THERMODYNAMIC LIMITS FOR HAMILTONIANS DEFINED AS PSEUDODIFFERENTIAL OPERATORS.

J. NOURRIGAT and Chr. ROYER

Abstract.

If P (h) is a h−pseudodifferential operator in R^n associated to an holomorphic semi-bounded symbol in some neighborhood of the real phase space, with bounded derivatives, we describe the symbol of e^{−tP (h)}, by inequalities where the constants depend on the bounds for the derivatives of the symbol of P (h), but not on the dimension n. Some applications to thermodynamic limits (free energy) are given.

1. Introduction.

In [16], J. Sjöstrand describes the exponential of an n−dimensional semiclassical Schrödinger operator

(1.1) P_n(h) = −h^2Δ + V_n(x) .

Since the dimension n is variable, the given object is rather a sequence (V_n)_{n≥1}, where V_n ∈ C^∞(R^n), belonging to a suitable class of such sequences, called 0−standard. This class is defined by inequalities where the constants are independent on the dimension n. Instead of recalling the definition of 0−standard sequences, let us say that, if there are some constants a > 0 and M > 0, independent on n, such that V_n extends to an holomorphic function V_n on

(1.2) Ω_n(a) := {x ∈ C^n, |Im x|_∞ < a }

and such that

(1.3) � � � ∂V_n ∂x_j (x) � � � ≤ M ∀x ∈ Ω^n(a), ∀n ≥ 1,

then (V_n)_{(n≥1)} is 0−standard, by Proposition 1.1 of [15]. Then, assuming also that V_n is real valued and lower bounded for real x, Sjöstrand gives (in [16], sect. 7), a description of the kernel of the operator e^{− th Pn(h)}, (t > 0), near the diagonal, where the constants in the inequalities are independent on n, and he gives some applications to thermodynamic limits when n → +∞ (see below).

The aim of this paper is to replace the Schrödinger operator by pseudodifferential operators P_n(h) associated, by the semiclassical Weyl calculus (see sect. 2), to symbols p_n(x, ξ) which extend to (1.4) Ω_{2n}(a) := {(x, ξ) ∈ C^{2n}, |Im (x, ξ)|_∞ < a } and satisfy

(1.5) � � � ∂p^n ∂x_j

(x, ξ) � � � + � � � ∂p^n ∂ξ_j

(x, ξ) � � � ≤ M ∀(x, ξ) ∈ Ω_{2n}(a), ∀n ≥ 1,

for some constants a > 0 and M > 0, independent on n. Moreover, we shall be interested in e^{−tPn(h)} instead of e^{− th Pn(h)}. Our aim is to give, assuming also that Re p_n(x, ξ) is lower bounded, a description of the symbol of the operator e^{−tPn(h)}, (and not of its kernel, like in [16]), where the constants will be independent on the dimension and, more precisely, to show that the symbol of this operator can be written e^{−qn(x,ξ,t,h)}, where q_n satisfies inequalities similar to (1.5). This result will rely on the theorem of composition of pseudodifferential operators in large dimension, (where good estimations are not satisfied by the composed symbols, but by their logarithms), proved in a previous paper [1] with L. Amour and Ph. Kerdelhué. In [1], the results proved here were conjectured, and proved in the formal level. In [10], the results were proved under the assumption that the symbols were bounded, and not only semi-bounded. To weaken the hypothesis, we had to make important change to the technique of proof.

Let us explain (in a particular case to simplify the notations), the physical model given by J. Sjöstrand ([16], sect.8) as an application of his results. At each point j of the one-dimensional lattice Z, we consider a particle A_j described by a Schrödinger operator in R^k (where k ≥ 1 is fixed) P_1(h) = −h^2Δ + V (x) .

The assumptions of [16] are satisfied if V extends to an holomorphic function in Ω_k(a) (a > 0), if its derivatives are bounded in Ω_k(a), if V is real for real x, and if V (x) is greater than a positive power of |x| for large |x|. The interaction between each particle and its neighbours in the lattice is given by a potential W (x, y), and the hypotheses of [16] are satisfied if W extends to a bounded holomorphic function in Ω_{2k}(a), real for real (x, y), and such that W (y, x) = W (x, y). For each n ≥ 1, the Hamiltonian P_n(h) describing the system of particles A_j (−n ≤ j ≤ n) in interaction is defined by (1.1), (with n replaced by (2n + 1)k), where

(1.6) V_n(x) = n� j=−n

V (x^{(j)}) + n−1�

j=−n

W (x^{(j)}, x^{(j+1)}) .

The variable of R^{(2n+1)k} is denoted by x = (x^{(−n)}, . . . , x^{(n)}), with x^{(j)} ∈ R^k. This sequence (V_n) satisfies (1.3). Such type of Hamiltonians, given at each point of a lattice, each of them interacting with its neighbors, is common in the literature (see Toda [17] in the classical mechanics). In [16], the lattice is not only Z, but be multidimensional, and one motivation can be the theory of anharmonic crystals. In E. Lieb [9] and B. Simon [14], a similar model (the quantum Heisenberg model), is studied, but with another Hamiltonian at each point of the lattice, and another type of interaction.

Then, Sjöstrand [16] proves that, for each h > 0 and t > 0, the sequence

(1.7) Λ_n(t, h) := 1 (2n + 1) ln � (2πh)^{(2n+1)k}T r � e^{− th Pn (h)} �

has a limit Λ_∞(t, h) when n → +∞, that

(1.8) |Λ_n(t, h) − Λ_∞(t, h)| ≤ C n , and, with some more hypotheses, that Λ_∞(t, h), (the thermodynamic limit), has an asymptotic expansion in powers of h when h → 0. (See Ruelle [13] for the notion of thermodynamic limit, and also Helffer-Sjöstrand [6] for the Lemma used to prove its existence and (1.8)). For an anharmonic crystal, the derivative of Λ_∞(t, h) with respect to t (if it exists), is the mean energy at the temperature 1/t. In [16], the potentials are typically O(|x|) at infinity. For exactly quadratic potentials, see also Royer [12], which gives a rigorous proof and a generalization of some usual physical formulas on harmonic crystals.

As an application of our theorem 2.2, we shall prove similar results when the particles A_j (j ∈ Z) are no more described by a Schrödinger operator, and with e^{− th Pn(h)} replaced by e^{−tPn(h)}. Our result can be applied, be applied, for example, to

P_n(h) := n� j=−n � I − h^2Δ_j + V_n(x)

where Δ_j is the Laplacian for the variable x^{(j)} ∈ R^k, and V_n(x) is defined by (1.6). For such operators, we shall prove the analogous of the result of Sjöstrand [16]. The similar result for the quantum Heisenberg model seems to be still an open problem. (In this model, h is the inverse of the spin, and Lieb [9] and Simon [14] proved only the continuity of Λ_∞(t, h) at h = 0). In [16], the asymptotic expansion of the thermodynamic limit in powers of h relies on a study of Laplace integrals in large dimension (cf also [2]). In our sect. 9, it relies on the study of the greatest eigenvalue of some integral operator on R^p (for a suitable p, depending on the order of the asymptotic expansion in powers of h). The study of this integral operator has some common points with the works of B. Helffer (cf [3] and the references given in [3]) and Helffer-Ramond (cf [4]) for the Kac operator.

The results of Lascar [8] on pseudodifferential calculus in infinite dimension have another motivation, related to the quantum field theory.

The main result is theorem 2.2, and its application to thermodynamic limit is given in theorems 9.1 and 9.3. In sect.3, a result on the composition of pseudodifferential operators in large dimension may have its own interest.

In a preprint [10], a similar result was proved under the additional hypothesis that p_n was bounded, and an application to thermodynamic limits for periodic symbols (with a suitable notion of trace) was given. In this preprint some results on inversion and exponential of pseudodifferential operators in large dimension, (which may have also perhaps their own interest), were used.

2. Statement of the result on the exponential.

For each (x, ξ) ∈ R^{2n}, we set

(2.1) ‖(x, ξ)‖_∞ = sup_{j≤n} sup(|x_j |, |ξ_j |).

For each a > 0, the set Ω_{2n}(a) is defined in (1.4).

Definition 2.1. For each a > 0, we denote by S(a) the set whose elements are sequences (f_n)_{(n≥1)},where f_n = f_n(h) = f_n(., h) is an holomorphic function in Ω_{2n}(a), depending on parameter h in an interval ]0, h_n], where h_n > 0, and satisfying the following condition. There exists

M > 0, independent on n, and a constant C_n > 0 (which may depend on n) such that, if 1 ≤ j ≤ n and if 0 < h ≤ h_n,

(2.2) Re f_n(x, ξ, h) ≥ C_n, ∀(x, ξ) ∈ Ω_{2n}(a) ∀h ∈]0, h_n],

(2.3) |

∂f_n ∂x_j

(x, ξ, h)| + |

∂f_n ∂ξ_j

(x, ξ, h)| ≤ M, ∀(x, ξ) ∈ Ω_{2n}(a) ∀h ∈]0, h_n].

If f is a bounded function in Ω_{2n}(a) (defined in (1.4)), we set

(2.4) ‖f‖_a = sup_{X∈Ω2n(a)} |f(X)|.

If the derivatives are also bounded, we set

(2.5) ‖∇f‖_a = sup_{X∈Ω2n(a)} sup_{j≤n} sup � � � ∂f ∂x_j (X) � � � , � � � ∂f ∂ξ_j (X) � � � .

By the Weyl calculus, we associate to a suitable function f ∈ C^∞(R^{2n}) the h−pseudodifferential operator Op_h(f) by

(2.6) (Op_h(f)u)(x) = (2πh)^{−n} � R^{2n}

e^{ih (x−y).ξ}f( x + y 2 , ξ)u(y) dydξ .

If (p_n) is in S(a), we know, by the functional calculus of Helffer-Robert [6], that, for each fixed dimension n, the exponential e^{−tOph(pn)} is also a h−pseudodifferential operator, and we want to describe its symbol uniformly with respect to the dimension n. The main result of this paper is the following.

Theorem 2.2. Let b > 0, and p = (p_n) a family of symbols in S(b), independent on h. Then, for each a ∈]0, b[, and for each integer m ≥ 1, there exist ε_m > 0, C_m > 0 (independent on the dimension n), and a family of functions q = (q_n)(x, ξ, t, h) in S(a) (0 ≤ t ≤ 1) such that

(2.7) e^{−tOph(pn)} = Op_h(e^{−qn(.,t,h)}) if 0 < nh^m ≤ ε_m, n ≥ 1 .

Moreover, the symbol q_n has an asymptotic expansion in powers of h

(2.8) q_n(x, ξ, t, h) = m−1� j=0 E^{(j)}_n (x, ξ, t)h^j + h^mR^{(m)}_n (x, ξ, t, h) ,

where the families of functions (E^{(j)}n ) are in S(a) and satisfy the inequalities (2.3), with the same conditions as above. Moreover, E^{(0)}_n (x, ξ, t) = tp_n(x, ξ) and, for j ≥ 1, we have

‖E^{(j)}_n (., t)‖_a ≤ nC_j ‖R^{(m)}_n (., t, h)‖_a ≤ nC_m .

The explicit construction of the functions E^{(j)}_n will be made more precise in sections 6 (in general) and 9 (in some particular cases).

The paper is organized as follows. In section 3 we recall a result of [1] on the composition of pseudodifferential operators in large dimension. In section 4, we recall the result of [1] on the composition of operators associated to symbols which are the exponential of functions p_n in S(a). In [1], the result was stated for the standard calculus and the function p_n was assumed to be bounded, but the proof is the same with our hypotheses. In section 5, following the thesis of the second author [11], we state and prove a result which is like a linearized of the previous one. In section 6, we give the formal construction of the E^{(j)}_n of (2.8), and in sections 7 and 8, the end of the proof of Theorem 2.2. The precise statement for applications to thermodynamic limit is given and proved in section 9.

3. Oscillating integrals and composition of symbols in large dimension (result of [1]).

We denote by σ the symplectic form in C^{2n} defined by σ � (x, ξ), (y, η) � = y.ξ − x.η. If f and g are C^∞ functions on R^{2n}, bounded with all their derivatives, we denote by f♯_hg the function defined by the oscillatory integral

(3.1) (f♯_hg)(X) = (πh)^{−2n} � R^{4n}

e^{− 2ih σ(Y,Z)}f(X + Y )g(X + Z)dY dZ .

More generally, we shall have to work with oscillating integrals of the following form :

(3.2) (I_h(F )) (X) = (πh)^{−2n} � R^{4n}

e^{− 2ih σ(Y,Z)}F (X, Y, Z) dY dZ .

where X is in R^p and F is a suitable function in an open set of C^p × C^{2n} × C^{2n}.

The following theorem gives an estimation of such integrals.

