesting to compare this bound with (12), stating for 0 ≤ η < 1/2, that β^−(p) ≥ p(1 − 2η). One observes that (20) yields a better result for p large enough (and one needs the polynomial upper bound for the transfer matrix only for a single point and not on some set of positive measure). Moreover, in the case η ≥ 1/2, the bound (20) is always non-trivial for p large enough, while (12) gives nothing. In this case the spectrum of H may be pure point with polynomially decaying eigenfunctions.

Another interesting consequence of Theorem 1 is the following:

Corollary 1.2. If there exist C > 0, E_0 ∈ R, θ ≥ 1 such that ‖T (n, 1; E)‖ ≤ C for all n, E such that |n| · |E − E_0|^θ ≤ 1, then β^−(p) ≥ p − 1/θ. Taking θ = 2 in Corollary 1.2, we obtain the main dynamical result of [25]. Finally, we note that all the results mentioned above are stable with respect to finitely supported perturbations. This is of interest since all the previous dynamical lower bounds were based on dimensionality properties of spectral measures which are very sensitive to such perturbations.

Corollary 1.3. Suppose the potential V_0 is such that the operator H_0 with potential V_0 satisfies the hypothesis of Theorem 1. Let W : Z → R (resp., W : N → R) be a finitely supported perturbation and H = H_0 + W . Then the operator H satisfies (17) and (18). The same kind of stability holds for Corollaries 1.1 and 1.2.

We shall apply the results above to various models from one-dimensional quasicrystal theory (cf. [12]): the Fibonacci Hamiltonian, the period doubling Hamiltonian, and the Thue-Morse Hamiltonian. More applications will be discussed in a forthcoming publication [15].

The Fibonacci potential V : Z → R is given by

V (n) = λχ_{[1−ω,1)}(nω mod 1).

(21)

Here, λ > 0 and ω is the inverse of the golden mean, that is, ω = ( √ 5 − 1)/2. For a given λ, let

C_λ = 2 + √ 8 + λ^2.

(22)

We shall prove

Theorem 2. (a) For every λ, p, we have β^−(p) ≥ p − 1 − 4α 1 + α , with

α = α(λ) =

2 log(C_λ(2C_λ + 1)^2) log ω^{−1} . (23)

(b) For every p and every λ > 4, we have β^−(p) ≥ p − γ − 3α 1 + α , where α is as in (23) and

γ = γ(λ) = log(2λ + 22) log ω^{−1} − 1 < 1 + α. (24)

Let us compare the result of Theorem 2 with previously known lower bounds for the moments. In fact, all these bounds are based on (9). The lower bounds for the Hausdorff dimension for the Fibonacci Hamiltonian [10, 24, 26] in turn have all been proved using (13). For example, in [26] it was proved that

dim_H (μ) ≥ 2κ/(κ + α + 1/2),

(25) where κ = log( √ 17/4) 5 log(ω^{−1})

≈ 0.0126

and α is given by (23). For large p, the dominant expression in the lower bound for β^−(p) in Theorem 2 is p/(1 + α) which is clearly better than 2κp/(κ + α + 1/2). We therefore see that our result improves the previously known lower bound for large p. We also note that Corollary 1.3 is particularly interesting in this context. The Fibonacci Hamiltonian has spectrum σ of zero Lebesgue measure [7, 36] and hence, by a suitable application of the Simon-Wolff argument [34], a generic rank two perturbation (at two consecutive sites) will produce a spectral measure which is entirely supported away from σ. More precisely, the spectral measure of the perturbed operator will be supported on a countable set of eigenvalues with σ being the set of accumulation points of these eigenvalues. In particular, a generic rank two perturbation may turn the spectral measure of the Fibonacci Hamiltonian, which is known to be α-continuous for some α > 0, into a pure point measure. In this situation, previous bounds do not give anything for the perturbed operator, while our bound for β^−(p) is stable with respect to such a perturbation.

Our next application is to the period doubling Hamiltonian which was considered, for example, in [6, 8, 11, 13, 21]. Let Ω_{pd} be the (two-sided) subshift generated by the substitution 0 → 01, 1 → 00 and define, for some ω ∈ Ω_{pd} and a given coupling constant λ, the potential V_{λ,ω} by V_{λ,ω} (n) = λω_n. Is is known that for every λ ≠ 0 and every ω ∈ Ω_{pd}, the operator with potential V_{λ,ω} has purely singular continuous spectrum (see [13] for this result and [6, 8, 11, 21] for earlier partial results). We shall show the following:

Theorem 3. For every λ and every ω ∈ Ω_{pd}, we have β^−(p) ≥ p − 5 2 . This result is of interest for various reasons. First of all, this is the first dynamical result for this model that goes beyond the RAGE theorem (i.e., the dynamical result that follows from purely continuous spectrum). Indeed, apart from singular continuity, nothing on either dimensionality or dynamics was known rigorously. The difference to the Fibonacci case, where, as discussed above, earlier results in these directions were known, stems from the absence of an invariant for the trace map. More concretely, it could not be shown that the trace map orbits remain bounded for (sufficiently many) energies from the spectrum. With a result like Corollary 1.1 at our disposal, very weak results on the period doubling trace map suffice already to allow us to establish the result above. Secondly, observe that the dynamical bound we obtain in Theorem 3 is independent of the coupling constant. This is in sharp contrast to the Fibonacci case where our bound (and previous ones) becomes worse as the coupling constant is increased.

