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Abstract

We write solutions of relativistic quantum equations explicitly in
the helicity basis for S = 1/2 and S = 1. We present the analyses of
relations between Dirac-like and Majorana-like field operators. Several
interesting features of bradyonic and tachyonic solutions are presented.

1 Introduction.

In Refs. [1, 2] we considered the procedure of construction of the field op-
erators ab initio (including for neutral particles). The Bogoliubov-Shirkov
method has been used. In the present article we investigate the helicity
h = 1/2 and h = 1 cases in the helicity basis. We look for relations between
the Dirac-like field operator and the Majorana-like field operator.

In the first part we refer to the previously found contradiction in the
construction of the Majorana-like field operator for spin 1/2. In the 2nd part
we analize the Majorana-like field operator in the (1, 0)⊕(0, 1) representation.
It seems that the calculations in the helicity basis only give mathematically
and physically reasonable results.
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2 Helicity Basis in the (1/2, 0)+ (0, 1/2) Repre-

sentation.

The Dirac equation is:

[iγµ∂µ −mc/h̄]Ψ(x) = 0 , µ = 0, 1, 2, 3 . (1)

The γµ are the Clifford algebra matrices

γµγν + γνγµ = 2gµν , (2)

gµν is the metric tensor. Usually, everybody uses the definition of the field
operator (in Ref. [3]) in the pseudo-Euclidean metrics as given ab initio. After
actions of the Dirac operator on exp(∓ipµx

µ) the 4-spinors ( u− and v− )
satisfy the momentum-space equations: (p̂−m)uh(p) = 0 and (p̂+m)vh(p) =
0, respectively; the h is the polarization index. It is easy to prove from the
characteristic equations Det(p̂∓m) = (p2

0−p2−m2)2 = 0 that the solutions
should satisfy the energy-momentum relations p0 = ±Ep = ±

√
p2 + m2 for

both u− and v− solutions.
However, the general scheme of construction of the field operator has been

presented in [4]. In the case of the (1/2, 0)⊕ (0, 1/2) representation we have:

Ψ(x) =
1

(2π)3

∫
d4p δ(p2 −m2)e−ip·xΨ(p) =

=
1

(2π)3

∑
h

∫
d4p δ(p2

0 − E2
p)e

−ip·xuh(p0,p)ah(p0,p) =

=
1

(2π)3

∫ d4p

2Ep

[δ(p0 − Ep) + δ(p0 + Ep)][θ(p0) + θ(−p0)]e
−ip·x ×

×
∑
h

uh(p)ah(p) =
1

(2π)3

∑
h

∫ d4p

2Ep

[δ(p0 − Ep) + δ(p0 + Ep)]× (3)

×
[
θ(p0)uh(p)ah(p)e−ip·x + θ(p0)uh(−p)ah(−p)e+ip·x

]
=

=
1

(2π)3

∑
h

∫ d3p

2Ep

θ(p0)
[
uh(p)ah(p)|p0=Epe

−i(Ept−p·x)+

+ uh(−p)ah(−p)|p0=Epe
+i(Ept−p·x)

]
During the calculations we had to represent 1 = θ(p0) + θ(−p0) above in
order to get positive- and negative-frequency parts. Moreover, we did not
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yet assumed, which equation this field operator (namely, the u− spinor)
satisfies, with negative- or positive- mass and/or p0 = ±Ep.

In general we should transform uh(−p) to the vh(p). The procedure is
given below [1, 2].

The explicit forms of the 4-spinors are very well known in the spinorial
basis:

uσ(p) =
N+

σ

2
√

m(Ep + m)

(
[Ep + m + σ · p]φσ(0)
[Ep + m− σ · p]χσ(0)

)
, vσ(p) = γ5uσ(p) , (4)

where φ↑(0) = χ↑(0) =
(

1
0

)
and φ↓(0) = χ↓(0) =

(
0
1

)
. The transforma-

tion to the standard basis is produced with the (γ5 + γ0)/
√

2 matrix. The
normalizations, projection operators, propagators, dynamical invariants etc
have been given in [5], for example.

