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Pairwise Stochastic Bounded Confidence Opinion
Dynamics: Heavy Tails and Stability

François Baccelli, Avhishek Chatterjee, and Sriram Vishwanath

Abstract—Unlike traditional graph based linear dynamics
where agents exchange opinions with their neighbors in a
static social graph regardless of their differences in opinions,
the bounded confidence opinion dynamics models exchanges
between agents with similar opinions. We generalize the bounded
confidence opinion dynamics model by incorporating pairwise
stochastic interactions, probabilistic influencing based on opinion
differences and the self or endogenous evolutions of the agent
opinions, which are represented by random processes. The
opinion exchanges resulting from influencing have pairwise con-
traction effects, whereas endogenous motions have an expansive
effect, for instance of a diffusive nature. We analytically char-
acterize the conditions under which this stochastic dynamics is
stable in an appropriate sense. In the diffusive case, the presence
of heavy tailed influence functions with a Pareto exponent of 2
is critical for stability (for a pair of agents an influence function
maps opinion differences to probabilities of influence). Moreover,
this model sheds light on dynamics that combine aspects of graph
based and bounded confidence dynamics.

I. INTRODUCTION

Understanding the theoretical underpinnings of opinion dy-
namics is an important component of developing a complete
picture of the manners in which social systems evolve and be-
have. Towards understanding this extremely interdisciplinary
and complex problem, a variety of approaches have been taken.
In a majority of existing work in this domain, a social graph
determines the set of all allowable interactions between agents
in the system. Subsequently, the dynamics proceeds based
on opinion exchanges or updates (linear and convex) among
neighbors in this graph. Such models, generally known as
graph based linear dynamics [2], [3], [4], are a great starting
point for multiple real-world social interactions both online
and offline, and this body of work forms one of the directions
that we build on in this paper.

In addition to these, there is a growing body of work
on settings where no such graph dictates interactions among
agents. Bounded confidence, the other family of well known
models for opinion dynamics, models systems where agents
exchange opinions with one another based on the proximity
of their opinions [5], [6]. In the bounded confidence opinion
dynamics, an interaction between a pair of agents triggers
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an opinion exchange or update (most often linear, and more
precisely a convex combination) only if the opinion "differ-
ence" is within a threshold. Thus, unlike graph based linear
dynamics, this model allows for opinion-dependent social
exchanges. This inherently non-linear dynamics had its own
analytical challenges which were addressed using approaches
from dynamical systems, Lyapunov stability, random matrices,
and ergodic theory; to mention few [7], [8], [9].

In this work, we present a stochastic model, featuring
stochastic interactions driven by a social graph and opinion
dependent probabilistic opinion exchanges on interactions,
generalizing the mechanism of social exchanges currently
studied in the context of bounded confidence opinion dynamics
models. In addition to the classical pairwise contractions due
to opinion-dependent social exchanges, our model incorpo-
rates various classes of random expansive forces that will be
referred to as endogenous processes below. These capture the
endogenous evolution of opinions innate to each agent and
the errors (or noise) in exchanging opinions (due to errors in
estimating others’ opinions). These can be of diffusive nature
or have a drift in addition to the diffusive part. In addition,
this model can be combined as we shall see to graph based
and bounded confidence dynamics.

Our proposed generalization of the bounded confidence
model is motivated by the need to emulate social dynamics
better, but analysis of this non-linear stochastic model poses
new challenges. We characterize the conditions under which
these dynamics are stable or not in an appropriate sense. The
direct proofs (proofs of stability) are using Foster-Lyapunov
techniques. The converse proofs are more difficult, partly be-
cause of the lack of handy instability criteria for Markov chain
in high dimensions when the drift tends to 0 asymptotically.
In the stable case, all opinion differences reach a steady state
distribution. In the non-stable case, the distributions of opinion
differences lack tightness. We discuss the implications of this
dichotomy from a sociological perspective. In addition to
providing a stochastic generalization of both, our model also
builds a stronger connection between the two bodies of work
on graph-based dynamics on one side, and bounded confidence
based dynamics on the other side.

A. Background and Motivation

Social networks and systems have drawn interest from
various fields that are not traditionally related to social or
political sciences, particularly so after the advent of web and
online social networks; computer science, economics, elec-
trical engineering, and physics have seen significant research
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drives for understanding opinion dynamics [10], [11], [12],
[13], [5], [6], [7], [14].

Typically, across multiple domains of research in opinion
dynamics, the opinions of agents are considered to be real
numbers that evolve over time based on the interactions
among these agents. As mentioned before, research in opinion
dynamics can be broadly classified into two basic themes:
linear dynamics on a graph, and bounded confidence opinion
dynamics. Dynamics on graphs represent the evolution of
opinions as a discrete-time linear system whose properties,
like equilibrium, convergence etc., are studied under a variety
of conditions, e.g., [2], [3], [4]. This body of literature forms
an important stepping stone to building our understanding of
interactions in social systems; however, it typically ignores the
fact that the probability of interaction among agents is often
a decreasing function of the absolute value of the difference
of their opinions.

The main feature of bounded confidence opinion dynamics
[5], [6] is their opinion-dependent social interactions. In this
model, two agents interact and influence one another only
when the absolute value of the difference of their opinions is
below a threshold. The bounded confidence model proposed
by Deffuant et al. [5] is a discrete-time dynamics with pairwise
interactions. At each time t ∈ Z+, two agents i and j interact
and update their opinions based on each other’s opinions only
if their opinion difference is less than a threshold η. Formally,
for opinions xi(t), xj(t) ∈ R at time t, the agents update their
opinions to xi(t+ 1), xj(t+ 1) ∈ R as follows:

xi(t+ 1) = xi(t) + γ(xj(t)− xi(t))1 (|xi(t)− xj(t)| ≤ η)

xj(t+ 1) = xj(t) + γ(xi(t)− xj(t))1 (|xi(t)− xj(t)| ≤ η) ,

where γ ∈ (0, 1
2 ] (γ is no more than 0.5 to avoid cross-over

of opinions), and 1 is the indicator function. Such opinion
dynamics do not necessarily result in consensus, with agents
potentially forming multiple isolated clusters [7], [15]. There
has been work focusing on analyzing the convergence time of
these dynamics [7], [16], [8], [9]. Reference [14] presents a
survey of this line of research.

There have been a significant amount of work on extending
bounded confidence dynamics: different initial conditions,
multi-dimensional opinions, impact of noise, heterogeneous
thresholds, long-range influences, and underlying network
structure [17], [15], [18], [19], [20], [21], [22], [23]. The
stationary distribution of a dynamics with stochastic interac-
tions and error-free updates has been studied in [19] when the
number of agents goes to infinity. Consensus in presence of
noisy communication has been studied in [24] as a control
problem. Limits of a bounded confidence dynamics (time-
invariant η) with stochastic approximation like discounted
updates in the presence of noise was also studied [25].

By incorporating opinion-dependent interactions or ex-
changes, bounded confidence dynamics takes a good first
step towards modeling opinion evolution in social systems.
But, this class of models and their existing variants do not
yet capture some of the inherent characteristics of opinion
dynamics in social systems.

First, this model fundamentally lacks a representation of the
forces that tear opinions apart independently of any interac-

tions, through innate innovations in opinions and noisy ex-
changes (in practice, agents have to estimate others’ opinions
from interactions). The main novelty of the model proposed in
this paper is to take this arguably essential phenomenon into
account through some additive endogenous processes.

Second, unlike most of the existing bounded confidence
models that assume a deterministic and thresholded behavior
of agents for determining when they accept the opinions of
other agents, in real life, social interactions possess a fair
degree of inherent randomness, and lack sharp thresholds in
terms of interactions and influences. The second main novelty
of the paper is the introduction of probabilistic pairwise
opinion exchanges based on influence functions (defined in
the paper).

Third, unlike in the bounded confidence model, in real
societies, all agents with similar opinions may not get the op-
portunity to interact. In addition, the strengths of friendships,
and therefore, the extent of influence on interactions may not
be the same for all pairs of agents.

Neither random interactions nor additive noise nor social
graphs are new within the context bounded confidence dy-
namics. For instance random long range stochastic interactions
and influences have been studied for special types of (e.g.,
exponential in [20]) influence functions in [20], [21], [19].
Noisy bounded confidence dynamics has been numerically
studied in [17] when the opinions is restricted to a compact.
Similarly, [22], [23] contain thorough numerical studies of
bounded confidence on a graph. However, a mathematical
understanding of these basic constructs is still missing. In
particular, the tension between the pairwise contractions in-
duced by opinion-dependent stochastic influences, and the
expansive phenomena induced by noise and self-beliefs was
never discussed, to the best of our knowledge. In addition to
proposing a new and more comprehensive model for opinion
dynamics incorporating the features listed above, the main
novelty of this work is to analyze this tension for general
influence functions.

B. Our Contribution

In this work, we present a model for opinion dynamics
that incorporates the characteristics of social systems dis-
cussed above. Towards this goal, by allowing general opinion-
dependent probabilistic exchange of opinions among agents
through the introduction of influence functions (mappings
from opinion differences between pairs of agents to proba-
bilities of influence), it incorporates the inherent stochastic
nature of influence. In addition, the impact of self-belief in
shaping an agent’s opinion as well as the effect of noise
in opinion exchange, as discussed above, is captured by the
introduction of endogenous processes. Finally, an interaction
process arising from an underlying social graph and pairwise
strengths of influence cover the notion of social proximities
and their impact on opinion dependent social exchanges.

The main analytical results on our model are the following.
We define an appropriate notion of stability which can be
seen as a weak and dynamical form of consensus, and provide
conditions on the strengths of influences and the social graph
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under which the dynamics is stable. We also provide tightly
matching conditions under which the dynamics cannot be
stable, i.e., a weak consensus cannot exist. We show that a
heavy tailed influence function with a Pareto exponent 2 is
critical for stability. An interesting special case is a complete
social graph, where the presence of one agent with heavy
tailed influence with a Pareto exponent less than 2 (formal
statements are in Sec. III) is sufficient for weak consensus (or
equivalently for stabilizing all opinion differences), whereas
in the absence of such heavy tailed influencers, opinions tear
appart1. For general social graphs, we show that for any pair of
agents if there exists a path in the social graph with influence
function on each edge of the path being sufficiently (Pareto
exponent < 2) heavy tailed (formal statements are in Sec. III),
the dynamics is stable.

Finally, we use Monte Carlo simulations to illustrate the
representation power of our model. We do so by studying the
distribution of opinion differences in some socially relevant
scenarios of our models in the steady state (under conditions
that make it stable) and gather observations that relate well to
social phenomena (beyond the Gandhi effect itself).

The rest of the paper is organized as follows. Section II
presents the mathematical description of the model. We discuss
the main theoretical results in Section III. The simulation
results are gathered in Section IV. Proofs are all presented
in the Appendix.

