Localization of Surface Spectra^�

Vojkan Jakšić^1 and Stanislav Molchanov^2

1Department of Mathematics and Statistics University of Ottawa, 585 King Edward Avenue

Ottawa, ON, K1N 6N5, Canada

2Department of Mathematics, University of North Carolina Charlotte, NC 28223, USA

May 27, 1999

Abstract

We study spectral properties of the discrete Laplacian H on the half-space Z^{d+1}_+ = Z^d × Z_+ with random boundary condition ψ(n, −1) = λV (n)ψ(n, 0); the V (n) are independent random variables on a probability space (Ω, F, P ) and λ is the coupling constant. It is known that if the V (n) have densities, then on the interval [−2(d + 1), 2(d + 1)] (= σ(H_0), the spectrum of the Dirichlet Laplacian) the spectrum of H is P -a.s. absolutely continuous for all λ [JL1]. Here we show that if the random potential V satisfies the assumption of Aizenman-Molchanov [AM], then there are constants λ_d and Λ_d such that for |λ| < λ_d and |λ| > Λ_d the spectrum of H outside σ(H_0) is P -a.s. pure point with exponentially decaying eigenfunctions.

�_{To appear in Commun. Math. Phys.}

1 Introduction

This paper deals with the spectral theory of the discrete Laplacian on a half-space with a random boundary condition. The history of this problem and its physical aspects are discussed in [JMP, KP]. For some recent rigorous work on the subject we refer the reader to [AM, BS, Gri, JM1, JM2, JMP, JL1, JL2, KP, M1, P].

In this section we introduce the model, review some known results and state our theorems. At the end of the section we will briefly explain the basic ideas of our proofs and discuss some open problems.

1.1 The model

Let d ≥ 1 be given and let Z^{d+1}_+ := Z^d × Z_+, where Z_+ = {0, 1, . . .}. We denote the points in Z^{d+1}_+ by (n, x), for n ∈ Z^d and x ∈ Z_+. Let H be the discrete Laplacian on l^2(Z^{d+1}_+ ) with boundary condition ψ(n, −1) = V (n)ψ(n, 0). When V = 0 the operator H reduces to the Dirichlet Laplacian which we denote by H_0. The operator H acts as (Hψ)(n, x) = ∑ |n−n^0|++|x−x^0|=1 ψ(n ′, x^′) if x > 0, ψ(n, 1) + ∑ |n−n^0|+=1 ψ(n ′, 0) + V (n)ψ(n, 0) if x = 0,

where |n|_+ = ∑d i=1 |n_i|. Note that the operator H can be viewed as Schrödinger operator

H = H_0 + V, (1.1)

where the potential V acts only along the boundary ∂Z^{d+1}_+ = Z^d, that is, (V ψ)(n, x) = 0 if x > 0 and (V ψ)(n, 0) = V (n)ψ(n, 0). For many purposes, it is convenient to adopt this point of view and we will do so in the sequel. Since H_0 is bounded, the operator H is properly defined as a self-adjoint operator. We recall that the spectrum of H_0 is purely absolutely continuous and that

σ(H_0) = [−2(d + 1), 2(d + 1)].

We are interested in the spectral results which hold for “almost every” boundary potential V . More precisely, let Ω be the set of all boundary potentials, that is, the functions V : Z^d → R. The set Ω can be identified with

Ω = R^{Zd} = �_{Zd} R.

Let F be the σ-algebra in Ω generated by the cylinder sets {V : V (n_1) ∈ B_1, . . . , V (n_k) ∈ B_k}, where B_1, . . . , B_k are Borel subsets of R. For each n ∈ Z^d let μ_n be a probability measure on R, and let P be a measure on (Ω, F) defined by

P := �_{n∈Zd} μ_n.

Note that μ_n is the probability distribution of the random variable Ω ∋ V → V (n). We say that the random variable V (n) has a density if the measure μ_n is absolutely continuous with respect to the Lebesgue measure. Obviously, the random variables {V (n)} are independent^1, and we say that they are i.i.d. if all the measures μ_n are equal to μ. Recall that the topological support of μ, suppμ, is the complement of the largest open set B such that μ(B) = 0.

Let U_0 be a given background boundary potential on Z^d. We will always assume that U_0 is bounded. In this paper we will study the operators

H = H_0 + U_0 + λV, V ∈ Ω. (1.2)

Here, λ is a real constant which measures the strength of the disorder. As usual in the theory of random Schrödinger operators, we are interested in the spectral properties of H which hold P -a.s., that is, for a set of V ’s of P -measure 1. For additional information about random Schrödinger operators we refer the reader to [CL, CFKS].

Let us briefly summarize the known results about the model (1.2).

(1) For any V , the wave operators

W^± = s − lim_{t→∓∞} e^{itH} e^{−itH0}

exist. In particular, σ(H_0) ⊂ σ_{ac}(H). Moreover, if the random variables V (n) have densities, then the spectrum of H in σ(H_0) is P -a.s. purely absolutely continuous. These results are proven in [JL1, JL2]. We emphasize that the first result is deterministic while the second is random – there are examples of potentials V (which even satisfy lim_{|n|→∞} V (n) = 0) such that H_0 + V has embedded eigenvalues in σ(H_0) [MV].

(2) If U_0 = const. and the random variables {V (n)} are i.i.d. with distribution μ, then (1.2) is an ergodic family of random operators. In particular, it follows from the standard argument that there exists a set Σ such that σ(H) = Σ P -a.s. The set Σ can be computed (see [JL1]). We set λ = 1 and absorb U_0 in V . Let

S := { E + a + a^{−1} : E ∈ [−2d, 2d], a ∈ suppμ and |a| ≥ 1 } . Then Σ = σ(H_0) ∪ S. Note that whenever suppμ ∩ (R \ [−1, 1]) ≠ ∅, the set Σ has parts lying outside σ(H_0).

(3) Assume that d = 1, U_0 = const. and that the random variables {V (n)} are i.i.d. with distribution μ. Assume that dμ = p(x)dx, that p ∈ L^∞(R) and that the topological

1We remark that the method of Aizenman-Molchanov (and therefore of our paper) easily allows for correlated random variables. For notational simplicity, however, we will deal only with independent random variables.

boundary of suppμ is a discrete set. Under these assumptions it was shown in [JM1] that for any λ the spectrum of H outside σ(H_0) is P -a.s. pure point and that the corresponding eigenfunctions decay faster than any polynomial in the n-variable, and exponentially fast in the x-variable. Unfortunately, the techniques of [JM1] are sensitive to addition of (even periodic) background potentials U_0. If however suppμ is an unbounded set and p ∈ L^∞(R), then for any bounded background potential U_0 and all λ, the spectrum of H = H_0 + U_0 + λV outside σ(H_0) is P -a.s. pure point and the corresponding eigenfunctions decay as above. Although this last result was not explicitly stated in [JM1], it is an easy consequence of the results proven in [JM1, JM4].

