S. A. Kuzhel Institute of Mathematics of the National Academy of Sciences of Ukraine, Kiev, Tereshchenkovskaya 3, 01601 Ukraine e-mail: kuzhel@imath.kiev.ua Key words and phrases. Lax–Phillips approach, wave equation, free and perturbed Lax– Phillips evolutions simple maximal symmetric operator.

Mathematics Subject Classification. Primary 47A40, Secondary 35P25, 81U Nonlocal Perturbations of the Radial Wave Equation. Lax–Phillips Approach.

We establish sufficient conditions under which the scattering of the evolution system described by the radial wave equation can be investigated in the framework of the Lax– Phillips scattering scheme and study structures of the corresponding scattering matrices.

UDC 517.432 S. A. Kuzhel Nonlocal Perturbations of the Radial Wave Equation. Lax–Phillips Approach.^1

1 Introduction

The Lax–Phillips approach in the scattering theory lies on the boundary between the stationary and time-dependent methods and it is characterized by well-developed investigation tools that provide a simple relationship between the nature of a perturbation and properties of the corresponding scattering matrix.

However, the possibility of applying the Lax–Phillips approach for studying the scattering of evolution systems is limited by a lot of sufficiently rigid restrictions on free and perturbed evolutions. In view of this, as a rule, the Lax–Phillips approach is used for the investigation of various finite (local) perturbations of the wave equation or, dual to it, Schrödinger equation (see [1] and the bibliography therein). On the other hand, there exist only a few examples of application of the Lax–Phillips approach for studying nonlocal perturbations [2–4]. In this connection, the determination of new classes (types) of nonlocal perturbations of the wave equation, which can be studied in the Lax–Phillips framework, is of great interest.

In the present paper, we establish sufficient conditions under which the scattering of the evolution system described by the radial wave equation ∂^2_t f(s, t) = ∂^2_s f(s, t) − k(k + 1) s^2 f(s, t) − (Uf)(s, t), k ∈ N ∪ 0 (1) with a nonlocal potential (Uf)(s, t) = p(s) ∫_∞ 0 p(τ)f(τ, t)dτ, where a real function p(s) belongs to L_2(R_+ ), can be investigated in the framework of the Lax–Phillips scattering scheme and study structures of the corresponding scattering matrices.

1Partially supported by the Ukrainian State Foundation for Fundamental Research, grant No. 01.07/27

2 Conditions of Applicability of the Lax–Phillips Approach

Taking into account the conditions on the function p(s), we can write equation (1) as follows d^2 dt^2 f(t) = −L̃_kf, (2) where the operator

L̃_kf = l_k(f) = − d^2 ds^2 f(s) + k(k + 1) s^2 f(s) + p(s)(f, p)_{L2(R+)}, k ∈ N ∪ 0 (3) with the domain of definition

D(L̃_k) = {f(s) ∈ W^2_2 (R_+ ) | f(0) = 0}, if k = 0 or D(L̃_k) = {f(s) ∈ L_2(R_+ ) | l_k(f) ∈ L_2(R_+ )}, if k ∈ N is a positive self-adjoint operator in L_2(R_+ ). In what follows, we always assume that the function p(s) in (3) is a nonzero function.

It is naturally to assume that equation (2) defines a perturbed evolution if p(s) ≠ 0 and a free evolution if p(s) = 0. Thus, a free evolution is described by the equation d^2 dt^2 f(t) = −L_kf, (4) where L_kf = − d^2 ds^2 f(s) + k(k + 1)

s^2 f(s), D(L_k) = D(L̃_k). (5) Consider the following problem: whether we can consider simultaneously equations (2) and (4) as, respectively, perturbed and free equations in the Lax–Phillips framework?

We recall [5] that equation (4) can define a free evolution in the Lax–Phillips sense if and only if, for the group W_{Lk} (t) of solutions of the Cauchy problem of (4), there exist orthogonal subspaces D_± (so-called outgoing and incoming subspaces) of the energy space H_{Lk} such that

(a) W_{Lk} (±t)D_± ⊂ D_± (t ≥ 0); (b) ⋂ t≥0 W (±t)D_± = {0}; (c) D_− ⊕ D_+ = H_{Lk} .