II. DYNAMICS

A. General Structure

We consider a discrete time opinion dynamics of n agents,
where agents update their opinions based on pairwise in-
teractions. Time is denoted by t ∈ Z+. The opinion of
agent i at time t is denoted by xi(t) ∈ R. Interactions
among agents form a random process I(t) that takes values
in the set of subsets of cardinality 2 of the set of agents:
{{i, j} : 1 ≤ i 6= j ≤ n}. I(t) = {i, j} indicates that at time
t, agents i and j interact. At any given time, there is hence a
single pairwise interaction. In general, the interactions process
I(t) may be governed by a social graph whose edges encode
the social connections. Formally, a social graph G is a graph
whose set of vertices are the set of agents and the set of edges
is a subset of the set of subsets of cardinality 2 of the set of
agents.

Given I(t) = {i, j}, agents i and j update their opinions
according to a rule that depends on the nature of their
interaction, and on their respective opinions. The interaction is
characterized by the {0, 1} acceptance random variables U ti,j
and U tj,i: U

t
i,j = 1 means that i accepts the opinion of j to

update its opinion at time t, with a symmetrical interpretation
for U tj,i. If U ti,j = 1, then i averages its opinion with that of
j with a weight γi,j ∈ (0, 1

2 ].
In addition, at any time t, irrespective of the nature of the

interaction, the opinion of agent i is perturbed by ni(t), due
to some endogenous belief or bias (and/or due to some error
in estimating others’ opinions).

1This could be called the Gandhi effect.

Thus given I(t) = {i, j}, the opinions x(t) = {xi(t)}i
evolve as follows:

xi(t+ 1) = xi(t) + γi,j (xj(t)− xi(t)) + ni(t) if U ti,j = 1

= xi(t) + ni(t) else

xj(t+ 1) = xj(t)− γj,i (xj(t)− xi(t)) + nj(t) if U tj,i = 1

= xj(t) + nj(t) else
xk(t+ 1) = xk(t) + nk(t) for k /∈ {i, j}.

In this work, for analytical tractability, we restrict ourselves
to the following stochastic assumptions.

Assumption II.1. The interaction process I(t) is i.i.d. across
time; the interaction process I(t) comes from the social graph
G; P(I(t) = {i, j}) is non-zero only if i and j have an edge
in the social graph G.

Assumption II.2. The acceptance processes {U ti,j} are in-
dependent of the past given x(t). We furthermore assume
that the probability that U ti,j takes value 1 given x(t) is of
the form fi,j (|xi(t)− xj(t)|), where fi,j is a function from
R+ to [0, 1

2 ) which is non-increasing in its argument, and
called the influence function (of j on i). Given x(t), for
any {i, j} 6= {i′, j′}, U ti,j is independent of U ti′,j′ , and the
correlation between U ti,j and U tj,i may be arbitrary (but time
invariant).

Assumption II.2 means that given i and j interact at time t,
whether i accepts j’s opinion or in other words, j influences
i’s opinion depends only on the two agents and more precisely
on their opinion difference. This allows us to account for the
fact that, given a potential pairwise interaction, the opinions
have to be close enough to be accepted for averaging to take
place.

We now introduce some terminology which is used later.
a) Influence: At time t, given I(t) = (i, j), if we also

have U ti,j = 1, we say i is influenced by j or i listens to j.
b) Symmetry: If fi,j ≡ fj,i, we say that i and j have

symmetric influence. In general, influence is asymmetric, i.e.
fi,j and fj,i may be different.

Another special case is that where for all pairs i 6= j, U ti,j =
U tj,i a.s. This will be referred to as mutual influence. Mutual
influence is stronger than symmetric influence.

B. Discrete Version

In general, the above dynamics, which will be refer to
as the stochastic bounded confidence opinion dynamics, is a
model of dynamics with opinions in R. In this work, to avoid
technicalities (in the converse results), we restrict ourselves to
dynamics with opinions in Z. Opinion dynamics on a discrete
space is not uncommon in practice anyway. Often in online or
offline social networks the expressed or observed opinions are
in a discrete space. Examples include movie ratings, political
ratings, product ratings, restaurant ratings etc. given by an
individual on website like IMDB, Netflix, Yelp, etc. which
are often on a discrete scale.

The dynamics in Z is similar to that described above
with slight modifications. For each i, j {ri,j(t), rj,i(t)} be an
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i.i.d random process with both components (possibly corre-
lated) having uniformly distributed marginals on [0, 1], and
the processes corresponding to different pairs of agents are
independent.

xi(t+ 1) = xi(t) + \ (γi,j (xj(t)− xi(t))) + ni(t)

if ri,j(t) ≤ fi,j(|(xj(t)− xi(t)|)
= xi(t) + ni(t) else (1)

xj(t+ 1) = xj(t)− \ (γj,i (xj(t)− xi(t))) + nj(t)

if rj,i(t) ≤ fj,i(|(xj(t)− xi(t)|)
= xj(t) + nj(t) else (2)

xk(t+ 1) = xk(t) + nk(t) for k /∈ {i, j}.

Here \ is a rounding mechanism e.g., flooring, randomized
rounding etc. The conditions involving U ti,j and U tj,i are sub-
stituted with exactly analogous conditions involving ri,j(t) and
rj,i(t) (U ti,j = 1 if and only if ri,j(t) ≤ fi,j(|(xj(t)−xi(t)|))
to illustrate the role of {fi,j} in the dynamics. We have the
following assumption on endogenous processes.

Assumption II.3. The endogenous processes {ni(t) : 1 ≤
i ≤ n} are integer valued and independent across agents.
For each i, ni(t) are i.i.d and have finite second moments
with P(ni(t) = 0) > 0. This process may be centered with
zero mean (this will be referred to as an endogenous noise,
modeling centered self beliefs and estimation error) or biased
with non-zero mean (referred to as endogenous bias, modeling
self beliefs with drifts).

We use the convention of denoting random variables or
processes by capital letters and their realizations by small
letters. The process of opinions is denoted by X(t) = {Xi(t) :
t ∈ Z+, 1 ≤ i ≤ n}, whereas x(t) denotes a sample path
realization.

III. DYNAMICS STABILITY

In a society or a system of interacting (social) agents, con-
vergence of opinions to a consensus point is often desirable,
as also sought after in the literature. Unfortunately, in the
presence of agents that are selective in incorporating others’
opinions into their own, this is rarely possible [7], [5], [6].
Moreover, when the interactions as well as incorporation of
opinions are probabilistic and, additionally, when the agents
are driven by their own beliefs, consensus is almost impossible
[26], [2]. In case of dynamics without consensus, differences
persist, either in a static way like in the classical bounded
confidence model, or in a dynamic way. The main question
in the latter case, is whether differences remain finite or not
asymptotically in time. If the dynamics is stochastic, as in our
case, the questions is whether an equilibrium distribution of
differences is reached or not. Note that in case of a stochastic
dynamics with agents driven by their own self-beliefs alone, no
such steady state is reached in general, even in case of centered
self-beliefs (because of the null recurrence of symmetrical
randm walks).

The view point that we adopt here is that, a society is stable
when opinions in that society remain close in some sense; and
that in contrast, when opinions drift away from each other, this

means a fragmentation of the society. Note that in this context,
even if opinions move to ∞ while remaining close to each
other, the society is stable. Thus unlike other dynamics where
stability of the process is related to the weak convergence of
the process itself, here, the weak convergence of the opinion
differences is the retained criterium [27], [28], [29].

The probability laws of the interaction process I(t) together
with the influence functions {fi,j} and the weights {γi,j}
define a class of opinion dynamics when varying the laws
of the endogeneous process n(t) within framework defined
above. Since the stability of this class of opinion dynamics
pertains to the finiteness of opinion differences, the following
definition is in order.

Definition III.1. The class of opinion dynamics X(t) defined
by the law of I(t), the {fi,j} functions and the weights
{γi,j} is stable if for all finite initial opinions and all i.i.d.
endogenous processes with finite second moment, the process
of opinion differences Y(t) = {Yij(t) = Xj(t)−Xi(t) : 1 ≤
i 6= j ≤ n} converges weakly 2 to a (proper) distribution when
t→∞. On the other hand, this class of opinion dynamics is
not stable if for all ε > 0, there exists a class of endogenous
processes with E(n2

i ) < ε for all i and such that Y(t) does
not converge to a proper distribution when t→∞.

Note that a deterministic fixed point or a consensus are
special cases of this notion of stability where the limiting
distribution is a degenerate (deterministic) distribution. For the
Deffuant et al. dynamics, opinion differences always converge,
whereas in a stochastic dynamics, opinion differences fluctuate
for ever and in addition may not converge wealky, as we see
next.

In the remaining of this section, we focus on the conditions
under which the dynamics is stable (this will also be referred
to as weak consensus to mean that there is weak convergence
or convergence in distribution of opinion differences) and
also provide tight converses, i.e., conditions under which the
dynamics is not stable. All the results that we present in
this section are under Assumptions II.1-II.3. Though these
assumptions are not always needed, for simplicity we stick
to them and make comments when the results do not require
these technical assumptions.

A. Structure of the Section
The section discusses many cases and is structured based

on the following principles.
• The results for dynamics with endogenous noise (also

referred to as unbiased dynamics) are discussed first, and
those for endogenous bias (also referred to as biased
dynamics) last.

• We start with the two agent system as the results bring
out a notion of a critical influence function. The insights
obtained here about the relation between the tail of the
influence function fi,j and the stability of the dynamics
extend to general dynamics.

2A random process {Xn}, with values in a topological space is said to
converge in distribution (or weakly) to π, if for all A in the associated Borel
σ-algebra and such that π(δA) = 0, where δA is the toplogical boundary of
A, P(Xn ∈ A)→ π(A) when t→∞.
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• The exposition of the results for the n agent case is
structured in terms of the properties of the interaction
graph. The node set of this graph is the set of agents.
The undirected version of this graph has an edge between
i and j if the probability that I(t) is (i, j) is positive
and either fi,j or fj,i are not everywhere equal to 0.
We first consider scenarios where the interaction graph
is complete. We then describe more complex scenarios
where this graph is not complete.

B. Two Body Dynamics and Critical Influence

Towards analyzing the n-agent dynamics insights from
the following characterization of the two agent dynamics is
crucial. The following theorem provides a tight (up to a critical
limit) condition for stability in terms of the tail behaviors of
the two influence functions.

Theorem III.2. A two-agent dynamics with endogenous noise
is stable if at least one of f1,2(x) and f2,1(x) is Ω

(
1

x2−ε

)
for some ε > 0. Moreover, if both f1,2(x) and f2,1(x) are
O
(

1
x2+ε

)
for some ε > 0, then the dynamics is not stable.3

The main insight from the above theorem is that the tail
behavior of the influence functions is crucial for stability
and that the tail order of c

x2 is critical. Tails heavier (by a
multiplicative factor of c

x−ε for some ε > 0) than that imply
stability, whereas tails lighter (by a multiplicative factor of c

xε

for some ε > 0) than that imply non-stability.
We now coin terms for the level of influence based on the

tail behavior that will be helpful in discussions later.
Using the classical asymptotic notation, given

P (I(t) = {i, j}) > 0, the influence of j on i is strong if
fi,j(r) = Ω

(
1
rα

)
for α < 2, very strong if fi,j(r) = Ω

(
1
rα

)
for α < 1 and moderate if fi,j(r) = O

(
1
rα

)
for α > 2.