(4) In [AM] and [Gri] it is shown that for arbitrary dimensions we have localization away from the edges of σ(H_0), that is, ∀λ there exist δ(λ) > 0 such that the spectrum of H in the set {E : |E| > 2(d + 1) + δ(λ)} is P -a.s. pure point with exponentially decaying eigenfunctions. Moreover, δ(λ) ↓ 0 as |λ| ↑ ∞. Similar results hold for fixed λ and large |E|. The assumption on the μ_n’s under which this result is proven in [AM] is Hypothesis B(d) below (which should hold for some 0 < s < 1). In [Gri], the assumption on the μ_n’s is the usual assumption of multiscale analysis.

This work grew from our attempts to extend the results of (3) to d > 1 and thus improve the results of [AM] and [Gri]. More precisely, we are seeking under which conditions on λ and μ_n’s, the operator H has P -a.s. only pure point spectrum outside σ(H_0). Such a result and (1) would yield that P -a.s.

σ_{ac}(H) = σ(H_0), σ_{pp}(H) = σ(H) \ σ(H_0), σ_{sc}(H) = ∅. (1.3)

For d = 1, (1.3) follows from (1) and (3) above.

1.2 The results

For 0 < s < 1 we set

k_s(n) := inf_{α,β∈C} ∫ (|x − α|^s/|x − β|^s)dμ_n(x) ∫ (1/|x − β|^s)dμ_n(x) ,

K_s(n) := sup_{β∈C} ∫ (|x|^s/|x − β|^s)dμ_n(x) ∫ (1/|x − β|^s)dμ_n(x) , (1.4) and k_s := lim inf_{n→∞} k_s(n),

K_s := lim sup_{n→∞} K_s(n).

(1.5)

We will use the conventions 0^{−1} = ∞, ∞^{−1} = 0.

Certain positive constants c_d(s) will play an important role in this paper. These constants are defined at the end of Section 1.4 by Relation (1.22). We mention only that c_d(s) is defined for s > d/(d+1) and that ]d/(d+1), ∞[∋ s → c_d(s) is a strictly decreasing C^∞ function with c_d(1) = 1. We set

Λ_d := inf { λ : λ > [ (c_d(s) + 2d)k^{−1}_s ] 1_s for some s ∈]d/(d + 1), 1[ } , λ_d := sup { λ : λ < [c_d(s)K_s]^{− 1s} for some s ∈]d/(d + 1), 1[

} (1.6)

where we use the convention inf ∅ = ∞.

We make the following hypotheses:

Hypothesis A. For all n, the measure μ_n is absolutely continuous with respect to the Lebesgue measure.

Hypothesis B(d). k_s > 0 for some s ∈ ]d/(d + 1), 1[.

Hypothesis C(d). K_s < ∞ for some s ∈ ]d/(d + 1), 1[.

Hypotheses B(d) and C(d) ensure that λ_d and Λ_d are finite positive numbers. Note that these hypotheses require that k_s > 0 and K_s < ∞ for values of s close to 1. In this respect, our results differ from the localization results in [A, AM].

Various conditions under which Hypotheses B(d) and C(d) hold are discussed in [A, AM, Gra, M1]. For example, they hold if the random variables {V (n)} are i.i.d. with any of the following distributions:

(a) the uniform distribution in some interval, (b) the Gaussian distribution, (c) the Cauchy distribution.

Hypotheses B(d) and C(d) also allow for random potentials such that V or V^{−1} vanish at infinity in a suitable probabilistic sense.

We will discuss Hypotheses B(d) and C(d) in more detail in Section 1.3. Our main result is

Theorem 1.1 Assume that Hypotheses A and B(d) hold. Let U_0 be an arbitrary bounded background potential and H = H_0 + U_0 + λV , V ∈ Ω. Then for any |λ| > Λ_d the operator H has P -a.s. only pure point spectrum outside σ(H_0) with exponentially decaying eigenfunctions.

As we will explain in Section 1.5, it is not likely that Theorem 1.1 holds for arbitrary λ if the dimension d + 1 is sufficiently high. However, if the background potential is equal to zero, we can deal with the weak coupling regime.

Theorem 1.2 Assume that Hypotheses A and C(d) hold and let H = H_0 + λV , V ∈ Ω. Then for |λ| < λ_d the operator H has P -a.s. only pure point spectrum outside σ(H_0) with exponentially decaying eigenfunctions.

Remark 1. If λ_d‖V ‖ ≤ 1 P -a.s. then for |λ| ≤ λ_d, the operator H has P -a.s. no spectrum outside σ(H_0). Thus, for bounded random variables, the above theorem could be an empty statement. Using densities of the form αp(x) + (1 − α)ℓ^{−1}p(ℓ^{−1}x), α ∈ ]0, 1[, ℓ > 0, one can construct a large class of i.i.d. bounded random variables for which λ_d‖V ‖_∞ > 1. In this case, for ‖V ‖^{−1}_∞ < |λ| < λ_d the operator H has some essential spectrum outside σ(H_0), and Theorem 1.2 asserts that this spectrum is P -a.s. pure point with exponentially decaying eigenfunctions.

Remark 2. If the random variables {V (n)} are i.i.d. and unbounded, then for all λ ≠ 0 the operator H has P -a.s. some essential spectrum outside σ(H_0). For example, if the random variables {V (n)} are i.i.d. with the Gaussian or Cauchy distribution, then for all λ ≠ 0 σ(H) = R P -a.s., and the theorem asserts that for λ sufficiently small the spectrum of H in R \ σ(H_0) is P -a.s. pure point with exponentially decaying eigenfunctions. Remark 3. We will discuss below some non-i.i.d. examples for which Theorems 1.1 and 1.2 hold for all λ ≠ 0.

1.3 Examples

We first consider the case where the {V (n)} are i.i.d. random variables with distribution dμ = p(x)dx. In this case the constants in (1.4) are equal respectively to k_s and K_s. In this section we will use the shorthand ⟨x⟩ = √ 1 + x^2.

Hypothesis B(d) holds for all d if p ∈ L^∞(R). Moreover, there are explicit constants c_s, which depend on s only, such that k_s ≥ c_s‖p‖^{−s}_∞ (for the proof see [Gra]).