Finally, we consider the Thue-Morse Hamiltonian which was studied, for example, in [1, 5, 8, 16, 21]. Let Ω_{tm} be the (two-sided) subshift generated by the substitution 0 → 01, 1 → 10 and define as above, for some ω ∈ Ω_{tm} and a given coupling constant λ, the potential V_{λ,ω} by V_{λ,ω} (n) = λω_n. We shall show the following:

Theorem 4. For every λ and every ω ∈ Ω_{tm}, we have β^−(p) ≥ p − 1. As in the previous theorem, the bound is λ-independent and the first dynamical result for this model. Furthermore, in this case the spectral type has not even been identified in all cases. It is known that for every λ ≠ 0 and every ω ∈ Ω_{tm}, the absolutely continuous spectrum is empty (this follows from results of Kotani [28] and Last and Simon [30]), but absence of eigenvalues is only known generically, that is, for a dense G_δ set of ω ∈ Ω_{tm} (this was shown by Delyon and Peyrière [16] and Hof et al. [21], using different methods). This illustrates the theme of this paper in a nice way: While we cannot say anything about the dimensionality of spectral measures, we can nevertheless prove very strong dynamical bounds.

The organization of the article is as follows: Theorem 1 and Corollaries 1.1–1.3 will be proved in Section 2. In Sections 3–5 we shall then apply these criteria to the Fibonacci model, the period doubling model, and the Thue-Morse model, respectively.

2. A New Criterion for Quantum Dynamical Lower Bounds

Let H = −Δ + V be a self-adjoint operator on ℓ^2(Z) or on ℓ^2(N) (with Dirichlet boundary condition in the latter case). Given some real function V (n), it is formally defined by Hψ(n) = ψ(n − 1) + ψ(n + 1) + V (n)ψ(n), n ∈ Z and by Hψ(n) = ψ(n − 1) + ψ(n + 1) + V (n)ψ(n), n > 1, Hψ(1) = ψ(2) + V (1)ψ(1) respectively. Let z be some complex or real number. We define the transfer matrix associated to the operator H as follows:

T (n, m; z) = A(n, z)A(n − 1, z) · ... · A(m + 1, z) if n > m, I if n = m, T^{−1}(m, n; z) if n < m, (26)

where A(n, z) = ( z − V (n) −1 1 0 ) . For z ∈ C with Im z ≠ 0, define ϕ = R(z)δ_1 = (H − zI)^{−1}δ_1.

By the definition of the resolvent of the operator H, we have

ϕ(n − 1) + ϕ(n + 1) + (V (n) − z)ϕ(n) = 0, n ≠ 1,

(27) ϕ(0) + ϕ(2) + (V (1) − z)ϕ(1) = 1

(28) in the case of ℓ^2(Z) and

ϕ(n − 1) + ϕ(n + 1) + (V (n) − z)ϕ(n) = 0, n > 1,

(29) ϕ(2) + (V (1) − z)ϕ(1) = 1

(30) in the case of ℓ^2(N). Consider the vectors Φ(n) = (ϕ(n + 1), ϕ(n))^T . One can easily see that Φ(n) = A(n, z)Φ(n − 1) for n ≠ 1. Therefore,

Φ(n) = T (n, 1; z)Φ(1), n > 1

(31) in both cases. Moreover, in the case of ℓ^2(Z), one has the identity

Φ(n) = T (n, 0; z)Φ(0), n < 0.

(32) Since det A(n, z) = 1, the same is true for T (n, m; z), so that ‖T^{−1}(n, m; z)‖ = ‖T (n, m; z)‖ for all n, m, z. Therefore, (31) and (32) imply ‖Φ(n)‖ ≥ ‖T (n, 1; z)‖^{−1}‖Φ(1)‖, n > 1 (33) in both cases and ‖Φ(n)‖ ≥ ‖T (n, 0; z)‖^{−1}‖Φ(0)‖, n < 0, (34) in the case of ℓ^2(Z). It is clear that to get a lower bound for the resolvent, we need an upper bound for the norm of the transfer matrix for complex values of z. Usually, one has such bounds only for real values of z, so we should establish relations between these two cases. Lemma 2.1. Let E ∈ R, N > 0. Define K(N) = sup |n|≤N,|m|≤N ‖T (n, m; E)‖ in the case of ℓ^2(Z) and L(N) = sup 1≤n,m≤N ‖T (n, m; E)‖ in the case of ℓ^2(N). Let δ ∈ C . The following bounds hold: ‖T (n, 1; E + δ)‖ ≤ K(N) exp(K(N)|n||δ|), 1 ≤ n ≤ N, (35) ‖T (n, 0; E + δ)‖ ≤ K(N) exp(K(N)|n||δ|), −N ≤ n ≤ 0, (36) in the case of ℓ^2(Z) and ‖T (n, 1; E + δ)‖ ≤ L(N) exp(L(N)|n||δ|), 1 ≤ n ≤ N, (37) in the case of ℓ^2(N).

Proof. The proof is virtually identical to the proof of Theorem 2J in [33]. For example, for any n with 2 ≤ n ≤ N, one can write the identity

T (n, 1; E + δ) = T (n, 1; E) + δ n−1∑ j=1 T (n, j + 1; E)BT (j, 1; E + δ), where B = ( 1 0 0 0 ) . By iteration, using the fact that ‖T (n, m; E)‖ ≤ K(N) for all 1 ≤ n, m ≤ N, one can show (35). The same proof yields (37). The bound (36) can be proved in a similar manner.

Proof of Theorem 1. We give the proof in the case of ℓ^2(Z), the proof in the case of ℓ^2(N) is analogous, with some aspects being even simpler than in the whole-line case.