The importance of strong and moderate influence is clear
from Thm. III.2 in the case where the endogenous process
is centered. The importance of very strong influence will be
clear from Thm. III.7. The special cases where fi,j(r) has a
negative exponential tail or a bounded support belong to the
moderate class.

Remark III.3. Theorem III.2 does not require fi,j to be non-
increasing (as stated in Assumption II.2). For all the results
that follow, this assumption on fi,j is not necessary for the
stability statement, but the non-stability statements in the later
results require this assumption.

Towards obtaining more insight into the result stated above,
the following observation is in order. When fi,j is a non-
increasing function, we can interpret the event U ti,j ∈ {1, 0}
in the following way: for all (i, j), sample an i.i.d. sequence
of random variable Rti,j with tail distribution function fi,j ; we
call Rti,j the influence radius (or reach) of j with respect to i at
time t. (One way to interpret this is to think of it as a bounded
confidence dynamics with i.i.d. confidence thresholds). Then
j influences i (more precisely, i accepts the influence of j,

3For f, g : R+ → R+ we say f(x) = Ω(g(x)) if ∃c > 0 s.t. f(x) ≥
cg(x)∀x. We use the f = O(g) notation to mean ∃c′ > 0 s.t. f(x) ≤
c′g(x)∀x.

or equivalently, U ti,j = 1) iff Rti,j > |xi(t) − xj(t)|. This
leads to a direct connection between the pairwise interactions
of our model and the class of Pareto distributions (a.k.a. Zipf
distributions) [30], namely the class of distributions on R+

with tail distribution function having the following form

P (R > r) =
c

rα
, ∀r ≥ r0.

Here α > 0 is the exponent of the Pareto distribution and c
is a normalizing constant. Note that the existence of moments
depends on α. For example, if α < 2 then the second moment
is infinite whereas if α < 1 then even expectation is infinite.

Thus agent j strongly influencing agent i can be seen as
agent j having an influencing radius distribution with respect
to i which is Pareto with an infinite second moment. Similarly
in case of very strong influence, expectation is infinite.

Remark III.4. A dynamics with two agents is stable if and
only if (up to the critical case) at least one of the agents has
an influencing radius with infinite second moment.

C. Complete Interaction Case

We now focus on the n agent case. In this subsection, we
consider three simple scenarios where the interaction graph is
complete (each pair of nodes is connected by an edge) and
with predominantly symmetric influences. We recall that by
symmetric influence between i and j, we mean fi,j = fj,i.

Below, we use the following notation for integer intervals:
{p, p+ 1, · · · , q − 1, q} := [p : q] for p ≤ q ∈ Z.

Theorem III.5. Consider an n-agent unbiased system with a
complete interaction graph. Assume for all i 6= j in [1 : n],
agents i and j have symmetric influence and that γi,j = γj,i.
Then the dynamics is stable if there exists an agent k s.t.
fj,k(x) = Ω

(
1

x2−ε

)
for all j ∈ [1 : n] for some ε > 0. The

dynamics is not stable if fi,j = O
(

1
x2+ε

)
for all i, j ∈ [1 : n]

for some ε > 0.

In the context of social dynamics, the above results have
an interesting implication. They say that in a society where
everybody interacts with everybody else, the existence of one
agent with strong influence on everybody else is sufficient for
reaching a weak consensus (this phenomenon is alluded to as
the Gandhi effect in Sec. I). In contrast, a society of moderate
influencers only is never stable.

D. Interaction Graph

We now move to the case where the interaction graph G is
not the complete graph on n nodes.

We introduce a subgraph G′ of G called the strong influence
graph. This is the largest subgraph of G where every edge
in the graph corresponds to a strong influence: its nodes are
[1 : n] and for 1 ≤ i, j ≤ n, (i, j) is an edge of G′ if and
only if (i, j) is an edge of G and fi,j(x) = Ω( 1

x2−ε ) for some
ε > 0.

Note that the strong influence graph defined above does
not impact the dynamics in the same way as the friendship
graph considered in the literature on linear opinion dynamics
on graphs. Unlike in linear opinion dynamics, the fact that two
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agents have an edge in the strong influence graph does not
imply that they incorporate each other’s opinion irrespective
of their difference of opinion. The notion of strong influence
graph can hence be seen as some combination of the features
of bounded confidence and graph based linear dynamics.

The following theorem is the graph extension of Theorem
III.5. In this theorem, the strong influence graph G′ is on
[1 : n] with every edge in the graph corresponding to a strong
symmetric influence.

Theorem III.6. Consider an n agent unbiased system with in-
teraction graph G. Assume all agent influences are symmetric
and that γi,j = γj,i for all i, j pairs. The dynamics is stable
if the strong influence graph G′ is connected.

In words, if instead of having one agent with strong
influence on every other agent, there is a “path” of strong
symmetric influences from every node to every other node in
the whole social network, then the dynamics is stable.

The last theorem implies that “strong" connectedness of the
underlying social graph leads to the stability of the society.
This is very similar to what is observed in reality. In large
societies, though every one may not directly exchange opinion
with everyone else, as indirect exchanges of opinions happen
in multiple hops over a well connected social network, often
a weak consensus is reached.

E. The Case with Bias

We next discuss the case of dynamics with endogenous
bias (non centered noise). Towards this we first make two
observations. First, all the results that pertain to dynamics
with centered noise are also applicable to dynamics with non-
centered noise if the mean values of the noise processes are
the same for all agents, as opinion differences are not affected
by it. Below, we give a sufficient condition for the stability of
the dynamics with general (non-centered) i.i.d. noise.

Theorem III.7. A two-agent dynamics with endogenous bias
is stable if at least one of f1,2 and f2,1 is Ω

(
1

x1−ε

)
for some

ε > 0.

A result similar to that of Theorem III.5 holds true for
dynamics with endogenous bias, but we need the influence
to be Ω

(
1

x1−ε

)
instead of Ω

(
1

x2−ε

)
.

Theorem III.8. Consider an n-agent system with a complete
interaction graph and endogenous bias. Assume for all i 6= j
in [1 : n], agents i and j have symmetric influence and that
γi,j = γj,i. Then the dynamics is stable if there exists an agent
k s.t. fj,k(x) = Ω

(
1

x1−ε

)
for all j ∈ [1 : n] for some ε > 0.

The above result is for the case where the social graph G
is a complete graph. This can be extended to the case where
the social graph is any arbitrary graph. We define G′′ to be
a subgraph of the social graph G with the same vertex set,
such that an edge (i, j) of G belongs to G′′ if and only if
fi,j(x) = Ω( 1

x1−ε ) for some ε > 0.

Theorem III.9. Consider an n agent biased system with an
underlying interaction graph G. Assume influences between

i, j ∈ [1 : n] are symmetric and that γi,j = γj,i for all i, j
pairs. The dynamics is stable if G′′ is connected.

Hence, in case of endogenous bias, an infinite expected
spread of influence of some agent on others is sufficient
for stability. Comparing this with the case of centered noise
where unbounded second moment of spread of influence was
sufficient, we note that the influences among agents have to
be stronger when the agents are biased in their beliefs.

We now investigate the case when influences are asymmet-
ric. To understand the impact of asymmetry we consider the
case of extreme asymmetry, where in an interaction between
two agents, only one of them can influence the other. Given,
the underlying interaction graph G, let Λ be the following
directed graph: its set of nodes is the set of nodes of G, and
there is a directed edge between j and i with direction j → i
if and only if (i, j) ∈ G and fi,j 6≡ 0.

Theorem III.10. Consider a biased opinion dynamics where
Λ is a directed tree (a graph with directed edges, but without
any cycle where all pairs of adjacent edges have same
directions). If fi,j(x) = Ω

(
1

x1−ε

)
for all j → i ∈ Λ for

some ε > 0, then the dynamics is stable.

The graph Λ that we call the directed very strong influence
graph can be related to leader-follower based social interac-
tions, as those present in e.g., twitter, public forums, blogs
where influences are often asymmetric or non-reciprocative.
In that context this theorem states that as long as there exist
one or more entities or persons whose views eventually reach
to everyone (not necessarily in a single hop), the differences
in the society converges weakly.

IV. SIMULATIONS

This simulation section is focused on a few particular
scenarios of dynamics that are simple and socially relevant.
On purpose, we go way beyond the the specific assumptions
made (for mathematical tractability) in the previous section
as the aim of this section is to highlight the capacity of our
model to emulate phenomena observed in social systems.

Three scenarios are considered:
• Scenario 1 features two strong (α < 2) and stubborn

(agent i is stubborn if γi,j = 0 for all j) influencers with
equal Pareto exponents, influencing a mass of followers
(agent i is a follower if the influence functions f·,i are
all equal to 0).

• Scenario 2 is the same as above but one of these two
influencers is stronger (has a smaller exponent) than the
other.

• Scenario 3 features two stubborn influencers in the pres-
ence of mediators (defined below) which mediate between
the strong influencers and the mass of followers.

These scenarios mimic the evolution of mass opinions (follow-
ers) in the presence of two leaders (the strong and stubborn
influencers) with conflicting ideals and the presence (or ab-
sence) of multiple intermediate leaders and social forums (the
mediators).

The simulation setup features a discrete-time pairwise
stochastic bounded confidence opinion dynamics of 100 agents
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Fig. 1. Empirical complementary distribution of distance of an arbitrary follower agent from strong influencers (green triangle and red square, former stronger
when not equal), an arbitrary mediator (magenta circle) and an arbitrary follower (blue star)

−1 −0.5 0 0.5 1−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(a) Two Equally Strong Influencers

−1 −0.5 0 0.5 1−0.8

−0.6

−0.4

−0.2

0

0.2

0.4

0.6

(b) Two Unequally Strong Influencers

−0.5 0 0.5 1−0.5

0

0.5

(c) Two Strong Influencers and Multiple Mediators

Fig. 2. Snapshots of agents in opinion space, strong influencers (green triangle and red square, former stronger when not equal), an arbitrary mediator
(magenta circle) and an arbitrary follower (blue star)

with opinions in R2 and driven by endogenous processes
and opinion dependent pairwise interactions. The dynamics
of two stubborn and equally strong influencers is simulated
by taking two agents with strong influence (f·,j being Pareto
with α = 1.5) on the 98 remaining agents. These 98 agents
are followers.

In Fig. 1(a), we plot the complementary distribution (ccdf)
of the stationary distance (difference of opinions in R2) of a
typical follower from each of the two strong influencers. We
observe that these ccdfs are similar. This is also visible from
a steady state snapshot of the dynamics (Fig. 2(a)), where we
see two clusters of similar sizes around each strong influencer.

For the case of stubborn leaders with unequal strengths,
we take α = 1.5 and 1.1. We observe from the ccdf of the
distances in Fig. 1(b) that the followers have a (stochastically)
smaller distance to the stronger influencer. This is also ob-
served in the snapshot (Fig. 2(b)), where there is a bigger
cluster around the stronger influencer.