Here, the energy space H_{Lk} is defined as the closure of the set of initial data {( u v ) | ∀u ∈ D(L_k), ∀v ∈ L_2(R_+ ) } with respect to the energy norm ‖ ‖ ‖ ‖ ( u v )‖ ‖ ‖ ‖ 2

H_{Lk} = (L_ku, u) + ‖v‖^2.

Moreover, if equation (2) also defines a perturbed evolution in the Lax–Phillips sense, then the corresponding group W~_{Lk} (t) of solutions of the Cauchy problem for (2) possesses the same subspaces D_± with properties (a) and (b).

The conditions of applicability of the Lax–Phillips approach were discussed in [6] for a general case of the abstract wave equation. It follows from [6] that conditions (a) − (c), which guarantee that equation (4) is free in the Lax–Phillips sense, are equivalent to the following conditions on the operator L_k:

(i) in the space L_2(R_+ ), there exists a simple maximal symmetric operator B such that the operator L_k is a positive self-adjoint extension of the symmetric operator B^2;

(ii) (L_kf, f) = ‖B^∗f‖^2 for any f ∈ D(L_k).

Furthermore, it is easy to verify that if, simultaneously, equation (2) is perturbed in the Lax–Phillips sense, then, for the same choice of B, the operator L̃_k satisfies only condition (i).

We note that incoming D_− and outgoing D_+ subspaces in (a) − (c) are determined uniquely by the operator B and coincide with the closures of the sets {( f −iBf ) | ∀f ∈ D(B^2) } and {( f iBf ) | ∀f ∈ D(B^2) } (6)

in the energy space H_{Lk} , respectively.^2

Thus, we can formulate the problem given above as follows: whether there exists a simple maximal symmetric operator B in L_2(R_+ ) for which the operators L_k and L̃_k satisfy conditions (i), (ii) and (i), respectively?

Lemma 1. The operators L_k and L̃_k satisfy simultaneously condition (i) for a certain choice of B if and only if L̃_k = L_k.

Proof. If L_k and L̃_k satisfy condition (i), then L̃_kf = L_kf for any function f ∈ D(B^2). On the other hand, by virtue of (3) and (5), the last equality is true only on the subspace H^′ := L_2(R_+ )⊖ < p(s) > of the space L_2(R_+ ). Therefore, H^′ ⊃ D(B^2), and, in view of the density of D(B^2) in L_2(R_+ ), we get that H^′ = L_2(R_+ ). Hence, p(s) = 0 and L̃_k = L_k.

2Without less of generality, we assume that −i ∈ ρ(B).

Conversely, in the case where L̃_k = L_k, a simple maximal symmetric operator B in L_2(R_+ ) for which the operator L_k satisfies condition (i) (and, moreover, condition (ii) too) was constructed in [7] as follows: B = T^{−1}BT, D(B) = T^{−1} 0 W^1_2 (R_+ ). (7) Here, T = F_{sin}Γ_{k+1/2} is an unitary operator in L_2(R_+ ), B = i^d_{ds} (D(B) =^0W^1_2 (R_+ )) is a simple maximal symmetric operator in L_2(R_+ ), and (F_{sin}u)(x) = √ 2 π ∫_∞ 0 u(s) sin sxds, (Γ_{k+1/2}u)(x) = ∫_∞ 0 √ syu(s)J_{k+1/2}(sy)ds are the sine-Fourier and Hankel transformations, respectively. Lemma 1 is proved.

Lemma 1 states that we cannot consider the operators L̃_k and L_k in the Lax–Phillips framework simultaneously. At the same time, the assumption that equation (4) defines a free evolution is natural and, as was shown in [7], equation (4) is free in the Lax–Phillips sense. Therefore, to avoid the trivial situation L̃_k = L_k, we must slightly modify condition (i) under which equation (2) defines a perturbed evolution in the Lax–Phillips sense.

We note that, in an implicit simplest form, the approach to the definition of a Lax– Phillips perturbed evolution proposed below was used by Lax and Phillips [5] and Pavlov [4] for the investigation of finite and nonfinite perturbations of the wave equation, respectively.