Theorem 3.1. Let a > 0 and ρ > 0, and Ω_{p,2n,2n}(a, ρ) be the set of (X, Y, Z) ∈ C^p × C^{2n} × C^{2n} such that X is in Ω_p(a) and Y and Z in Ω_{2n}(ρ). Let F be a bounded holomorphic function in Ω_{p,2n,2n}(a, ρ). Let I_h(F ) be integral defined in (3.2). Then we have

(3.3) ‖I_h(F )‖_a ≤ sup

(X,Y,Z)∈Ω_{p,2n,2n}(a,ρ)

|F (X, Y, Z)| � 1 + � 2 π √ h ρ e^{− ρ2h}

�_{4n} .

This result is very similar to the Lemma 5.1 of [1]. The only difference is that the integral was in R^{2n} and that, instead of the quadratic form σ(Y, Z) in R^{4n}, we had the form y.η in R^{2n}, but the idea of the proof is the same: we diagonalize the quadratic form in order to reduce the problem to a one dimensional integral, like in [1]. Therefore, we shall not give the details of the proof.

The following corollary may have its own interest. It was not explicitly written in [1].

Theorem 3.2. Let a and b be such that 0 < a < b, and f and g be holomorphic bounded functions in Ω_{2n}(b). Then f♯_hg is holomorphic and bounded in Ω_{2n}(a) and we have

(3.4) ‖f♯_hg‖_a ≤ ‖f‖_b ‖g‖_b � 1 + � 2 π √ h b − a e^{− (b−a)2h}

�_{4n} .

For later use, let us recall that, if the integral I_h(F ) is of the following form (with p = 4n)

(3.5) (I_h(F )) (X, X^′) = (πh)^{−2n} � R^{4n}

e^{− 2ih σ(Y,Z)}F (X + Y, X^′ + Z) dY dZ,

then it satisfies the differential equation

(3.6) 2i

∂I_h ∂h (X, X^′) = σ � ∂ ∂x , ∂ ∂ξ � , � ∂ ∂x^′ , ∂ ∂ξ^′ � I_h.

4. Composition of exponentials of symbols (result of [1]).

We shall use the theorems 2.4 and 2.6 of the paper [1] with L. Amour and Ph. Kerdelhué. Unfortunately, these results are written in [1] with the standard calculus, and here we use the Weyl calculus. Moreover, the exponent in the symbol was supposed to be bounded, but the proof is the same if it is semi-bounded. It is useful to write here the statement for the Weyl calculus, and to recall the formal construction, but the proof, which is the same as in [1], will be omitted.

Theorem 4.1. Let f and g be functions in S(b) (b > 0), and let h^′_n and h^{′′}_n be the sequences associated to them as in Definition 2.1. Let a ∈]0, b[ and m ≥ 1. Then, there exist an element φ of S(a) and constants ε_m and C_m > 0, depending only on m, a and b, and on the bounds of ‖∇f_n‖_b and ‖∇g_n‖_b, but not of the dimension n, such that

(4.1) e^{−φn(h)} = e^{−fn(h)}♯_he^{−gn(h)} if 0 < h ≤ h^′_n, h ≤ h^{′′}_n and nh^m ≤ ε_m .

Moreover, we can write, omitting the subscript n:

(4.2) φ(x, ξ, h) = m−1� k=0 c^{(k)}(f, g)(x, ξ)h^k + h^m R^{(m)}(x, ξ, h) ,

where c^{(k)}(f, g) and R^{(m)} are in S(a), c^{(0)}(f, g) = f + g, and, with the preceding conditions, if m and k ≥ 1

(4.3) 1 n ‖c^{(k)}(f, g)‖_a + 1 n ‖R^{(m)}(., h)‖_a + ‖∇c^{(k)}(f, g)‖_a ≤ C_m .

5. Linearization of the previous result.

Given four suitable functions p_1, p_2, f_1 and f_2 on R^{2n}, we have to estimate quotients of the form

(5.1) ψ_h(f_1, f_2) =

(e^{−p1} f_1)♯_h(e^{−p2} f_2) e^{−p1} ♯_he^{−p2} .

These estimations will be useful in sections 7 and 8 in order to prove Theorem 2.2 by a fixed point theorem. We hope that the bounds of ψ_h will be bounded by the product of the bounds of f_1 and f_2, and that the constant in the inequality will depend on ∇p_1 and ∇p_2, and of course not of the dimension n, and moreover that this constant will be as near as possible to 1. This will be made more precise in the following

Theorem 5.1. Let p_1 and p_2 holomorphic functions in Ω_{2n}(R) (R > 0), with bounded derivatives. Let f_1 and f_2 are holomorphic functions, bounded respectively on Ω_{2n}(μ_1) and Ω_{2n}(μ_2), where 0 < μ_j < R (j = 1, 2). Then the function ψ_h(f_1, f_2) defined in (3.1) is holomorphic and bounded in Ω_{2n}(λ) for each λ in ]0, inf(μ_1, μ_2)[, and satisfies, for each integer m, if we set μ = min(μ_1, μ_2) and R^′ = max(μ_1, μ_2)

(5.2) ||ψ_h(f_1, f_2)||_λ ≤ � 1 + K_mh^m (μ − λ)^{2m}

�_n

||f_1||_{μ1} ||f_2||_{μ2} ,

if h satisfies the following conditions:

(5.3) � h||∇p_2||_R ≤^{μ1−λ}_4 h||∇p_1||_R ≤^{μ2−λ}_4 and nh^m ≤ ε_m ,

where K_m > 0 and ε_m > 0 depend on R, R^′, m and on ‖∇p_j ‖_R, (j = 1, 2), but not on n.

Before to prove this result, we shall first introduce some notations, recall some results of [1], and examine a similar result in small dimension (proposition 5.7) which will next lead us by induction to the conclusion.

Let μ_1 > 0 and μ_2 > 0, we denote by Ω_4(μ_1, μ_2) the following open set of C^4:

Ω_4(μ_1, μ_2) = {(x, ξ, x^′, ξ^′) ∈ C^4 | |Im(x, ξ)|_∞ < μ_1, |Im(x^′, ξ^′)|_∞ < μ_2} ,

If μ_1 = μ_2 = μ, we have Ω_4(μ_1, μ_2) = Ω_4(μ).

If f is a bounded holomorphic function defined on Ω_4(μ_1, μ_2), we set:

||f||_{μ1 ,μ2} = sup

X∈Ω_4(μ_1,μ_2)

|f(X)| .

If f is an holomorphic function defined on Ω_4(μ), having all its derivatives bounded, we set:

||∇_{x,ξ} f||_μ = max(||∂_xf||_μ, ||∂_ξ f||_μ) ,

||∇_x′_{, ξ}′ f||_μ = max(||∂_x′ f||_μ, ||∂_ξ′ f||_μ) ,

||∇f||_μ = max(||∇_{x,ξ} f||_μ, ||∇_x′_{, ξ}′ f||_μ) .

If Ω is an open set in C^p with p ∈ N^∗, we denote by K^1(Ω) the space of holomorphic functions in Ω with bounded derivatives and lower bounded real part in Ω .

In this section, we shall use the results proved in [1] with the standard pseudodifferential calculus which is here replaced by the Weyl one. Hence, we can prove, exactly as in [1], the following propositions.

Proposition 5.2 (Proposition 3.1 of [1]). Let a and b such that 0 < a < b. Let u ∈ K^1(Ω_1(b)), with Ω_1(b) = {z ∈ C/|Imz| < b}. Then there exists h_1 > 0 depending only on b − a and ||u^′||_b, independent on ||u||_b, and two functions v_+ and v_−, C^∞ on [0, h_1], valued in K^1(Ω_1(a)), verifying

e^{−v±(x,h)} = e^{∓i π4} � 2 πh � R e^{±2iy2h} e^{−u(x−y)}dy if0 < h ≤ h_1 v_±(x, 0) = u(x).

||e^{−v±(.,h)+u(.)} − 1||_a ≤ 1 2 .

Proposition 5.3 (Proposition 6.1 of [1]). Let R and R^′ such that 0 < R^′ < R and u ∈ K^1(Ω_4(R)). Then for all m ≥ 1 there exists some functions α_m(R − R^′, ||∇u||_R) (decreasing in its last variable) and C_m(R − R^′, ||∇u||_R ) (increasing in its last variable) and a function h → v(., h), C^∞ on [0, α_m(R − R^′, ||∇u||_R)] valued in K^1(Ω_4(R^′)) such that, if h ≤ α_m:

(5.4) e^{−v(x,ξ,x′,ξ′,h)} = I_h(e^{−u})(x, ξ, x^′, ξ^′) , ∀(x, ξ, x^′, ξ^′) ∈ Ω_4(R^′) ,

where I_h is the integral of (3.5) (with n = 1). Moreover, we have:

(5.5) ||∇v(., h)||_R′ ≤ (1 + C_m(R − R^′, ||∇u||_R )h^m)||∇u||_R , ∀h ∈ [0, α_m] .

In [1], I_h was the similar integral in R^2, with the quadratic form σ(Y, Z) replaced by y.η, and the function u was supposed to be bounded, and not only semi-bounded, but the ideas in the proof are the same, and we can omit them.

In lemma 5.7 we shall also use the following result proved in [1].

Lemma 5.4 (Lemma 4.4 of [1]). Let p an integer ≥ 1, then there exists a constant C_p > 0 having the following properties. For all ρ > 0 and μ > 0 such that C_pρ < μ and for all holomorphic function f bounded in the closed ball B(0, μ) in C^4 with the |.|_∞ norm, we have: � 0≤|j|≤p

|f^{(j)}(0)| ρ^{|j|} j! ≤ � 1 + � C_pρ μ − C_pρ

�_{p+1}� sup |z|_∞≤μ

|f(z)| .

After recalling these results of [1], we shall use them to estimate quotients of the type (5.1), or more generally of the form

(5.6) ψ(., h)(X, X^′) =

I_h(e^{−u}f)(X, X^′) I_h(e^{−u})(X, X^′) , where I_h is the integral defined in (3.5), with n = 1, f is bounded and holomorphic on Ω_4(μ_1, μ_2) and u ∈ K^1(Ω_4(R)) with 0 < μ_j < R, j = 1, 2. We begin by the one dimensional case.

Lemma 5.5. Let u ∈ K^1(Ω_4(R)) (R > 0), and f be a bounded holomorphic function on Ω_4(μ_1, μ_2), (0 < μ_j < R, j = 1, 2). Then the function ψ(., h) defined by (5.6) and by ψ(., 0) = f, is well defined and holomorphic in Ω_4(λ) if 0 < λ < inf(μ_1, μ_2), depends smoothly on h, and satisfies, if we set R^′ = max(μ_1, μ_2) and μ = inf(μ_1, μ_2),

(5.7) ||ψ(., h)||_λ ≤ 64 � 1 + 2 √ h (μ − λ) e^{−(μ−λ)2/4h}

�_4 ||f||_{μ1 ,μ2} ,

if h satisfies the following conditions:

(5.8) � h||∇_x′_{,ξ}′ u||_R ≤ μ_1 − λ h||∇_{x,ξ} u||_R ≤ μ_2 − λ and h ≤ ε(R − R^′, ||∇u||_R ) ,

where ε(R − R^′, ||∇u||_R ) is some positive function of the two variables.

Proof. First step. Estimation of the quotient e^{−u(.)}/I(e^{−u})(., h). We set, for all a > 0, Ω̃_4(a) = {X = (X_i)_{1≤i≤4} ∈ C^4/|ImX_1| + |ImX_4| < a, |ImX_2| + |ImX_3| < a} ,

and for each function g bounded on Ω̃_4(a),

|||g|||_a = sup

X∈Ω̃_4(a)

|g(X)| .

Since u is holomorphic in Ω_4(R), the function ũ defined by

ũ = u(X_1 + X_4, X_3 + X_2, X_3 − X_2, X_1 − X_4) ,

is holomorphic on Ω̃_4(R) and it verifies the same inequalities as u. We introduce so the function Ĩ_h(X) = I_h(e^{−u})(X_1 + X_4, X_3 + X_2, X_3 − X_2, X_1 − X_4) ,

where I_h is defined in (3.5). We obtain:

(5.9) Ĩ_h(X) = 4 (πh)^2 � R^4

e^{2ih (Y 21 +Y 22 −Y 23 −Y 24 )}e^{−ũ(X−Y )}dY X ∈ Ω_4(R^′) .