If ∫ |x|^γp(x)dx < ∞, (1.7) and p is piecewise continuous and strictly monotone for large |x|, then K_s < ∞ for s < min(1, γ/2) (see [AM]). Thus, if in addition γ > 2d/(d + 1), C(d) holds. In particular, for the Gaussian distribution, C(d) holds for all d. The above criterion fails for the Cauchy distribution even if d = 1.

If p(x) ≤ C⟨x⟩^{−1−α} for some α > 0, then K_s < ∞ for s < min(1, α/2). The proof of this result is elementary and we will skip it. Thus, if in addition α > 2d/(d + 1), C(d) holds. In particular, for the Cauchy distribution, C(d) holds for all d.

We remark that for the Cauchy distribution the integrals in (1.4) can be explicitly evaluated (see [M2]) and one can take

K_s = 1/ cos(sπ/2),

irrespectively of the parameters of the distribution.

A different condition under which K_s < ∞ has been discussed in [A], Appendix I. The condition of Aizenman, however, requires that s < 1/3, and is not applicable in our case.

An interesting class of non-i.i.d. examples arises as follows. Let {a_n}_{n∈Z}d be a real sequence with a_n ≠ 0 and let {W (n)} be i.i.d. random variables with distribution dμ = p(x)dx. We denote the constants (1.4) associated to W by k_{s,w} and K_{s,w}. Let

V (n) := a_nW (n). (1.8)

Then the distribution of V (n) is dμ_n(x) = |a_n|^{−1}p(a^{−1}_n x) and k_s(n) = |a_n|^sk_{s,w}, K_s(n) = |a_n|^sK_{s,w}. In particular, if B(d) holds for {W (n)} and lim |a_n| = ∞, then Theorem 1.1 holds for all λ ≠ 0. If C(d) holds for {W (n)} and lim |a_n| = 0 then Theorem 1.2 holds for all λ.

To illustrate these results with a concrete example, take a_n = ⟨n⟩^β and assume that {W (n)} has either the Cauchy or Gaussian distribution. Let V be given by (1.8) and H = H_0 + V . Then it follows from Theorems 1.1 and 1.2 that for any β ≠ 0 the operator H has P -a.s. only pure point spectrum outside σ(H_0) with exponentially decaying eigenfunctions. One can show that in the case of the Cauchy distribution, σ_{ess}(H) = R P -a.s. if β ∈ [−d, d], and that σ_{ess}(H) = σ(H_0) P -a.s. if β ∉ [−d, d]. In the case of the Gaussian distribution, σ_{ess}(H) = R P -a.s. if β ∈ [0, d], and σ_{ess}(H) = σ(H_0) P -a.s. if β ∉ [0, d]. In all the above cases, the spectrum of H in σ(H_0) is purely absolutely continuous P -a.s. [JL1].

The spectral properties of the Anderson model with decaying randomness have been discussed recently in [KKO].

1.4 About the proofs

In this section we sketch some of the ideas involved in our proofs.

The first idea, which has been used in practically all work on the spectral theory of operators (1.1), is to “integrate” the x-variable and reduce the d + 1-dimensional spectral problem to a non-linear d-dimensional spectral problem. The details of the argument are given in [JM1] and here we summarize the results which we will need in the sequel.

Let T = R/2πZ be the circle and T^d the d-dimensional torus. We denote the points in T^d by ϕ = (ϕ_1, . . . , ϕ_d) and by dϕ the usual Lebesgue measure. We set

Φ(ϕ) := 2 d∑ i=1 cos ϕ_i.

For z ∈ C \ σ(H_0), let λ(ϕ, z) be such that λ(ϕ, z) + 1 λ(z, E) + Φ(ϕ) = z, |λ(ϕ, z)| < 1. (1.9) We set^2 ĵ(ϕ, z) = λ(ϕ, z) + Φ(ϕ), j(n, z) = (2π)^{−d} ∫ T^d ĵ(ϕ, z)e^{−inϕ}dϕ. (1.10) One can show that the function j(n, z) decays exponentially in the variable n. Let h_0(z) be the operator on l^2(Z^d) defined by

(h_0(z)ψ)(n) = ∑ k∈Z^d j(n − k, z)ψ(k).

We define a one-parameter family of random operators on l^2(Z^d) by

h(z) = h_0(z) + U_0 + λV, z ∈ C \ σ(H_0), V ∈ Ω. (1.11)

The key property of these operators is that ∀m, n ∈ Z^d,

(δ_{(m,0)}|(H − z)^{−1}δ_{(n,0)}) = (δ_m|(h(z) − z)^{−1}δ_n) (1.12)

(for the proof see [JM1] or [JL1]). Since the set of vectors {δ_{(n,0)}}_{n∈Z}d is cyclic for H (see [JL1]), the spectral properties of H are encoded by the family h(z). In particular, it follows from the Simon-Wolff theorem (see Section 2.1 for details) that Theorems 1.1 and 1.2 follow from a suitable estimate on the matrix elements

(δ_m|(h(E) − E − iε)δ_n), E ∈ R \ σ(H_0). (1.13)

In comparison with the usual theory of random Schrödinger operators, the difficulties in estimating the matrix elements (1.13) stem from the fact that h_0(E) is a long-range Laplacian which depends on the energy. To study the resolvent (h(E)−E −iε)^{−1} with the standard techniques one needs efficient estimates on the kernel j(n, E) for E ∈ R \ σ(H_0).

2There are typographical errors in similar formulas in [JM1] (Relation (1.5)) and [JM2], where the factor (2ß)�d is missing in the front of the integral.

Let us describe the estimates previously used in the literature and the estimate we will use in this paper.