In what follows, we fix the simple maximal symmetric operator B in L_2(R_+ ) which is defined by (7) and consider the set L_B of operators B^′, each of which satisfies the following condition:

I. There exists an invariant with respect to B subspace H^′ ⊂ L_2(R_+ ) such that the operator B^′ = B|_{D(B}′_), D(B^′) = D(B) ∩ H^′ acting in H^′ possesses the same defect numbers as B.

Definition 1. The operator L̃_k is called a Lax–Phillips perturbed operator if there exists an operator B^′ ∈ L_B such that L̃_k is an extension (with the exit in the more wide space L_2(R_+ )) of the symmetric operator B^{′2}.

Replacing in (6) B by B^′, it is easy to see that the condition of Definition 1 ensures the existence of subspaces D^′_± with properties (a) and (b) for the group W~_{Lk} (t) which are parts of the initial subspaces D_± constructed by B.

Now, we establish necessary and sufficient conditions on the function p(s) in (3) under which the operator L̃_k is Lax–Phillips perturbed.

In L_2(R_+ ), we consider the isometric operator G = (B − iI)(B + iI)^{−1}, where B is defined by (7). A function p(s) ∈ L_2(R_+ ) is called noncyclic for G^∗ if the set

E_{p(s)} := ∞⋁ n=0 G^{∗n}p(s) is contained strictly in L_2(R_+ ), i.e., E_{p(s)} ≠ L_2(R_+ ).

Theorem 1. The operator L̃_k is a Lax–Phillips perturbed operator if and only if the function p(s) in (3) is noncyclic for G^∗.

Proof. Assume that L̃_k is a Lax–Phillips perturbed operator. By virtue of condition I, there exists a nonzero subspace H^′ such that

L̃_ku = B^{′2}u = B^2u = L_ku, ∀u ∈ D(B^2) ∩ H^′.

Therefore, equalities (3) and (5) imply that p(s) ∈ H_1 = L_2(R_+ ) ⊖ H^′.

Obviously, the subspace H^′ is invariant with respect to G. Hence, the subspace H_1 is invariant with respect to G^∗. Therefore, the relation p(s) ∈ H_1 yields

E_{p(s)} ⊆ H_1 ⊂ L_2(R_+ ).

Thus, the function p(s) is noncyclic for G^∗.

Conversely, if the function p(s) is noncyclic for G^∗, then the nonzero subspace H^′ = L_2(R_+ ) ⊖ E_{p(s)} is invariant for the isometric operator G. Taking this fact into account, it is easy to verify that the operator

B^′ = −i(G + I)(G − I)^{−1}|_H′

satisfy condition I. Thus, L̃_k is a Lax–Phillips perturbed operator. Theorem 1 is proved.

The condition that the function p(s) must be noncyclic from Theorem 1 is not always convenient for the verification. Equivalent conditions can be formulated with the use of welldeveloped theory of cyclic elements in Hardy spaces (see [8] and the bibliography therein). We recall some results in the form convenient for our considerations. Similarly to [8], we denote by R the set of rational functions from the Hardy space H^2_Π in the upper half-plane. It is clear that any function r(z) ∈ R has a finite number of poles z_j in the lower half-plane ℑm z < 0. Definition 2. [8] The capacity of a function r ∈ R is called the quantity cap_z(r) = ∑ k(z_j ) ( 1 − |z_j + i| |z_j − i| ) , where the summation is taken over all poles z_j of the function r(z) and k(z_j ) is order of the pole at the point z_j .

We denote by G the operator of multiplication by^{iδ+1}_{iδ−1} in the space H^2_Π. A function ψ(δ) ∈ H^2_Π is called noncyclic for G^∗ if

E_{ψ(δ)} := ∞⋁ n=0 G^{∗n}ψ(δ) ≠ H^2_Π.