By Proposition 5.2, if 0 < a < b, for each function f ∈ K^1(Ω_4(b)), there exists h_1 > 0 depending only on b − a and ||∇u||_b, and functions v^{(j)}_+ and v^{(j)}_− , (1 ≤ j ≤ 4) in K^1(Ω_1(a)), depending smoothly on h ∈ [0, h_1], verifying if 0 ≤ h ≤ h_1:

e^{−v(j)± (x,h)} = e^{∓i π4} � 2 πh � R e^{±2iy2h} e^{−f(x1,...,xj −y,...,x4)}dy ,

||e^{−v(j)± (.,h)+f(.)} − 1||_a ≤ 1 2 .

Let us denote v^{(j)}_± by V^{(j)}_± (h)f. Therefore, the function

g̃_h = V^{(4)}_− (h)V^{(3)}_− (h)V^{(2)}_+ (h)V^{(1)}_+ (h)ũ

is holomorphic in Ω̃_4(R^′) and satisfies

e^{−g̃h} = Ĩ_h , ||| e^{−ũ} e^{−g̃h}

|||_R′ ≤ 16 .

This is valid if h ≤ ε_1, where ε_1 is a function of R − R^′ and ||∇u||_R. Therefore:

(5.10) � � � � e^{−u(.)} I(e^{−u})(., h) � � � �_{R′} ≤ 16 , if h ≤ ε^1(R − R^′, ||∇u||^R) .

Second step. Estimation of the product e^{u(.)}I(e^{−u}f)(., h). For each function Φ(X, X^′) ∈ C^∞(R^{4n}) let us set, for each X = (x, ξ) and X^′ = (x^′, ξ^′) in R^{2n},

H_Φ(X, X^′) = � − ∂Φ ∂ξ , ∂Φ ∂x � , and we define similarly H^′_{Φ(X,X′)} by the derivatives with respect to x^′ and ξ^′. Then we set, for each X, X^′, Y and Z in R^{2n}

Q_Φ(X, X^′, Y, Z) =

�_1 0 H_Φ(X + tY, X^′ + tZ) dt ,

and we define similarly Q^′_Φ using H^′_Φ. With these notations, we can write, using the symplectic form σ

u(X + Y, X^′ + Z) − u(X, X^′) = −σ (Y, Q_u(X, X^′, Y, Z)) − σ (Z, Q^′_u(X, X^′, Y, Z)) .

If I_h is the integral defined in (3.5), it follows that, for (X, X^′) ∈ Ω_4(λ):

(5.11) e^{u(X,X′)}I_h(e^{−u}f)(X, X^′) = (πh)^{−2} � R^4

e^{− 2ih φ(X,X′,Y,Z,h)}f(X + Y, X^′ + Z)dY dZ ,

with, φ(., h) = σ � Y + h 2i Q^′_u(X, X^′, Y, Z), Z − h 2i Q_u(X, X^′, Y, Z) � + ...

... + h^2 4 σ (Q_u(X, X^′, Y, Z), Q^′_u(X, X^′, Y, Z)) .

The third step of the proof will be stated as a lemma.

Lemma 5.6. If we suppose, setting now M = ||∇u||_R:

(5.12) h||∇_x′_{,ξ}′ u||_R ≤ μ_1 − λ , h||∇_{x,ξ}u||_R ≤ μ_2 − λ and hM R − R^′ ≤ 1 4 , then, for each (X, X^′) in Ω_4(λ) and for each (Y, Z) in Ω_4(^{μ1−λ}_2 ,^{μ2−λ}_2 ), the map

( ~Y , ~Z) −→ � Y − h 2i Q^′_u(X, X^′, ~Y , ~Z), Z + h 2i Q_u(X, X^′, ~Y , ~Z) �

sends Ω_4(μ_1 − λ, μ_2 − λ) in itself and has a unique fixed point ( ~Y , ~Z) in this set. Let us denote this fixed point by ( ~Y , ~Z) = γ_h(X, X^′, Y, Z). Then, under the conditions (5.12), the jacobian J_h of the map Ω_4( μ_1 − λ 2 , μ_2 − λ 2 ) ∋ (Y, Z) → γ_h(X, X^′, Y, Z) ∈ Ω_4(μ_1 − λ, μ_2 − λ)

satisfies

(5.13) |J_h(X, X^′, Y, Z)| ≤ 2 ∀(Y, Z) ∈ Ω_4( μ_1 − λ 2 , μ_2 − λ 2 ) ∀(X, X^′) ∈ Ω_4(λ).

Moreover, we have, under the same conditions

(5.14) |e^{−i h2 σ(Qu(X,X′,γh(X,X′,Y,Z)),Q′u(X,X′,γh(X,X′,Y,Z)))}| ≤ 2 if hM^2 ≤ 1 2 .

The proof of this lemma is elementary.

End of the proof of Lemma 5.5. Then the map R^4 ∋ (Y, Z) → γ_h(X, X^′, Y, Z) : R^4 → C^4 defines a contour of integration γ_h in C^4, depending on (X, X^′), and we can write, using this change of contour, the expression (5.11) under the form

e^{u(X,X′)}I_h(e^{−u}f)(X, X^′, h) = (πh)^{−2} � γ_h

e^{− 2ih φ(X,X′,Y,Z,h)}f(X + Y, X^′ + Z)dY dZ

... = (πh)^{−2} � R^4

e^{− 2ih φ(X,X′,γh(X,X′,Y,Z,h)}f((X, X^′) + γ_h(X, X^′, Y, Z))J_h(X, X^′, Y, Z)dY dZ .

By the definition of γ_h, we have

φ(X, X^′, γ_h(X, X^′, Y, Z) = σ(Y, Z) + . . .

. . . + h^2 4 σ (Q_u (X, X^′, γ_h(X, X^′, Y, Z)) , Q^′_u (X, X^′, γ_h(X, X^′, Y, Z))) .

Since the point (X, X^′) + γ_h(X, X^′, Y, Z) is in Ω_4(μ_1, μ_2) if (Y, Z) is in Ω_4(^{μ1−λ}_2 ,^{μ2−λ}_2 ), we have, using (5.13), (5.14) and Theorem 3.1,

(5.15) � � �e^{u(.)}I(e^{−u}f)(., h) � � �_λ ≤ 4(1 + 2 √ h μ − λ e^{−(μ−λ)2/4h})^4||f||_{μ1 ,μ2} ,

if the conditions (5.8) are satisfied. The estimation (5.7) follows from (5.10) and (5.15).

Lemma 5.5 is not satisfactory since the constant in the inequality is very far from 1. Proposition 5.8, (which uses Lemma 5.7), will give a better constant.

Lemma 5.7. With the notations of Lemma 5.5, the function ψ(., h) of Proposition 5.5 satisfies, for each integer m ≥ 2, for each λ and λ^′ such that 0 < λ < λ^′ < μ = inf(μ_1, μ_2)

(5.16) ||ψ(., h)||_λ ≤ ||f||_λ′ +

A_mh^m (λ^′ − λ)^{2m} sup s∈[0,h]

||ψ(., s)||_λ′ if h ≤ ε_m(R − R^′, ‖∇u‖_R),

where A_m and ε_m are positive functions of m, R − R^′, where R^′ = max(μ_1, μ_2) and ||∇u||_R.

Proof. With the notations of Lemma 5.5, we know, by (3.6), that the function I_h(e^{−u})(X, X^′) defined in (3.5) satisfies

(5.17) 2i

∂I_h(e^{−u}) ∂h = ( ∂^2 ∂x^′∂ξ − ∂^2 ∂x∂ξ^′

)I_h(e^{−u}) .

Moreover, the function ψ_h(X, X^′)I_h(e^{−u})(X, X^′) = I_h(fe^{−u})(X, X^′) satisfies a similar equation. By proposition 5.3, we know that there exists an holomorphic function v(X, X^′, h) satisfying (5.4)for h small enough, but perhaps in a smaller domain. It follows from (5.17), from the similar equation satisfied by ψ_hI_h(e^{−u}) and from (5.4) that 2i ∂v ∂h = ∂^2v ∂x^′∂ξ − ∂^2v ∂x∂ξ^′ − ∂v ∂x^′ ∂v ∂ξ + ∂v ∂x ∂v ∂ξ^′ ,

2i ∂ψ ∂h = ∂^2ψ ∂x^′∂ξ − ∂^2ψ ∂x∂ξ^′ + ∂v ∂x^′ ∂ψ ∂ξ − ∂v ∂x ∂ψ ∂ξ^′ + ∂ψ ∂x^′ ∂v ∂ξ − ∂ψ ∂x ∂v ∂ξ^′ . Therefore, setting z = (z_1, z_2, z_3, z_4) = (x, ξ, x^′, ξ^′), we can write, for all j ∈ {1, . . . , m + 1}:

(5.18) ∂^j_hψ(z, h) = � 1≤|α|≤2j

b_{jk}(z, h)∂^α_z ψ(z, h) ,

where the b_{jα} are linear combinations of the products of the form ∂^{β1}_z v...∂^{βk}_z v, where β_1, ..., β_k are multi-indices such that |β_1| + ... + |β_k| = j − |α|. Let us explain now the estimates of the functions b_{jα} of (5.18), and when (5.18) is valid. Let R^{′′} =^{R+R′}_2 . By Proposition 5.3, there are two constants ε_m and M_1, both depending only on R − R^′ and ||∇u||_R, such that the equality (5.4)is valid if z ∈ Ω_4(R^{′′}) and h < ε_m, and such that we have ||∇v(., h)||_R′′ ≤ M_1 if h ≤ ε_m. By the Cauchy inequalities, and by the form of the functions b_{jα} of (5.18), there exists M_2 > 0 (depending only on m, R − R^′ and ||∇u||_R) such that

(5.19) ||b_{jα}(., h)||_R′ ≤ M_2 if 1 ≤ j ≤ m + 1, 1 ≤ |α| ≤ 2j .

By the Taylor formula and (5.18), we can write:

(5.20) ψ(z, h) = � 0≤|k|≤2m

a_k(z, h)∂^k_z ψ(z, 0) + h^{m+1}R_m(z, h) , ∀z ∈ Ω_4(λ) ,

where:

(5.21) a_k(z, h) = � |k| 2 ≤j≤m

b_{jk}(z, 0) h^j j! , if 1 ≤ |k| ≤ 2m , a_0(z, h) = 1 , and:

(5.22) |R_m(z, h)| ≤ sup_{0≤s≤h} |∂^{m+1}_s ψ(z, s)| ≤ sup_{0≤s≤h} � 1≤|k|≤2m+2

|b_{m+1,k}(z, s)||∂^k_z ψ(z, s)| .

By (5.20), (5.21), (5.19), and by the Cauchy inequalities which, combined with (5.22), give a bound of R_m, there exists a constant B > 0, depending on m, R − R^′ and M_2, such that, if z ∈ Ω_4(λ) and h ∈ [0, ε_m]:

|ψ(z, h)| ≤ � 0≤|k|≤2m

B^{|k|}h^{|k|2} k! |∂^k_z ψ(z, 0)| +

Bh^{m+1} (λ^′ − λ)^{2m+2} sup 0≤s≤h

||ψ(., s)||_λ′ .

By lemma 5.4 applied to ρ = Bh^{12} and μ = λ^′, p = 2m, we see easily that if z ∈ Ω_4(λ) and 2C_{2m}Bh^{12} < λ^′ − λ, C_{2m} being the constant of lemma 5.4, we have, since ψ(z, 0) = f(z) : � 0≤|k|≤2m

B^{|k|}h^{|k|2} k! |∂^k_z ψ(z, 0)| ≤ � �1 + � C_{2m}Bh^{12} λ^′ − C_{2m}Bh^12

�_{2m+1}�

� ||f||_{λ′} .

Hence, if 2C_{2m}Bh^{12} < λ^′ − λ, there is A_m, as in the statement of the lemma, such that (5.16) is satisfied. If h verifies 2C_{2m}Bh^{12} ≥ λ^′ − λ, the inequality (5.16) is trivial, with another A_m.

Proposition 5.8. Let u a function in K^1(Ω_4(R)), (R > 0), f a bounded holomorphic function on Ω_4(μ_1, μ_2), (0 < μ_j < R, j = 1, 2), and ψ(., h) the function of (5.6). Then, for each integer m ≥ 2, and for each λ such that 0 < λ < μ = inf(μ_1, μ_2), we have

(5.23) ||ψ(., h)||_λ ≤ � 1 + K_mh^m (μ − λ)^{2m} � ||f||_{μ1 ,μ2} ,

if h satisfies the following conditions:

(5.24) � h||∇_x′_{,ξ}′ u||_R ≤^{μ1−λ}_2 h||∇_{x,ξ} u||_R ≤^{μ2−λ}_2 and h ≤ ε_m ,

where K_m and ε_m are positive functions of m, R−R^′ (R^′ = max(μ_1, μ_2)), and ||∇u||_R, independent on all the other variables.