We should assume the following relation in the field operator (3):

∑
h=↑↓

vh(p)b†h(p) =
∑

h=↑↓
uh(−p)ah(−p) . (5)

We need Λµλ(p) = v̄µ(p)uλ(−p). In the spinorial basis by direct calculations,
we find Λµλ = −im(σ · n)µλ, n = p/|p|, provided that the normalization
was chosen to the mass m. The indices h and σ, µ, λ are the corresponding
polarization indices. However, in the helicity basis with the helicity operator

1

2
σ · p̂ =

1

2

(
cos θ sin θe−iϕ

sin θe+iϕ − cos θ

)
(6)

the 2-eigenspinors can be defined as follows [6, 7]:

φ 1
2
↑ =

(
cos θ

2
e−iϕ/2

sin θ
2
e+iϕ/2

)
, φ 1

2
↓ =

(
sin θ

2
e−iϕ/2

− cos θ
2
e+iϕ/2

)
, (7)

for ±1/2 eigenvalues, respectively.
We can start from the Klein-Gordon equation, generalized for describing

the spin-1/2 particles (i. e., two degrees of freedom); c = h̄ = 1:

(p0 + σ · p)(p0 − σ · p)φ = m2φ . (8)
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If the φ↑↓ spinors are defined by the equation (7) then we can construct the
corresponding u− and v− 4-spinors:

u↑(p) = N+
↑

(
φ↑

Ep−p
m

φ↑

)
=

1√
2

√Ep+p
m

φ↑√
m

Ep+p
φ↑

 ,

u↓(p) = N+
↓

(
φ↓

Ep+p
m

φ↓

)
=

1√
2

√ m
Ep+p

φ↓√
Ep+p

m
φ↓

 , (9)

v↑(p) = N−
↑

(
φ↑

−Ep−p
m

φ↑

)
=

1√
2

 √
Ep+p

m
φ↑

−
√

m
Ep+p

φ↑

 ,

v↓(p) = N−
↓

(
φ↓

−Ep+p
m

φ↓

)
=

1√
2

 √
m

Ep+p
φ↓

−
√

Ep+p
m

φ↓

 , (10)

where the normalization to the unit (±1) was now used:

ūh(p)uh′(p) = δhh′ , v̄h(p)vh′(p) = −δhh′ , (11)

ūh(p)vh′(p) = 0 = v̄h(p)uh′(p) . (12)

The commutation relations may be assumed to be the standard ones [4, 3,
8, 9] (compare with [10])[

ah(p), a†h′(k)
]
+

= 2Epδ
(3)(p− k)δhh′ , [ah(p), ah′(k)]+ = 0 =

[
a†h(p), a†h′(k)

]
+

(13)[
ah(p), b†h′(k)

]
+

= 0 =
[
bh(p), a†h′(k)

]
+

, (14)[
bh(p), b†h′(k)

]
+

= 2Epδ
(3)(p− k)δhh′ , [bh(p), bh′(k)]+ = 0 =

[
b†h(p), b†h′(k)

]
+

(15)

Other details of the helicity basis are given in Refs. [13, 11, 12]. However, in
this helicity case we construct

Λµλ(p) = v̄µ(p)uλ(−p) = iσy
µλ . (16)

It is well known that “particle=antiparticle” in the Majorana theory [14].
So, in the language of the quantum field theory we should have

bµ(Ep,p) = eiϕaµ(Ep,p) . (17)
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Usually, different authors use ϕ = 0,±π/2 depending on the metrics and on
the forms of the 4-spinors and commutation relations, etc.. The application of
the Majorana anzatz leads to the contradiction in the spinorial basis. Namely,
it leads to existence of the preferred axis in every inertial system (only py

survives), thus breaking the rotational symmetry of the special relativity.
Next, we can use another Majorana anzatz Ψ = ±eiαΨc with usual defi-

nitions

C = eiϑc

(
0 iΘ

−iΘ 0

)
K , Θ =

(
0 −1
1 0

)
. (18)

Thus, on using Cu∗↑(p) = −iv↓(p), Cu∗↓(p) = +iv↑(p) we come to other
relations between creation/annihilation operators

a†↑(p) = ±ie−iαb†↓(p) , (19)

a†↓(p) = ∓ie−iαb†↑(p) , (20)

which may be used instead of (17). In the case of α = π/2 we have similar
relations as in (16), but for positive-energy operators. Due to the possible
signs ± the number of the corresponding states is the same as in the Dirac
case that permits us to have the complete system of the Fock states over the
(1/2, 0) ⊕ (0, 1/2) representation space in the mathematical sense. Please
note that the phase factors may have physical significance in quantum field
theories as opposed to the textbook nonrelativistic quantum mechanics, as
was discussed recently by several authors. However, in this case we deal
with the self/anti-self charge conjugate quantum field operator instead of
the self/anti-self charge conjugate quantum states. Please remember that it
is the latter that answer for the neutral particles. The quantum field operator
contains operators for more than one state, which may be either electrically
neutral or charged.