It is well known (see., for example, [8, p. 327]) that the operator

Φ : f(e^{iθ}) → ψ(δ) = √ 2 1 − iδ f ( iδ + 1 iδ − 1 ) (δ ∈ R), ∀f(e^{iθ}) ∈ L_2(0, 2π) (8) maps isometrically the space L_2(0, 2π) onto L_2(R). Furthermore, the Hardy class H^2 in the unit disk is mapped onto the Hardy class H^2_Π in upper half-plane. Under this mapping, the operator S of multiplication by e^{iθ} in H^2 transforms into the operator G. Hence, the set of noncyclic elements for G^∗ is the image of the set of noncyclic elements for S^∗ under the mapping Φ. We note that the set R is the image of the set of rational functions f from the Hardy class H^2 under the mapping Φ. Furthermore, the capacity cap_w of the function f defined in [8, p. 57] either is equal to the capacity cap_z(Φf) of the function Φf or differs from this capacity by one.

Using properties of the operator Φ mentioned above, we can formulate assertion (3) of the theorem on finite-dimensional approximation ([8, p. 57]) as follows:

Lemma 2. The function ψ(δ) ∈ H^2_Π is noncyclic for G^∗ if and only if there exists a sequence of rational functions r_n(δ) ∈ R such that lim_{n→∞} ‖ψ − r_n‖_{L2(R)} = 0 and sup_{n≥1} cap(r_n) < ∞. Taking relations (7) into account, it is easy to see that the operator

[Yp](δ) := 1 √ 2π ∫_∞ 0 e^{iδs}(T p)(s)ds, ∀p(s) ∈ L_2(R_+ ) (9) maps isometrically L_2(R_+ ) onto H^2_Π in such a way that the operator B transforms into the operator of multiplication by δ in H^2_Π and the operator G transforms into G.

Theorem 2. The operator L̃_k is a Lax–Phillips perturbed operator if and only if for the function ψ(δ) = [Yp](δ), where Y is defined by (9), there exists a sequence of rational functions r_n(δ) ∈ R such that

lim_{n→∞} ‖ψ − r_n‖_{L2(R)} = 0 and sup_{n≥1} cap(r_n) < ∞.

Proof. Since the mapping Y transfers G into G, we get that Y maps the set of noncyclic elements for G^∗ in the space L_2(R_+ ) onto the set of noncyclic elements for G^∗ in H^2_Π. Hence, taking into account Lemma 2, we obtain that Theorem 2 is a direct corollary of Theorem 1. Corollary 1. The set of functions p(s) ∈ L_2(R_+ ) that determine (by means of relation (3)) Lax–Phillips perturbed operators L̃_k is a dense linear set of the first category in L_2(R_+ ).

Proof. Corollary 1 follows from Theorem 2 and the Corollary in [8, p. 58].

3 The Construction of the Scattering Matrix

It follows from (3) and (5) that the operator L̃_k can be considered as a one-dimensional perturbation of L_k. Hence, in view of well-known results of the Kato–Birman theory [1], the wave operators Q_±(L̃_k, L_k) = lim_{t→±∞} W~_{Lk} (−t)W_{Lk} (t) exist and are defined on the whole space H_{Lk} . Thus, the scattering operator

S_(~_{Lk,Lk)} = Ω^∗_+(L̃_k, L_k)Ω_−(L̃_k, L_k).

(10)

is well posed as an operator in H_{Lk} . The aim of the present section is to investigate the structure of S_(~_{Lk ,Lk)} in the case where L̃_k is a Lax–Phillips perturbed operator.

We start from the more detail investigation of the structure of the set L_B from Definition 1. Let A be the set of all isometric operators A in L_2(R_+ ) that admit the following representation: A = g(B) := ∫_∞ −∞ g(ξ)dE_ξ, (11)

where E_ξ is the spectral function of the operator B and g(λ) is an inner function, i.e., a bounded analytic function in the upper half-plane and such that |g(δ)| = 1 (δ ∈ R). We note that, by virtue of the Plesner’s results [9, 10], the right-hand side of (11) is well posed and determines an isometric operator in L_2(R_+ ).

Now, we show that the set L_B admits the following simple description where elements from A are considered as parameters:

Lemma 3. An operator B^′ belongs to L_B if and only if there exists an operator A ∈ A such that B^′ = ABA^∗, D(B^′) = AD(B). (12)

Proof. By virtue of Proposition 1 in [11], an operator A ∈ A commutes with B. Therefore, choosing H^′ as AL_2(R_+ ), it is easy to verify that relations (12) define an operator B^′, which satisfies condition I and, hence, B^′ ∈ L_B.

