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Abstract—This paper is focused on information theoretic prop-
erties of point processes. Firstly, we discuss the entropy of a point
process and the entropy rate of a stationary point process. Then
we give explicit formulas for these quantities in the Poisson case,
as well as maximal entropy properties for homogeneous Poisson
point processes. Secondly, we define the mutual information rate
of two stationary point processes. We then give explicit formulas
for the mutual information rate between a homogeneous Poisson
point process and its displacement.

I. INTRODUCTION

There have been many efforts to define the entropy of point
processes. The entropy of a point process on the finite interval
in R was introduced by Rudemo [1] and McFadden [2]. In
addition to those works, Fritz [3] gave a generalized view
of the entropy on finite measure spaces. Then Papangelou
[4] extensively studied the entropy rate for stationary point
processes in R. More recently, Daley and Vere-Jones [5],
[6] extended the definition of the point process entropy to
a bounded set in Rd. We are not aware of the discussion on
the entropy rate of point processes in Rd.

In this paper, we combine and extend previous works of the
entropy and the entropy rate of point processes. We discuss the
notion of point process entropy and that of entropy rate for sta-
tionary point processes. We do this for point processes of Rd
whose restrictions to compact sets admit Janossy densities [6].
We then derive explicit formulas for the point process entropy
and the point process entropy rate for Poisson point processes
with an intensity measure which is absolutely continuous with
respect to the Lebesgue measure on Rd. This is in turn used
to derive a maximal entropy property for the homogeneous
Poisson point process. We then discuss the relative entropy
of two point processes and their mutual information. The
main new mathematical objects of the present paper are the
relative entropy rate and the mutual information rate of two
stationary point processes. We then derive expression for
these quantities in the case of a homogeneous point process
and its displacement [6]. This machinery is used to revisit
the Gaussian noise channel in the Shannon-Poltyrev regime
recently introduced by Anantharam et al. [7]. We also discuss
the connection with previous works on the capacity of the
queue [8], [9], [10].

II. PRELIMINARIES

In this section, we briefly summarize the basic background
and the notation for point processes. More can be found

in several books [6], [11], [12], [13]. Let (Ω, E ,P) denote
the underlying probability space. Let B(Rd) be the Borel σ-
algebra on Rd. Let νd(·) denote the Lebesgue measure on
Rd. Let N =

(
Rd
)⊗Z

denote the collection of all countable
sequences ϕ of points of Rd such that ϕ = {xi ∈ Rd : i ∈ Z}
has no finite accumulation point. In other words, for any
bounded set A ∈ B(Rd), |ϕ ∩A| is finite.

A. Point processes

One can understand a simple point process on Rd as a
countable collection of distinct random points. We denote the
point process by Φ : Ω→ N with

Φ(ω) = {Xi(ω) : i ∈ Z} ,

where the realizations of the random variables Xi(ω) ∈ Rd
are a.s. distinct. We usually omit ω for convenience. One can
also consider a point process as a counting measure [6]. When
adopting this view-point, Φ is a random counting measure and
for all A ∈ B(Rd),

Φ(A) = |Φ ∩A| =
∑
i∈Z

1A(Xi(ω))

is the number of points of Φ in A. The intensity measure of
Φ on B(Rd) is:

Λ(A) := E [Φ(A)] , ∀A ∈ B(Rd).

Another object used below is the restriction of a point process
to a set. If Φ is a point process, and A is a Borel subset of
Rd, we define Φ|A, the restriction of Φ to A, by

Φ|A(B) = Φ(A ∩B), ∀B ∈ B(Rd).

The class of point processes that we focus on in the
present paper are those admitting Janossy densities for all
their restrictions to bounded sets [6]. These densities are only
defined for point processes having a finite number of points
N , taking their values in Rd. A Janossy density then exists if,
for all n, conditionally on the fact that N = n, the n points
have some joint distribution πsymn on (Rd)n. By definition,
the density πsymn should be exchangeable (i.e. invariant by all
permutations σ of [n] = {1, · · · , n}), as the points of the point
process are indistinguishable. Note that one can always build
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such a πsymn from the joint density πn of any n points in Rd
by the formula

πsymn =
1

n!