The dynamics with mediators involves two strong influ-
encers (α = 1.5 and 1.1) directly influencing a group of 15
agents, called mediators. Each mediator strongly influences
(α = 1.9) every other mediator in a symmetric way. Each of
the remaining 83 agents is a follower influenced by exactly
one of the mediators, but not influenced directly by the
strong influencers. Fig. 2(c) shows that followers cluster while
maintaining at a certain distance to the stubborn leaders, which
is also confirmed by the distance distributions in Fig. 1(c).

Here are a few observations from these simulations:

• In all three cases, the opinion dynamics is empirically
stable (which does not follow from our previous results,
because opinions are two dimensional here).

• In the absence of mediators, two strong and stubborn
influencers of equal strengths polarize the mass into two
almost equal groups.

• In the absence of mediators, the stronger influencer draws
a larger mass towards it.

• By the exchange of opinions among them, the presence
of mediators mitigates the polarization of the mass. The
followers stay together while maintaining (almost) equal
distance from the stubborn leaders. This is relevant to
what is observed in democratic societies where media,
local leaders, public forums etc. play an essential role in
maintaining the cohesion of opinions.

These illustrations show that the general stochastic bounded
confidence dynamics model introduced in this paper has the
potential to represent many interesting social phenomena. The
mathematical analysis of the special cases studied in the first
sections of this paper could hopefully be generalized to more
general scenarios (higher dimension opinions, stubborn agents,
etc.) and lead to a deeper understanding of non-trivial social
phenomena.
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V. CONCLUSION

In this work, we presented a generalization of existing
bounded confidence opinion dynamics models which captures
stochasticity in interactions, opinion-dependent probabilistic
exchanges of opinions, self-beliefs and errors in estimation
of opinions. Our model extends both graph based opinion
dynamics and bounded confidence dynamics within a common
stochastic framework. We characterized the conditions under
which the dynamics reached a weak consensus, in the sense
that opinion differences reach a proper steady state distribu-
tion. We also used Monte Carlo simulation to show that our
model can emulate interesting phenomena relevant to current
democratic societies. The stochastic bounded confidence opin-
ion dynamics proposed here covers a rich class of dynamics,
that we believe will offer qualitative as well as quantitative
insights into important social phenomena in the future.

APPENDIX

Before presenting the proofs of the main theorems stated in
Section III, we recall notation.

We denote the opinion dynamics process by X(t) =
{Xi(t) : 1 ≤ i ≤ n}, with x(t) = {xi(t) : 1 ≤ i ≤ n} a
sample path realization of the process.

Under the assumptions discussed in Section III, X(t) is a
discrete-time Markov chain in Zn.

Below, we focus on the process of opinion differences,
Y(t) = {Yi,j(t) = Xj(t) − Xi(t), 1 ≤ i 6= j ≤ n}. It
turns out that under the assumptions of Section III, Y(t)
is also a discrete-time Markov chain. This follows from the
update equations (Equations 1 and 2), which shows that for
all possible values of U ti,j and U tj,i, the update of xj(t)−xi(t)
only depends on xj(t) − xi(t) (and not on the individual
variables xi(t) and xj(t)) and from the assumption that
(U ti,j , U

t
j,i) has a law that only depends on |xj(t) − xi(t)|

(through fi,j and fj,i).
In fact, though Y(t) is a Markov chain, we use different

transformations of this Markov chain that are more convenient.
For example, a more convenient chain is Y1(t) = {Y1,j(t) =
Xj(t)−X1(t) : 2 ≤ j ≤ K}. From Y1(t), one can reconstruct
the whole Y(t).

In addition to the assumptions on {ni(t)}, if we also
assume P(ni = 1),P(ni = −1) > 0 for each i, Y1

becomes an irreducible aperiodic chain and hence, by the
well known Foster-Lyapunov theorem for irreducible and
aperiodic Markov chains, to prove stability, it is sufficient
to show that for a suitable Lyapunov function (a) drift is
bounded everywhere and (b) is strictly negative outside some
compact set. In absence of the additional assumptions on noise,
conditions (a) and (b) imply that the compact set in question
and all other strictly larger compact sets are positive recurrent
[31]. This in turn implies that starting with any finite initial
condition the concerned Markov chain (Y1) reaches (and/or
stays in) a positive recurrent class. As P(ni(t) = 0) > 0
for all i and fi,j < 1 ∀i, j, every positive recurrent class of
the chain is aperiodic and hence, the chain converges to a
stationary distribution depending on the initial condition (not

necessarily unique). Thus, to prove stability it is sufficient to
show (a) and (b) for a Lyapunov function and a compact set.
Proof of Theorem III.2

The proof is based on the analysis of the process Y (t) =
Y1,2(t) = −Y2,1(t), which is a Markov chain on Z that
describes Y(t) completely.

We first prove that under the strong influence condition, any
sufficiently large compact is positive recurrent. For the con-
verse, we prove that if both agents have moderate influences
on each other then there exists a correlation matrix C with all
variances less than ε such that the Markov chain is not positive
recurrent. Hence Y (t) does not have a stationary distribution;
so the same holds true for Y(t), as Y (t) = Y1,2(t) ⊂ Y(t).

Stability statement:
We choose the Lyapunov function L(Y ) = Y 2 and show

that the drift of this Lyapunov function is upper-bounded
everywhere and is strictly negative outside some compact set.

For the sake of light notation, in the following steps, we use
Ui,j in place of U ti,j . In a first step, we bound the Lyapunov
drift from above for y > 0 (the bound for y < 0 is similar).
We have

E [L(Y (t+ 1))− L(Y (t))|Y (t) = y]

= P[min(U1,2, U2,1) = 1]

E [L(Y (t+ 1))|Y (t) = y,min(U1,2, U2,1) = 1]

+P[U2,1 = 1, U1,2 = 0]

E [L(Y (t+ 1))|Y (t) = y, U2,1 = 1, U1,2 = 0]

+P[U2,1 = 0, U1,2 = 1]

E [L(Y (t+ 1))|Y (t) = y, U2,1 = 0, U1,2 = 1]

+P[max(U1,2, U2,1) = 0]

E [L(Y (t+ 1))|Y (t) = y,max(U1,2, U2,1) = 0]

−L(y) (3)
= f1,2(|y|)f2,1(|y|)E (y − \(γ1y)− \(γ2y) + n2 − n1)

2

+f2,1(|y|)(1− f1,2(|y|))E (y − \(γ2y) + n2 − n1)
2

+f1,2(|y|)(1− f2,1(|y|))E (y − \(γ1y) + n2 − n1)
2

+(1− f1,2(|y|))(1− f2,1(|y|))E (y + n2 − n1)
2

−y2. (4)

Equation (3) follows by breaking the expectation into sum
of conditional expectations times probabilities of conditioning
events. Equation (4) is obtained as follows: given Ui,j , Y (t+1)
depends only on Y (t) and the endogenous noise. From (1)
and (2), for {min(U1,2, U2,1) = 1}, Y (t + 1) = Y (t) −
\(γ1Y (t)) − \(γ2Y (t)) + n2(t) −n1(t), as in this case both
agents update their opinions. Similarly, for {U2,1 = 1, U2,1 =
0} and {U2,1 = 0, U2,1 = 1}, agents 2 and 1 get closer by a γ2

and γ1 fraction (up to the rounding) of their opinion difference,
respectively. In the remaining case, {U2,1 = 0, U2,1 = 0},
none of the agents moves. All in these cases the opinions of
the agents are perturbed by the independent endogenous noise.

We now bound the individual terms of the last sum by a
generic method. Note that all the terms inside the expectation
are all of the form E[(g(y) +n2 − n1)2], for some function
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g ≥ 0. Using the fact that the noise terms are centered, we
get

E
[
(g(y) + n2 − n1)

2
]

= E
[
(g(y))2 + 2g(y)(n2 − n1) + (n2 − n1)2

]
= (g(y))2 + 2g(y)E [n2 − n1] + E

[
(n2 − n1)2

]
= (g(y))2 + E

[
(n2 − n1)2

]
.

Note that the functions g(y) corresponding to our cases are
all such that g(y) ≤ y. Hence, when adding all terms, we get
that

E [L(Y (t+ 1))− L(Y (t))|Y (t) = y]

≤ L(y) + E
[
(n2 − n1)2

]
− L(y)

≤ E
[
(n2 − n1)2

]
.

Thus the Lyapunov drift is uniformly upper-bounded, as the
noise is of bounded second moment. For all |y| ≥ y0 with
y0 > 0 large enough, |y− \(γy)| is at most ν|y| for some 0 <
ν < 1, since γ > 0 (note that this is true for any rounding and
hence the same proof goes through for all rounding methods).
Thus for |y| sufficiently large we have,

E [L(Y (t+ 1))− L(Y (t))|Y (t) = y]

≤ f1,2(|y|)f2,1(|y|)νy2 + f2,1(|y|)(1− f1,2(|y|))νy2

+f1,2(|y|)(1− f2,1(|y|))νy2

+(1− f1,2(|y|))(1− f2,1(|y|))y2 + E
[
n2

2 + n2
1

]
− y2

≤ − (f2,1(|y|)(1− f1,2(|y|)) + f1,2(|y|)(1− f2,1(|y|)))
(1− ν)y2 + E

[
(n2 − n1)2

]
.

When one of the two functions f1,2(|y|) or f2,1(|y|)
is asymptotically more than K|y|−α with α < 2,
it immediately follows from the last relation that
E [L(Y (t+ 1))− L(Y (t))|Y (t) = y] < −a for some
positive a for |y| large enough. This concludes the proof of
the stability result.

Non-stability statement:
To prove this converse result, the following theorem by

Borovkov et. al. [32] for an irreducible Markov chain is very
useful and we briefly discuss this theorem here.

Let S(t) be a discrete-time irreducible and aperiodic
Markov chain on {0, 1, · · · }. Let {Sε(t)}ε≥0 be a collection of
irreducible, ergodic and aperiodic Markov chains on the same
state space. Assume that the transition probabilities of Sε(t)
converge to those of S(t) as ε→ 0, i.e. limε→0 P{Sε(t+1) =
j|Sε(t) = i} = P{S(t + 1) = j|S(t) = i} for all states i, j.
Define the following quantities:

µ(i, ε) = E [Sε(1)− i|Sε(0) = i] ,

σ(i, ε) = E
[
(Sε(1)− i)2|Sε(0) = i

]
.

We assume that the following limits exist:

µ = − lim
i↑∞,ε↓0

i(µ(i, ε) + ε),

σ = lim
i↑∞,ε↓0

σ(i, ε).

Theorem A.1. Given S, Sε, µ(i, ε), σ(i, ε), µ and σ defined
as above, consider the following conditions:

1) −∞ ≤ µ ≤ +∞;
2) 0 < σ <∞ and supi≥0,ε≥0 σ(i, ε) <∞;
3) supi≥0,ε≥0 E

[
|Sε(1)− i|2+γ |Sε(0) = i

]
< ∞ for some

γ > 0.

If conditions 1, 2 and 3 hold then

a. if 2µ > σ, then S is positive recurrent;
b. if −σ ≤ 2µ ≤ σ, then S is null recurrent;
c. if 0 < σ < −2µ then S is transient.