The basic idea is the same as in [38] in the case of a model with a sparse potential. First, using Parseval’s identity [32], one can write for any n, 1 T ∫_∞ 0 | exp(−itH)δ_1(n)|^2 exp(−2t/T ) dt = ε 2π ∫ R |R(E + iε)δ_1(n)|^2 dE, (38)

where ε = 1/T . For given E, ε, we shall write ϕ(n) = R(E + iε)δ_1(n). The bounds (33) and (34) allow us to bound ‖Φ(n)‖^2 = |ϕ(n + 1)|^2 + |ϕ(n)|^2 from below if we find upper bounds for ‖T (n, 1; E + iε)‖ or ‖T (n, 0; E + iε)‖, provided that ‖Φ(1)‖ or ‖Φ(0)‖, respectively, is not too small.

Let T > 1. Define N ≡ N(T ) = T^{1/(1+α)}. The assumption of the theorem gives K(N) = sup |n|≤N,|m|≤N ‖T (n, m; E^′)‖ ≤ CN^α, provided that E^′ ∈ A(N). Let E ∈ B(T ). Then there exists E^′ ∈ A(N(T )) ≡ A(N) such that |β| ≡ |E − E^′| ≤ 1/T . Using Lemma 2.1, we obtain for all n with 1 ≤ n ≤ N, ‖T (n, 1; E + iε)‖ ≤ CN^α exp(C(|β| + ε)N^{α+1}) = DN^α, (39) where D = C exp(2C), since ε = 1/T, |β| ≤ 1/T and n ≤ N = T^{1/(1+α)}. Similarly, for all n with −N ≤ n ≤ 0,

‖T (n, 0; E + iε)‖ ≤ DN^α. (40) It follows from (33)–(34) and (39)–(40) that

|ϕ(n + 1)|^2 + |ϕ(n)|^2 ≥ KN^{−2α}(|ϕ(2)|^2 + |ϕ(1)|^2),

(41) for all E ∈ B(T ), 1 ≤ n ≤ N, and

|ϕ(n + 1)|^2 + |ϕ(n)|^2 ≥ KN^{−2α}(|ϕ(1)|^2 + |ϕ(0)|^2),

(42) for all E ∈ B(T ), −N ≤ n ≤ 0. Here, K > 0 is some uniform constant. Now with (41)–(42), we can estimate, for any E ∈ B(T ), ∑ |n|≥N/2+1 (|ϕ(n + 1)|^2 + |ϕ(n)|^2) ≥ N∑ n=N/2+1 + −N/2−1 ∑ n=−N ≥ B(N/2 − 2)N^{−2α}(|ϕ(0)|^2 + 2|ϕ(1)|^2 + |ϕ(2)|^2)

(43) ≥ DN^{1−2α}(|ϕ(0)|^2 + |ϕ(1)|^2 + |ϕ(2)|^2) with uniform constant D > 0. Here we have assumed that T is large enough, so that N > 8, for example. We now use equation (28) for the resolvent for n = 1: ϕ(2) + ϕ(0) + (V (1) − E − iε)ϕ(1) = 1.

Since E ∈ B(T ), A(N) ⊂ [−K, K] and ε = 1/T ≤ 1, we get |ϕ(2)| + |ϕ(1)| + |ϕ(0)| ≥ 1 |V (1)| + K + 2 . Together with (43) this gives ∑ |n|≥N/2+1 (|ϕ(n + 1)|^2 + |ϕ(n)|^2) ≥ γN^{1−2α},

(44)

where γ > 0 is some uniform constant depending on |V (1)|, K, D. It is clear that the left-hand side of (44) is bounded from above by 2 ∑ |n|≥N/2 |ϕ(n)|^2. Thus, we obtain the following lower bound: For every E ∈ B(T ), ∑ |n|≥N/2 |R(E + iε)δ_1(n)|^2 ≥ γ 2 N^{1−2α}. Therefore, ∫ R ∑ |n|≥N/2 |R(E + iε)δ_1(n)|^2 dE ≥ ∫ B(T ) γ 2 N^{1−2α} dE = γ 2 |B(T )|N^{1−2α}. (45)

Summation over {n : |n| ≥ N/2} in (38) together with (45) proves (17). Since |X|^p(t) ≥ (N/2)^p ∑ |n|≥N/2 | exp(−itH)δ_1(n)|^2, the bound (18) follows immediately.

In the half-line case, the proof is simpler. The equation (30) for the resolvent for n = 1 gives the uniform lower bound for ‖Φ(1)‖, and using (41), we prove the two statements of the Theorem.

Proof of Corollary 1.1. One takes A(N) = {E_0} for all N. Since |B(T )| = 2/T , the result follows directly from (18).

Proof of Corollary 1.2. One takes A(N) = [E_0 − N^{−1/θ}, E_0 + N^{−1/θ}]. One sees easily that (16) holds with α = 0. Therefore, N(T ) = T and |B(T )| ≥ |A(N(T ))| = 2T^{−1/θ}. The bound (18) yields the result.

Proof of Corollary 1.3. It is easy to see that the operator H satisfies the hypothesis of Theorem 1 with the same K, α, A(N), and some appropriately adjusted constant C. This yields (17) and (18).

3. The Fibonacci Model

In this section we apply Theorem 1 to the Fibonacci model. We refer the reader to [12] for background information on this model and related ones. While Theorem 1 already gives a non-trivial dynamical bound when the set A(N) consists of a single point, and such an input is known for the Fibonacci model [22], we shall nevertheless identify the natural set A(N) of energies for which one can prove the local powerlaw bounds required by Theorem 2. On the one hand, this improves the dynamical bound, since we obtain a larger lower bound for the measure of B(T ), and on the other hand it illustrates nicely how the sets, on which one can prove local power-law bounds (they will turn out to be spectra of periodic approximants) shrink down to a zero-measure set (the spectrum of the Fibonacci Hamiltonian) of energies for which the power-law bounds hold globally.

Let us first present some basic notions and results for the Fibonacci potential given by (21). The transfer matrices T (n, m; z) are defined as in (26), and we shall sometimes write T_λ(n, m; z) to make their dependence on the parameter λ explicit.