We set t(n, E) := (2π)^{−d} ∫ T^d λ(ϕ, E)e^{−inϕ}dϕ. (1.14) In the Fourier representation (h_0(E) − E)^{−1} acts as multiplication by −λ(ϕ, E) and for any p, q ∈ Z^d, (δ_p|(h_0(E) − E)^{−1}δ_q) = −t(p − q, E) = −t(q − p, E) (1.15)

(these relations will be used in Section 4). From the definition of j(n, E) it follows that j(n, E) = t(n, E) + δ_{1|n|+}, (1.16) where δ_{ij} stands for the Kronecker symbol. To estimate t(n, E), it is useful to note that (see [JM1] or [JL1]) t(n, E) = (δ_{(0,0)}|(E − H_0)^{−1}δ_{(n,0)}). (1.17)

From this identity one easily gets the estimate (see e.g. Lemma III.4 in [S]) |t(n, E)| ≤ C_Ee^{−dE |n|+}, (1.18) where C_E = (|E| − 2(d + 1))^{−1}, d_E = ln ( 2(d + 1) |E| ) . A better estimate can be obtained using (1.14) and the analyticity properties of λ(ϕ, E) (see Proposition 2.2 in [JM1]): |t(n, E)| ≤ e^{−a(E)|n|+} , (1.19) where^3 a(E) = ln γ_E, and γ_E + γ^{−1}_E = (|E| − 2)/d. (1.20)

Either of the estimates (1.18), (1.19) suffices for the arguments in [AM] and [Gri]. However, the estimate (1.18) blows up as E approaches ±2(d+1) while (1.19) gives the useless bound |t(n, E)| ≤ 1. Therefore, these estimates are not useful near the edges of σ(H_0). In fact one can easily show that a uniform exponential estimate of t(n, E) near ±2(d + 1) is not possible – otherwise, the function λ(ϕ, ±2(d + 1)) would be analytic in ϕ, which is not the case. We will derive an useful bound near the edges of σ(H_0) from the following observations: (i) t(n, E) = (−1)^{|n|+}t(n, −E). 3There is another unfortunate typographical error in [JM1], where in the second formula in (1.20) the factor d is replaced with 2d.

(ii) The function E → t(n, E) is positive and strictly decreasing on [2(d + 1), ∞[.

(iii) For some C, |t(n, 2(d + 1))| ≤ C ∏d i=1(1 + |n_i|)^{− d+1}d .

From (i)-(iii) it follows that for s > d/(d + 1), sup E∉σ(H0) ∑ n∈Z^d |t(n, E)|^s ≤ c_d(s), sup E∉σ(H0) ∑ n∈Z^d |j(n, E)|^s ≤ c_d(s) + 2d, (1.21)

where c_d(s) := ∑ n∈Z^d |t(n, 2(d + 1))|^s. (1.22)

These estimates are sufficient to employ the method of Aizenman-Molchanov. We will prove Theorem 1.1 using the second relation in (1.21) and by following an elegant presentation of Aizenman-Molchanov theory in [S]. In the proof of Theorem 1.2, which deals with the weak coupling regime, we use the first relation (1.21) and essentially follow the argument of Aizenman [A].

1.5 Some remarks

First, we would like to remark that Theorems 1.1 and 1.2 are not simply extensions of the results in [JM1] to higher dimension. Theorem 1.1 allows for a background potential, which is important in physical applications. The above two theorems also establish exponential decay of the eigenfunctions. The method of the proof allows for correlated random variables and can be used to prove dynamical localization outside σ(H_0) (see [A, RJLS, GD]). None of these is covered by the method of [JM1]. Moreover, the proofs of Theorems 1.1 and 1.2 follow relatively easily from the Aizenman-Molchanov theory, while the arguments in [JM1] are quite elaborate. On the other hand, if d = 1, the techniques of [JM1] yield localization for all λ and do not require that random variables are unbounded if λ is small. Theorems 1.1 and 1.2 do not yield such a result. This brings us to our second remark. We believe that in many cases Theorem 1.2 holds for all λ and d. It would be interesting to exhibit at least some classes of distributions for which this result holds.

We finish this section with a brief explanation of why we do not expect that Theorem 1.1 will hold for small λ’s and arbitrary U_0. Let U_0 be a large constant (it suffices that |U_0| > 4d+2). Then, the spectrum of H_0 +U_0 is purely absolutely continuous, and consists of two disjoint components, σ(H_0) and [−2d, 2d] + U_0 + U^{−1}_0 . If physicists expectations about the Anderson model are correct, one may expect that for d ≥ 3 and λ small, the operator H will have some absolutely continuous spectrum on the second branch [−2d, 2d] + U_0 + U^{−1}_0 (note however that since the dimension of our half-space is d + 1, d ≥ 3 corresponds to the unphysical d + 1 ≥ 4). This absolutely continuous spectrum would have an interesting property – the corresponding generalized eigenfunctions would decay exponentially fast in the x-variable and would be extended in the n-variable. Such generalized eigenfunctions describe propagating surface states (surface waves), see [JMP] and [KP] for discussion. It is an interesting question as to whether propagating surface states exist in the random models studied here. Theorems 1.1 and 1.2 yield that in many situations all the propagating surface states with energies E ∉ σ(H_0) (which exist if the boundary potential is constant or periodic) are exponentially localized by the random fluctuations of the boundary. This is physically the most interesting consequence of our results. Finally, we remark that although it is known that the spectrum of H in σ(H_0) is P -a.s. purely absolutely continuous, the structure of the generalized eigenfunctions is not known, and in particular it is not known whether surface states with energies in σ(H_0) exist.

Acknowledgments. We are grateful to Y. Last, L. Pastur and B. Simon for many discussions on the subject of this paper and to W. Burgess, B. Jesup, L. Langsetmo, D. Macdonald and the referee for helpful remarks. The research of the first author was supported in part by NSERC and of the second by NSF. Part of this work was done during the visit of the second author to the University of Ottawa, which was supported by NSERC.

2 Preliminaries

2.1 Simon-Wolff criterion

As we have already remarked, our proofs of Theorems 1.1 and 1.2 are based on a suitable variant of Simon-Wolff theorem. In this section we describe this variant and collect some related technical results which will be used in the sequel.

In this section I = ]a, b[ is a fixed open interval outside σ(H_0). We denote by m the Lebesgue measure on R (the symbol a.e. without qualification will always mean with respect to Lebesgue measure).

Consider the following conditions:

Condition C(1). ∀m ∈ Z^d and for P × m - a.e. (V, E) ∈ Ω × I,

lim_{ε↓0} ‖(H − E − iε)^{−1}δ_{(m,0)}‖ < ∞. (2.23)

Condition C(2). ∀m, n ∈ Z^d and for P × m - a.e. (V, E) ∈ Ω × I, lim_{ε↓0} |(δ_{(m,0)}|(H − E − iε)^{−1})δ_{(n,0)}| ≤ C_{V,E,m}e^{−a(E)|n|+} , (2.24) for some a(E) > 0.

The existence of the limit (2.23) follows from monotonicity. The existence and finiteness of the limit (2.23) for P × m - a.e. (V, E) follows from Fubini’s theorem and the well-known property of Herglotz functions.