In the application to the proof of Theorem 5.1, the constants K_m and ε_m will sometimes be denoted by K(m, R − R^′, ||∇u||_R) and ε(m, R − R^′, ||∇u||_R) > 0, and we may assume that K (resp. ε) is an increasing (resp. decreasing) function of its last variable.

Proof. By lemma 5.5, there exists ε_1(R − R^′, ||∇u||_R ) > 0 such that, setting λ^′ = (λ + μ)/2:

(5.25) ||ψ(., h)||_λ′ ≤ 64(1 + 2 √ h (μ − λ^′) e^{−(μ−λ′)2/4h})^4||f||_{μ1 ,μ2} ,

if the relations (5.8) are satisfied, replacing λ by λ^′ and ε by ε_1. Now we shall distinguish two cases.

First case: h(μ − λ)^{−2} ≤ 1. By lemma 5.7, there exists ε_2 and A_m, depending only on m, R − R^′ and ||∇u||_R) > 0 such that, if h ≤ ε_2, we have (5.16). Hence, by (5.25) and (5.16), we see that there exist ε_m and K_m, both depending only on ||∇u||_R and R − R^′, such that (5.23) is satisfied if the conditions (5.24) are.

Second case: h(μ − λ)^{−2} ≥ 1. In this case,(5.23) is a direct consequence of (5.7).

The previous proposition allows us now to demonstrate the theorem 5.1. Proof of theorem 5.1.

Notations. For all k ≤ n, we consider the following open sets of C^{4n}:

Ω_{k,n}(λ, μ_1, μ_2) = {(X, X^′) ∈ C^{2n} × C^{2n}, |Im(X_j , X^′_j )|_∞ < λ if j < k, . . . . . . |ImX_j |_∞ < μ_1 and |ImX^′_j |_∞ < μ_2 if j ≥ k .

If μ_1 = μ_2 = μ, this set will be simply denoted by Ω_{k,n}(λ, μ). If f and g are bounded holomorphic functions defined respectively on Ω_{k,n}(R^′, R) and Ω_{k,n}(λ, μ_1, μ_2), we set:

||f||_R′_{,R,k} = sup

X∈Ω_{k,n}(R^′,R)

|f(X)| and ||g||_{λ,μ1 ,μ2,k} = sup_{X∈Ωk,n(λ,μ1,μ2)} |g(X)| .

If f has all his derivatives bounded on Ω_{k,n}(R^′, R), we set:

||∇f||_R′_{,R,k} = max_{1≤j≤n}(max(||∂_{xj} f||_R′_{,R,k}, ||∂_{ξj} f||_R′_{,R,k}, ||∂_x′_j f||_R′_{,R,k}, ||∂_ξ′_j f||_R′_{,R,k})) .

If f is a bounded holomorphic function on Ω_{k,n}(R^′, R) (resp. on Ω_{k,n}(λ, μ_1, μ_2)), we introduce the function I_k(f)(., h) defined by the following oscillatory integral:

I_k(f)(X, X^′, h) = (πh)^{−2} � R^4

e^{− 2ih σ(Y,Z)}f(X_1, . . . , X_k +Y, . . . , X_n, X^′_1, . . . , X^′_k +Z, . . . , X^′_n) dY dZ.

By Theorem 3.1, we know that this function is holomorphic and bounded on Ω_{k+1,n}(R^′, R) (resp. on Ω_{k+1,n}(λ, μ_1, μ_2)) for h > 0.

First step: We consider the sequence of function u_k(., h) on Ω_{k,n}(R^′, R) with k ∈ {1, . . . , n}, defined by: u_1(X, X^′) = p_1(X) + p_2(X^′) (X, X^′) ∈ Ω_{2n}(R) × Ω_{2n}(R) = Ω_{1,n}(R^′, R) , and by the following induction relation if 1 ≤ k ≤ n − 1: e^{−uk+1(.,h)} = I_k(e^{−uk} )(., h) .

With the constant C_m of proposition 5.3, we define the following sequence (P_k(h))_{1≤k≤n} by: P_k(h) = (1 + h^mC_m(R − R^′, 2||∇u_1||_R))^{k−1} ,

and we set c_m = � C_m(R − R^′, 2||∇u_1||_R)^{−1} ln 2

� 1_m . With this choice for c_m, we remark that: h ≤ c_mn^{− 1m} ⇒ P_k(h) ≤ 2 , ∀k ∈ {1, . . . , n} .

Owing to proposition 5.3, we can choose ε_0 > 0 such that the following property (H_k) is valid for k ∈ {1, . . . , n}:

(H_k): If nh^m ≤ ε_0, then:

(5.26) ||∂_{xj} u_k(., h)||_R′_{,R,k} ≤ P_k(h)||∂_{xj} u_1||_R ≤ 2||∂_{xj} u_1||_R , and likewise for the derivatives in ξ_j , x^′_j and ξ^′_j , particularly: (5.27) ||∇u_k(., h)||_R′_{,R,k} ≤ P_k(h)||∇u_1||_R ≤ 2||∇u_1||_R . Moreover, the real part of u_k(., h) is lower bounded on Ω_{k,n}(R^′, R).

Second step: We consider another sequence of functions ψ_k(., h) on Ω_{k,n}(λ, μ_1, μ_2) with k ∈ {1, . . . , n + 1}, defined by:

ψ_1(X, X^′) = f_1(X)f_2(X^′) (X, X^′) ∈ Ω_{2n}(μ_1) × Ω_{2n}(μ_2) = Ω_{1,n}(λ, μ_1, μ_2) , and by the following induction relation if 1 ≤ k ≤ n:

ψ_{k+1}(., h) =

I_k(e^{−uk} ψ_k)(., h) I_k(e^{−uk} )(., h) . Using inequalities (5.26) and (5.27) and proposition 5.8, we verify by induction the following property (I_k), for k ∈ {1, . . . , n + 1}, where ε_1 is the constant of proposition 5.8: (I_k) : If: � h||∇_x′_{k,ξ}′_k u_1||_R ≤^{μ1−λ}_4 h||∇_{xk ,ξk} u_1||_R ≤^{μ2−λ}_4 and nh^m ≤ min(ε_0(m, R − R^′, ||∇u_1||_R), ε^m_1 (m, R − R^′, 2||∇u_1||_R)) ,

then:

||ψ_k(., h)||_{λ,μ1,μ2,k} ≤ � 1 + h^mK_m(R − R^′, 2||∇u_1||_R) (μ − λ)^{2m}

�_{k−1} ||ψ_1||_{λ,μ1 ,μ2,1} .

The definition of u_1 implies that:

||∇_x′_{k,ξ}′_k u_1||_R ≤ ||∇p_2||_R , ||∇_{xk,ξk} u_1||_R ≤ ||∇p_1||_R . Hence, for k = n + 1, setting:

ε_m = ε(m, R − R^′, ||∇u_1||_R) = min(ε_0(m, R − R^′, ||∇u_1||_R), ε^m_1 (m, R − R^′, 2||∇u_1||_R)) , we obtain:

||ψ_{n+1}(., h)||_{λ,μ1 ,μ2,n+1} ≤ � 1 + h^mK_m(R − R^′, 2||∇u_1||_R) (μ − λ)^{2m}

�_n ||ψ_1||_{λ,μ1 ,μ2,1} ,

if h satisfies (5.3). By the definition of the sequence (ψ_k), we verify easily that: ψ_h(f_1, f_2)(X) = ψ_{n+1}(X, X, h) , and with the above-mentioned conditions on h, we obtain finally (5.2), with K_m depending on R − R^′, m and ‖∇p_j ‖_R, (j = 1, 2).

6. Formal construction of the symbol in theorem 2.2.

The formal aspect of theorem 2.2 is very similar to the Théorème 2.2 of [1]. The only difference is that the standard calculus is now replaced by the Weyl one. For each functions f and g, C^∞ in R^{2n}, let us set (f ⊗ g)(y, η, z, ζ) = f(y, η)g(z, ζ) and

(6.1) a_k(f, g)(x, ξ) = i^k 2^kk! � σ � (D_y, D_η), (D_z, D_ζ )

�_k

(f ⊗ g) � (x, ξ, x, ξ) .

We know that, if f and g are bounded with all their derivatives

(6.2) (f♯_hg)(X) ∼ � k≥0 a_k(f, g)(X)h^k .

Definition 6.1. For each integers j and k ≥ 1, and for each functions p and Φ_0, . . . , Φ_{k−1} in C^∞(R^{2n}), we denote by c^{(k)}_j (p, Φ_0, . . . ; Φ_{k−1}) the coefficient of h^j in the polynomial e^Φa_k(p, e^{−Φ}), where Φ = Φ_0 + . . . + h^{k−1}Φ_{k−1}. If p = (p_n) is in S(b) (b > 0), we can define a sequence of functions E^{(j)}n (x, ξ, t) by E^{(0)}n (x, ξ, t) = tp_n(x, ξ) and, if k ≥ 1, by

(6.3)

∂E^{(k)}_n ∂t = k−1� j=0 c^{(k−j)} j (p, E^{(0)}_n , . . . , E^{(k−1}_n ) E^{(k)}_n (x, ξ, 0) = 0 .

For each m ≥ 1, let us set

(6.4) Φ^{(m)}_n (x, ξ, t, h) = m−1� j=0 E^{(j)}_n (x, ξ, t)h^j .

Proposition 6.2. With the previous notations, for each a ∈]0, b[, the sequence of functions E^{(j)}_n (x, ξ, t) is in S(a) and there exists a function R^{(m)}_n (x, ξ, t, h) in S(a) such that, we have

(6.5) ∂ ∂t e^{−Φ(m)n (.,h,t)} + m−1� k=0 a_k � p_n, e^{−Φ(m)n (.,h,t)} � h^k = h^me^{−Φ(m)n (.,h,t)}R^{(m)}_n (., h, t) .

Moreover, E^{(0)}n (x, ξ, t) = tp_n(x, ξ) and, for j ≥ 1 and m ≥ 1, and we have

(6.6) ‖E^{(j)}_n (., t)‖_a ≤ nC_j and ‖R^{(m)}_n (., t, h)‖_a ≤ nC_m,

where C_j is independent on n, and the function defined by (6.4) satisfies

(6.7) ||∇Φ^{(m)}_n (., t, h)||_R ≤ Mt , ∀t ∈ [0, 1] , ∀h ∈]0, 1] .

Proof. Here, and many times in the sequel, we omit the subscript n. By the Lemma 9.1 of [1], if 0 < a < b and if p, Φ_0, . . . Φ_{k−1} are in S(b), if Φ = Φ_0 + . . . + h^{k−1}h^{k−1}, then e^Φa_k(p, e^{−Φ}) is a polynomial in h, of degree depending only on k, with coefficients in S(a). Moreover, there exists C_k > 0, depending only on k, and on the norms of ‖∇p‖_b and ‖∇Φ_j ‖_b (0 ≤ j ≤ k − 1) such that the coefficients c^{(k)}_j of this polynomial satisfy

(6.8) ‖∇c^{(k)}_j (p, Φ_0, . . . ; Φ_{k−1})‖_a ≤ C_m and, if k ≥ 1, ‖c^{(k)}_j (p, Φ_0, . . . ; Φ_{k−1})‖_a ≤ nC_m .

Therefore, the left hand side of (6.5), multiplied by e^{Φ(m)(.,h,t)}, is a polynomial in h, of degree depending only on m, with coefficients satisfying inequalities like (6.8). The induction relation defining the E^{(j)} shows that the coefficient of h^j in this polynomial vanishes if j ≤ m−1. Therefore, we can write (6.5), (6.6) and (6.7).

We can write the first coefficients of the formal series : E^{(0)}(x, ξ, t) = tp(x, ξ), E^{(1)} = 0 and

(6.9) E^{(2)} = t^2 8 � jk � ∂^2p ∂x_j ∂x_k

∂^2p ∂ξ_j ∂ξ_k − ∂^2p ∂x_j ∂ξ_k

∂^2p ∂ξ_j ∂x_k � + . . .

. . . + t^3 24 � jk � ∂^2p ∂x_j ∂x_k ∂p ∂ξ_j ∂p ∂ξ_k + ∂^2p ∂ξ_j ∂ξ_k ∂p ∂x_j ∂p ∂x_k − 2 ∂^2p ∂x_j ∂ξ_k ∂p ∂ξ_j ∂p ∂x_k � .

Now we have a formal approximation. Since we hope that e^{−Φ(m)n (.,h,t)} will be an approximation of the symbol of e^{−tOph(pn)}, it will be useful to give a majorization of the function r^{(m)}_n (., t, h) defined by

(6.10) ∂ ∂t e^{−Φ(m)n (.,t,h)} = −p_n ♯_h e^{−Φ(m)n (.,t,h)} + e^{−Φ(m)n (.,t,h)}r^{(m)}_n (., t, h) .