Define the sequence (F_k )_{k≥0} of Fibonacci numbers by

F_0 = 1, F_1 = 1, F_{k+1} = F_k + F_{k−1} for k ≥ 1. Let x_k(E, λ) = tr M_k(E, λ), where M_k(E, λ) = T_λ(F_k , 1; E).

We will often leave the dependence of x_k or M_k on E, λ implicit. The matrices M_k obey the recursion M_k = M_{k−2}M_{k−1} (46)

which yields

x_{k+1} = x_k x_{k−1} − x_{k−2}

(47)

for their traces. This in turn gives the invariant

x^2_{k+1} + x^2_k + x^2_{k−1} − x_{k+1}x_kx_{k−1} = 4 + λ^2 for every k ∈ N.

(48)

The identities (46)–(48) were proved by Sütő in [35].

For fixed λ, define σ_k = {E ∈ R : |x_k(E, λ)| ≤ 2}. The set σ_k is actually equal to the spectrum of the Schrödinger operator H whose potential V_k results from V in (21) by replacing α by F_{k−1}/F_k (see [35]). Hence, V_k is periodic, σ_k ⊂ R, and it consists of F_k bands (closed intervals).

Lemma 3.1. For every E ∈ σ_k , we have |x_i(E, λ)| ≤ C_λ for 0 ≤ i ≤ k. (49)

Proof. It was shown in [35] that for every m ∈ N, σ_m ∪ σ_{m+1} ⊆ σ_{m−1} ∪ σ_m. Thus, if E ∈ σ_k, then |x_k(E, λ)| ≤ 2 and for every i < k, we have that either |x_i(E, λ)| ≤ 2 or max{|x_{i−1}(E, λ)|, |x_{i+1}(E, λ)|} ≤ 2. In the former case, the claimed bound clearly holds. In the latter case, use the invariant (48) to establish the claimed upper bound for |x_i(E, λ)|.

Lemma 3.1 is the key tool in identifying a natural set of energies for which the desired power-law bounds on transfer matrices up to a certain distance from the origin hold.

Proposition 3.2. For every λ, there is a constant C such that for every k ∈ N, every E ∈ σ_k, and every m with −F_k + 1 ≤ m ≤ F_k (m ≠ 0), we have ‖T_λ(m, 1; E)‖ ≤ C|m|^α, (50) where

α = log(C_λ(2C_λ + 1)^2) log ω^{−1} . (51)

Proof. We first note that due to the symmetry V (−n) = V (n − 1), n ≥ 2 of the potential [35], we can restrict our attention to 1 ≤ m ≤ F_k.

Our principal strategy is to modify the approach of [22] as to treat a larger set of energies, while proving bounds only in finite regions. Essentially, their proof of a power-law upper bound for energies in the spectrum can be turned into the claimed result by noting that for each m, boundedness of traces is only needed for j’s with F_j ≤ m, and the previous lemma established this fact for energies in σ_k , where k = max{j : F_j ≤ m}. For the reader’s convenience, let us be more concrete. Fix λ, k, and E ∈ σ_k. By symmetry (V (−n) = V (n − 1), n ≥ 2; see [35]), we can restrict our attention to the case of positive m. The proof of (50) will be split into several steps.

Step 1. For 0 ≤ i ≤ k, we have ‖M_i‖ ≤ (C_λ)^i. (52) This follows from

M_i = M_{i−2}M_{i−1} = M_{i−2}(x_{i−1}I − M^{−1}_{i−1}) = x_{i−1}M_{i−2} − M^{−1}_{n−3}

along with ‖M^{−1}_{i−3}‖ = ‖M_{i−3}‖.

Step 2. For i, j ∈ N with i + j ≤ k and i ≥ 2, we have

M_iM_{i+j} = P^{(1)}_j M_{i+j} + P^{(2)}_j M_{i+j−1} + P^{(3)}_j M_{i+j−2} + P^{(4)}_j I,

(53)

where, for l = 1, 2, 3, 4, P^{(l)}_j = P^{(l)}_j (x_{i−1}, x_i, . . . , x_{i+j} ) is a polynomial of degree at most j, and we have 4∑ l=1 |P^{(l)}_j |(|x_{i−1}|, . . . , |x_{i+j} |) ≤ (2C_λ + 1)^j , (54)

where the polynomial |P^{(l)}_j | results from P^{(l)}_j by replacing all the coefficients by their respective absolute values.

To see this, given (49), one can literally redo the proof of Lemma 5 in [22] since it only uses the trace bound for indices bounded by k.

Step 3. For 1 ≤ m ≤ F_k , we have ‖T_λ(m, 1; E)‖ ≤ d^{mN} , (55) where d = C_λ(2C_λ + 1)^2 and m_N appears in the unique coding of m in terms of the Fibonacci numbers, m = N∑ l=0 F_{ml} , F_{m0} < F_{m1} < · · · < F_{mN} , m_l − m_{l−1} ≥ 2. Clearly, m_N = max{i : F_i ≤ m} and hence m_N ≤ k.

The estimate (55) can be proved in the exact same way as in [22], given Steps 1 and 2 above.

Step 4. Conclusion of the proof: The Fibonacci numbers F_i behave asymptotically like ω^{−i} = [(1 + √ 5)/2]^i and in particular, there is a constant D_1 such that F_i ≥ D_1ω^{−i} for every i ≥ 1.

This means that the number m_N defined in Step 3 obeys m_N ≤ log m log ω^{−1}

+ D_2

for some suitable constant D_2, which in turn implies

‖T_λ(m, 1; E)‖ ≤ d^{log mlog ω−1 +D2} , and hence (50) for a constant C depending only on λ and α as in (51).