Conversely, let B^′ ∈ L_B. By virtue of condition I, B^′ acts in a subspace H^′ of L_2(R_+ ), which is invariant with respect to B. Therefore, taking into account the definition of Y (relation (9)), we get that the subspace L = YH^′ of H^2_Π is invariant with respect to G. But then, by virtue of the Beurling theorem [12], there exists an inner function g(λ) such that L = g(δ)H^2_Π. Substituting this function into (11), we define an isometric operator A.

For any element Aγ (γ ∈ L_2(R_+ )), using (7) and (11), we obtain (T Aγ)(s) = T (g(B)γ)(s) = g(B)(T γ)(s). Using this equality, similarly to the proof of Theorem 1 in [11], we arrive at a conclusion that [Y(Aγ)](δ) = g(δ)[Yγ](δ) (∀γ ∈ L_2(R_+ )).

(13) Therefore, YH^′ = L = g(δ)H^2_Π = g(δ)YL_2(R_+ ) = YAL_2(R_+ ) and, hence, AL_2(R_+ ) = H^′. Using the last equality and the fact that A commutes with B, we can write condition I in the form of (12). Lemma 3 is proved.

In what follows, we denote by B_A the operator B^′ ∈ L_B that is defined by (12). This operator acts in the space AL_2(R_+ ) which, in what follows, we shall denote by H_A.

Let L̃_k be a Lax–Phillips perturbed operator. This means, in view of Definition 1 and Lemma 3, that there exists an isometric operator A ∈ A such that L̃_k is an extension of B^2_A, where B_A is a simple maximal symmetric operator acting in the subspace H_A of L_2(R_+ ). We fix this operator A and consider the operator L_A = AL_kA^∗, D(L_A) = AD(L_k), (14)

where L_k is defined by (3).

It follows from (12) and (14) that, similarly to L_k, the operator L_A satisfies conditions (i) and (ii) (with the substitution B_A for B) and, hence, the equation u_{tt} = L_Au (15)

defines a free evolution in the Lax–Phillips sense. Furthermore, as follows from the choice of B_A, the operator L̃_k satisfies conditions (i) for the same operator B_A and, hence, equation (2) defines a perturbed evolution in the Lax–Phillips sense.

Thus, the groups W_{LA} (t) and W~_{Lk} (t) of solutions of the Cauchy problems for equations (14) and (2) simultaneously can be considered in the Lax–Phillips framework, moreover, the first of them defines a free evolution and the second group defines a perturbed evolution in the Lax–Phillips sense. In this case, in addition to a similar statement (10) that the corresponding scattering operator

S_(~_{Lk ,LA)} = Ω^∗_+(L̃_k, L_A)Ω_−(L̃_k, L_A).

(16)

is well posed on the whole energy space H_{LA} , which is defined by analogy with H_{Lk} (with the replacement of L_k by L_A and L_2(R_+ ) by H_A), we can state, using the general statements of the Lax–Phillips theory [5], that the image of S_(~_{Lk,LA)} in the spectral representation of free group W_{LA} (t) can be realized as an operator of multiplication by a scalar function S_(~_{Lk,LA)}(δ) (δ ∈ R), which is the restriction to the real axis of a contracting function S_(~_{Lk,LA)}(z) (ℑm z < 0) holomorphic in the lower half-plane (the Heisenberg scattering matrix). Moreover, using results of [7, 13], we obtain a simple algorithm for the construction of S_(~_{Lk,LA)}(z), which does not require the previous construction of the spectral representation of W_{LA} (t).

It is clear that condition (i) remains true for the operator L_k if we replace in it the operator B by B_A. Therefore, in view of Proposition 5.2 in [14, Chap. 4], there exist wave operators Q_±(L_k, L_A) = lim_{t→±∞} W_{Lk} (−t)W_{LA} (t), (17) which are defined on the whole space H_{LA} . In what follows, we assume that these operators satisfy the following condition Q_±(L_k, L_A)H_{LA} = H_{Lk} . (18)

We note that condition (18) is natural in the sense that it ensures an equivalence of Lax–Phillips free evolutions, which are described by the groups W_{Lk} (t) and W_{LA} (t).