We use the above theorem to prove the converse. We use
an endogenous noise n1(t) and n2(t) with n1(t) and n2(t)
independent, with P (ni(t) = 0), P (ni(t) = +1), P (ni(t) =
−1) > 0 and with support in {−C,−C + 1, · · · , C − 1, C}.
This makes the chain Y (t) irreducible and aperiodic. We
choose E[n2

1] and E[n2
1] to be less than ε. Thus to show that

the dynamics is not stable (in the sense of Def. III.1), it is
sufficient to show that Y (t) is not positive recurrent.

From Y (t), we first construct some auxiliary process
Y+(t) ∈ Z+. In view ofin {−C,−C + 1, · · · , C − 1, C} our
assumptions, The process Y (t) can reach Z+ from Z∗− =
{−1,−2, . . .} only through the states D = {0, 1, · · · 2C − 1}.
Given some initial state for Y (t) of the form −k for some
k > 0, conditioned on the event that Y (t) reaches Z+ in
finite time, let p[C](−k, j) denote the probability that the
first state that Y (t) hits in Z+ is j ∈ D (it may be that∑
j∈D p

[C](−k, j) < 1 in the transient case). Note that for
j ≥ 2C, p[C](−k, j) = 0. The process Y+(t) starts in Z+

and has the same dynamics as Y (t), with the only difference
that when it first reaches Z−, say at −l for some l > 0, the
process Y+(t) is set to j ∈ {0, 1, · · ·C − 1} with probability
p[C](−l, j). It follows that Y+ is also irreducible and aperiodic.

The key observation used below is that, if Y+ is not positive
recurrent, then Y (t) cannot be positive recurrent. This is
because the time to return to i ∈ Z+ in the process Y (t) is the
time to return to i in the process Y+(t) plus some additional
time which corresponds the time spent by Y (t) in Z∗−. Hence,
the expected time to return to i ∈ Z+ in the process Y+(t) is a
lower-bound on the expected time to return to i in the process
Y (t). In order to show that Y (t) is not positive recurrent, it
is then sufficient to show that Y+(t) is not positive recurrent.

Note that the state-transition probabilities p(i, j) for the
process Y+(t) are the same as those for Y (t) if i > 4C.
This fact will be used during the course of the proof.

We assume that both f1,2 and f2,1 are Θ
(

1
rα

)
with α >

2 and we also assume that γ1 = γ2. It will be apparent in
the proof that the case with different exponents and update
parameters is very similar.

Consider the sequence of processes {Y ε+(t)}ε>0 which
are constructed in a manner similar to Y+(t), but with the
following change. At any state i > 1, w.p. (1−ε), Y ε+ behaves
like Y+ and w.p. ε it moves to i− 1.

We now apply Theorem A.1 to this sequence of processes.
It is easy to check that Yε

+ is ergodic for ε > 0. We start with
proving that Conditions 1-3 hold.

To check Conditions 1-2, we compute limi↑∞,ε↓0 σ(i, ε) and
limi↑∞,ε↓0 i(µ(i, ε) + ε) .
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Following an event based analysis as in the stability proof,
we have, for i > C,

σ(i, ε) = E
[
(Y+(1)− i)2|Y+(0) = i

]
≥ (1− ε)E[n2

1(t) + n2
2(t)]P(max(U1,2, U2,1) = 0),

which goes to E[n2
1(t) + n2

2(t)] as i→∞, so that σ > 0 if it
exists.

For such i, we also have

σ(i, ε) ≤ ε+ (1− ε)
(
\(γi)

2
P(U1,2 + U2,1 = 1)

+4\(γi)
2
P{min(U1,2, U2,1) = 1}

+E[n2
1(t) + n2

2(t)]P(max(U1,2, U2,1) = 0)
)
.

Note that
P(U1,2 + U2,1 = 1) = O

(
1

iα

)
,

and
P{min(U1,2, U2,1) = 1} = O

(
1

i2α

)
.

As α > 2, σ(i, ε) is bounded above. Hence σ <∞ if it exists.
It is easy to check that σ exists and is equal to E[n2

1(t)+n2
2(t)],

and also that it satisfies the second part of Condition 2.
Similarly, we can obtain µ(i, ε) for i > 4C as follows.

µ(i, ε) = −ε+ (1− ε) (−\(γi)P(U1,2 + U2,1 = 1)

−2\(γi)P(min(U1,2, U2,1) = 1)) .

Using again the fact that P(U1,2 + U2,1 = 1) is O
(

1
iα

)
and

that P(min(U1,2, U2,1) = 1) is O
(

1
i2α

)
, we get the existence

of µ and the fact that µ = 0.
Next, we check Condition 3. We compute the expectation

in Condition 3 following an event based analysis as in the
stability proof and obtain the following bound:

E
[
|Y ε+(1)− i|2+γ |Y ε+(0) = i

]
≤ ε+ (1− ε)O

(
(Ci)2+γ

iα

)
,

where C is the maximum value of noise. For all α > 2, there
exists γ > 0 such that this bound is finite.

Hence, for α > 2, the three conditions under which Theo-
rem A.1 is applicable hold true. Moreover, the values obtained
for µ and σ imply that, for α > 2, we have −σ ≤ 2µ ≤ σ.
Hence, for α > 2, the Markov chain Y+(t) is null recurrent.
This in turn concludes the proof.

This completes the proof of Theorem III.2.
Towards proving Thm. III.5, we first state and prove a

result similar to this, but under the assumption of (1) mutual
influence (mutual influence means that not only U ti,j and U tj,i
have the same marginals, given Y1(t), but in addition, they
are same a.s., i.e., U ti,j = U tj,i) for all pairs of agents not
including agen 1, and (2) agent 1 only influencing and does
not getting influenced (f1,j = 0∀j, but fj,1 6= 0). The proof
of Thm. III.5 builds on this.

Theorem A.2. Consider an n-agent unbiased system with a
complete interaction graph. Assume for all i 6= j in [2 : n],
agents i and j have symmetric and mutual influence and
that γi,j = γj,i. Assume that agent 1 influences but is not
influenced (i.e. f1,j ≡ 0 for all j). Then the dynamics is stable

if fj,1(x) = Ω
(

1
x2−ε

)
for all j ∈ [2 : n]. It is not stable if

fi,j = O
(

1
x2+ε

)
for all i, j ∈ [1 : n].

Proof of stability statement:
Consider the opinion difference process Y1(t) = {Y1j(t) :

j 6= 1}. Note that this completely describes Y(t).
To prove stability, we again prove the drift conditions.
Consider the Lyapunov function L(Y1) =

∑
j Y

2
1j . We have

E

∑
j

Y 2
1j(t+ 1)|Y1(t)

 = (5)

∑
(i,j)

P(I(t) = (i, j))E[
∑
j

Y 2
1j(t+ 1)|Y1(t), I(t) = (i, j)].

Note that

E

∑
j

Y 2
1j(t+ 1)|Y1(t), I(t) = (i, j)


=

∑
k/∈{i,j}

(Y1k(t) + nk − n1)
2

+E
[
Y 2

1i(t+ 1) + Y 2
1j(t+ 1)|Y1(t), I(t) = (i, j)

]
=

∑
k/∈{i,j}

(
Y 2

1k(t) + E[n2
k] + E[n2

1]
)

+ E
[
Y 2

1i(t+ 1)

+Y 2
1j(t+ 1)|Y1(t), I(t) = (i, j)

]
. (6)

For i, j 6= 1, when using the notation γi,j = γj,i = γ,
U ti,j = U tj,i = U and fi,j = fj,i = f , we have

E
[
Y 2

1,i(t+ 1) + Y 2
1,j(t+ 1)|Y1(t), I(t) = (i, j)

]
= E

[
(Y1,i(t) + U\(γYi,j(t)) + ni − n1)

2 | Y1(t)
]

+E
[
(Y1,j(t)− U\(γYi,j(t)) + nj − n1)

2 | Y1(t)
]

= E[2n2
1 + n2

i + n2
j ]

+E
[
(Y1,i(t) + U\(γYi,j(t)))

2 | Y1(t)
]

+E
[
(Y1,j(t)− U\(γYi,j(t)))2 | Y1(t)

]
= E[2n2

1 + n2
i + n2

j ] + Y 2
1,i(t) + Y 2

1,j(t)

+2(Y1i(t)− Y1j(t))f(|Yi,j(t)|)\(γYi,j(t))
+2f(|Yj,i(t)|) (\(γYi,j(t)))

2

= E[2n2
1 + n2

i + n2
j ] + Y 2

1,j(t) + Y 2
1,i(t)

+2f(|Yj,i|)(−Yi,j\(γYi,j(t)) + (\(γYi,j(t)))
2
). (7)

Note that the function y → −y\(γy) + (\(γy))
2 is bounded

above by a constant k(γ), for all y ∈ R, which in turn is
bounded by a constant κ = maxi,j k(γi,j). 4. Hence,

E
[
Y 2

1i(t+ 1) + Y 2
1j(t+ 1)|Y1(t), I(t) = (i, j)

]
≤ E[2n2

1 + n2
i + n2

j ] + Y 2
1j(t) + Y 2

1i(t) + κ. (8)

Thus for any such (i, j) interaction, the drift is bounded above.
Consider now any (1, j) interaction. In that case only Y1j

changes. From the proof of the two agent case, we have that

4In fact one can show that κ ≤ 0. This is because, \(γY ) has the same
sign as of Y (else, it is 0), so Y \(γY ) is positive. Thus, to show κ ≤ 0 we
need to show |Y |.|\(γY )| ≥ |\(γY )|2. But this is true as |Y | ≥ |\(γY )|.
When |\(γY )| = 0 we have κ = 0.
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under the assumption of the theorem, the drift of Y 2
1j is upper-

bounded by

E[n2
1 + n2

j ]− c|Y1j |ε, c > 0.

It then follows from Eq. (5) that E[L(Y1(t + 1) −
L(Y1(t))|Y1(t)] can be written as

C1 −
∑
j

cP(I(t) = (1, j))|Y1j |ε,

with C1 < ∞ and c > 0. When ||Y1||2 > B, for B > 0
constant, there exists a j s.t. |Y1j | > B√

n
and hence we have

an overall strictly negative drift for sufficiently large B.

Non stability statement:
We prove the result by providing a specific noise structure

for which the dynamics is not stable. We show that the
dynamics is not stable for a noise ni ≡ 0 for i 6= 1 and
P (n1 = 0) = p, P (n1 = 1) = P (n1 = −1) = (1− p)/2.

Consider the Markov chain Y1 = {Y1,i : i > 1} ∈ Zn−1,
which completely represents the opinion difference process.
The steps of the proof are the following. (1) We first consider
the Markov chain Q ∈ Zn−1 which is restriction of Y1 to
the epochs when the coordinates are either all positive or
all negative (the all positive and all negative orthants will be
referred to as the uniform orthants). (2) We then show that if
Q is not positive recurrent, then Y1 is not positive recurrent
either. So, in order to complete the proof, it is sufficient to
show that Q is not positive recurrent. (3) Towards this, we
construct an irreducible aperiodic Markov chain Y′ living in
the uniform orthants and use a stochastic dominance argument
for Markov chains (Lemma 7.13 of [33]), we show that when
starting from same initial state, Q dominates Y ′. (4) We then
show that, under the assumptions of the theorem, Y′ has a
dynamics similar to that of the 2-agent opinion difference
process with an O

(
1

x2+ε

)
influence function; then, using the

results on the two-body dynamics, we show that Y′ is not
positive recurrent; this in turn inplies that Q is not positive
recurrent, which completes the proof.