We therefore have found a natural candidate that serves the purpose of the set A(N) in Theorem 1. Namely, given some N, choose k such that F_{k−1} < N ≤ F_k and set A(N) = σ_k.

Next, we prove a lower bound for the Lebesgue measure of σ_k. More precisely, we obtain lower bounds for each one of the F_k intervals it is made of. The results presented here are essentially contained in Raymond [31]. We give a somewhat more streamlined presentation in the spirit of [26].

From now on, we shall always assume λ > 4, (56)

since we will make critical use of the fact that in this case, it follows from the invariant (48) that three consecutive traces cannot be bounded in absolute value by 2: ∀λ > 4, ∀E, k : max{|x_k(E, λ)|, |x_{k+1} (E, λ)|, |x_{k+2}(E, λ)|} > 2. (57)

Following [26], we call a band I_k ⊂ σ_k a type A band if I_k ⊂ σ_{k−1} (and hence I_k ∩ (σ_{k+1} ∪ σ_{k−2}) = ∅). We call a band I_k ⊂ σ_k a type B band if I_k ⊂ σ_{k−2} (and therefore I_k ∩ σ_{k−1} = ∅).

From (57), one gets the following (Lemma 5.3 of [26], essentially Lemma 6.1 of [31]):

Lemma 3.3. For every λ > 4 and every k ∈ N, (a) Every type A band I_k ⊂ σ_k contains exactly one type B band I_{k+2} ⊂ σ_{k+2}, and no other bands from σ_{k+1}, σ_{k+2}.

(b) Every type B band I_k ⊂ σ_k contains exactly one type A band I_{k+1} ⊂ σ_{k+1} and two type B bands from σ_{k+2}, positioned around I_{k+1}.

We will also need the following lemma (Lemma 5.4 of [26], essentially Proposition A.2 of [31]).

Lemma 3.4. Let the functions f_±(x, y, λ) be defined by f_±(x, y, λ) = 1 2 [ xy ± √ 4λ^2 + (4 − x^2)(4 − y^2) ] . For λ > 4 and −2 ≤ x, y ≤ 2, we have max {| |∂f^± ∂x (x, y, λ) | | | , | | | ∂f^± ∂y (x, y, λ) | | | } ≤ 1. Equipped with the previous two lemmas, we are now in position to prove the following:

Lemma 3.5. For every λ > 4, the following holds:

(a) Given any (type A) band I_{k+1} ⊂ σ_{k+1} lying in the band I_k ⊂ σ_k, we have for every E ∈ I_{k+1}, | | | | x^′_{k+1}(E) x^′_k(E) | | | | ≤ λ + 11. (b) Given any (type B) band I_{k+2} ⊂ σ_{k+2} lying in the band I_k ⊂ σ_k, we have for every E ∈ I_{k+2}, | | | x^{′k+2}(E) x^′_k(E) | | | ≤ 2(λ + 11). Proof. (a) Differentiating (47) and dividing by x^′_k, we get x^′_{k+1} x^′_k = x_{k−1} + x_k x^′_{k−1} x^′_k − x^′_{k−2} x^′_k . (58)

Using the invariant (48) and Lemma 3.4, we obtain for every E ∈ I_{k+1},

|x_{k−1}| = |f_±(x_k , x_{k−2}, λ)| = | | | 1 2 ( x_kx_{k−2} ± √ 4λ^2 + (4 − x^2_k)(4 − x^2_{k−2}) )| | | ≤ 1 2 ( 4 + √ 4λ^2 + 64 ) ≤ λ + 6. Lemma 3.4 implies

|x^′_{k−1}| = | | | ∂f_± ∂x (x_k , x_{k−2}, λ)x^′_k + ∂f_± ∂y (x_k, x_{k−2}, λ)x^′_{k−2} | | | ≤ |x^′k| + |x^′k−2|. (59)

From Lemma 5.5 of [26], we infer, again for E ∈ I_{k+1}, | | | | x^′_{k−2} x^′_k | | | | < 1. (60)

Using (58), (59), and (60), we get | | | x^′_{k+1} x^′_k | | | ≤ λ + 6 + |x^k | |x^′_{k−1}| |x^′_k| + |x^′_{k−2}| |x^′_k| ≤ λ + 6 + 2 ( 1 + |x^′_{k−2}| |x^′_k| ) + |x^′_{k−2}| |x^′_k| ≤ λ + 11. (b) We consider two cases. Assume first I_{k+2} ∩ σ_{k−1} = ∅ (and so I_{k+2} ⊂ σ_{k−2}). Given x^′_{k+2} = x_{k+1}x^′_k + x^′_{k+1}x_k − x^′_{k−1} and x^′_{k+1} = x_k x^′_{k−1} + x^′_k x_{k−1} − x^′_{k−2}, we find x^′_{k+2} x^′_k = 2x_{k+1} − x_{k−2} + (x^2_k − 1) x^′_{k−1} x^′_k − x_k x^′_{k−2} x^′_k . Similarly to the previous argument, |x_{k+1}| ≤ λ + 6 and |x^′_{k−1}| ≤ |x^′_k| + |x^′_{k−2}|, which yields | | | x^{′k+2} x^′_k | | | ≤ 2λ + 12 + 2 + 3 ( 1 + |x^′_{k−2}| |x^′_k | ) + 2 |x^′_{k−2}| |x^′_k| ≤ 2λ + 22.