∑
σ

πn(xσ(1)..σ(n)), (1)

where σ ranges over the set of all permutations of [n]. Let
pn = P (N = n). The Janossy density of order n is then the
function

jn (x1..n) = pnn!πsymn (x1..n), (2)

where x1..n is a short notation for x1, · · · , xn. If πsymn is built
from the joint density πn, then

jn (x1..n) = pn
∑
σ

πn(xσ(1)..σ(n)).

An important observation for what follows is that conditionally
on N = n, the n points have a joint density (so that the tool
to evaluate their entropy will be differential entropy).

Note that by the total probability theorem, for all x1..n ∈
(Rd)n,

∞∑
n=0

1

n!

∫
(Rd)(n)

jn(x1..n)dx1..n = 1, (3)

where j0(∅) = P[N = 0]. We need the denominator n! in (3)
to compensate for redundancies.

The assumption that we make below is that for all bounded
sets A ∈ B(Rd), Φ|A admits Janossy densities that will be
denoted by jn(x1..n|A). In such a case, let N = Φ(A).

Let A(n) = A × · · · × A. Let B with A ∩ B = ∅. The
relationship between the Janossy density in A and the Janossy
density in A ∪B is given by:

Lemma II.1. Let Φ(A) = k ≥ 0 and A ∩B = ∅. Then

jk(x1..k|A) =

∞∑
n=k

1

(n− k)!

∫
B(n−k)

jn(x1..k, xk+1..n|A ∪B)dxk+1..n.

We skip the proof which is a simple combinatorial argument
due to the lack of the space.

B. Stationarity point processes

A point process is stationary if its distribution is invariant
under any translation of Rd. For Φ = {Xi ∈ Rd}, let Φx :=
Φ + x = {Xi + x} for x ∈ Rd. Then Φ is stationary if
P(Φ ∈ Y ) = P(Φx ∈ Y ) for all Y ∈ B(N ) and x ∈ Rd.
If Φ is stationary, the intensity measure is always given by
Λ(A) = λνd(A). The intensity λ (which we will assume to
be positive and finite) is the average number of points of Φ in
a unit volume.

C. Poisson point processes

Let Λ be a Radon measure on Rd. A Poisson point process
ΠΛ on Rd with intensity measure Λ is a point process
satisfying the following conditions:
(1) For any bounded set A ∈ B(Rd), ΠΛ(A) ∼

Poisson(Λ(A)).
(2) For all k ∈ N and all collections of disjoint sets

A1, · · · , Ak ∈ B(Rd), the random variables ΠΛ(Ai)’ are
independent.

Below, we will make the additional assumption
(3) Λ(·) is absolutely continuous with respect to Lebesgue

measure νd(·).
It is well known that under these assumptions, ΠΛ is a simple
point process and has the intensity measure Λ(A) = λνd(A)
for all A ∈ B(Rd) [6], [13]. Such a point process is a
homogeneous Poisson point process.

III. RANDOM STRUCTURE OF POINT PROCESSES

For a random vector X in Rd with a density function
f(x), f(x)dx gives the infinitesimal probability that the point
{x} occurs in Rd. The Likelihood is the random variable
L(X) = f(X) and the differential entropy is −E(log(L(X)).
For the point process Φ, each random point Xi ∈ Φ cor-
responds to a random vector in Rd. Because the number of
points in any bounded set A is random, the restriction of the
point process to A can be regarded as a random-sized array
of vectors in Rd. As explained above, for processes admitting
Janossy densities, the infinitesimal probability to have n points
located at x1, . . . , xn is jn(x1, · · · , xn|A). It then makes
sense to define as Likelihood of Φ|A the random variable
LN (X1, · · · , XN |A). The entropy of the point process Φ|A
is then defined as follows:

H(Φ;A) = −E [logLN (X1, · · · , XN |A)]

= −
∞∑
n=0

1

n!