The estimate (2.24) implies that for all x ≥ 0, lim_{ε↓0} |(δ_{(m,0)}|(H − E − iε)^{−1})δ_{(n,x)}| ≤ C_{V,E,m}e^{−a(E)|n|+−b(E)x}, (2.25) where b(E) = sup_{ϕ∈T}d | ln λ(ϕ, E)| (λ(ϕ, E) is given by (1.9)). See Section 2 in [JM1] for details.

Consider the following statements:

Statement S(1): The spectrum of H in I is P -a.s. pure point.

Statement S(2): The spectrum of H in I is P -a.s. pure point with exponentially decaying eigenfunctions.

Theorem 2.1 Assume that Hypothesis A holds. Then C(1) ⇔ S(1) and C(1) + C(2) ⇒ S(2).

This result follows from the Simon-Wolff theorem [SW] and the fact that the set of vectors {δ_{(m,0)}}_{m∈Z}d is cyclic for H.

Our next lemma shows that changing the distributions within a finite box does not affect the condition C(2).

Lemma 2.2 Assume that P_1 and P_2 are measures on (Ω, F) of the form

P_1 = �_{n∈Zd} μ^{(1)}_n , P_2 = �_{n∈Zd} μ^{(2)}_n ,

that μ^{(1)}_n = μ^{(2)}_n for |n|_+ > l, and that the conditions C(1) and C(2) hold for the measure P_1. Then these conditions also hold for the measure P_2.

Proof. We will deal with the condition C(2). A similar argument applies to the condition C(1).

Let B_l = {n ∈ Z^d : |n|_+ ≤ l}, B_l = {n ∈ Z^d : |n|_+ > l},

Ω_l = R^{Bl} , Ω_l = R^{Bl} ,

and for i = 1, 2, let P^l_i = �_{n∈Bl} μ^{(i)}_n , P^l_i = �_{n∈B} l μ^{(i)}_n .

Obviously, Ω = Ω_l × Ω_l, P_i = P^l_i × P^l_i , and by the assumption, P^l_1 = P^l_2. (2.26) In what follows we view the points in Ω as the pairs V = (V_l, V_l), V_l ∈ Ω_l, V_l ∈ Ω_l.

Since the condition C(2) holds for the measure P_1, for P^l_1 × P^l_1 × m a.e. (V_l, V_l, E) ∈ Ω_l × Ω_l × I the estimate lim_{ε↓0} |(δ_{(m,0)}|(H − E − iε)^{−1}δ_{(n,0)})| ≤ C_{V,E,m}e^{−a(E)|n|+} (2.27) holds for all m, n ∈ Z^d. By Fubini’s theorem, there exists a set Ω̃_l ⊂ Ω_l of full P^l_1 measure such that, for V_l ∈ Ω̃_l, the estimate (2.27) holds for P^l_1 × m a.e. (V_l, E) ∈ Ω_l × I. Now fix V_l ∈ Ω_l. By Fubini’s theorem there exists a (V_l-dependent) set Ω̃_l ⊂ Ω_l of full P^l_1 measure such that, for V_l ∈ Ω̃_l, the estimate (2.27) holds for a.e. E ∈ I. We now fix V_l ∈ Ω̃_l and set V = (V_l, V_l). Let W ∈ Ω_l be arbitrary and H_W = H + W. Then

(δ_{(m,0)}|(H_W − E − iε)^{−1}δ_{(n,0)}) = (δ_{(m,0)}|(H − E − iε)^{−1}δ_{n,0}) −λ ∑ p∈B_l W (p)(δ(m,0)|(HW − E − iε) −1δ_{(p,0)})(δ_{(p,0)}|(H − E − iε)^{−1}δ_{(n,0)}).

(2.28)

Since for a.e. E the limits lim_{ε↓0} |(δ_{(m,0)}|(H_W − E − iε)^{−1}δ_{(p,0)})|

exist and are finite, we derive from (2.28) that the estimate (2.27) holds for (V_l + W, V_l) and a.e. E ∈ I. Therefore, for V_l ∈ Ω̃_l and all V_l ∈ Ω_l, the estimate (2.27) holds for a.e. E ∈ I. By Fubini’s theorem and (2.26) this estimate then also holds for P_2 × m a.e. (V, E) ∈ Ω × I, and the condition C(2) holds for the measure P_2. 2

We now introduce a new condition. Recall that the operators h(E) are defined by (1.11).

Condition C(3). ∀m and for P × m - a.e. (V, E) ∈ Ω × I, lim_{ε↓0} ‖(h(E) − E − iε)^{−1}δ_m‖ < ∞. (2.29)

Lemma 2.3 (i) C(1) ⇔ C(3).

(ii) If C(3) holds then ∀m, n ∈ Z^d and for P × m a.e. (V, E) ∈ Ω × I, lim_{ε↓0} (δ_{(m,0)}|(H − E − iε)^{−1}δ_{(n,0)}) = lim_{ε↓0} (δ_m|(h(E) − E − iε)δ_n).

Proof. Part (i) of this lemma is proven in [JM1] (Lemma 2.1). In fact, a stronger result holds: for all (V, E) ∈ Ω × I, the limit (2.23) is finite iff the limit (2.29) is finite.

To prove Part (ii) we will use the relation (1.12). The resolvent identity yields that | | |(δ_m|(h(E + iε) − E − iε)^{−1}δ_n) − (δ_m|(h(E) − E − iε)^{−1}δ_n) | | | ≤ ‖h_0(E + iε) − h_0(E)‖ ‖(h(E + iε) − E − iε)^{−1}δ_m‖ ‖(h(E) − E − iε)^{−1}δ_n‖, and the result follows from the estimate ‖(h_0(E + iε) − h_0(E)‖ = sup_{ϕ∈Td} |λ(ϕ, E + iε) − λ(ϕ, E)| = O(ε). 2 Our last condition is Condition C(4). ∀m, n ∈ Z^d and for P × m - a.e. (V, E) ∈ Ω × I, lim_{ε↓0} |(δ_m|(h(E) − E − iε)^{−1}δ_n)| ≤ C_{V,E,m}e^{−a(E)|n|+} , (2.30) for some a(E) > 0.

We can not guarantee a priori the existence of the limits (2.30). However, by Lemma 2.3, if C(3) holds then the limits (2.30) exist and C(3) + C(4) ⇒ C(1) + C(2).

Before we state our final criterion under which the statement S(2) holds, we need Lemma 2.4 Let {f_n}_{n∈Z}d be a sequence of random variables on the probability space (Ω, F, P ) such that for some 0 < s < 1 and ∀n, E(|f_n|^s) ≤ Ce^{−d|n|+}. (E stands for the expectation). Then there are finite constants D_V such that |f_n(V )| ≤ D_V e^{−d|n|+} P − a.s.