The following proposition of Sjöstrand will be used in the proof of the bounds of r^{(m)}n in (6.10), and several times later. Let us recall it now.

Proposition 6.3. (Proposition 1.1 of [15]). Let a and b such that 0 < a < b. Then, there exists C > 0 (independent on n) with the following property. Let f(y, ζ) be an holomorphic function in Ω_{2n}(b) such that |∇f|_∞ is bounded in Ω_{2n}(b). Then we have

(6.11) ‖ n� j=1 ∂^2f ∂y_j ∂ζ_j

‖_a ≤ Cn‖∇f‖_b ‖∇ � � n� j=1 ∂^2f ∂y_j ∂ζ_j � � ‖_a ≤ C‖∇f‖_b .

Moreover, if u = (u_1, . . . u_n) ∈ C^n, and ρ > 0 such that a + ρ|u|_∞ ≤ b, we have

(6.12) ‖ n� j=1 u_j ∂f ∂y_j

‖_a ≤ 1 ρ ‖f‖_{a+ρ|u|∞} .

For the majorization of r_n defined in (6.10), we shall need the following Proposition, which gives a bound of the error term in the composition of symbols, in our unusual situation.

Proposition 6.4. If 0 < a < b, if p and Φ are in S(b), if a_k is defined in (6.1), if m ≥ 1, there exists a family of functions T^{(m)}(., p, Φ, h) bounded in Ω_{2n}(a), and a constant ε_0, independent of n, such that

(6.13) p_n ♯ e^{−Φn} = m−1� k=0 a_k(p_n, e^{−Φn} )h^k + e^{−Φn} h^mT^{(m)}_n (., p_n, Φ_n, h)

if 0 < h ≤ ε_0/(1 + Log n). Moreover, there exists C_m > 0, depending only on a, b, m, and on ‖∇Φ‖_b and ‖∇p‖_b, but not on n and h such that, with the previous relations

(6.14) ‖T^{(m)}_n (., p_n, Φ_n, h)‖_a ≤ nC_m .

Proof. For each function Φ ∈ C^∞(R^{2n}) let us set, for each (x, ξ) ∈ R^{2n}

H_Φ(x, ξ) = � − ∂Φ ∂ξ , ∂Φ ∂x � , and, for each X and Y in R^{2n}

Q_Φ(X) =

�_1 0 H_Φ(X + tY ) dt .

Thus we have Φ(X + Y ) − Φ(X) = σ(Q_Φ(X, Y ), Y ) .

With these notations, we can write, for each Φ ∈ S(b)

(6.15) e^Φ � p ♯_he^{−Φ} � (X) = (πh)^{−2n} � R^{4n}

e^{− 2ih σ(Y − ih2 QΦ(X,Z),Z)}p(X + Y ) dY dZ

. . . = (πh)^{−2n} � R^{4n}

e^{− 2ih σ(Y,Z)}F_h(X, Y, Z) dY dZ ,

where

(6.16) F_h(X, Y, Z) = p(X + Y + ih 2 Q_Φ(X, Z)) .

Of course, this is not a change of variables, but a change of contour. Let a , a_1 and a_2 such that a < a_1 < a_2 < b. We remark that there exists a constant C > 0, independent on n, such that, if X and X + Z are in Ω_{2n}(a_2), then |Q_Φ(X, Z)|_∞ ≤ C. Therefore, the change of contour is allowed and, by Proposition 6.3, there is some other constant C > 0, independent on h, such that, for h small enough,

(6.17) |∇F_h(X, Y, Z)|_∞ ≤ C if X, X + Y and X + Z are in Ω_{2n}(a_2). Let L be the following operator in R^{4n} L = 1 2i σ(∂_Y , ∂_Z ).

For the integral defined in (6.15), we have, by Taylor formula

(6.18) e^{Φn} � p_n ♯_he^{−Φn} � (X) = m−1� k=0 1 k! h^k(L^kF_h)(X, 0, 0) + h^mA^{(m)}_n (X, h) ,

where

A^{(m)}_n (X, h) =

�_1 0 (1 − θ)^{m−1} (m − 1)!

(πh)^{−2n} � R^{4n}

e^{− 2ih σ(Y,Z)}(L^mF_h)(X, √ θY, √ θZ)dY dZdθ.

The coefficients in the asymptotic expansion (6.18) depend on h, but we can write, for each k ≤ m − 1

(6.19) (L^kF_h)(X, 0, 0) =

m−k−1 � j=0 h^j g_{(j,k)}(X) + h^{m−k}R^{(m,k)}(X, h) ,

where, by Proposition 6.3, g_{(j,k)} are in S(a) and R^{(m,k)} satisfy

(6.20) ‖R^{(m,k)}_n ‖_a ≤ C_m .

Thus, we obtain an asymptotic expansion of the left hand side of (6.18). We have also the expansion (6.2), which is very classical, but, in our situation, does not give a good estimation of the error term. By an identification of these two expansions, we obtain

(6.21) m−1� k=0 1 k! h^k(L^kF_h)(X, 0, 0) − e^Φ m−1� k=0 a_k � p, e^{−Φ(.)} � h^k = h^m m−1� k=0 1 k! R^{(m,k)} n (X, h) .

It remains to give a bound of A^{(m)}n (X, h). By (6.17) and Proposition 6.3, there exists C > 0, independent on n, such that the function F_h defined in (6.16) satisfies

|σ(D_Y , D_Z )^mF_h(X, Y, Z)| ≤ Cn |∇ � σ(D_Y , D_Z )^mF_h(X, Y, Z) � |_∞ ≤ C

if X, X + Y and X + Z are in Ω_{2n}(a_1). Therefore, it follows from Theorem 3.1 that

(6.22) ‖A^{(m)}_n ‖_a ≤ Cn � 1 + √ h a_1 − a e^{− (a1−a)} 2 h �_{4n}

≤ Cne^4

if 0 < h ≤ (a_1 −a)^2/(1+Log n). The equality (6.13) is proved, with T^{(m)}_n = A^{(m)}_n +

�_{m−1} k=0 1 k! R^{(m,k)}_n , and the estimation (6.14) follows from (6.22) and (6.20). The Proposition is proved.

If we apply this to the function Φ^{(m)} defined in (6.4), we obtain from (6.14) the majorization of the error term r^{(m)}_n in (6.10), which was our aim.

Corollary 6.5. With the notations of definition 6.1, if 0 < R < b, the family of functions r^{(m)}n (., h, t) defined in (6.10) is in S(R) if 0 < h ≤ ε_0(1 + Log n)^{−1} (where ε_0 is independent of n), and t ∈ [0, 1] and satisfies

(6.23) ‖r^{(m)}_n (., h, t)‖_R ≤ A_mnh^m ,

where A_m is bounded independently on n and h satisfying the previous relation.

7. Semi-group properties of the formal construction.

Our first proposition will show that the symbol e^{−Φ(m)(t,h)}, which is expected to be an approximation of the symbol of the exponential of an operator, has indeed approximately the properties of a semigroup.

Proposition 7.1. Let m ≥ 1 be an integer, R > 0 such that Φ^{(m)}(t, h) defined in (6.4) is in S(R), and R^′ ∈]0, R[. Then there exist ε_m and C_m, depending only on R, R^′, m and sup_n ‖∇Φ^{(m)}n ‖_R, but not of n, such that, if t_0 > 0 and t_1 > 0 and t_0 + t_1 ≤ 1,

(7.1) � � � � e^{−Φ(m)(t1,h)}♯_he^{−Φ(m)(t0,h)}

e^{−Φ(m)(t1+t0,h)} � � � � R^′

≤ 1 + C_mnh^m ,

if nh^m ≤ ε_m.

Proof. We know by Theorem 4.1 that, if t_0 > 0 and t > 0, there exists a function Ψ^{(m)}(t, t_0, h) ∈ S(R^′) and constants ε_m > 0 and C_m > 0 such that:

(7.2) e^{−Ψ(m)(t,t0,h)} = e^{−Φ(m)(t,h)}♯_he^{−Φ(m)(t0,h)} ,

if nh^m ≤ ε_m, and that Ψ^{(m)}(t, t_0, h) has an asymptotic expansion in powers of h:

(7.3) Ψ^{(m)}(., t, t_0, h) = m−1� j=0 ψ^{(j)}(., t, t_0)h^j + g^{(m)}(., t, t_0, h) ,

where g^{(m)}(., t, t_0, h) satisfies, if nh^m ≤ ε_m, and 0 < t_0 < t_0 + t ≤ 1

(7.4) ||g^{(m)}(., t_1, t_2, h)||_R′ ≤ C_mnh^m .

Let us prove that the coefficients ψ^{(j)}(., t, t_0) are the same as those of Φ^{(m)}(t_0 + t, h), and, for that, we shall show that they are solutions of the same Cauchy problem. If we differentiate (7.2) with respect to t, using (6.10) and (6.23), we obtain punctually (without taking care of the global estimation of the error term): ∂ ∂t e^{−Ψ(m)(t,t0,h)} = −p♯_he^{−Ψ(m)(t,t0,h)} + O(h^m) .

By Proposition 6.4, this is equivalent to ∂ ∂t e^{−Ψ(m)(t,t0,h)} = − m−1� k=0 a_k(p, e^{−Ψ(m)(t,t0,h)})h^k + O(h^m) .

By Definition 6.1, this is equivalent, for each k, to

∂ψ_k(., t, t_0) ∂t = k−1� j=0 c^{(k−j)} j (p, ψ_0(t, t_0), . . . , ψ_{k−1}(t, t_0)) ,

which is the system (6.3). Since ψ^{(j)}(0, t_0) = E^{(j)}(t_0), the uniqueness of the solution of this Cauchy problem shows that

(7.5) ψ^{(j)}(., t, t_0) = E^{(j)}(., t + t_0) , ∀j ∈ {1, . . . , m − 1} , ∀t ∈ R^+ .

Therefore, using (7.3), (7.5) and the definition (6.4) of Φ^{(m)}(t_0, h), we see that

Ψ^{(m)}(., t, t_0, h) = Φ^{(m)}(., t + t_0, h) + g^{(m)}(t, t_0, h) ,

where g(m)(t, t_0, h)satisfies (7.4). The Proposition follows easily.

Now, we shall compose symbols of the form e^{−Φ(m)(tj ,h)}f_j , where f_j are bounded holomorphic functions. We begin by the composition of only two such factors. This study will be useful to solve an integral equation in Section 8.

Proposition 7.2. Let m ≥ 2 and R > 0 such that the function Φ^{(m)}(t, h) of Proposition 6.1 is in S(R), and M > 0 a constant such that (6.7) is satisfied. Let α such that 0 < α < R.Then there exist ε_m > 0 et K_m > 0, both depending only on m, R, α and M, but not on n, with the following properties. If b_1, b_2 satisfy 0 < α < min(b_1, b_2) ≤ max(b_1, b_2) < R, if f_1 and f_2 are holomorphic functions, bounded respectively on Ω_{2n}(b_1) and Ω_{2n}(b_2) and if t_1 > 0 and t_2 > 0 satisfy t_1 + t_2 ≤ 1, if we set b = min(b_1, b_2), then we have

(7.6) � � � � (e^{−Φ(m)(t1,h)}f_1)♯_h(e^{−Φ(m)(t2,h)}f_2) e^{−Φ(m)(t1+t2,h)} � � � �_α

≤ 2||f_1||_{b1} ||f_2||_{b2} � 1 + K_mh^{m+1} (b − α)^{2m+2}

�_n , if nh^m ≤ ε_m and h satisfies the following conditions:

(7.7) � h||∇Φ^{(m)}(t_2, h)||_R ≤^{b1−a}_4 h||∇Φ^{(m)}(t_1, h)||_R ≤^{b2−a}_4 .

We may assume that ε_m (resp. K_m) is a decreasing (resp. increasing ) function of α.

Proof. By Theorem 5.1, with m replaced by m + 1, there exist ε^′_m > 0 and K^′_m depending on m, R, α and M such that:

(7.8) � � � � (e^{−Φ(m)(t1,h)}f_1)♯_h(e^{−Φ(m)(t2,h)}f_2) e^{−Φ(m)(t1,h)}♯_he^{−Φ(m)(t2,h)} � � � �_α

≤ ||f_1||_{b1} ||f_2||_{b2} � 1 + K^′_mh^{m+1} (b − α)^{2m+2}

�_n , if nh^{m+1} ≤ ε^′_m and if the conditions of (7.7) are satisfied. By Proposition 7.1, there exist ε^{′′}_m > 0 and K^{′′}_m > 0, such that

(7.9) � � � � e^{−Φ(m)(t1,h)}♯_he^{−Φ(m)(t2,h)} e^{−Φ(m)(t1+t2,h)} � � � �_α

≤ 1 + K^{′′}_mnh^m if nh^m ≤ ε^{′′}_m. If nh^m is small enough, (7.6) follows from (7.8) and (7.9).