∫
A(n)

jn(x1..n|A) log jn(x1..n|A)dx1..n.

Note that this definition is consistent with that in Daley and
Vere-Jones [5], [6].

This definition is a natural extension of the usual definition
of the Shannon entropy and the differential entropy of random
vectors. We call H(Φ;A) the point process entropy of Φ in A
to distinguish it from the Shannon and differential entropies.
The entropy H(Φ;A) contains both discrete and continuous
components, and is also consistent with the Rudemo and
McFadden’s approaches on R [1], [2]. Indeed, the point
process entropy can in fact be decomposed into three parts
by simply injecting (2) into the definition of the point process
entropy (cf. [6, Eq. (14.8.4)]).

Proposition III.1. Let N = Φ(A) be the number of points of
Φ in A and assume that (X1, · · · , XN ) follows the exchange-
able joint density πsymn (x1..n) as defined in (1), given N = n.
Then

H(Φ;A) = H(N) + E [h(X1, · · · , XN |N)]−E [logN !] ,
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where H(·) is the Shannon entropy and h(·) is the differential
entropy of the random vector with distribution πsymn .

In other words, the point process entropy involves the
numerical entropy as Shannon entropy, the location entropy
as a conditional differential entropy, and a redundancy fac-
tor. The extra −E [logN !] factor appears to compensate for
redundancies.

As discussed in the previous section, since we can consider
Φ|A∪B as the pair of point process (Φ|A,Φ|B), we can easily
derive the subadditivity of the entropy with respect to disjoint
set union.

Lemma III.2 (Subadditivity of point process entropy). If A∩
B = ∅,

H(Φ;A ∪B) ≤ H(Φ;A) + H(Φ;B).

Sketch of Proof. Let jn+m = jn+m(x1..n+m|A ∪ B), jn =
jn(x1..n|A), and jm = jm(xn+1..n+m|B) for abbreviation.
We can see by Lemma II.1 and Jensen’s inequality

H(Φ;A) + H(Φ;B)− H(Φ;A ∪B)

=
∞∑
n=0

∞∑
m=0

1

n!

1

m!

∫
A(n)

∫
B(m)

jn+m log
jn+m

jnjm
dx1..n+m ≥ 0.

It is wortwhile noticing that for proving the existence of the
entropy rate of a point process, Papangelou [4], assumes that
the point process admits a stochastic intensity, whereas the
definition of the entropy rate given below (Section III-A) uses
subadditivity and ergodic theoretic notion of convex averaging
sets.

We can also define the relative entropy (Kullback-Leibler
divergence) of two simple point processes as

D (Φ1|Φ2;A) = EΦ1

[
log

LΦ1

N (X1, · · · , XN |A)

LΦ2

N (X1, · · · , XN |A)

]
,

where N = Φ1(A) [5], [6]. This definition is again a natural
extension of the usual definition of the relative entropy of ran-
dom vectors admitting usual density functions. Note that the
relative entropy here is equivalent to the approach to define the
generalized entropy of point processes under the refinement
of finite partitions by Fritz [3]. The detail explanation can be
found in [5], [6] as well.

A. Point process entropy rate and relative entropy rate of
stationary point processes

The point process entropy and the relative entropy of point
processes should be locally defined on a specified set. To
discuss the point process entropy on the whole space, it is
convenient to use the point process entropy rate which we
define as the entropy per unit volume.

Let {An} be a sequence of convex averaging sets, namely
bounded convex sets in B(Rd) such that
• An ⊆ An+1 for n = 1, 2, · · · and

• r(An)→∞ as n→∞, where r(A) is the radius of the
maximal Rd-ball inside A.