Let us now assume I_{k+2} ⊂ σ_{k−1} (and so I_{k+2} ∩ σ_{k−2} = ∅). We proceed analogously and obtain x^′_{k+2} x^′_k = x_{k+1} + x_k x^′_{k+1} x^′_k − x^′_{k−1} x^′_k ,

|x_{k+1}| ≤ λ + 6, and |x^′_{k+1}| ≤ |x^′_k | + |x^′_{k−1}|, which then yields | | | | x^′_{k+2} x^′_k | | | | ≤ λ + 6 + 2 |x^′_k| + |x^′_{k−1}| |x^′_k| + |x^′_{k−1}| |x^′_k | ≤ λ + 11, concluding the proof.

This yields, as a very rough estimate, that for λ > 4 and E ∈ σ_k, we have |x^′_k (E, λ)| ≤ C(2λ + 22)^k, (61) which can easily be turned into a lower bound on bandwidths, as the following proposition shows.

Proposition 3.6. For every λ > 4, the set σ_k consists of F_k disjoint closed intervals, each of which has Lebesgue measure bounded from below by |I_k| ≥ 4 C(2λ + 22)^k . (62)

In particular, we obtain |σ_k| ≥ 4 C F^{−γ}_k , (63)

where γ is as in (24).

Proof. Since σ_k is the spectrum of a periodic Schrödinger operator with period F_k, the first statement is immediate. That the gaps are open was shown in [31]. The estimate (62) for the measure of one of these F_k bands can be seen as follows (cf. [31]): On such a band I_k, x_k (E, λ) runs monotonically from ±2 to ∓2. Hence, by (61), 4 = ∫ I_k |x^′_k (t, λ)| dt ≤ |I_k | · C(2λ + 22)^k. The estimate (63) then follows from this and the exponential behavior of the sequence (F_k )_{k∈N}.

We have established the input to Theorem 1. Note that in any event, we have |B(T )| ≥ 2/T . In the case where λ > 4, Proposition 3.6 improves this factor in (17) and (18). We therefore proceed with the

Proof of Theorem 2. (a) This follows from Proposition 3.2 and Corollary 1.1. (b) Given T , we let as above N(T ) = T^{1/(1+α)} and we choose k such that F_{k−1} < N(T ) ≤ F_k. We let A(N(T )) = σ_k. Thus, from Proposition 3.6 we get |B(T )| ≥ 4 C F^{−γ}_k ≥ 4 C (2F_{k−1})^{−γ} ≥ 4 C 2^{−γ} N(T )^{−γ} = 4 C 2^{−γ} T^{−γ1+α} . Now (18) yields ⟨|X|^p_ψ⟩(T ) ≥ C̃2^{−γ} T^{p−γ−3α1+α} for T large enough and hence β^−(p) ≥ (p − γ − 3α)/(1 + α).

4. The Period Doubling Model

In this section we investigate the period doubling model and, in particular, prove Theorem 3. This will be done by first proving linear bounds on transfer matrix norms for a finite/countable set of energies and then alluding to Corollary 1.1.

On the alphabet A = {0, 1}, consider the period doubling substitution S(0) = 01, S(1) = 00. Iterating on 0, we obtain a one-sided sequence u = 01000101 . . . which is invariant under the substitution process. Define the associated subshift Ω_{pd} to be the set of all two-sided sequences over A which have all their finite subwords occurring in u. For λ ∈ R and ω ∈ Ω_{pd}, we define the potential V_{λ,ω} by V_{λ,ω}(n) = λω_n. If w = w_1 . . . w_l with w_i ∈ {0, 1}, we define

T_λ(w; E) = A_λ(w_l; E) × · · · × A_λ(w_1; E),

where for a ∈ {0, 1},

A_λ(a; E) = ( E − λa −1 1 0 ) . We let

T^{(0)}_k = T^{(0)}_k (E, λ) = T_λ(S^k(0); E), T^{(1)}_k = T^{(1)}_k (E, λ) = T_λ(S^k(1); E).

In the following, we will leave the dependence of T^{(0)}_k , T^{(1)}_k on E and λ implicit. We also define x_k = tr T^{(0)}_k , y_k = tr T^{(1)}_k .

It follows from the substitution rule (and is easy to check) that

T^{(0)}_{k+1} = T^{(1)}_k T^{(0)}_k , T^{(1)}_{k+1} = T^{(0)}_k T^{(0)}_k and x_{k+1} = x_ky_k − 2, y_{k+1} = x^2_k − 2.

(64)

The relation (64) is called the period doubling trace map.

By virtue of Corollary 1.1, Theorem 3 follows once we find an energy E_0 such that (19) holds with α = 1. We establish this first and then discuss later what the natural set of energies is for which one can establish a bound like (19).

Proof of Theorem 3. Clearly, we have

T^{(0)}_0 = ( E −1 1 0 )

and T^{(1)}_0 = ( E − λ −1 1 0 ) . Notice that for E_0 = 0, we have

T^{(0)}_0 = ( 0 −1 1 0 ) , T^{(1)}_0 = ( −λ −1 1 0 ) . Thus, for this choice of the energy, we get

T^{(0)}_1 = T^{(1)}_0 T^{(0)}_0 = ( −λ −1 1 0 ) · ( 0 −1 1 0 ) = ( −1 λ 0 −1 ) and T^{(1)}_1 = T^{(0)}_0 T^{(0)}_0 = ( 0 −1 1 0 ) · ( 0 −1 1 0 ) = ( −1 0 0 −1 )

In particular, T^{(0)}_1 and T^{(1)}_1 commute. Notice that ( T^{(0)}_1 )_n = (−1)^n ( 1 −nλ 0 1 ) . Every subword w of u can be partitioned into a product of blocks of the form S(a) or S(b), up to a possible prefix/suffix of length one. We therefore get, for every ω ∈ Ω_{pd}, ‖T (n, m; E_0)‖ ≤ C^2_λ (√ 2 + λ 2 |n − m| ) , where C_λ = ‖ ‖ ‖ ( −λ −1 1 0 )‖ ‖ ‖ ≤ √ 2 + λ. We can now apply Corollary 1.1.