Now, we shall compose several factors instead of two like in the previous proposition, but the number of factors will be of the same order than the dimension.

Proposition 7.3. Let m ≥ 2 and R > 0 such that the function Φ^{(m)}(., t, h) defined in (6.4) is in S(R), and M > 0 a constant such that (6.7) is valid. Let A ≥ 1 be an integer, and a, b such that 0 < a < b < R. Then there exists ε_m > 0, depending only on m, M, A, a, b and R, with the following properties. If f_1, . . . , f_k ( 1 ≤ k ≤ An), are bounded holomorphic functions in Ω_{2n}(b), if θ_i ≥ 0 ( 1 ≤ i ≤ k), if h ∈]0, 1], and if the following condition is satisfied :

(7.10) sup_{α≤k} ||f_α||_b ≤ 1 4e^2 nh^m ≤ ε_m θ_1 + . . . + θ_k ≤ 1,

then we have

(7.11) � � � � (e^{−Φ(m)(θ1,h)}f_1)♯_h . . . ♯_h(e^{−Φ(m)(θk,h)}f_k) e^{−Φ(m)(θ1+...+θk,h)} � � � �_a ≤ � sup_{α≤k} ||f_α||_b

� k+1_2 .

Proof. For k ∈ {1, . . . , An}, we set:

a_k = b − (b − a) ln k ln(An) . Therefore a = a_{An} < . . . < a_1 = b. We shall prove (7.11) by induction on the number k of factors. More precisely, we shall prove, by this induction, the stronger inequality, if the constant ε_m in (7.10) is well chosen, for every functions f_1, . . . , f_k holomorphic in Ω_{2n}(b) and satisfying (7.10), we have

(X_k) � � � � (e^{−Φ(m)(θ1,h)}f_1)♯_h . . . ♯_h(e^{−Φ(m)(θk,h)}f_k) e^{−Φ(m)(θ1+...+θk,h)} � � � �_{ak} ≤ � sup_{α≤k} ||f_α||_b

� k+1_2 .

For k = 1, (X_1) is trivial. Let us assume that 2 ≤ k ≤ An and that (X_i) is proved for all i < k. Let f_1, . . . , f_k and θ_1, . . . , θ_k satisfying (7.10) (where ε_m will be determined later). Then we can find an integer i such that^k_2 ≤ i ≤^2_3 k. Let F and G be the following functions:

F = (e^{−Φ(m)(θ1,h)}f_1)♯_h . . . ♯_h(e^{−Φ(m)(θi,h)}f_i) e^{−Φ(m)(θ1+...+θi,h)} ,

G = (e^{−Φ(m)(θi+1,h)}f_{i+1})♯_h . . . ♯_h(e^{−Φ(m)(θk,h)}f_k) e^{−Φ(m)(θi+1+...+θk,h)} . Thus the left-hand side of (X_k) can be written ‖H‖_{ak} , where H = (e^{−Φ(m)(αi,h)}F )♯_h(e^{−Φ(m)(αk−i,h)}G) e^{−Φ(m)(αi+αk−i,h)} , with α_i = θ_1 + . . . + θ_i and α_{k−i} = θ_{i+1} + . . . + θ_k.

With our choice of i, we have i ≥ k − i, and therefore a_k < a_i ≤ a_{k−i}. By using Proposition 7.2 with α = a_k, b_1 = a_i, b_2 = a_{k−i}, we can find ε^′_m and K^′_m depending only on M, a, b, R and m, such that:

(7.12) ‖H‖_{ak} ≤ 2||F ||_{ai} ||G||_{ak−i} � 1 + K^′_mh^{m+1} (a_i − a_k)^{2m+2}

�_n , if: (7.13) hM ≤ a_{k−i} − a_k 4 hM ≤ a_i − a_k 4 nh^m ≤ ε^′_m .

Since we have:

(7.14) a_{k−i} − a_k ≥ a_i − a_k = b − a ln(An) ln( k i ) ≥ b − a ln(An) ln( 3 2 ) , the two left conditions in (7.13) are satisfied if Ane^{−C/h} ≤ 1, where C =^{b−a}_{4M} ln

�_3 2 � and M is the constant in (6.7). Therefore there exists ε^{′′}_m > 0, depending only on m, M, a, b, R and A such that, if nh^m ≤ ε^{′′}_m, the conditions (7.13) are satisfied and therefore (7.12) is valid. By (7.14), there exists ε^{′′′}_m > 0, depending only on the same parameters such that, if nh^m ≤ ε^{′′′}_m, we have

(7.15) � 1 + K_mh^{m+1} (a_i − a_k)^{2m+2}

�_n ≤ � 1 + 1 n �_n

≤ e .

With our induction hypothesis, we have:

(7.16) ||F ||_{ai} ≤ λ^{i+12} ||G||_{ak−i} ≤ λ^{k−i+12} if λ = sup_{α≤k} ||f_α||_b ≤ 1 4e^2 nh^m ≤ ε_m.

If we choose now ε_m = min(ε^{′′}_m, ε^{′′′}_m), the inequalities (7.12), (7.15) and (7.16) imply:

||H||_{ak} ≤ 2λ^{i+12} λ^{k−i+12} e ≤ λ^{k+12} if λ ≤ 1 4e^2 and nh^m ≤ ε_m .

Therefore, with this choice of ε_m, the property (X_k) is proved for all k ≤ An, and the proposition itself follows since a_k ≥ a.

8. End of the proof of theorem 2.2.

Theorem 2.2 will follow from the next Proposition (where f♯_hg is the composition law defined in (3.1)).

Proposition 8.1. Let p = (p_n)_{n≥1} an element of S(b) (b > 0), a ∈]0, b[, and m an integer ≥ 2. Then there exists ε_m > 0 and C_m > 0, depending only on the family p and on a, b and m, and a sequence of holomorphic bounded functions u = (u_n)(x, ξ, t, h) on Ω_{2n}(a) depending in a C^∞ way on t ∈ [0, 1] such that, if nh^m ≤ ε_m:

(8.1)

� ∂u ∂t (., t, h) = −p ♯_hu(., t, h) , u(., 0, h) = 1 .

Moreover u can be written:

(8.2) u(., t, h) = e^{−Φ(m)(.,t,h)+R(m)(.,t,h)} , if nh^m ≤ ε_m , where Φ^{(m)}(t, h) ∈ S(a) is the family of polynomials in h defined in (6.4), and R^{(m)}(., t, h) a family of holomorphic bounded functions on Ω_{2n}(a) such that:

(8.3) ||R^{(m)}(., t, h)||_a ≤ C_mnh^m , ∀t ∈ [0, 1] if nh^m ≤ ε_m .

Proof. If Φ^{(m)}(., t, h) is the function (polynomial in h) defined in (6.4), we shall find a solution of problem (8.1) of the following form: (8.4) u(., t, h) = e^{−Φ(m)(t,h)} +

�_t 0 e^{−Φ(m)(t−s,h)}♯_h[e^{−Φ(m)(s,h)}v_h(., s)]ds , where v_h(., t) will be a function in a suitable space. If we replace u by the previous expression in (8.1), using (6.10), we see that u is a solution if and only if v_h satisfies: (8.5) v_h − T_h(r_h)v_h = r_h , where, for each functions u(., t) and v(., t) in suitable spaces, we set : (8.6) [T_h(u)v)] (., t) = e^{Φ(m)(t,h)}

�_t 0 [e^{−Φ(m)(t−s,h)}u(t − s)]♯_h[e^{−Φ(m)(s,h)}v(s)]ds , and where r_h(., t) is defined in (6.10). It remains to find a space E in which some power of T_h(r_h) will be a contractive map. For each a_1 and a_2 such that 0 < a_1 < a_2, let E(a_1, a_2) be the space of functions v(., t) (t ∈ [0, 1]) such that, for each t ∈ [0, 1], v(., t) is a bounded holomorphic function in Ω_{2n}(A(t, a_1, a_2)), where (8.7) A(t, a_1, a_2) = a_2 − t(a_2 − a_1), and such that v(., t) depends continuously on t. The space E(a_1, a_2) is endowed with the norm: ||v||_{E(a1,a2)} = sup_{0≤t≤1} ||v(., t)||_{A(t,a1,a2)} .

Let R ∈]a, b[ that the family Φ^{(m)}(t, h) defined in (6.4) is in in S(R). Even if 0 < a_1 < a_2 < R, the map T_h(r_h) is not bounded in E(a_1, a_2), but we shall prove that [T_h(r_h)]^{(2m+2)n+1} is contractive in E(a_1, a_2) in this case. For that, we need the following lemma.

Lemma 8.2. Let Φ^{(m)} be the function defined in (6.4) and satisfying (6.7) with M > 0. Let u(., t) be a function in E(R^′, R^′) (R^′), [a_1, a_2] be a compact interval in ]0, R^′[ and m ≥ 2 be an integer. Then :

i)There exists ε_m > 0, depending only on m, R, R^′, a_1, a_2 and M, such that, if (8.8) nh^m ≤ ε_m ‖u‖_{E(R}′_{,R}′_) ≤ 1 4e^2 , the map [T_h(u)]^{(2m+2)n+1} is contractive in E(a_1, a_2), with a norm ≤^1_2 .

ii) If 0 < a_1 ≤ a_2 < a_3 ≤ a_4 ≤ R^′, there exists another ε_m > 0, depending only on the same parameters and on a_3 and a_4, such that, if u ∈ E(R^′, R^′), v ∈ E(a_3, a_4), if (8.8) is satisfied and if 1 ≤ k ≤ (2m + 2)n + 1,

(8.9) ‖ [T_h(u)]^k v‖_{E(a1,a2)} ≤ 2e ‖u‖^{(k+1)/2}_{E(R′,R′)} ‖v‖_{E(a3,a4)} .

Proof of the Lemma. First step (points i and ii). If v ∈ E(a_1, a_2), we have, for all integer k and t > 0

(8.10) � T_h(u)^kv � (., t) = � Δ^k(t)

G_k(t_1, . . . , t_k, t; u, v)dt_1 . . . dt_k ,

where Δ^k(t) = {(t_1, . . . , t_k), 0 ≤ t_1 ≤ . . . ≤ t_k ≤ t} and, for each (t_1, . . . , t_k) ∈ Δ^k(t), and each function u ∈ E(R^′, R^′) and v ∈ E(a_1, a_2), we set

(8.11) G_k(t_1, . . . , t_k, t; u, v) = e^{Φ(m)(t,h)}[e^{−Φ(m)(t−tk,h)}u(t − t_k)]♯_h . . .

. . . ♯_h[e^{−Φ(m)(t2−t1,h)}u(t_2 − t_1)]♯_h[e^{−Φ(m)(t1,h)}v(t_1)] .

Let μ in ]0, R[. By using Proposition 7.3 with f_1 = u(t − t_k), . . ., f_k = u(t_2 − t_1), A = 2m + 3, we know that there exists ε^′_m > 0, depending only on R, R^′, M (the constant such that the function Φ^{(m)}n (t, h) defined in (6.4) satisfies (6.7) in Ω_{2n}(R)), m, and μ, such that, if

(8.12) ‖u‖_{E(R}′_{,R}′_) ≤ (4e^2)^{−1} nh^m ≤ ε^′_m k ≤ (2m + 3)n ,

there exists a bounded holomorphic function F_h(t_1, . . . , t_k, u) in Ω_{2n}(μ) satisfying

[e^{−Φ(m)(t−tk,h)}u(t − t_k)]♯_h . . . ♯_h[e^{−Φ(m)(t2−t1,h)}u(t_2 − t_1)] = e^{−Φ(m)(t−t1,h)}F_h(t_1, . . . , t_k, t, u) ,

||F_h(t_1, . . . , t_k, t, u)||_μ ≤ ‖u‖^{k+12}_{E(R′,R′)} .

If u ∈ E(R^′, R^′) and v ∈ E(λ, μ) (0 < λ < μ < R^′), if 0 ≤ t_1... ≤ t_k ≤ t ≤ 1, we have

G_k(t_1, ..., t_k , t, u, v) = e^{Φ(m)(t,h)} � e^{−Φ(m)(t−t1,h)}F_h(t_1, . . . , t_k, t, u) � ♯_h � e^{−Φ(m)(t1,h)}v(t_1) � , where F_h is the function defined above. Let α ∈]0, λ[. By Proposition 7.2, there exist ε^{′′}_m > 0 and K^{′′}_m > 0, depending only on M, α, λ, R and m, such that, if α ≤ σ < A(t_1, λ, μ),

‖G_k(t_1, ..., t_k , t, u, v)‖_σ ≤ 2‖F_h(t_1, . . . , t_k, t, u)‖_μ ‖v(t_1)‖_{A(t1,λ,μ)} � 1 + K^{′′}_mh^{m+1} (A(t_1, λ, μ) − σ)^{2m+2}

�_n

if (8.13) hM(t − t_1) ≤

A(t_1, λ, μ) − σ 4 hMt_1 ≤ μ − σ 4 nh^m ≤ ε^{′′}_m , and therefore, by the definition of E(λ, μ), if (8.12) and (8.13) are satisfied

‖G_k(t_1, ..., t_k , t, u, v)‖_σ ≤ 2‖u‖^{k+12}_{E(R′,R′)} ‖v‖_{E(λ,μ)} � 1 + K_mh^{m+1} (A(t_1, λ, μ) − σ)^{2m+2}

�_n .