Then we can define the point process entropy rate h(Φ) of
a point process Φ satisfying the above assumptions when the
following limit exists:

h(Φ) := lim
n→∞

1

νd(An)
H (Φ;An) . (4)

In other words, the entropy rate is the averaged entropy per
unit volume.

Since there is no guarantee of existence of the point process
entropy rate H(Φ) in general, below we focus on the case
when Φ is stationary. Then by Lemma III.2, we can see that
h(Φ) is well-defined, at least for sets such that νd(An) = n.
More generally, the existence of the limit of (4) can be proved
by using the subadditivity of Lemma III.2 and the convex
averaging set argument [14, Proposition A.4].

Similarly, we can define the relative entropy rate by

d (Φ1|Φ2) := lim
n→∞

1

νd(An)
D (Φ1|Φ2;An) ,

when it exists.

IV. POINT PROCESS ENTROPY AND POINT PROCESS
ENTROPY RATE OF POISSON POINT PROCESSES

In this section, we simply derive the explicit forms of
the point process entropy and the point process entropy rate
of Poisson point processes. First, we find the Likelihood of
Poisson point process with intensity measures admitting a
density.

Lemma IV.1. Let Λ be a Radon measure such that Λ(A) =∫
A
λ(x)dx for all bounded A ∈ B(Rd). Let Φ be a Pois-

son point process with intensity measure Λ. Then the log-
Likelihood of Π|A is

logLΠ
N (X1, · · · , XN |A) =

N∑
i=1

log λ(Xi)−
∫
A

λ(x)dx

and the entropy in A is

H (ΠΛ;A) =

∫
A

λ(x) (1− log λ(x)) dx.

Sketch of Proof. Consider N disjoint infinitesimal sets
{dx1, · · · , dxN} near {X1, · · · , Xn}. Then the probability
that each point Xi appears inside the infinitesimal set dxi
is approximately λ(Xi)dxi. The probability that there are
no points in A \ {dx1 ∪ · · · ∪ dXN} is approximately
exp(−

∫
A
λ(x)dx). Using then the independence of these

events, we have

LΠ
N (X1, · · · , XN |A) = λ(X1) · · ·λ(XN )exp

(
−
∫
A

λ(x)dx

)
.

Example IV.2 (Homogeneous Poisson Point Process Πλ).
Consider a homogeneous Poisson Point Process Φ over a
bounded set A ∈ Rd with intensity λ. Then

H (Πλ;A) = λνd(A) (1− log λ) , h (Πλ) = λ (1− log λ) .
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V. MAXIMAL ENTROPY POINT PROCESS UNDER A FIXED
INTENSITY

In an entropy maximization problem, the underlying mo-
tivation is to find the most "natural" solution in the given
geometrical structure. For example, when we consider the
differential entropy in Rd (with the Euclidean distance as
a metric), entropy maximizers are known as the uniform
distribution under no constraint, the exponential distribution
under first moment constraint with nonnegative support, and
the Gaussian distribution under second moment constraint
[15]. Similarly, we show that the entropy maximizing point
process with a fixed mean intensity λ on a bounded set
A ∈ B(Rd) is the restriction to A of the homogeneous Poisson
point process with intensity λ. As such, this explains why
Poisson point processes can be regarded as central.

Originally, the entropy maximization problem for point
processes has been studied by McFadden [2] and Daley and
Vere-Jones [6, Exercise 14.8.2]. We give below a new and
simpler proof of this result, similar to the relative entropy
identity for Gaussian distributions. Note that we do not assume
stationarity in the next statement.

Theorem V.1. For all simple point processes Φ in A ∈ B(Rd)
with the Likelihood LΦ

N and intensity measure Λ(·) such that
Λ(A) = λνd(A),

D (Φ|Πλ;A) = H (Πλ;A)− H(Φ;A) ≥ 0.