We now study the set of exceptional energies (i.e., where we get commuting transfer matrices at some level) a little further. We prove the following:

Lemma 4.1. Fix some coupling constant λ and some k ∈ N_0 . If E is such that x_n = 0, then there is a constant a_{λ,k} such that

T^{(0)}_{k+1} is conjugate to ( −1 a_{λ,k} 0 −1 ) (65) and

T^{(1)}_{k+1} = ( −1 0 0 −1 ) . (66)

Proof. If x_k = 0, then (64) gives x_{k+1} = −2. Hence, (65) is immediate. Moreover, (66) follows from the Cayley-Hamilton theorem since we have

T^{(1)}_{k+1} = T^{(0)}_k T^{(0)}_k = x_k · T^{(0)}_k − Id = ( −1 0 0 −1 ) .

This allows us to prove:

Proposition 4.2. Fix some coupling constant λ and some k ∈ N_0 . For every root E_0 of x_k , we have ‖T (n, m; E_0)‖ ≤ C^2_{λ,k} (√ 2 + a_{λ,k} 2^k |n − m| ) , where C_{λ,k} is some suitable constant.

Proof. The argument is virtually the same as the one used in the proof of Theorem 3.

Notice that x_k is, as a function of E, a polynomial of degree 2^k which has exactly 2^k roots. In particular, there is a countable set of energies where linear bounds on the growth of transfer matrix norms can be proved.

5. The Thue-Morse Model

In this section we investigate the Thue-Morse model and, in particular, prove Theorem 4. This will be done by exhibiting a set of energies for which the transfer matrix norms are bounded and then alluding to Corollary 1.1.

On the alphabet A = {0, 1}, consider the Thue-Morse substitution S(0) = 01, S(1) = 10. Iterating on 0, we obtain a one-sided sequence u = 01101001 . . . which is invariant under the substitution process. Define the associated subshift Ω_{tm} to be the set of all two-sided sequences over A which have all their finite subwords occurring in u. For λ ∈ R and ω ∈ Ω_{tm}, we define as in the period doubling case the potential V_{λ,ω} by V_{λ,ω}(n) = λω_n.

We can now define transfer matrices in the same way as above, that is,

T^{(0)}_k = T^{(0)}_k (E, λ) = T_λ(S^k(0); E), T^{(1)}_k = T^{(1)}_k (E, λ) = T_λ(S^k(1); E).

Again, we will leave the dependence of T^{(0)}_k , T^{(1)}_k on E and λ implicit. We define

x_k = tr T^{(0)}_k , y_k = tr T^{(1)}_k .

It is clear that x_k = y_k for k ≥ 1 and it follows from the substitution rule that

T^{(0)}_{k+1} = T^{(1)}_k T^{(0)}_k , T^{(1)}_{k+1} = T^{(0)}_k T^{(1)}_k and x_{k+1} = x^2_{k−1}(x_k − 2) + 2 for k ≥ 2.

(67)

The relation (67) is called the Thue-Morse trace map.

By virtue of Corollary 1.1, Theorem 4 follows once we find an energy E_0 such that (19) holds with α = 0. Let E_k = {E : x_k = 2}.

Proposition 5.1. If k ≥ 3 and E ∈ E_k\E_2, then

T^{(0)}_k = T^{(1)}_k = ( 1 0 0 1 ) . (68)

Proof. This can be extracted from [1]. For the reader’s convenience, we give a short proof of this fact. Notice that it follows from (67) that for k ≥ 3, we have x_k = 2 if and only if x_{k−1} = 2 or x_{k−2} = 0. Iterating this, we get that x_k = 2 holds if and only if x_2 = 2 or x_j = 0 for some 1 ≤ j ≤ k − 2. Thus, if k ≥ 3 and E ∈ E_k\E_2, then x_j = 0 for some 1 ≤ j ≤ k − 2. Using this and the Cayley-Hamilton theorem, we obtain

T^{(0)}_{j+2} = T^{(0)}_j T^{(1)}_j T^{(1)}_j T^{(0)}_j

= T^{(0)}_j ( x_j T^{(1)}_j − I ) T^{(0)}_j

= −T^{(0)}_j T^{(0)}_j = − ( x_j T^{(0)}_j − I ) = I and, similarly, T^{(1)}_{j+2} = I. This yields (68).

Proof of Theorem 4. Given Proposition 5.1, the claim follows as in the proof of Theorem 3 from Corollary 1.1.

For example, the reader may verify that if E is chosen such that E(E − λ) = 2, then (68) holds for k = 3 by a straightforward calculation. This observation already suffices for an application of Corollary 1.1.

We conclude with a remark about the special energies exhibited by Proposition 5.1. It follows from (67) that for k ≥ 2, E_k ⊂ E_{k+1}. Axel and Peyrière show that the the union of the sets E_k is dense in the spectrum of the Thue-Morse Hamiltonian [1].