Proof of the Lemma. Second step. Point i) If v ∈ E(a_1, a_2), we apply the first step with λ = a_1, μ = a_2, k = (2m + 2)n + 1, σ = A(t, a_1, a_2). By the definition (8.7) of A(t, λ, μ), the two first conditions of (8.13) are satisfied if hM ≤^{a2−a1}_4 . Therefore, we can find ε_m, as in the statement of i) such that, if nh^m ≤ ε_m

‖G_{(2m+2)n+1}(t_1, ..., t_{(2m+2)n+1}, t, u, v)‖_{A(t,a1,a2)} ≤ 2‖u‖^{(m+1)n+1}_{E(R′,R′)} ‖v‖_{E(a1,a2)} � 2 (t − t_1)^{2m+2}

�_n . We remark that � {(t_2,...,t_{(2m+2)n+1}), t_1<t_2<...<t_{(2m+2)n+1}<t}

dt_2 . . . dt_{(2m+2)n+1} =

(t − t_1)^{(2m+2)n} ((2m + 2)n)! . Therefore, by the expression (8.10), (8.11) of T_h(u)^k, it follows, for k = (2m + 2)n + 1, that, for some other ε_m and K_m, for each u ∈ E(R, R) and v ∈ E(a_1, a_2) ‖ � T_h(u)^{(2m+2)n+1}v � (t)‖_{A(t,a1,a2)} ≤ t‖u‖^{(m+1)n+1}

E(R^′,R^′) ‖v‖E(a1,a2)

2^{n+1} ((2m + 2)n)!

if nh^m ≤ ε_m, 0 < t < 1 and if the first condition of (8.12) is satisfied. The point i) follows easily.

Proof of the Lemma. Third step. Point ii). Now, we apply the first step, with λ = a_3, μ = a_4, α = a_1, and σ = A(t, a_1, a_2). Since A(t, a_3, a_4) − σ ≥ a_3 − a_2, the conditions of (8.13) are satisfied if hM ≤^{a3−a2}_4 and nh^m ≤ ε^{′′}_m. If, moreover, the conditions of (8.12) are satisfied, it follows from the first step, with another K_m that

‖G_k(t_1, ..., t_k , t, u, v)‖_{A(t,a1,a2)} ≤ 2‖u‖^{k+12}_{E(R′,R′)} ‖v‖_{E(a3,a4)} � 1 + K_mh^{m+1} (a_3 − a_2)^{2m+2}

�_n , and the point ii) follows easily.

End of the proof of Proposition 8.1. Let a and b like in the Proposition 8.1, and choose a compact interval [a_1, a_2] contained in ]a, b[, and R ∈]a_2, b[. We apply Lemma 8.2 i) with u = r_h (the function defined in (6.10), which satisfies (6.23) in Ω_{2n}(R^′), with R^′ < R, for some A_m > 0). If A_mnh^m ≤^1_{4e2} , the second condition of (8.8) is satisfied. Therefore, if nh^m ≤ ε_m (for some ε_m > 0 independent of the dimension), the map [T_h(r_h)]^{(2m+2)n+1} is contractive in E(a_1, a_2), with a norm ≤^1_2 . Hence, there exists v_h ∈ E(a_1, a_2) such that � I − T_h(r_h)^{(2m+2)n+1} � v_h =

(2m+2)n � k=0 T_h(r_h)^kr_h .

By Lemma 8.2 ii), applied with a_3 = a_4 =^{a2+R′}_2 , we have, under the same type of conditions, if k ≤ (2m + 2)n ‖T_h(r_h)^kr_h‖_{E(a1,a2)} ≤ 2e � ‖r_h‖_{E(R}′_{,R}′_)

� k+1_{2 +1} .

Therefore the solution v_h satisfies

(8.14) ‖v_h‖_{E(a1,a2)} ≤ 2 ∞� k=0 2e(A_mnh^m)^{k+12 +1} .

In order to prove that v_h satisfies (8.5), we set w_h = (I − T_h(r_h)) v_h − r_h. Let [a^′_1, a^′_2] be a compact interval in ]a, a_1[. By Lemma 8.2 ii), under the same type of conditions, w_h is in E(a^′_1, a^′_2) and satisfies � I − T_h(r_h)^{(2m+2)n+1} � w_h = 0. Since T_h(r_h)^{(2m+2)n+1} is also contractive in E(a^′_1, a^′_2) under the same type of conditions, it follows that w_h = 0, and therefore that v_h satisfies (8.5), and that u_h defined by (8.4) is a solution of the Cauchy problem (8.1). Equation (8.4) can be written

u(. , h) = e^{−Φ(m)(.,h)} [1 + T_h(1)v_h] .

By (8.14) and Lemma 8.2 ii), we have ‖T_h(1)v_h‖_{E(a}′_{1,a}′_{2)} ≤ A_mnh^m ≤^1_2 if nh^m is small enough, and therefore there exists an holomorphic function R^{(m)}(., t, h) in E(a^′_1, a^′_2) such that 1 + T_h(1)v_h = e^{R(m)(.,h)} and ‖R^{(m)}(., h)‖_{E(a}′_{1,a}′_{2)} ≤ 2‖T_h(1)v_h‖_{E(a}′_{1,a}′_{2)} ≤ 2A_mnh^m .

Proposition is proved, and Theorem 2.2 is another equivalent formulation.

9. Application to thermodynamic limits.

At each point j of the lattice Z, we consider a particle A_j described, when there is no interaction, by an hamiltonian A(x, ξ) ∈ C^∞(R^{2k}), where k ≥ 1 is a fixed integer. The interaction between A_j and A_{j+1} will be described by a function B(x, ξ, y, η) ∈ C^∞(R^{4k}), (A, B and k are independent on j).

We assume that A (resp. B) extends to an holomorphic function in Ω_{2k}(a), (resp. Ω_{4k}(a)), defined as in (1.4), that B is bounded in Ω_{4k}(a), and that A has bounded derivatives in Ω_{2k}(a), and that its real part is lower semi-bounded in this domain. We assume also that A and B are real for real (x, ξ), and that B(y, η, x, ξ) = B(x, ξ, y, η), and that there exist c > 0, R > 0 and δ > 0 such that (x, ξ) ∈ R^{4k}, |(x, ξ)| ≥ R ⇒ A(x, ξ) ≥ c|(x, ξ)|^δ .

We shall write now the hamiltonian describing the system of particles A_j (|j| ≤ n) with interaction. If there is no interaction between A_n and A_{−n}, this hamiltonian can be written, setting X = (x, ξ) and denoting by (X^{(−n)}, . . . , X^{(n)}) the variable of R^{2k(2n+1)} (with X^{(j)} = (x^{(j)}, ξ^{(j)}) ∈ R^{2k})

(9.1) ~p_n(X) = n� j=−n

A(X^{(j)}) + n−1�

j=−n

B(X^{(j)}, X^{(j+1)}) .

If there is an interaction between A_n and A_{−n} (case some formulas will be simpler), the hamiltonian becomes, setting X^{(n+1)} = X^{(−n)},

(9.2) p_n(X) = n� j=−n � A(X^{(j)}) + B(X^{(j)}, X^{(j+1)}) � .

We see easily that the sequences (p_n) and (~p_n) are in S(a).

We denote by P_n(h) and ~P_n(h) the h−pseudodifferential operator in L^2(R^{k(2n+1)}), associated to the symbols p_n and ~p_n by the Weyl calculus (2.5). Given the sequence of operators P_n(h), we define the thermodynamic limit as the limit, if it exists, of the sequence

(9.3) Λ_n(t, h) := 1 (2n + 1) ln � (2πh)^{(2n+1)k}T r � e^{−tPn(h)} �

(the same as in (1.7), but with t/h replaced by t), has a limit Λ_∞(t, h) when n → +∞. We define also a similar sequence ~Λ_n(t, h) for the operator ~P_n(h).

By theorem 2.2, we know that e^{−tPn(h)} is an h−pseudodifferential operator associated, by the Weyl calculus, to a symbol of the form e^{−qn(x,ξ,t,h)}.

(9.4) e^{−tPn(h)} = Op_h � e^{−qn(.,t,h)} � , and we have also a symbol ~q_n(x, ξ, t, h) with similar properties for ~P_n(h).

The main results of this section are the theorems 9.1 (existence of the thermodynamic limit) and 9.3 (asymptotic expansion in powers of h).

Theorem 9.1. With the previous notations, for each h > 0 and t > 0, the sequence Λ_n(t, h) defined in (9.3) and its analogue ~Λ_n(t, h) for the operator ~P_n(h) have a common limit Λ(t, h) when n → ∞. There is a constant C > 0 such that

(9.5) |Λ_n(t, h) − Λ(t, h)| + |~Λ_n(t, h) − Λ(t, h)| ≤ C n ∀h ∈]0, 1], ∀t ∈ [0, 1] .

The proof relies on the following Lemma.

Lemma 9.2. There exists C > 0 such that, for each m and n ≥ 1, for each h and t in ]0, 1]

(9.6) Δ_{mn}(t, h) := |(2m + 2n + 1)~Λ_{m+n}(t, h) − (2m + 1)~Λ_m(t, h) − (2n + 1)~Λ_n(t, h)| ≤ C .

Proof of the Lemma. For m ≥ 1 and n ≥ 1, let us denote by (X, Y ) = (X^{(−m−n)}, . . . , X^{(m+n)}, Y ) the variable of R^{2k(2m+2n+2)}. We define two functions in R^{2k(2m+2n+2)} by

a_{mn}(X, Y ) = ~p_{m+n}(X) + A(Y ),

b_{mn}(X, Y ) = B(X^{(−m−1)}, X^{(−m)}) + B(X^{(m)}, X^{(m+1)}) − B(X^{(−m−1)}, Y ) − B(Y, X^{(m+1)}).

We denote by A_{mn}(h) and B_{mn}(h) the h−operators in L^2(R^{k(2m+2n+2)}) associated to the symbols a_{mn}(x, ξ) and b_{mn}(x, ξ), and by P_0(h) the h−operator associated to A(y, η). We see easily that

(2m + 2n + 1)~Λ_{m+n}(t, h) = Log � (2πh)^{2k(m+n+1)}T r � e^{−tAmn(h)} � − Log � (2πh)^kT r � e^{−tP0(h)} � , (2m + 1)~Λ_m(t, h) + (2n + 1)~Λ_n(t, h) = Log � (2πh)^{2k(m+n+1)}T r � e^{−tAmn(h)+tBmn(h)} � .

If we set F (θ) = Log � T r � e^{−tAmn(h)+θtBmn(h)} � , we can write, for the left hand side Δ_{mn}(t, h) of (9.6) Δ_{mn}(t, h) ≤ |F (1) − F (0)| + � � �Log � (2πh)^kT r � e^{−tP0(h)} � � . We obtain

|F (1) − F (0)| ≤ sup_{θ∈[0,1]} |F^′(θ)| = sup_{θ∈[0,1]}

|T r � tB_{mn}(h)e^{−tAmn(h)+tθBmn(h)} � | |T r � e^{−tAmn(h)+tθBmn(h)} � | . Since e^{−tAmn(h)+tθBmn(h)} is a positive self-adjoint operator, we have

|T r � B_{mn}(h)e^{−tAmn(h)+tθBmn(h)} � | ≤ ‖B_{mn}(h)‖ |T r � e^{−tAmn(h)+tθBmn(h)} � |. Since the norm of B_{mn}(h) is bounded independently on m, n and h ∈]0, 1], the Lemma is proved.

Proof of Theorem 9.1. Since the sequence ~Λ_n(t, h) satisfies (9.6), it follows classically (cf. Helffer- Sjöstrand [6], lemma 2.5) that ~Λ_n(t, h) has a limit Λ(t, h) when n → ∞, and that

|~Λ_n(t, h) − Λ(t, h)| ≤ C n ∀n ≥ 1 ∀h ∈]0, 1].

The proof of Lemma 9.2 shows also that, for some constant C > 0

|Λ_n(t, h) − ~Λ_n(t, h)| ≤ C n ∀n ≥ 1 .