3 Helicity Basis in the (1, 0) + (0, 1) Represen-

tation.

The solutions of the Weinberg-like equation

[γµν∂µ∂ν −
(i∂/∂t)

E
m2]Ψ(x) = 0 . (21)
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are found in Refs. [15, 16, 17, 18]. Here they are:

uσ(p) =
(

DS(ΛR)ξσ(0)
DS(ΛL)ξσ(0)

)
, vσ(p) =

(
DS(ΛRΘ[1/2])ξ

∗
σ(0)

−DS(ΛLΘ[1/2])ξ
∗
σ(0)

)
= Γ5uσ(p),

(22)

Γ5 =
(

13×3 0
0 −13×3

)
, (23)

in the “spinorial” representation. The DS is the matrix of the (S, 0) repre-
sentation of the spinor group SL(2, c).

In the (1, 0) ⊕ (0, 1) representation the procedure of derivation of the
creation operators (in the similar way as in the previous Section) leads to
somewhat different situation:∑

σ=0,±1

vσ(p)b†σ(p) =
∑

σ=0,±1

uσ(−p)aσ(−p) . (24)

Hence,
b†σ(p) ≡ 0 . (25)

However, if we return to the original Weinberg equations [γµν∂µ∂ν±m2]Ψ1,2(x) =
0 with the field operators:

Ψ1(x) =
1

(2π)3

∑
µ

∫ d3p

2Ep

[uµ(p)aµ(p)e−ip·x + uµ(p)b†µ(p)e+ip·x], (26)

Ψ2(x) =
1

(2π)3

∑
µ

∫ d3p

2Ep

[vµ(p)cµ(p)e−ip·x + vµ(p)d†µ(p)e+ip·x], (27)

we obtain

b†µ(p) = [1− 2(S · n)2]µλaλ(−p) , (28)

d†µ(p) = [1− 2(S · n)2]µλcλ(−p) . (29)

The application of uµ(−p)uλ(−p) = δµλ and uµ(−p)uλ(p) = [1− 2(S · n)2]µλ

prove that the equations are self-consistent (similarly to the consideration of
the (1/2, 0) ⊕ (0, 1/2) representation). This situation signifies that in order
to construct the Sankaranarayanan-Good field operator (which was used by
Ahluwalia, Johnson and Goldman [17]) we need additional postulates. One
can try to construct the left- and the right-hand side of the field operator
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separately each other. In this case the commutation relations may also be
more complicated.

Is it possible to apply the Majorana-like anzatz to the (1, 0)+(0, 1) fields?
It appears that in this basis we also come to the same contradictions as before.
We have two equations

aµ(p) = +e−iϕ[1− 2(S · n)2]µλa
†
λ(−p) , (30)

and
a†µ(p) = +e+iϕ[1− 2(S∗ · n)2]µλaλ(−p) . (31)

In the basis where Sz is diagonal the matrix Sy is imaginary [6]. So, (S∗ ·n) =
Sxnx − Syny + Sznz, and (S∗ · n)2 6= (S · n)2 in the case of S = 1. So, we
conclude that there is the same problem in this point, in the aplication of the
Majorana-like anzatz, as in the case of spin-1/2. Similarly, one can proceed
with (29). What we would have in the basis where all Si

jk = −iεijk are pure
imaginary? Finally, I just want to mention that the attempts of constructing
the self/anti-self charge conjugate states failed in Ref. [19]. Instead, the
Γ5Sc

[1]− self/anti-self conjugate states have been constructed therein.
Now we turn to the helicity basis. The helicity operator in the (1/2, 1/2)

representation is frequently presented:

(SI · p)

p
=

1

p


0 0 0 0
0 0 −ip3 ip2

0 ip3 0 −ip1

0 −ip2 ip1 0

 ,
(S · p)

p
εµ
±1 = ±εµ

±1 ,
(S · p)

p
εµ
0,0t

= 0 .