References

[1] F. Axel and J. Peyrière, Spectrum and extended states in a harmonic chain with controlled disorder: effects of the Thue-Morse symmetry, J. Statist. Phys. 57 (1989), 1013–1047 [2] J. M. Barbaroux, J. M. Combes, and R. Montcho, Remarks on the relation between quantum dynamics and fractal spectra, J. Math. Anal. Appl. 213 (1997), 698–722 [3] J. M. Barbaroux, F. Germinet, and S. Tcheremchantsev, Fractal dimensions and the phenomenon of intermittency in quantum dynamics, Duke Math. J. 110 (2001), 161–193 [4] J. M. Barbaroux, F. Germinet, and S. Tcheremchantsev, Generalized fractal dimensions:

equivalences and basic properties, J. Math. Pures Appl. 80 (2001), 977–1012 [5] J. Bellissard, Spectral properties of Schrödinger’s operator with a Thue-Morse potential, in Number Theory and Physics (Les Houches, 1989), Springer Proc. Phys. 47, Springer, Berlin (1990), 140–150 [6] J. Bellissard, A. Bovier, and J.-M. Ghez, Spectral properties of a tight binding Hamiltonian with period doubling potential, Commun. Math. Phys. 135 (1991), 379–399 [7] J. Bellissard, B. Iochum, E. Scoppola, and D. Testard, Spectral properties of one-dimensional quasi-crystals, Commun. Math. Phys. 125 (1989), 527–543 [8] A. Bovier and J.-M. Ghez, Spectral properties of one-dimensional Schrödinger operators with potentials generated by substitutions, Commun. Math. Phys. 158 (1993), 45–66; Erratum Commun. Math. Phys. 166 (1994), 431–432 [9] J. M. Combes, Connections between quantum dynamics and spectral properties of timeevolution operators, in Differential Equations with Applications to Mathematical Physics, Eds. W. F. Ames, E. M. Harrel II, and J. V. Herod, Academic Press, Boston (1993), 59–68 [10] D. Damanik, α-continuity properties of one-dimensional quasicrystals, Commun. Math. Phys.

192 (1998), 169–182 [11] D. Damanik, Singular continuous spectrum for the period doubling Hamiltonian on a set of full measure, Commun. Math. Phys. 196 (1998), 477–483 [12] D. Damanik, Gordon-type arguments in the spectral theory of one-dimensional quasicrystals, in Directions in Mathematical Quasicrystals, Eds. M. Baake and R. V. Moody, CRM Monograph Series 13, AMS, Providence, RI (2000), 277–305 [13] D. Damanik, Uniform singular continuous spectrum for the period doubling Hamiltonian, Ann. Henri Poincaré 2 (2001), 101–108 [14] D. Damanik, R. Killip, and D. Lenz, Uniform spectral properties of one-dimensional quasicrystals, III. α-continuity, Commun. Math. Phys. 212 (2000), 191–204 [15] D. Damanik, A. Sütő, and S. Tcheremchantsev, Power-law bounds on transfer matrices and quantum dynamics in one dimension II., in preparation [16] F. Delyon and J. Peyrière, Recurrence of the eigenstates of a Schrödinger operator with automatic potential, J. Statist. Phys. 64 (1991), 363–368 [17] K. Falconer, Fractal Geometry, John Wiley & Sons, Ltd., Chichester (1990) [18] F. Germinet, A. Kiselev, and S. Tcheremchantsev, in preparation [19] I. Guarneri, Spectral properties of quantum diffusion on discrete lattices, Europhys. Lett. 10 (1989), 95–100 [20] I. Guarneri and H. Schulz-Baldes, Lower bounds on wave packet propagation by packing dimensions of spectral measures, Math. Phys. Electron. J. 5 (1999), Paper 1, 16 pp.

[21] A. Hof, O. Knill, and B. Simon, Singular continuous spectrum for palindromic Schrödinger operators, Commun. Math. Phys. 174 (1995), 149–159

[22] B. Iochum and D. Testard, Power law growth for the resistance in the Fibonacci model, J.

Stat. Phys. 65 (1991), 715–723 [23] S. Jitomirskaya and Y. Last, Power-law subordinacy and singular spectra. I. Half-line operators, Acta Math. 183 (1999), 171–189 [24] S. Jitomirskaya and Y. Last, Power-law subordinacy and singular spectra. II. Line operators, Commun. Math. Phys. 211 (2000), 643–658 [25] S. Jitomirskaya, H. Schulz-Baldes, and G. Stolz, Delocalization in random polymer models, Preprint (mp-arc/02-267) [26] R. Killip, A. Kiselev, and Y. Last, Dynamical upper bounds on wavepacket spreading, Preprint (mp-arc/01-460) [27] A. Kiselev and Y. Last, Solutions, spectrum, and dynamics for Schrödinger operators on infinite domains, Duke Math. J. 102 (2000), 125–150 [28] S. Kotani, Jacobi matrices with random potentials taking finitely many values, Rev. Math.

Phys. 1 (1989), 129–133 [29] Y. Last, Quantum dynamics and decompositions of singular continuous spectra, J. Funct.

Anal. 142 (1996), 406–445 [30] Y. Last and B. Simon, Eigenfunctions, transfer matrices, and absolutely continuous spectrum of one-dimensional Schrödinger operators, Invent. Math. 135 (1999), 329–367 [31] L. Raymond, A constructive gap labelling for the discrete Schrödinger operator on a quasiperiodic chain, Preprint (1997) [32] M. Reed and B. Simon, Methods of Modern Mathematical Physics, Vol. IV: Analysis of Operators, Academic Press, New York (1978) [33] B. Simon, Bounded eigenfunctions and absolutely continuous spectra for one-dimensional Schrödinger operators, Proc. Amer. Math. Soc. 124 (1996), 3361–3369 [34] B. Simon and T. Wolff, Singular continuous spectrum under rank one perturbations and localization for random Hamiltonians, Comm. Pure Appl. Math. 39 (1986), 75–90 [35] A. Sütő, The spectrum of a quasiperiodic Schrödinger operator, Commun. Math. Phys. 111 (1987), 409–415 [36] A. Sütő, Singular continuous spectrum on a Cantor set of zero Lebesgue measure for the Fibonacci Hamiltonian, J. Statist. Phys. 56 (1989), 525–531 [37] S. Tcheremchantsev, Mixed lower bounds in quantum dynamics, Preprint (mp-arc/01-227) [38] S. Tcheremchantsev, in preparation