(1) The Markov chain Q has the following evolution. For
any state q in the uniform orthants, the evolution is exactly
like that of Y1, i.e., we use the same distributions for I(t),
Ut, and n1(t), and the same update equations are also the
same. However, if, after the update, the new state qnu, is not
in uniform orthants, then we reset Q back to uniform orthants
according to the following probabilistic rule: for the process
Y1, starting from state qnu, there is a probability distribution
for the first state reached inside uniform orthants, possibly
defective if it never returns to these orthants. Denote this
distribution by p1(·|qnu). Whenever the update equations take
Q to a state qnu outside uniform orthants, then we reset Q
according to the distribution p1(·|qnu). The coordinates of Q
can be hence seen as Qi ≡ Y1,i+1, whenever Y1 is in these
orthants.

(2) For the Markov chain Y1, from any state, uniform
orthants are reachable in finite time with strict positive prob-
ability. Hence, by classical arguments, if no state of Q is
positive recurrent, then the same is true for Y1. So, in order

to prove non-stability, it is sufficient to show that there is no
positive recurrence for Q.

(3) Consider another Markov chain

Y′(t) = (Y ′2(t), Y ′3(t), · · · , Y ′n) ∈ Zn−1

(the indexing is chosen to be similar to that of Y1) which
evolves as follows: the evolution of Y′ starts with the same
initial condition as Q. If I(t) = (i, j) in the process
Q(t), with i and j in [1 : n], then, in Y′, at time t and
conditionally on Y′(t), a coin with probability of success
p′(t) = fi,j(mink |Y ′k(t)|) is tossed, with the convention that
if the pair (i, j) contains 1 then j = 1. The state before adding
the noise at time t will be denoted Y′+. If there is no success
in the coin toss, this state is set to be

Y ′l,+ = Y ′arg minj |Y ′j (t)|(t), ∀l = 2, · · · , n, (9)

whereas if there is success, we set

Y ′l,+ = 0, ∀l. (10)

Note that in contrast, in the dynamics Q (which is similar to
that of Y1 in uniform orthants), whenever I(t) = (i, j) a coin
is tossed with the probability p(t) = fi,j(|Qi(t) − Qj(t)|) if
i and j are both different from 1, and p(t) = fi,1(|Qi(t)|)
otherwise. This determines the states before adding noise at
time t, denoted by Q+ below.

We now explain how to couple the transitions in Q and
Y′1 while ensuring that the evolution of the marginals Q and
Y′1 are by themselves Markovian and with the laws described
above: given I(t) = (i, j) (we recall that by construction I(t)
is the same in Y′(t) and Q(t)), in Q(t) (resp. Y′(t)) rather
than tossing independent coins with probability of success
p(t) (resp. p′(t)), we toss a common coin with probability
of success max(p(t), p′(t)) (this coin is common to both
processes). If this common coin toss is a success, then we toss
two additional independent coins, the first one with probability
of success p(t)

max(p(t),p′(t)) and the second one with probability

of success p′(t)
max(p(t),p′(t)) . The coupling consists in declaring a

success in Q(t) (resp. Y′(t)) if the common and the first (resp.
the common and the second) coin tosses are both a success.
Based on this successes or failures, Y′(t) (resp. Q is updated
to Y′+ (resp. Q+) as indicated above.

In a second step, we add the noise 1n1(t) (resp. 1n′1(t)) to
Q (resp. Y′+). We now describe how these noise variables are
coupled in the two dynamics. First of all, we define an i.i.d.
sequence (n(t), n′(t)), t ≥ 0, where each pair (n(t), n′(t))
is distributed like the pair (n, n′) with the following joint
distribution: n has for distribution P (n = 0) = p, P (n =
1) = P (n = −1) = (1 − p)/2; conditionally on n = 0 or
n = −1, n′ = 0 a.s., whereas conditionally on n = +1, n′

takes value in {±1} with equal probabilities. It follows that
P (n′ = 0) = 1+p

2 , P (n′ = 1) = P (n′ = −1) = (1− p)/4.
Let l∗ = arg minl≥2 |q+,l|. We now define

n1(t) = (sgn(q+,l∗) + 1(sgn(q+,l∗) = 0))n(t),

n′1(t) = 1(sgn(y′+,2) = 0)n′(t) + sgn(y′+,2)n(t),

where we adopt the convention sgn(x) = 0 when x = 0.
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If a random variable U ∈ U is independent of a symmetric
zero mean noise n, then for any h : U → {±1}, h(U).n is
independent of U . As sgn(q+,l∗) + 1(sgn(y+,l∗) = 0) takes
value in {±1}, n1 is independent of q+. Also, n1 has the
same distribution as n, and hence, Q has the right marginal
and Markovian property under this coupling. Also, note that
as n′1 depends only on Y′+, n and n′, so Y′ is also Markovian
(though n′1(t) is not independent of Y′(t)).

We use this coupling to prove some stochastic dominance
below.

The state space for both processes is Zn−1. We define the
following (coordinate-wise partial order) on this state space:
for x, y ∈ Zn−1 we say x ≤cw y if |xi| ≤ |yi| for 1 ≤ i ≤
n − 1. We call a set A increasing (see [33]) if x ∈ A and
x ≤cw y implies that y ∈ A. Let P and P′ be two probability
distributions on Zn−1. One says [33] that P′ ≤cw P if

P′(A) ≤ P(A) ∀A increasing.

Let K and K ′ be two Markov kernels on Zn−1. We say that
K ′ ≤cw K if for all y′, y ∈ Zn−1 s.t. y′ ≤cw y and for all
increasing sets A,

K ′(y′, A) ≤ K(y,A).

Let πt (resp. π′t) denote the distribution of the Markov chain
with kernel K (resp. K ′) at time t. If the initial distributions
of the two Markov chains are identical and if K ′ ≤cw K, then
by Lemma 7.13 of [33]

π′t ≤cw πt, ∀t.

We show below that the Kernels K (of Q) and K ′ (of Y′)
are ordered in the≤cw sense. Let us first consider the transition
kernels in the case where ni ≡ 0 for all i (including for agent
1), i.e., before adding noise (in both Q and Y′) and show that
K and K ′ are ordered in this case.

There are two types of interactions: (i) interactions among
agents in the set [2 : n] and (ii) interactions between agent 1
and others. We show that in both cases if Q = q and Y′ = y′

and y′ ≤cw q, then the next states y′+ and q+ satisfy y′+ ≤cw
q+. Notice that as per the dynamics of Y′, y′+ has all its
coordinates equal. So y′+ ≤cw y+ means that any coordinate of
y+ has an absolute value no lesser than that of any coordinate
of y′+.

Consider first an interaction of the form (i, 1). Note that
given y′ ≤cw q, since fi,1 is non-increasing and since then
p′(t) > p(t), in the coupled version of the processes, any
influence in Q implies that Y′ becomes 0. Hence we have
y′+ ≤cw q+. If there is no influence in Q, either y′+ is equal
to 0 (this is possible as p′(t) > p(t)), so that we still have
y′+ ≤cw q+ in this case. Or there is no influence in Q either,
and the ≤cw ordering is maintained as y′+ = y′arg min |y′i|

≤cw
y′ and y′ ≤cw q+ = q respectively.

Consider now an interaction between two agents i, j in
the set [2 : n]. If |Qi(t) − Qj(t)| ≥ minj |Y ′j (t)|, then the
same reasoning as above applies. But it may happen that
|Qi(t) − Qj(t)| < minj |Y ′j (t)|, that is p(t) ≥ p′(t). As Qi
have all same signs, even after influencing between i, j (6= 1),
mini |q+,i| ≥ mini |qi|. As y′ ≤cw q, and y′+ ≤cw y′, again
the ordering y′+ ≤cw q+ is true.

Thus, the coordinate-wise ordering is true before adding
noise. We now incorporate the addition of the noise in the
kernels.

By construction, q and y′ are both in some (not necessarily
the same) uniform orthant. It follows from the evolution that
q+ and y′+ are also in the same orthants. Note that q+ +n11,
may however be in a non-uniform orthant; but this can only
happen if mini |q+,i| = 0.

When y′+ ≤cw q+ and mini |q+,i| ≥ 1, due to the definition
of (n1, n

′
1), if q+ and y′+ are in the same orthant, then

n1 = n′1, and hence the ordering is maintained even after
the addition of noise (pathwise), whereas if q+ and y′+ are
in different uniform orthants, then n1 = −n′1, and the same
conclusion holds.

When y′+ ≤cw q+ and mini |q+,i| = 0, we have y′+ = 0,
and in addition, by the coupling between n and n′ (and hence
between n1 and n′1), n′1 = ±1 only when n1 = sgn(q+,i)
for all i. As y′+ = 0, for the last noise values, the ordering
is maintained after the addition of noise (pathwise). On the
other hand, when n1 = 0 or n1 = −1, n′1 = 0, implying
y′+ + n′1 = 0. Note that 0 ≤cw q, for any q and hence, the
ordering is maintained in all cases and irrespectively of where
Q is reset according to p1 (for n1 = −1, the addition of noise
leads to a state outside the positive orthant if mini q+,i = 0).

(4) Consider now a sequence of cubes {Ci} centered at
origin with sides tending to infinity. Note that the complement
of each such cubes is an increasing set for the partial order
defined above. So at any time t, πQ

t (Ci) ≤ πY′

t (Ci), for
any Ci. If Y′ is not positive recurrent, then, for any of these
cubes, limt→∞ πQ

t (Ci) = 0, implying that Q is not positive
recurrent. Thus it only remains to show that Y′ is not positive
recurrent.

Note that by construction, Y′(t) behaves like some one
dimensional process after t = 1, as the values taken by Y′ are
on the line e = (1, 1, · · · , 1). Hence we can just consider one
coordinate, say Y ′2(t), to investigate this irreducible aperiodic
Markov chain. As for some ε > 0 fi,j = O

(
1

x2+ε

)
for all

i, j, at any time t > 1, fi,j(minj |Y ′j (t)|) = fi,j(|Y ′2(t)|) =

O
(

1
|Y ′(t)|2+ε2

)
. Thus using a technique similar to that in the

proof of the two agent case, one gets that Y′ is null recurrent
(as for Y′ ≥ 1, n′1 is independent of Y′ and has strictly
positive variance).

This proves that Y1 is not stable, which completes the
proof of Theorem A.2.

Proof of Theorem III.5
Consider the Lyapunov function L(Y) =

∑
q

(∑
j 6=q Y

2
qj

)
.