Proof. Let A_n = { V ∈ Ω : |f_n(V )| > e^{−d|n|+} } . By Chebyshev’s inequality, P (A_n) ≤ e^{sd|n|+} E(|f_n|^s) ≤ Ce^{−(1−s)d|n|+} . Thus, ∑ P (A_n) < ∞, and the statement follows from the Borel-Cantelli lemma. 2

Lemma 2.5 Assume that for some 0 < s < 1, ε_0 > 0 and a(E) > 0 the relation sup 0<ε<ε0 E ( |(δ_m|(h(E) − E − iε)^{−1}δ_n)|^s ) ≤ C_Ee^{−a(E)|n−m|+} , (2.31) holds for all E ∈ I and m, n ∈ Z^d. Then the conditions C(3) and C(4) hold. In particular, the statement S(2) holds.

Proof. We first establish C(3). Let m be fixed. Then, ‖(h(E) − E − iε)δ_m‖^2 = ∑ n |(δ_m|(h(E) − E − iε)^{−1}δ_n)|^2. (2.32) Since for any 0 < q ≤ 1 and any sequence of complex numbers x_k we have | | | ∑ x_k | | | q ≤ ∑ |x_k|^q, (2.32) yield (take q = s/2) E(‖(h(E) − E − iε)δ_m‖^s) ≤ ∑ n E(|(δ_m|(h(E) − E − iε)^{−1}δ_n)|^s). It follows from (2.31) that for any E ∈ I, lim_{ε↓0} E(‖(h(E) − E − iε)δ_m‖^s) < ∞, and by the Monotone Convergence Theorem, that E ( lim_{ε↓0} ‖(h(E) − E − iε)δ_m‖^s ) < ∞. This estimate and Fubini’s theorem yield C(3).

Since C(3) holds, by Part (ii) of Lemma 2.3, for P × m -a.e (V, E) ∈ Ω × I the limits lim_{ε↓0} (δ_m|(h(E) − E − iε)^{−1}δ_n) exist and are finite. Therefore, by Fatou’s Lemma, for a.e. E ∈ I, E ( lim_{ε↓0} |(δ_m|(h(E) − E − iε)^{−1}δ_n)|^s ) ≤ lim inf_{ε↓0} E(|(δ_m|(h(E) − E − iε)^{−1}δ_n)|^s) ≤ C_Ee^{−a(E)|n−m|+} . The condition C(4) now follows from Lemma 2.4 and Fubini’s theorem. 2

2.2 The key estimates

In this section we collect some technical results which we will need for our proofs.

First, we need a lemma about the Dirichlet Laplacian H_0. Recall that |n|_+ = ∑d i=1 |n_i|. Lemma 2.6 Let a(n, k) := (δ_{(0,0)}|H^k_0 δ_{(n,0)}), where k ≥ 0. Then a(n, k) = 0 if k < |n|_+ or k − |n|_+ is odd, and a(n, k) > 0 if k − |n|_+ is even. Proof. An elementary induction. 2

We now prove the properties of the sequence t(n, E) described in Section 1.4. At the boundary of σ(H_0) (E = ±2(d + 1)) we define λ(ϕ, ±2(d + 1)) by the equation (1.9) and the condition |λ(ϕ, ±2(d + 1)| ≤ 1. The sequences t(n, ±2(d + 1)) are defined by (1.14). It follows easily from (1.14) that for all n, E → t(n, E) is a continuous function on R \ int σ(H_0).

Lemma 2.7 For E ≥ 2(d + 1), t(n, E) = (−1)^{|n|+}t(n, −E). Proof. For E > 2(d + 1) it follows from (1.17) and Lemma 2.6 that t(n, E) = ∞∑ p=0 1 E^{2p+1+|n|+} (δ_{(0,0)}|H^{2p+|n|+} 0 δ_{(n,0)}), (2.33) and t(n, −E) = ∞∑ p=0 (−1)^{|n|+} E^{2p+1+|n|+} (δ_{(0,0)}|H^{2p+|n|+} 0 δ_{(n,0)}). (2.34)

Clearly, these relations yield the statement for E > 2(d + 1). By the continuity of t(n, E), the statement also holds for E = 2(d + 1). 2

Lemma 2.8 The function E → t(n, E) is positive and strictly decreasing on [2(d+1), ∞).

Proof. It follows from Lemma 2.6 and (2.33) that for E > 2(d + 1), t(n, E) > 0, d dE t(n, E) < 0. These two observations yield the result. 2

Lemma 2.9 There exists a constant C such that |t(n, 2(d + 1))| ≤ C d∏ i=1 (1 + |n_i|)^{− d+1d} (2.35)

Proof. Let n = (n_1, . . . , n_d). For notational simplicity, we assume that n_i > 0. Since E = 2(d + 1) is fixed, in the sequel we write λ(ϕ) for λ(ϕ, 2(d + 1)), etc. We recall that t(n) = (2π)^{−d} ∫ T^d λ(ϕ)e^{−inϕ}dϕ, where λ(ϕ) = 1 2 ( 2(d + 1) − Φ(ϕ) − √ (2(d + 1) − Φ(ϕ))^2 − 4 ) . Since Φ(ϕ) = 2 ∑d i=1 cos ϕ_i, we can write λ(ϕ) as λ(ϕ) = Ψ_1(ϕ)Ψ_2(ϕ) + Ψ_3(ϕ), where Ψ_2 and Ψ_3 are C^∞ functions on T^d and

Ψ_1(ϕ) = ( d ∑ i=1 sin^2 ϕ_i 2 )^1_2 . Clearly, Ψ_1 is C^∞ away from the point ϕ = 0, and it is a simple exercise to verify that the function ∂^{α1}_{ϕ1} . . . ∂^{αd}_{ϕd} Ψ_1(ϕ), α_i ≥ 0, ∑ α_i ≤ d + 1, is in L^1(T^d). Integration by parts yields that for all j and some C > 0, |t(n)| ≤ C|n_j|^{−1} ( d ∏ i=1 n_i )−1 . Multiplying these relations we derive (2.35). 2

We are now ready to prove the key properties of the sequences t(n, E) and j(n, E). Recall that the constant c_d(s) is defined by (1.22). Lemma 2.10 If s ∈]d/(d + 1), 1] and |E| ≥ 2(d + 1) then ∑ n |t(n, E)|^s ≤ c_d(s), ∑ n |j(n, E)|^s ≤ c_d(s) + 2d. (2.36)

Moreover, ]d/(d + 1), ∞[ ∋ s → c_d(s) is a strictly decreasing C^∞ function with c_d(1) = 1. Proof. The first bound in (2.36) follows from Lemmas 2.7 and 2.8. The second bound follows from the first, Relation (1.16), and the inequality |a + b|^s ≤ |a|^s + |b|^s, which holds for a, b ∈ R and 0 < s ≤ 1. The regularity properties of c_d(s) follow from Lemma 2.9. Finally, since the sequence t(n, 2(d + 1)) is positive, c_d(1) = ∑ n t(n, 2(d + 1)) = λ(0, 2(d + 1)) = 1.