Proof. Let N = Φ(A). By assumption, E [N ] = Λ(A) =
λνd(A). So

D (Φ|Πλ;A) = EΦ

[
log

LΦ
N (X1, · · · , XN )

LΠλ
N (X1, · · · , XN )

]
=E

[
LΦ
N (X1, · · · , XN )

]
−E [N ] log λ+ λνd(A)

=H (Πλ;A)− H(Φ;A).

Nonnegativity is immediate by Jensen’s inequality.

Theorem V.1 implies the maximal entropy property of the
homogeneous Poisson point process.

Corollary V.2. Among all point processes Φ admitting
Janossy densities in the bounded set A ∈ B(Rd) with Likeli-
hood LΦ

N and intensity measure Λ(·) with Λ(A) = λνd(A), the
homogeneous Poisson process in A with intensity λ achieves
the maximal entropy on A.

Note that within the class of homogeneous Poisson point
processes, the one with maximum entropy rate is that with
intensity 1, regardless of dimension.

VI. MUTUAL INFORMATION RATE OF POISSON POINT
PROCESSES UNDER RANDOM ADDITIVE DISPLACEMENTS

A. Independent displacements

Consider a homogeneous Poisson point process Φ and
its independent displacement. By independent displacement,
one means taking each point of Φ and adding to it some
random variable (the displacement). The assumption is that

the displacement vectors are independent of the point process
and i.i.d. This question has an information theoretic channel
interpretation which is discussed at the end of the section.

Let Πλ be a homogeneous Poisson point process on Rd with
intensity λ. Let Π′λ = Πλ ⊕ Zd where Πλ ⊕ Zd is the point
process obtained when adding to each point of Πλ a random
vector Zd.

Fix a finite observation window A ⊂ Rd for Πλ|A, and
consider the points of Π′λ which are images of points of
Πλ|A. Denote the last point process by Π′λ,A. Thanks to
the dependence structure, both processes have the same finite
number of points. Let p(y) be the density of the displacement
vector Zd. Then the joint Janossy density of

(
Πλ|A,Π′λ,A

)
is:

j2n
(
x1..n, y1..n|A× Rd

)
= λne−λνd(A)

n∏
i=1

p(yi − xi), (5)

where xi ∈ A and yi ∈ Rd. Then the joint point process
entropy can be evaluated by using (5)

H
(
Πλ,Π

′
λ;A,Rd

)
= λνd(A) (1− log λ+ h(Zd)) ,

where h(Zd) is the differential entropy of the displacement
vector, which we assume to exist. For instance, in the White
Gaussian case, namely when Z ∼ N

(
0, σ2Id

)
is a d-

dimensional Gaussian random noise where Id is a d×d identity
matrix, we have h(Zd) = d

2 log
(
2πeσ2

)
.

Using the joint Janossy density, we can compute the
marginal Janossy density of Πλ|A and Π′λ,A as follows:

jn (x1..n|A) =

∫
(Rd)(n)

j2n
(
x1..n, y1..n|A× Rd

)
dy1..n

= λne−λνd(A),

jn
(
y1..n|Rd

)
=

∫
A(n)

j2n
(
x1..n, y1..n|A× Rd

)
dx1..n

= λne−λνd(A)
n∏
i=1

∫
A

p(yi − xi)dxi.

Then the point process entropies of Πλ|A and Π′λ,A are given
by

H (Πλ;A) = λνd(A)(1− log λ),

H
(
Π′λ;Rd

)
= λνd(A)(1− log λ)− λ

∫
Rd
g(y) log g(y)dy,

where g(y) =
∫
A
p(y − x)dx. Then we can define the mutual

information rate for two point processes Πλ and Π′λ as follows:

i(Πλ,Π
′
λ) := lim

n→∞

1

νd(An)

[
H (Πλ;An) + H

(
Π′λ;Rd

)
− H

(
Πλ,Π

′
λ;An,Rd

) ]
,

where An satisfies the conditions discussed in Section III-A.