Again we want to show that the expected change of this
function is (a) bounded above and (b) has a strictly negative
drift for Y outside a sufficiently large compact. We have

E

∑
q

∑
j 6=q

Y 2
q,j(t+ 1)

 |Y(t)

 =
∑
p,p′

P (I(t) = (p, p′))

E

∑
q

∑
j 6=q

Y 2
q,j(t+ 1)|Y(t), I(t) = (p, p′)

 . (11)
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Hence, to show (a), it is sufficient to show that (a1) for each
p, p′ pair, for each q /∈ {p, p′},

E

∑
j 6=q

Y 2
q,j(t+ 1)

 |Y(t), I(t) = (p, p′)


is at most

∑
j 6=q Y

2
q,j(t) plus a constant and that (a2)

E

∑
j 6=p

Y 2
p,j(t+ 1) +

∑
j 6=p′

Y 2
p′,j(t+ 1)|Y(t), I(t) = (p, p′)


is at most

∑
j 6=p Y

2
p,j +

∑
j 6=p′ Y

2
p′,j plus a constant.

For establishing (a1), we use the same approach as in
Theorem A.2. We first look at j ranging in {p, p′} to get

E
[
Y 2
q,p(t+ 1) + Y 2

q,p′(t+ 1)|Yq(t), I(t) = (p, p′)
]

= E
[
(Yq,p(t) + Up,p′\(γYp,p′(t)) + np − nq)2 | Yq(t)

]
+E

[(
Yq,p′(t) − Up′,p\(γYp,p′(t)) + np′ − nq

)2 | Yq(t)
]

= E[2n2
q + n2

p + n2
p′ ] + Y 2

q,p(t) + Y 2
q,p′(t)

+2(Yq,p(t)− Yq,p′(t))f(|Yi,j(t)|)\(γYi,j(t))
+2f(|Yp′,p(t)|) (\(γYp,p′(t)))

2

= E[2n2
q + n2

p + n2
p′ ] + Y 2

q,p′(t) + Y 2
q,p(t)

+2f(|Yp′,p(t)|)(−Yp,p′(t)\(γYp,p′(t)) + (\(γYp,p′(t)))
2
).

(12)

Let us now look at terms with j 6∈ {p, p′}. For all such j, Yq,j
is not affected, so that alltogether,

E[
∑
j 6=q

Y 2
q,j(t+ 1)|Y(t), I(t) = (p, p′)]

=
∑

j /∈{p,p′}

(
Y 2
q,j(t) + E[n2

j ] + E[n2
q]
)

+ E[2n2
q + n2

p + n2
p′ ] + Y 2

q,p′(t) + Y 2
q,p(t)

+ 2f(|Yp,p′(t)|)
(
−Yp,p′(t)\(γYp,p′(t)) + (\(γYp,p′(t)))

2
)
.

(13)

The fact that f(|Yp,p′ |)(−Yp,p′\(γYp,p′(t)) + (\(γYp,p′(t)))
2
)

is bounded from above then completes the proof of (a1).
Let us now prove (a2). Note that we can write

∑
j 6=p Y

2
p,j +∑

j 6=p′ Y
2
p′,j as

∑
j /∈{p,p′}(Y

2
p,j+Y 2

p′,j)+2Y 2
p,p′ , which in turn

can be written as 2Y 2
p,p′+

∑
j /∈{p,p′}

(
Y 2
j,p + Y 2

j,p′

)
. Hence, the

only new term to consider is Y 2
p,p′ . We have

E
[
Y 2
p,p′(t+ 1)|Y1(t), I(t) = (p, p′)

]
= Y 2

p,p′(t) + E[n2
p + n2

p′ ]

+ f(|Yp,p′ |(t))(−Yp,p′(t)\(γYp,p′(t)) + (\(γYp,p′(t)))
2
).

(14)

Using again that f(|Yp,p′ |)(−Yp,p′\(γYp,p′(t)) +
(\(γYp,p′(t)))

2
) is bounded from above, (a2) follows.

So (a) is proved.
Next, we show (b). From Equations (12)– (14), we get

E [L(Y(t+ 1))− L(Y(t))|Y(t), I(t) = (p, p′)] ≤ C2

+2(n− 1)f(|Yp,p′(t)|)(−Yp,p′(t)\(γYp,p′(t)) + (\(γYp,p′(t)))
2
),

where C2 = 4
∑
j E[n2

j ]. Thus,

E [L(Y(t+ 1))− L(Y(t))|Y(t)]

≤ C2 + 2(n− 1)
∑
p,p′

P (I(t) = (p, p′))f(|Yp,p′(t)|)

(−Yp,p′(t)\(γYp,p′(t)) + (\(γYp,p′(t)))
2
), (15)

≤ C ′2 + 2(n− 1)
∑
p′ 6=1

P (I(t) = (k, p′))f(|Yk,p′(t)|)

(−Yk,p′(t)\(γYk,p′(t)) + (\(γYk,p′(t)))
2
),

where C ′2 = C2 + 2(n − 1)κ < ∞, where k is the strong
influencer.

Now, P(I(t) = (k, p′)) > 0 for all p′ 6= k and f(|Yk,p′ |) ≥
c/|Yk,p′ |2−ε. Thus, by the same argument as ine the two body
problem case, we have

E [L(Y(t+ 1))− L(Y(t))|Y(t)]

≤ C ′2 − 2(n− 1)
∑
p′ 6=k

P (I(t) = (k, p′))γ′|Yk,p′ |ε,

for some γ′ > 0.
Whenever Y is outside a sufficiently large L2-ball,∑
p wp|Yk,p|α is also large for all sequences of positive

weights wp and for all α > 0. Thus, for Y outside
a large enough ball, C ′2 < 2(n − 1)

∑
p′ 6=k P (I(t) =

(k, p′))γ′|Yk,p′(t)|ε, implying that the drift is strictly negative
indeed.

Non-stability statement: For the converse the proof is similar
to the proof of Theorem A.2. Note that in Theorem A.2 there
was an agent (w.l.o.g. 1) that was not influenced, whereas here
any agent can be influenced. Also, as the influences are not
mutual here, there can be an arbitrary correlation between Ui,j
and Uj,i. The proof steps are very similar as before, with some
modifications to address the differences in the dynamics.

We again focus on the dynamics Y1 and show that it is not
stable. We construct Q from Y1 exactly as in the proof of
Theorem A.2. As before, we then construct another process
Y′, show that it is dominated by Q, and that Y′ is not positive
recurrent. But, here we have a slightly different coupling
technique for the coin tosses of Q and Y′ to address the
correlation between Uj,i and Ui,j , and a slightly different noise
for Y′ to address the issue that agent 1 can also be influenced.

In Y′ we toss one coin (for I(t) = (i, j)) with probability
p′(t) = 2fi,j(minj |Y ′j (t)|). If there is a success we update
Y′ to n11.

Given I(t) = (1, j), j ∈ [2 : n], we toss a coin for j in Q
with probability f1,j(|Qj |) and for 1 with probability 0. (so
in Y′). Given I(t) = (i, j), i, j ∈ [2 : n] for Q we toss two
coins (one for i and j each) with the same marginal probability
p(t) = fi,j(|Qi −Qj) but with an arbitrary joint distribution.
One way to do two coin tosses is to find the probability in
both these cases of at least one success, say p(t). Then, toss
a coin with p(t), and if success then toss the individual coins
with the appropriate conditional probabilities.

We couple Q and Y′ by coupling the only coin toss in Y′

with the first of three coin tosses in Q. Toss a common coin
with probability max(p(t), p′(t)). If success then do one coin
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toss in Y′ with probability p′(t)
max(p(t),p′(t)) . Whereas in Q do a

first (corresponding to the toss for at least one success) with
probability p(t)

max(p(t),p′(t)) . If success, then do two coin tosses
with appropriate conditinal probabilities.

Based on success or failure update Y′ as in the previous
proof. Update Q as before. We use the same noise n1 as
in the previous non-stability proof and use a modified n′1:
n′1 = 1

(
sgn(y′+,2) = 0

) (
1−

∑
j 1(I(t) = (1, j))

)
n′(t) +

sgn(y′+,2)n(t), and couple n and n′ similarly as before.
Note that these couplings also preserve the marginal Markov

properties of Q and Y′ respectively. If y′ ≤cw q then p(t) ≤
p′(t) and hence, whenever there is an influence in Q, y′+ = 0.
So, exact same arguments as in the previous proof implies
y′+ ≤cw q+.

The ordering after addition of noise also follows similarly.
Note that when 1 is not influenced, the same ordering argu-
ments as in the previous theorem goes through. When 1 is
influenced, note that y′+ ≡ 0 and this new n′1(t) is also 0, so
y′(t+ 1) = 0. Hence the ordering after noise is also true.

This completes the proof of Theorem III.5.

Proof of Theorem III.6
This proof builds on the proof of Theorem III.5. Considering

the same Lyapunov L(Y) =
∑
q

(∑
j 6=q Y

2
qj

)
and following

the exactly same steps we can derive the same bound as in
Equation (15). Thus we have

E [L(Y(t+ 1))− L(Y(t))|Y(t)]

≤ C2 + 2(n− 1)
∑
p,p′

P (I(t) = (p, p′))f(|Yp,p′ |)

(−Yp,p′\(γYp,p′(t)) + (\(γYp,p′(t)))
2
).

Hence, the drift is upper-bounded as the function
f(|Yp,p′ |)(−Yp,p′\(γYp,p′(t)) + (\(γYp,p′(t)))

2
) is upper-

bounded.
Consider a tree T ⊂ G s.t. for any (p, p′) ∈ T fp,p′(x) =

Ω
(

1
x2−ε

)
. Then

E [L(Y(t+ 1))− L(Y(t))|Y(t)]

≤ C2 + 2(n− 1)
∑
p,p′

P (I(t) = (p, p′))f(|Yp,p′ |)

(−Yp,p′\(γYp,p′(t)) + (\(γYp,p′(t)))
2
)

≤ C ′2 + 2(n− 1)
∑

(p,p′)∈T

P (I(t) = (p, p′))f(|Yp,p′ |)

(−Yp,p′\(γYp,p′(t)) + (\(γYp,p′(t)))
2
)

≤ C ′2 − 2(n− 1)
∑

(p,p′)∈T

P (I(t) = (p, p′))γ′|Yp,p′ |ε.

Whenever Y1 is large (in some norm) so is YT = {Ypp′ :
(p, p′) ∈ T}. This is because YT = AY1 for some invertible
matrix A, so c1||YT ||2 ≤ ||Y1||2 ≤ c2||YT ||2 (as all eigen-
values are non-zero). Note that any norm is again bounded
below and above by constants times || · ||2 norm. Another way
to see that large Y1 implies large YT is to note the fact that
Y1 large implies ∃j s.t. |Y1j | is large. Whenever Y1 is outside
the compact {x : ||x||2 ≤ B}, there exists a j s.t. |Y1j | > B√

n
.

Consider a tree T rooted at l which is a subgraph of G′.