It follows from (18) and the chain law [1, p. 29] that Ω_±(L̃_k, L_A) = Ω_±(L̃_k, L_k)Ω_±(L_k, L_A), Multiplying this equality by Ω^∗_±(L_k, L_A) and passing to adjoint operators, we obtain

Ω^∗_±(L̃_k, L_k) = Ω_±(L_k, L_A)Ω^∗_±(L̃_k, L_A).

Substituting the obtained equalities into (10) and taking into account (16), we arrive at a conclusion that S_(~_{Lk,Lk)} = Ω_+(L_k, L_A)S_(~_{Lk,LA)}Ω^∗_−(L_k, L_A).

(19)

As was shown in [7], L_k = B^∗B, where B is defined by (7). Therefore, the translation representation for the group W_{Lk} (t) which is associated with subspaces D_± of form (6) is defined by formula 4.18 in [14, p. 221]. Applying to this formula the Fourier transform in L_2(R) and taking into account the definition (9) of Y, we conclude that an isometric operator F : H_{Lk} → L_2(R) that, for any u ∈ D(L_k) and v ∈ L_2(R_+ ), is defined by the formula F ( u v ) = 1 2 (Y[iBu + v](δ) + Y[iBu − v](−δ)) (20)

determines the spectral representation for W_{Lk} (t) associated with D_±.

Similarly, the spectral representation for the group W_{LA} (t) associated with subspaces D^A_±, which are defined by (6) with the replacement of B by B_A, is determined by an isometric operator F_A : H_{LA} → L_2(R), which, for any u ∈ D(L_A) and v ∈ H_A, is defined by the formula F_A ( u v ) = 1 2 (Y_A[iB_Au + v](δ) + Y_A[iB_Au − v](−δ)) .

(21)

Here, [Y_Ap](δ) := 1 √ 2π ∫_∞ 0 e^{iδs}(T A^∗p)(s)ds, ∀p(s) ∈ H_A and T is the same as in (7).

Equalities (18) and (19) imply that

S_(~_{Lk,Lk)} := FS_(~_{Lk,Lk)}F^{−1} = K_+S_(~_{Lk,LA)}(δ)K^{−1}_− ,

(22)

where K_± = FΩ_±(L_k, L_A)F^{−1}_A and S_(~_{Lk,LA)}(δ) = F_AS_(~_{Lk ,LA)}F^{−1}_A .

Lemma 4. The operators K_+ and K_− act in L_2(R) as the operators of multiplication by the functions g(δ) and g(−δ), respectively.

Proof. Taking into account (14), it is easy to see that the closure in H_{Lk} of the operator A : H_{Lk} → H_{LA} defined by the formula A ( u v ) = ( Au Av ) , ∀u ∈ D(L_k), ∀v ∈ L_2R_+ is an isometric operator from H_{Lk} onto H_{LA} .

In view of (20) and (21), taking into account the definitions of B_A and H_A, it is easy to establish that F_AA = F. (23) Hence, the operators K_± in (22) can be represented in the form K_± = FΩ_±(L_k, L_A)A F^{−1} . Twice using (23), we obtain that F_AA W_{Lk} (t)d = e^{iδt}Fd = e^{iδt}F_AA d = F_AW_{LA} (t)A d (∀d ∈ H_{Lk} ).

Therefore, W_{LA} (t)A = A W_{Lk} (t). The last equality and relations (17), (18) imply that the operators Ω_±(L_k, L_A)A are unitary operators in H_{Lk} that commute with W_L(t). Hence (see Corollary 4.1 in [5, Chap. 2]), the images K_± of these operators in the spectral representation of W_{Lk} (t) can be written as operators of multiplication by scalar functions K_±(δ).

Let d_+ = ( u iBu ) , where u ∈ B^2. Clearly, d_+ ∈ D_+ and

A d_+ = ( Au iABu ) = ( v iB_Av ) ∈ D_A (v = Au ∈ D(B^2_A) = AD(B^2)).