Theorem VI.1. The mutual information rate of Πλ and Π′λ
is given by

i(Πλ,Π
′
λ) = λ [1− log λ− h(Zd)] .
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For a given displacement, we can maximize the mutual
information rate by controlling λ.

Corollary VI.2. The maximal mutual information rate be-
tween Πλ and Π′λ is obtained for λ = e−h(Zd). In the White
Gaussian noise case, it is for λ = 1

σd(
√

2πe)d
.

Let us conclude by discussing the channel introduced by
Anantharam et al. [7], which we describe in the White
Gaussian case only for simplicity. Consider a homogeneous
Poisson point process Πλ in Rd. We call the sender Alice and
the receiver Bob. The communication between Alice and Bob
is as follows:

1 Alice and Bob share the same random knowledge, which
is a realization ϕ = {x1, x2, . . .} of Πλ.

2 The channel consists of a countable collection of White
Gaussian additive noise subchannels, numbered 1, 2, . . ..
Alice sends the point xσ(i) of ϕ on subchannel i, where σ
is a permutation of the integers 1, 2, . . . which is unknown
to Bob. We call this the permuted message σ(ϕ).

3 Each point of the permuted message is corrupted by i.i.d.
Gaussian noise when sent through its subchannel.

4 Bob receives the corrupted message ϕ′ = σ(ϕ) ⊕ Zd,
where ⊕ is a component-wise sum with i.i.d. Zd.

5 Bob wants to find out the permutation that Alice used.
For decoding, Bob may for instance use the nearest neighbor
point matching scheme, namely he declares σ(i) to be the
index of the point xj of φ which is the closest for Euclidean
distance to what he receives on subchannel i.

It is proved in [7, Theorem 1 and Theorem 2] that the best
asymptotic density of points λ for which Bob can decode
each subchannel with a probability that tends to 1 as d
tends to infinity is λd = e−dR with R = 1

2 log
(

1
2πeσ2

)
.

It is also proved that above this threshold, for all possible
decoding schemes, the probability of error tends to 1 on each
subchannel.

This threshold is in fact the Poltyrev’s capacity [16] of the
White Gaussian Additive Noise channel. This threshold can be
rewritten as λd = e−

d
2 log(2πeσ2), in which we recognize the

value of λ which maximizes the mutual information rate be-
tween Πλ and Π′λ in Rd. In other words, the Poltyrev capacity
of the White Gaussian Additive Noise channel of Shannon’s
theory is the maximizer of the mutual information rate between
Πλ and Π′λ. This statement can directly be extended to any
displacement vectors with a differential entropy rate.

B. Relationship with “Bits through Queues”

As a final remark, we briefly discuss the connection with the
capacity of the queue analyzed in [8], [9], [10]. Assume that
the input to the queue is a Poisson point process with intensity
λ. For the M/M/1 queue with the service rate µ > λ, the
capacity in [8] is given by

C(λ) = λ [− log λ+ logµ] . (6)

In this case, the displacements which are called response times
in queuing theory, form a Markov chain which has a stationary

distribution exp(µ − λ). However, these displacements are
not independent for each point nor independent of the arrival
point processes. If we consider the independent displacement
with Zd ∼ exp(µ − λ), Theorem VI.1 gives a capacity of
λ [− log λ+ log(µ− λ)] which is less than C(λ) of (6). So
the dependency helps the queue to carry more information.

For the G/M/∞ queue discussed in [10], the capacity is
∞. This capacity can be considered as an upper bound of
the capacity of the M/M/∞ queue. With Theorem VI.1,
we can consider the capacity of the M/M/∞ queue. Each
displacement is independent with exp(µ). So the capacity of
the M/M/∞ queue is λ [− log λ+ logµ], which is the same
as the capacity of the M/M/1 queue in (6).
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