Then consider the variables YT = {Yi,j : i precedes j in T}.
Let πj be the path first from 1 to l and then from l to
j on T . Then Y1j =

∑
(k,k′)∈πj Yk,k′ . As |Y1j | > B√

n
,

there exists a (k, k′) ∈ πj such that |Ykk′ | > B
n3/2 . This

is because, |Y1j | ≤
∑

(k,k′)∈πj |Yk,k′ |, and in a set of non-
negative numbers there is at least one number which is no
less than the average of them. Note that (k, k′) may be (1, l)
as well and on every edge on the path πj , we have Ω

(
1

x2−ε

)
influence.

Hence, by the same argument as in the proof of Theorem
III.5, the drift is strictly negative outside a sufficiently large
compact.

Proof of Theorem III.7
This proof follows an event based analysis similar to the

proof for 2-agent dynamics with endogenous noise, but uses
a Lyapunov function L(Y1) = |Y1,2|. The steps are very
similar to the 2-agent endogenous noise case.

Proof of Theorem III.8
Proof of this theorem is similar to that of Theorem III.5,

while using a Lyapunov function
∑
q

∑
j 6=q |Yqj |.

Proof of Theorem III.9
Proof of this theorem is similar to that of Theorem III.6,

while using a Lyapunov function
∑
q

∑
j 6=q |Yqj |.

Proof of Theorem III.10
W.l.o.g. let us assume that 1 is the root of Λ and that n1 = 0

(otherwise we can redefine nj ← nj − n1, as we are only
interested in opinion difference).

Consider the subtree D of Λ of depth of 1, which has for
root node/agent 1 and with nodes all other agents having
directed edges from 1. Let YD = {Y1j : (1, j) ∈ D}.
Note that this dynamics is not affected by agents not in D
(as influences are directed). By taking as Lyapunov function∑
j∈D |Y1j |, it can be shown (each term is exactly like the

Lyapunov function of a 2-agent biased dynamics) that its drift
is upper-bounded by 0 < C < ∞. In fact, from the proof
of the 2-agent case, we can show that the upper-bound is∑
j∈D E[|nj |]. We choose C >

∑
j∈Λ E[|nj |]. It can also

be shown (by the same arguments as in the 2-agent case for
each |Y1j |) that the drift is upper bounded by G = −n2C < 0
outside a sufficiently large compact (as the drift becomes more
and more negative as the compact grows), with n the number
of agents. Hence, we can find a max-norm ball of size B > 0,
such that, for B sufficiently large, the drift is strictly less than
−n2C outside that ball.

We now show by induction that the overall system has a
Lyapunov function with a drift upper-bounded and strictly
negative outside a max-norm ball. The induction step is as
follows. We consider any subtree D1 which is rooted at 1 and
contains D. We assume that YD1

has a Lyapunov function
L(YD1

) which satisfies the properties of the Lyapunov func-
tion of

∑
j |Y1j | for the dynamicsYD (possibly for a different

B, C and G finite G, say B1, C1 and G1 respectively). We
then show that if we grow this subtree by adding another
agent/node a (and hence another edge), we obtain a new
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dynamics YD1,a with a new Lyapunov function which satisfies
the same property (for other parameters B′1, C ′1 and G′1).

As we have a base case for the induction (dynamics YD),
we can show by finite induction (growing the subtree starting
from D, by adding agents one by one) the stability of the full
dynamics Y1 ≡ YΛ.

Consider a subtree D1 of Λ s.t. D ⊂ D1. Our induction
assumption is that D1 has some Lyapunov function L(YD1

)
which has drift everywhere bounded by C1 and such that the
drift is strictly less than G1(< 0) outside a max-norm ball
of size B1 > 0. Let a ∈ Λ\D1 and such that there exists an
i ∈ D1 s.t. (i, a) ∈ Λ. We show that the new system YD1,a

has a Lyapunov function with the same property as YD1
for

some B′1 = νB1 (ν ≥ 1).
First note that the dynamics (YD1

, Y1a) does not depend on
agents not in D1∪a (because any agent outside D1∪a has no
influence on agents in D1 ∪ a). Also note that YD1 does not
depend on agent a (as Λ is a tree 6 ∃i ∈ D1 s.t. (i, a) ∈ Λ).
YD1

is a Markov chain and so is YD1
.

For the dynamics YD1,a consider the Lyapunov function

L̃(YD1,a) = L(YD1
) + L̂(YD1,a),

where L̂(YD1,a) = maxj∈D1∪a |Y1j |. We have

E[L̃(YD1,a(t+ 1))− L̃(YD1,a(t))|YD1,a(t)]

= E[L(YD1
(t+ 1))− L(YD1

(t))|YD1
(t)]

+E[L̂(YD1,a(t+ 1))− L̂(YD1,a(t))|YD1,a(t)]

≤ C1 + E[ max
j∈D1∪a

|nj |]

≤ C1 +
∑
j∈Λ

E[|nj |]

≤ C1 + C := C ′1. (16)

Note that when {Y1j : (1, j) ∈ D1 ∪ a} is outside a max-
norm ball of size νB1, with ν > 1, the max-norm of either
{Y1j : (1, j) ∈ D1} (case 1) or Y1a is more than B1 (case 2).

Let us start with preliminary results on these two cases.
If we are in case 1, i.e. maxj∈D1∪a |Y1j | ≥ B1, by the

induction assumption, we have a negative drift (< G1) for
L(YD1

).
If we are in case 2, i.e. maxj∈D1∪a |Y1j | ≤ B1, then |Y1a| >

νB1 and |Yia| > (ν − 1)B1. Let us show that we then have a
negative drift for L̂(YD1,a). We have

E[L̂(YD1∪a(t+ 1))− L̂(YD1,a(t))|YD1,a(t)]

=P(I(t) = (i, a))E[L̂(YD1,a(t+ 1))− L̂(YD1,a(t))|
YD1,a(t), I(t) = (i, a)]

+ (1−P(I(t) = (i, a)))E[L̂(YD1,a(t+ 1))− L̂(YD1,a(t))|
YD1,a(t), I(t) 6= (i, a)]

≤P(I(t) = (i, a))E[L̂(YD1,a(t+ 1))− L̂(YD1,a(t))|
YD1,a(t), I(t) = (i, a)] + E[max

j
|nj |].

We now show that

E[L̂(YD1,a(t+ 1))− L̂(YD1,a(t))|YD1,a(t), I(t) = (i, a)]

can be made arbitrarily negative for any ν sufficiently large.
Note that maxj∈D1 |Y1j(t + 1)| is upper-bounded by B1 +
maxj |nj |. Hence, if there no influence from i to a, then

max
j∈D1∪a

|Y1j(t+ 1)| ≤ max(|Y1,a|+ |na|, B1 + max
j
|nj |),

whereas if there is is an influence from i to a, then

max
j∈D1∪a

|Y1j(t+ 1)|

≤ max(|Y1,a| − |\(γYi,a)|+ |na|, B1 + max
j
|nj |).

Using this and the fact that |Y1,a| ≥ |\(γYi,a)|, we get

fa,i(|Yi,a|)E[max(|Y1,a| − |\(γYi,a)|+ |na|, B1 + max
j
|nj |)]

+ (1− fa,i(|Yi,a|))E[max(|Y1,a|+ |na|, B1 + max
j
|nj |)]− |Y1a|.

≤ E[B1 + max
j
|nj |)] + fa,i(|Yi,a|)E[|Y1,a| − |\(γYi,a)|+ |na|]

+ (1− fa,i(|Yi,a|))E[|Y1,a|+ |na|]− |Y1a|,

as the maximum of two positive numbers is upper-bounded
by their sum. Hence, the conditional drift can be bounded as
follows.

E[L̂(YD1,a(t+ 1))− L̂(YD1,a(t))|YD1,a(t), I(t) = (i, a)]

≤ B1 + E[max
j
|nj |] + E[|na|]− fa,i(|Yi,a|)|\(γYi,a)|.

As, fa,i(x) = Ω
(

1
x1−ε

)
, and \(γy) ≥ γ

2 |y| for all |y| > 2
γ ,

we have
fa,i(|Yi,a|)|\(γYi,a)| ≥ γ′|Yi,a|ε

for some γ′ > 0 Note that we can pick a finite ν (say νa, as
we add agent a) s.t.

B1 + E[max
j
|nj |] + E[|na|]− γ′|(ν − 1)B1|ε < G1 < 0.

We now consider the overall drift for L̃ when
maxj∈D1∪a |Y1j | > νaB1.

In case 1,

E[L̃(YD1,a(t+ 1))− L̃(YD1,a(t))|YD1,a(t)]

≤ E[L(YD1(t+ 1))− L(YD1(t))|YD1,a(t)]

+E[L̂(YD1,a(t+ 1))− L̂(YD1,a(t))|YD1,a(t)]

≤ G1 + C.

In case 2, by the above preliminary result on L̂

E[L̃(YD1,a(t+ 1))− L̃(YD1,a(t))|YD1,a(t)]

≤ E[L(YD1
(t+ 1))− L(YD1

(t))|YD1,a(t)]

+E[L̂(YD1,a(t+ 1))− L̂(YD1,a(t))|YD1,a(t)]

≤ C1 +G1.

Hence, the overall drift for L̃(YD1,a) outside a max-norm
ball of size B′1 = νaB is bounded above by

G′1 = G1 + max(C,C1) < G1 + C + C1.

We showed that the drift of L̃ is upper-bounded everywhere
by C ′1 = C + C1.

This completes the proof by a finite induction argument.



16

ACKNOWLEDGMENT

We thank Emilio Leonardi, Abishek Sankararaman, and the
anonymous reviewers for helpful comments.

REFERENCES

[1] F. Baccelli, A. Chatterjee, and S. Vishwanath, “Pairwise stochastic
bounded confidence opinion dynamics: Heavy tails and stability,” in
2015 IEEE Conference on Computer Communications (INFOCOM).
IEEE, 2015, pp. 1831–1839.

[2] D. Acemoglu, G. Como, F. Fagnani, and A. Ozdaglar, “Opinion fluctua-
tions and disagreement in social networks.” Mathematics of Operations
Research, 2013.

[3] A. Tahbaz-Salehi and A. Jadbabaie, “Consensus over ergodic stationary
graph processes,” Automatic Control, IEEE Transactions on, vol. 55,
no. 1, pp. 225–230, 2010.

[4] E. Yildiz, D. Acemoglu, A. Ozdaglar, A. Saberi, and A. Scaglione,
“Discrete opinion dynamics with stubborn agents,” Available at SSRN
1744113, 2011.

[5] G. Deffuant, D. Neau, F. Amblard, and G. Weisbuch, “Mixing beliefs
among interacting agents,” Advances in Complex Systems, vol. 3, 2000.

[6] R. Hegselmann and U. Krause, “Opinion dynamics and bounded confi-
dence models, analysis, and simulation,” Journal of Artificial Societies
and Social Simulation, vol. 5, 2002.

[7] V. D. Blondel, J. M. Hendrickx, and J. N. Tsitsiklis, “On krause’s multi-
agent consensus model with state-dependent connectivity,” IEEE Trans-
actions on Automatic Control, vol. 54, no. 11, 2009.

[8] B. Touri and A. Nedic, “On ergodicity, infinite flow, and consensus
in random models,” IEEE Transactions on Automatic Control, vol. 56,
no. 7, pp. 1593–1605, 2011.
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