(32)
However, we are aware about some problems with the chosen basis. The
helicity operator is (in the case of S3 diagonal):

(SII · p)

p
=

1

p


0 0 0 0
0 pz

pl√
2

0

0 pr√
2

0 pl√
2

0 0 pr√
2

−pz

 . (33)

The unitary transformation [6, p.55]

U =


0 0 0 0
0 − 1√

2
i√
2

0
0 0 0 1
0 + 1√

2
i√
2

0

 , U
(SI · p)

p
U † =

(SII · p)

p
(34)
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can be perfomed to transfer operators and polarization vectors from one basis
to another. The first-basis eigenvectors are:

εµ
+1 =

1√
2

eiα

p


0

−p1p3+ip2p√
(p1)2+(p2)2

−p2p3−ip1p√
(p1)2+(p2)2√

(p1)2 + (p2)2

 , εµ
−1 =

1√
2

eiβ

p


0

p1p3+ip2p√
(p1)2+(p2)2

p2p3−ip1p√
(p1)2+(p2)2

−
√

(p1)2 + (p2)2


(35)

εµ
0 =

1

m


p

E
p
p1

E
p
p2

E
p
p3

 , εµ
0t

=
1

m


Ep

p1

p2

p3

 . (36)

The eigenvectors εµ
±1 are not the eigenvectors of the parity operator (γ00R)

of this representation. However, the εµ
1,0, εµ

0,0t
are. Surprisingly, the latter

have no well-defined massless limit. In order to get the well-known massless
limit one should use the basis of the light-front form reprersentation, cf. [20].
We also note that the polarization vectors have relations to the solutions of
the (1, 0)⊕ (0, 1) representation through the Proca equations or the Duffin-
Kemmer-Petiau equations.

The corresponding helicity operator of the (1, 0)⊗ (0, 1) representation is

ĥ =
(

(S3×3 · p) 0
0 (S3×3 · p)

)
(37)

The eigen 3-vectors are [6, 7]

φ↑ = N eiϑ+


1
2
(1 + cos θ)e−iϕ√

1
2
sin θ

1
2
(1− cos θ)e+iϕ

 , φ↓ = N eiϑ−

−
1
2
(1− cos θ)e−iϕ√

1
2
sin θ

−1
2
(1 + cos θ)e+iϕ


(38)

φ→ = N eiϑ0

−
√

1
2
sin θ e−iϕ

cos θ√
1
2
sin θ e+iϕ

 . (39)

Finally, some notes concerning with the tachyonic solutions of the Wein-
berg equations in the (1, 0)⊕(0, 1) representation space. While some authors,
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e.g. Ref. [21], argued recently that the tachyonic energy-momentum relation

E = ±
√

p2c2 −m2
0c

4 may lead to some interpretational problems, we still

consider it in this paper. The Weinberg equations [γµν∂µ∂ν ±m2]Ψ1,2(x) = 0

give us both bradyonic and tachyonic solutions, E = ±
√

p2c2 ±m2
0c

4. We
present them now in the helicity basis which may help us to overcome the
difficulties in the construction of the Majoran(-like) field operators, as shown
above. If φR(0) = φL(0) the 6-objects can be normalized to the unit. The
solutions of [γµνpµpν −m2]Ψ(x) = 0 are

u↑(p) =
1√
2

( m
Ep−p

χ↑
Ep−p

m
χ↑

)
, u↓(p) =

1√
2

( m
Ep+p

χ↓
Ep+p

m
χ↓

)
, (40)

u→(p) =
1√
2

(
χ→
χ→

)
. (41)

In the case of tachyonic solutions (E < p) we shall be no able to normalize
to 1. However, it is possible to normalize to -1. In this case we have in the
helicity basis:

U↑(p) =
1√
2

( Ep+p
m

χ↑
− m

Ep+p
χ↑

)
, U↓(p) =

1√
2

( m
Ep+p

χ↓

−Ep+p
m

χ↓

)
, (42)

U→(p) =
1√
2

(
χ→
−χ→

)
. (43)

Nevertheless, self/anti-self charge-conjugated 6-objects have not been con-
structed till now.

4 Conclusions.

We conclude that the calculations in the helicity basis may be useful to
give mathematically and physically reasonable results when dealing with the
Majorana particles.
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