Therefore (9.5) is proved.

Let us prove now that Λ(t, h) has an asymptotic expansion in powers of h. In order to define the first term of this expansion, we need the following integral operator S_0(t) in L^2(R^{2k}) defined by (9.7) (S_0(t)u)(X) = � R^{2k}

e^{− t2 (A(X)+2B(X,Y )+A(Y ))} u(Y ) dY ∀u ∈ L^2(R^{2k}) .

This operator, which is somewhat similar to the Kac operator studied by Helffer [3] and Helffer- Ramond [4], is self-adjoint, of trace class. The norm ‖S_0(t)‖ is a simple eigenvalue of S_0(t) (by Krein-Rutman theorem), and all other eigenvalues have a modulus strictly smaller than ‖S_0(t)‖.

Theorem 9.3. The thermodynamic limit Λ(t, h) of Theorem 9.1 has an asymptotic expansion when h → 0

(9.8) Λ(t, h) ∼ � j≥0 γ_j (t)h^j ,

where γ_j (t) are real numbers, and γ_0(t) = Log(‖S_0(t)‖), where S_0(t) defined in (9.7).

If B = 0, (when there is no interaction), the ‘classical’ thermodynamic limit γ_0(t) is given by

γ_0(t) = Log � R^{2k}

e^{−tA(X)}dX � .

We shall not define explicitely the others coefficients γ_j (t) but, for each integer m, we shall define an analytic function of h (denoted below by^1_{dm} ln λ_m(t, h), and we shall prove later (lemma 9.5) that the difference between this function and Λ(t, h) is O(h^m). The function λ_m(t, h) will be an eigenvalue of an operator S_m(t, h), and the construction of this operator will be our first step.

Construction of the operator S_m(t, h).

By theorem 2.2, we know that q_n(x, ξ, t, h), (the symbol satisfying (9.4)), has the asymptotic expansion (2.8) with coefficients E^{(j)}n (x, ξ, t). By the construction of section 6, we know that E^{(0)}_n = tp_n, E^{(1)}_n = 0, and that E^{(2)}_n is given like in (6.9)), where p is replaced by p_n defined in (9.2). By (6.9) and (9.2), we see that there is a function f^{(2)} ∈ C^∞(R^{8k} × R) such that

E^{(2)}_n (x, ξ, t) = n� j=1 f^{(2)}(X^{(j)}, X^{(j+1)}, X^{(j+2)}, X^{(j+3)}, t).

We have set X^{(n+j)} = X^{(−n+j−1)} for j ≥ 1. As a function of t, f^{(2)} is a polynomial. As a function of X, it is holomorphic with bounded derivatives in {X ∈ C^{8k}, |Im X|_∞ < a}. More generally, if we follow the induction in the proof of Proposition 6.1, we see that, for each integer m, there is some integer d_m ≥ 1, and a function F^{(m)}(., t, h) ∈ C^∞(R^{2k(1+dm)}) such that the function Φ^{(m)}n defined in (6.4) can be written

(9.9) Φ^{(m)}_n (x, ξ, t, h) = n� j=−n

F^{(m)}(X^{(j)}, . . . , X^{(j+dm)}, t, h) .

For example, we have d_0 = d_1 = 1, d_2 = 3. The approximation Φ^{(m)}_n can be written in the form (9.9), but not in the unique way. For m = 1, F^{(1)} (which is independent on h) can be written

F^{(1)}(X, t) = t � A(X^{(1)}) 2 + B(X^{(1)}, X^{(2)}) +

A(X^{(2)}) 2 � . For m arbitrary and h = 0, we can take, for all X in R^{2k(1+dm)},

(9.10) F^{(m)}(X, t, 0) = t d_m + 1

1+d_m�

j=1 A(X^{(j)}) + t d_m

d_m�

j=1 B(X^{(j)}, X^{(j+1)}).

Now, we introduce the operator S_m(t, h) in L^2(R^{2kdm} ) defined by

(9.11) (S_m(t, h)u)(Y ) = � R^{2kdm}

e^{−Ψm(X,Y,t,h)}u(X) dX ∀u ∈ L^2(R^{2kdm} ),

where we set here X = (X^{(1)}, . . . , X^{(dm)}), Y = (Y^{(1)}, . . . , Y^{(dm)}), X^{(j+dm)} = Y^{(j)} and:

(9.12) Ψ_m(X, Y, t, h) =

d_m�

j=1 F^{(m)}(X^{(j)}, . . . , X^{(j+dm)}, t, h).

Lemma 9.4. For each t > 0, the operator S_m(t, h) is of trace class, with a trace norm bounded independently on h small enough, and it has, for h small enough, a simple eigenvalue λ_m(t, h) such that λ_m(t, 0) = ‖S_0(t)‖^{dm} , and all other eigenvalues are strictly smaller in modulus.In other words, there exist ρ_1 and ρ_2 such that 0 < ρ_1 < ρ_2, |λ_m(t, h)| ≥ ρ_2 and σ(S_m(t, h)) \ {λ_m(t, h)} ⊂ B(0, ρ_1) for h small enough.

Proof. We shall prove that S_m(t, 0) is isospectral to the power S_0(t)^{dm} of S_0(t) defined in (9.7). We remark that, for each integer n, S_0(t) satisfies

T r(S_0(t)^n) = � R^{2kn}

e^{−tGn(X)}dX,

where

G_n(X) = B(X^{(n)}, X^{(1)}) + n� j=1 A(X^{(j)}) + n−1� j=1 B(X^{(j)}, X^{(j+1)}) ∀X ∈ R^{2nk}.

Similarly, S_m(t, h) defined in (9.11) is of trace class and, for each integer q, we have

(9.13) T r(S_m(t, h)^q) = � R^{2kqdm}

e^{−θq (X,t,h)}dX ,

where, setting now X^{(qdm+j)} = X^{(j)} for j ≥ 1

(9.14) θ_q(X, t, h) =

qd_m�

j=1 F^{(m)}(X^{(j)}, . . . , X^{(j+dm)}, t, h) .

It follows from (9.10) that θ_q(X, t, 0) = tG_{qdm} (X) for all X in R^{2kqdm} , and therefore S_m(t, 0) is related to the operator S_0(t) of (9.7), for each integer q, by

T r(S_m(t, 0)^q) = T r(S_0(t)^{qdm} ).

Therefore, S_m(t, 0) is isospectral to S_0(t)^{dm} , hence has ‖S_0(t)‖^{dm} as a simple eigenvalue, and all others eigenvalues have a modulus strictly smaller. Since S_m(t, h) depends analytically on h, by the classical theory of perturbation of a single eigenvalue, S_m(t, h) has an eigenvalue λ_m(t, h) which depends analytically on h, such that λ_m(t, 0) = ‖S_0(t)‖^{dm} .

For h small enough, Log λ_m(t, h) is well defined. Since m is arbitrary, the theorem 9.3 will follow from

Lemma 9.5. With the previous notations, we have, for each integer m, and for h small enough

(9.15) Λ(t, h) = 1 d_m

Log (λ_m(t, h)) + O(h^m) .

Proof. First step. It is natural to approximate Λ_n(t, h) (defined in (9.3)), by

(9.16) Λ^{(m)}_n (t, h) = 1 2n + 1 Log � � R^{2k(2n+1)}

e^{−Φ(m)n (x,ξ,t,h)} dxdξ � , where Φ^{(m)}_n is the approximation of (6.4). We shall prove that

(9.17) � � � �Λ^{(m)}n (t, h) − 1 d_m

Log (λ_m(t, h)) � � � � ≤ C k if 2n + 1 = kd_m

for some constant C. When 2n + 1 = kd_m, we have

Φ^{(m)}_n (X^{(−n)}, . . . X^{(n)}, t, h) = θ_k(X^{(−n)}, . . . X^{(n)}, t, h),

where θ_k is the function defined in (9.14), and therefore

Λ^{(m)}_n (t, h) = 1 kd_m Log � T r (S_m(h)^k) � if 2n + 1 = kd_m.

By Lemma 9.4, we have, for some C > 0 � � � � 1 k Log � T r (S_m(h)^k) � − Log (λ_m(t, h)) � � � � ≤ C k and (9.17) follows.

Second step. Theorem 2.2 shows that there is K_m > 0 and ε_m > 0, independent on n, such that, for each h small enough, n and t satisfying 0 ≤ t ≤ 1 and nh^m ≤ ε_m, and for real (x, ξ), we have

(9.18) |q_n(x, ξ, t, h) − Φ^{(m)}_n (x, ξ, t, h)| ≤ K_mnh^m ,

where q_n is the symbol satisfying (9.4) and Φ^{(m)}_n is its approximation, defined in (6.4). Since we used the Weyl calculus and since e^{−tPn(h)} is self-adjoint, the function q_n(x, ξ, t, h) is real-valued. Therefore, it follows from (9.18) that, for some constants ε_m > 0 and K_m > 0

(9.19) nh^m ≤ ε_m =⇒ |Λ_n(t, h) − Λ^{(m)}_n (t, h)| ≤ K_mh^m .

For h small enough, let n = n(h) be an integer such that 2n + 1 is a multiple of d_m, and^{εm}_2 ≤ nh^m ≤ ε_m, where ε_m is a constant such that (9.19) is valid. Then we have

|Λ(t, h) − 1 d_m

Log λ_m(t, h))| ≤ |Λ(t, h) − Λ_n(t, h)| + |Λ_n(t, h) − Λ^{(m)}_n (t, h)| + . . .

. . . + |Λ^{(m)}_n (t, h) − 1 d_m

Log λ_m(t, h))|

Using (9.5), (9.19) and (9.17), it follows that

|Λ(t, h) − 1 d_m

Log λ_m(t, h))| ≤ K_mh^m + 2C n ≤ � K_m + 4C ε_m � h^m .

The lemma is proved, and Theorem 9.3 follows directly.

References.

[1]L. AMOUR, Ph. KERDELHUE, J. NOURRIGAT, Calcul pseudodifférentiel en grande dimension. Asymptotic Analysis, 26 (2001), p. 135-161.

[2] B. HELFFER, Around a stationary phase theorem in large dimension, J. Funct. Anal. 119 (1994), 1, p. 217-252.

[3] B. HELFFER, Semi-classical analysis for Schrödinger operators, Laplace integrals and transfer operators in large dimension : an introduction. Cours, Université de Paris-Sud, 1995. [4] B. HELFFER,Th. RAMOND, Semiclassical expansion for the thermodynamic limit of the ground state of Kac’s operator. Journées Equations aux dérivées partielles., exposé 13, Nantes, 2000.

[5] B. HELFFER, D. ROBERT, Calcul fonctionnel par la transformation de Mellin et opérateurs admissibles, Journal of Functional Analysis, 53, 3), (1983), 246-268.

[6] B. HELFFER, J. SJÖSTRAND, Semiclassical expansions of the thermodynamic limit for a Schrödinger equation. I. The one well case. Méthodes semi-classiques, Volume 2, Astérique 210, S.M.F. (Paris), 1992.

[7] B. HELFFER, J. SJÖSTRAND, Semiclassical expansions of the thermodynamic limit for a Schrödinger equation. II. The double well case. Helv. Phys. Acta 65 (1992), no. 5, p. 748-765. [8] B. LASCAR, Opérateurs pseudo-différentiels en dimension infinie. Journal d’Analyse Math. 33, (1978), 39-104.

[9] E. LIEB, The classical limit of quantum spin systems. Comm. Math. Phys, 31 (1973), 327-340. [10] J. NOURRIGAT, Pseudodifferential calculus and thermodynamic limits. Prépublication 01.09. Reims, 2001, and preprint mp-arc 01.219.

[11] Ch. ROYER, Calcul pseudodifférentiel en grande dimension, application aux limites thermodynamiques. Thèse, Reims, 2001.

[12] Ch. ROYER, Formes quadratiques et calcul pseudodifférentiel en grande dimension. Prépublication 00.05. Reims, 2000.

[13] D. RUELLE, Statistical Mechanics: rigorous results. Addison-Wesley, 1969. [14] B. SIMON, The classical limit of quantum partition functions. Comm. Math. Phys, 71 (1980), 247-276.

[15] J. SJÖSTRAND, Potential wells in high dimension I, Ann. I. H. P. Phys. Th. 58, (1) (1993), 1-43.

[16] J. SJÖSTRAND, Evolution equations in a large number of variables, Math. Nachr. 166 (1994), 17-53.

[17] M. TODA, Theory of nonlinear lattices. Springer, 1981.

Département de Mathématiques (UMR CNRS 6056) Université de Reims Moulin de la Housse B.P. 1039 51687 Reims Cedex, France jean.nourrigat@univ-reims.fr christophe.royer@univ-reims.fr