Here, D^A_+ is defined by (6) with the replacement of B by B_A. It follows from the first equality (for L̃ = L_k and L = L_A) of the proof of Proposition 5.2 in [14, Chap. 4] that Ω_+(L_k, L_A)A d_+ = A d_+ . Hence, taking (20) and (13) into account, we obtain

(K_+(δ)(Fd_+)(δ) = [FA d_+ )](δ) = i √ 2[YABu](δ) = i √ 2g(δ)[YBu](δ) = g(δ)(Fd_+)(δ). Thus K_+(δ) = g(δ). Reasoning similarly, we obtain K_−(δ) = g(−δ). Lemma 4 is proved.

Theorem 3. Assume that L̃_k is a Lax–Phillips perturbed operator and condition (18) is true. Then the image S_(~_{Lk,Lk)} of the scattering operator S_(~_{Lk,Lk)} in the spectral representation for the free group W_{Lk} (t) acts as the operator of multiplication by the scalar function (scattering matrix) S_(~_{Lk ,Lk)}(δ) = g(δ) g(−δ) S_(~_{Lk,LA)}(δ), δ ∈ R, where g(δ) is the restriction on the real axis of the inner function g(λ) in the upper halfplane and S_(~_{Lk,LA)}(δ) is the restriction on the real axis of the Heisenberg scattering matrix S_(~_{Lk,LA)}(z) holomorphic in the lower half-plane.

Proof. Theorem 3 follows directly from relation (22) and Lemma 4.

4 Examples of Lax–Phillips perturbed operators in the case of s-wave.

In the case of s-wave, the parameter k in (3) and (5) is equal to zero. Hence, the operator T in (7) is the identity operator and B = B.

In the space L_2(R_+ ), we consider the orthonormal basis of Laguerre functions

q_n(s) = e^{s/2} n! d^n ds^n (s^ne^{−s}) (n = 0, 1 . . .).

Using (9) (as T = I) and relation (25) in [15, p. 158], for any Laguerre function q_n(s), we obtain ψ(δ) = [Yq_n](δ) = (−1)^n √ 2 π (1 + 2iδ)^n (1 − 2iδ)^{n+1} . It is clear that the function ψ(δ) belongs to the class R. Hence, Theorem 2 yields that, for any partial Fourier sum

Q_m(s) = m∑ n=0 α_nq_n(s) (α_n = (p, q_n)_{L2(R+)}),

of an arbitrary function p(s) ∈ L_2(R_+ ), the operator

L̃ = − d^2 ds^2 f(s) + Q_m(s) ∫_∞ 0 Q_m(τ)f(τ)dτ, D(L̃) = {f(s) ∈ W^2_2 (R_+ ) | f(0) = 0} is a Lax–Phillips perturbed operator.

Now, we present an example of p(s), for which the corresponding operator

L̃ = − d^2 ds^2 f(s) + p(s)(f, p)_{L2(R+)} (24)

is not a Lax–Phillips perturbed operator (under the choice of the initial operator B as B). In this case, as follows from the proof of Theorem 2, the function ψ(δ) = [Yp](δ) must be a cyclic function for G^∗ in H^2_Π or, which is equivalent, the function Φ^{−1}[ψ_k(δ)] must be a cyclic function for S^∗ in H^2, where the transformation Φ is defined by (8).

For example, the function f(e^{iθ}) = (1 − e^{iθ})^{1/2} is cyclic for S^∗ ([8, p. 50]). Hence, it follows from the definition of Φ, equality (9), and relation (3) in [15, p. 133] (for α = 1, p = −iδ, ν = 3/2) that the function p(s) = Y^{−1}[Φf(e^{iθ})] = √ se^{−s} does not define a Lax–Phillips perturbed operator in (24).

Let us consider the inner function g(λ) = [(λ − i)(λ + i)^{−1}]^m (m ∈ N) and, by means of (11), define the corresponding isometric operator

A = [(B − iI)(B + iI)^{−1}]^m.

(25)

Using the well-known ([16, p. 365]) relation Aq_n(2s) = q_{n+m}(2s) for the Laguerre functions q_n(2s) (n ∈ N ∪ {0}), we get that

< q_0(2s), . . . , q_{m−1}(2s) >= L_2(R_+ ) ⊖ AL_2(R_+ ).