2 Our next set of technical results concerns the Aizenman-Molchanov technique. The next lemma is motivated by [S].

Lemma 2.11 Let r ∈ l^1(Z^d) be a non-negative sequence and R the corresponding convolution operator on l^∞(Z^d). Assume that ∑ n r(n) < 1. Let f, g ∈ l^∞(Z^d) be non-negative functions and suppose that (1 − R)f ≤ g. Then f ≤ (1 − R)^{−1}g.

Proof. Since for any ψ ∈ l^∞(Z^d), Rψ(n) = ∑ k r(n − k)ψ(k), the operator R is positivity preserving on l^∞(Z^d) and has the norm ∑ n r(n). Since

(1 − R)^{−1} = ∞∑ j=0 R^j, the operator (1 − R)^{−1} is also positivity preserving on l^∞(Z^d). This yields the statement. 2 Lemma 2.12 Let r ∈ l^1(Z^d) be a non-negative sequence and R the corresponding convolution operator on l^∞(Z^d). Assume that r(n) ≤ Ae^{−a|n|+} for some a > 0 and that ∑ n r(n) < 1. Then (1 − R)^{−1} is the operator of convolution by the non-negative sequence s(n) which satisfies s(n) ≤ Be^{−b|n|+} for some b > 0. Proof. Let r̂(ϕ) := ∑ n r(n)e^{inϕ}, s(n) := (2π)^{−d} ∫ T^d

(1 − r̂(ϕ))^{−1}e^{−inϕ}dϕ.

Since r̂(ϕ) is an analytic function on T^d and 1 > max |r̂(ϕ)|, the function (1 − r̂(ϕ))^{−1} is also analytic on T^d. Thus, the sequence s(n) decays exponentially and (1 − R)^{−1} is the operator of convolution by s(n). Finally, since (1 − R)^{−1} is positivity preserving we derive that s(n) is a non-negative sequence. 2

The final result we will need is the following well-known rank-one perturbation formula. Let Ṽ and m ∈ Z^d be given. Set V = Ṽ + α(δ_m| · )δ_m, h̃(E) = h_0(E) + Ṽ , h(E) = H_0 + V . Then the resolvent identity yields (see e.g. [S]) Lemma 2.13 For any n and z,

(δ_n|(h(E) − z)^{−1}δ_m) =

(δ_n|(h̃(E) − z)^{−1}δ_m) 1 + α(δ_m|(h̃(E) − z)^{−1}δ_m) .

3 The strong coupling regime

In this section we prove Theorem 1.1.

We fix s ∈]d/(d + 1), 1[ such that k_s > 0. Let δ ∈]0, k_s[. Since lim inf k_s(n) = k_s, there exists an l such that for all n with |n|_+ > l, k_s(n) < k_s − δ =: k_{s,δ}. (3.37) By changing the distributions μ_n within the box |n|_+ ≤ l we may assume that (3.37) holds for all n. By Lemma 2.2, such a change does not affect Theorem 2.1.

Let m ∈ Z^d and E ∉ σ(H_0) be given. For ε > 0 we set G(n) ≡ G(m, n; E + iε) := (δ_m|(h(E) − E − iε)^{−1}δ_n), (3.38) and write z = E + iε. The function G satisfies the equation ∑ k j(n − k, E)G(k) + (λV (n) + U_0(n) − z)G(n) = δ_{mn}. Then, E (|λV (n) + U_0(n) − z)|^s|G(n)|^s) ≤ δ_{mn} + ∑ k |j(n − k, E)|^sE(|G(k)|^s). (3.39) (E stands for the expectation). It follows from Lemma 2.13 that |G(n)|^s = |a|^s |λV (n) + b|^s , where a and b are functions of {V (l)}_{l≠n}. Let α = U_0(n) − z. Averaging only over V (n) we get ∫ |a|^s |λV + α|^s |λV + b|^s dμ_n(V ) = |a|^s|λ|^s|λ|^{−s} ∫ |V + λ^{−1}α|^s |V + λ^{−1}b|^s dμ_n(V ) ≥ k_{s,δ}|a|^s|λ|^s|λ|^{−s} ∫ 1 |V + λ^{−1}b|^s dμ_n(V ) = k_{s,δ}|λ|^s ∫ |a|^s |λV + b|^s dμ_n(V ), (3.40)

where we used the relations (1.4) and (3.37). Averaging over {V (l)}_{l≠n} we get E (|λV (n) + U_0(n) − z)|^s|G(n)|^s) ≥ k_{s,δ}|λ|^sE(|G(n)|^s). Let g(n) := E(|G(n)|^s).

Note that g ∈ l^∞(Z^d) (g(n) ≤ 1/ε^s). Relations (3.39) and (3.40) yield that (1 − k^{−1}_{s,δ} |λ|^{−s}R)g ≤ k^{−1}_{s,δ} |λ|^{−s}δ_m, where R is the operator of convolution by |j(n, E)|^s. By the choice of s (recall Lemma 2.10) ∑ |j(n, E)|^s ≤ c_d(s) + 2d. If λ is such that k_{s,δ}|λ|^s > c_d(s) + 2d, (3.41) then it follows from Lemma 2.11 that g ≤ k^{−1}_{s,δ} |λ|^{−s}(1 − k^{−1}_{s,δ} |λ|^{−s}R)^{−1}δm. Lemma 2.12 and the estimate (1.19) yield that there exist constants C_E and a(E) > 0 such that g(n) ≤ CEe^{−a(E)|n−m|+} . Therefore, for all E ∉ σ(H_0), sup_{ε>0} E (|G(m, n; E + iε)|^s) ≤ C_Ee^{−a(E)|n−m|+} . Since δ in (3.37) is arbitrary, Theorem 1.1 follows from Lemma 2.5.

4 The weak coupling regime

In this section we prove Theorem 1.2.

We fix s ∈]d/(d + 1), 1[ such that K_s < ∞. Let δ > 0. Since lim sup K_s(n) = K_s, there exists an l such that for all n with |n|_+ > l, K_s(n) < K_s + δ =: K_{s,δ}. (4.42) By changing the distributions μ_n within the box |n|_+ ≤ l we may assume that (4.42) holds for all n.

Let m ∈ Z^d and E ∉ σ(H_0) be given. The resolvent identity yields that (δ_m|(h(E) − E − iε)δ_n) = (δ_m|(h_0(E) − E)^{−1}δ_n) − ∑ k(λV (k) − iε)(δ_m|(h(E) − E − iε)^{−1}δ_k)(δ_k|(h_0(E) − E)^{−1}δ_n). (4.43)

Using the relation (1.15) and shorthand (3.38) we rewrite (4.43) as G(n) = −t(n − m, E) + ∑ k (λV (k) − iε)t(n − k, E)G(k). Then, E(|G(n)|^s) ≤ |t(n − m, E)|^s + ∑ k |t(n − k, E)|^sE ((|λ|^s|V (k)|^s + |ε|^s)|G(k)|^s) . (4.44) Averaging first over V (k) and then over {V (l)}_{l≠k}, we derive from (1.4), (4.42) and Lemma 2.13 that E (|V (k)|^s|G(k)|^s) ≤ K_{s,δ}E(|G(k)|^s). (4.45) Let g(n) := E(|G(n)|^s), f(n) := |t(n − m, E)|^s. Clearly, g, f ∈ l^∞(Z^d) and we derive from (4.44) and (4.45) that (1 − (|ε|^s + |λ|^sK_{s,δ})R)g ≤ f, where R is the operator of convolution by |t(n, E)|^s. By the choice of s (recall Lemma 2.10) ∑ k |t(n, E)|^s ≤ c_d(s). We choose λ such that |λ|^sK_{s,δ} < c_d(s)^{−1}, and ε_0 > 0 such that |ε_0|^s + |λ|^sK_{s,δ} < c_d(s)^{−1}.

In the sequel we assume that 0 < ε < ε_0. Lemma 2.11 yields that g ≤ (1 − (|ε|^s + |λ|^sKs,δ)R)^{−1}f, and it follows from Lemma 2.12 and the estimate (1.19) that for some constants C_E and a(E) > 0 g(n) ≤ CEe^{−a(E)|n−m|+} . Therefore, for all E ∉ σ(H_0), sup 0<ε<ε0 E(|G(m, n; E + iε)|^s) ≤ C_Ee^{−a(E)|n−m|+} . Since δ in (4.42) is arbitrary, Theorem 1.2 follows from Lemma 2.5.

References

[A] Aizenman M.: Localization at Weak Disorder: Some Elementary Bounds. Rev.

Math. Phys. 6, 1163 (1994).

[AM] Aizenman M., Molchanov S.: Localization at Large Disorder and at Extreme Energies: An Elementary Derivation. Commun. Math. Phys. 157, 245 (1993).

[BS] Boutet de Monvel A., Surkova A.: Localisation des états de surface pour une classe d’opérateurs de Schrodinger discrets à potentiels de surface quasi-périodiques. Helv. Phys. Acta 71, 459 (1998).

[CL] Carmona R., Lacroix J.: Spectral Theory of Random Schrödinger Operators.

Birkhauser, Boston 1990.

[CFKS] Cycon H., Froese R., Kirsch W., Simon B.: Schrödinger Operators. Springer- Verlag, Berlin-Heidelberg 1987.

[Gra] Graf G-M.: Anderson Localization and the Space-Time Characteristic of Continuum States. J. Stat. Phys. 75, 337 (1994).

[Gri] Grinshpun V.: Localization for random potentials supported on a subspace. Lett.

Math. Phys. 34, 103 (1995).

[GD] Germinet F., De Bievre S.: Dynamical localization for discrete and continuous random Schrödinger operators. Commun. Math. Phys. 194, 323 (1998).

[RJLS] del Rio R., Jitomirskaya S., Last Y., Simon B.: Operators with singular continuous spectrum IV. Hausdorf dimensions, rank-one perturbations and localization. J. Anal. Math. 69, 153 (1996).

[JL1] Jakšić V., Last Y.: Corrugated Surfaces and A.C. Spectrum, preprint.

[JL2] Jakšić V., Last Y.: Spectral Structure of Anderson Type Hamiltonians, submitted.

[JM1] Jakšić V., Molchanov S.: On the Surface Spectrum in Dimension Two. Helv.

Phys. Acta 71, 629 (1999).

[JM2] Jakšić V., Molchanov S.: On the Spectrum of the Surface Maryland Model, Lett.

Math. Phys. 45, 185 (1998).

[JM3] Jakšić V., Molchanov S.: Wave Operators for the Surface Maryland Model, submitted.

[JM4] Jakšić V., Molchanov S.: Localization for One Dimensional Long Range Random Hamiltonians. Rev. Math. Phys., 11, 103 (1999).

[JMP] Jakšić V., Molchanov S., Pastur L.: On the Propagation Properties of Surface Waves. Wave Propagation in Complex Media, IMA Vol. Math. Appl. 96, 143 (1998).

[KKO] Kirsch W., Krishna M., Obermeit J.: Anderson Model with decaying randomness:

Mobility Edge, preprint.

[KP] Khoruzenko B.A., Pastur L.: The localization of surface states: an exactly solvable model. Physics Reports 288, 109-126 (1997).

[M1] Molchanov S.: Lectures on Random Media. In Lectures on Probability, ed. P.

Bernard, Lecture Notes in Mathematics, 1581, Springer-Verlag, Heidelberg 1994.

[M2] Mochanov S.: Hierarchical random matrices and operators. Aplication to Anderson model. Multidimensional statistical analysis and theory of random matrices, (Bowling Green, OH 1996), 179-194, VSP, Utrecht, 1996.

[MV] Molchanov S., Vainberg B.: unpublished.

[P] Pastur L.: Surface waves: propagation and localization. Journées “Équations aux dérivées partielles” (Saint-Jean-de Monts, 1995), Exp. No. VI, Éxole Polytech. Palaisseau (1995).

[S] Simon B.: Spectral Analysis of Rank One Perturbations and Applications. CRM Proc. Lecture Notes, 8, AMS, Providence, RI, 1995.

[SW] Simon B., Wolff T.: Singular Continuous Spectrum Under Rank One Perturbations and Localization for Random Hamiltonians. Commun. Pure Appl. Math. 39, 75 (1986).