It follows from the last relation and the definition of the Laguerre functions that an arbitrary function p(s) = e^{−s}P_{m−1}(s), where P_{m−1}(s) is a real polynomial of order m − 1, belongs to the subspace L_2(R_+ ) ⊖ AL_2(R_+ ). Therefore, if we choose A in the form (25), then the operator L̃ = − d^2 ds^2 f(s) + e^{−s}P_{m−1}(s) ∫_∞ 0 e^{−τ} P_{m−1}(τ)f(τ)dτ (m ∈ N) (26)

is an extension of B_A^2, where B_A is defined by (12) (for B = B).

We note that condition (18) is equivalent to the condition of quasi-equivalence of the subspaces D_± and D^A_± proposed in [11]. Therefore, using Proposition 2 in [11], it is easy to verify that equality (18) is true if we choose A as (25). Thus, we can use Theorem 3 for the determination of the scattering matrix S_(~_{L,L0)}(δ), where L̃ is defined by (26).

Let for definiteness m = 2. Then the polynomial P_1(s) in (26) has the form P_1(s) = p + p_1s {p, p_1} ∈ R. Using the algorithm for the construction of Heisenberg scattering matrices proposed in [7, 13], we obtain

S_(~_{L,LA)}(δ) =

4(δ + i)^4 − (p + p_1)^2(δ + 2i)^2 − p^2(δ^2 + 1) + 2p^2_1 − (p + p_1)^2 4(δ − i)^4 − (p + p_1)^2(δ − 2i)^2 − p^2(δ^2 + 1) + 2p^2_1 − (p + p_1)^2 I. Therefore, by virtue of Theorem 3 and relation (25), we get

S_(~_{L,L0)}(δ) =

(δ − i)^4 (δ + i)^4

S_(~_{L,LA)}(δ).

1. Reed, M. and Simon B., Methods of modern mathematical physics. III: Scattering theory, Academic Press, New York, 1979.

2. Phillips R., Scattering theory for the wave equation with a short range perturbation, Indiana Univ. Math. Journ., 31 (1982), no. 5, 602–639.

3. Phillips R., Scattering theory for the wave equation with a short range perturbation.

II, Indiana Univ. Math. Journ., 33 (1984), no. 6, 832–846.

4. Pavlov, B. S., Partial scattering matrix its factorization and analyticity, Dokl. Akad.

Nauk SSSR, 244 (1979), no. 2, 291–295. (Russian) 5. Lax, P. and Phillips, R., Scattering theory, Academic Press, New York, 1967. 6. Kuzhel, S. A., On the determination of free evolution in the Lax–Phillips scattering scheme for second-order operator-differential equations, Mat. Zametku 68 (2000), no. 6, 854–861. (Russian) 7. Kuzhel, S. A., On the form of scattering matrix for ρ-perturbations of abstract wave equation, Ukr. Mat. Zh. 51 (1999), no. 4, 445–457. (Ukrainian) 8. Nikol’skii, N. K., Treatise on the shift operator, Nauka, Moscow, 1980. (Russian) 9. Plesner, A. I., Functions of maximal operator, Dokl. Akad. Nauk SSSR, XXIII (1939), no. 4, 327–330. (Russian) 10. Plesner, A. I., On semiunitary operators, Dokl. Akad. Nauk SSSR, XXV (1939), no.

9, 708–710. (Russian) 11. Kuzhel, S. A., On dependence of Lax–Phillips scattering matrix on choice of incoming and outgoing subspaces, Meth. Func. Anal. and Topology, 7 (2001), no. 1, 45–53.

12. Garnett, J., Bounded analytic functions, Academic Press, New York, 1981. 13. Kuzhel, S. A., On inverse problem in the Lax–Phillips scattering scheme for a class of operator-differential equations, Algebra Analiz 13 (2001), no. 1, 60–83. (Russian) 14. Kuzhel, A. and Kuzhel, S., Regular extensions of Hermitian operators, VSP, Utrecht, 1998.

15. Bateman, H. and Erdelyi, A., Tables of integral transforms. I., McGraw-Hill Book Company, New York, 1954.

16. Akhiezer, N. I. and Glazman, I. M., Theory of linear operators in Hilbert space, Nauka, Moscow, 1966. (Russian)