
TWO-PLAYER INCENTIVE COMPATIBLE MECHANISMS ARE AFFINE
MAXIMIZERS

BO LIN AND NGOC MAI TRAN

Abstract. In mechanism design, for a given type space, there may be incentive compatible
mechanisms which are not affine maximizers. We prove that for two-player games on a
discrete type space, any given mechanism can be turned into an affine maximizer through a
nontrivial perturbation of the type space. Furthermore, our theorem is the strongest possible
in this setup. Our proof relies on new results on the tropical determinant.

1. Introduction

Consider deterministic, dominant strategy incentive compatible (IC), quasi-linear mecha-
nisms on m outcomes and n players. Affine maximizers form a special subset of IC mech-
anisms with desirable properties. Unfortunately, there are very few spaces where all IC
mechanisms are affine maximizers. Since the first positive result of Roberts [17], much efforts
have been put in understanding and extending Roberts’ theorem, often to rather specific
type spaces [4, 8, 9, 12, 15, 19], see [14] for a recent overview of this literature. Our paper
takes a novel view on Roberts’ theorem and its successors. Instead of looking for type spaces
where all IC mechanisms are affine maximizers, we seek to quantify how large is the latter set
relative to the former. In our setup, it is more natural to fix the set of IC outcome functions.
Equivalently, the key question is: can a given mechanism be turned into an affine maximiz-
er by perturbations of the type space that preserve the set of IC mechanisms as much as
possible? Call this the perturbed Roberts’ problem.

Type space perturbation has appeared in the context of robust mechanism design [2,3,5,16].
Though the context is different, we share a common purpose with this literature, namely, to
produce theorems in mechanism design which are largely detailed-free. In our case, a given
type space imposes strong geometric constraints on the affine maximizers. Meanwhile, the
set of IC mechanisms imposes combinatorial constraints. Specifically, our agents choose not
to make public their individual type spaces, but the set of IC outcome functions instead.
Without knowing the accompanying set of payment vectors, this does not pin down the type
space, and thus is strictly less informative. However, it is still sufficient for the mechanism
designer to verify if a give outcome function is IC. As we shall show in Section 2, revealing the
set of IC outcomes on an individual type space is equivalent to revealing the agent’s preference
orders when only a subset of the type space and outcome is available, and therefore this is
clearly a combinatorial constraint.

The answer to perturbed Roberts’ problem depends on how strictly we adhere to the IC
set constraints. For example, if we only require the set of IC mechanisms on the perturbed
type space to contain the original, then one can trivially make all outcome functions affine
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maximizers: set the individual type spaces to contain exactly one point, where the agent
is indifferent between all m outcomes. On the other hand, if we require that the set of
IC mechanisms of the perturbed type spaces must be exactly equal to the original, then
the result is negative (cf: Example 5.3). The strongest positive result we obtained for the
perturbed Roberts’ problem is the following.

Theorem 1.1. Fix a finite type space T = T 1×T 2 with n = 2 players and m ≥ 1 outcomes.
Any deterministic IC outcome function g on T is an affine maximizer on another type space
S = S1× S2, where the set of IC mechanisms on S1 exactly equals the set of IC mechanisms
on T 1.

In Theorem 1.1, S1 is a nontrivial perturbation of T 1 as it has to satisfy the same set of
equalities and inequalities as T 1. More specifically, suppose that the announcement of player
two is fixed, and consider a single player game in the first player. Let r1 be the cardinality
of T 1, and for an integer k, let [k] denote the set {1, 2, . . . , k}. An outcome function of this
single-player game is a vector in [m]r1 , where the k-th coordinate is the outcome when the
player declares type t1,k ∈ T 1, k ∈ [r1]. Except when all points in T 1 are identical, the set
of IC outcomes on T 1 is a proper subset of [m]r1 . The theorem guarantees that the new
type space S1 will have exactly the same such set. This stops S1 to be the trivial set where
all points are equal, for example. Furthermore, the given outcome function g is determined
by T , so g being an affine maximizer on S means S2 must satisfy some of the inequalities
and equalities as those satisfied by T 2. Thus the set S2 cannot be trivial neither.

Somewhat surprisingly, without further constraints on g, Theorem 1.1 is the strongest
possible in the framework. Through a series of counter examples, we show that various
stronger versions of this theorem are all false. In particular, the theorem is false for n = 3
(cf: Example 5.2). It is also false if one requires that in addition, the set of all IC mechanisms
on S2 must also equals the set of IC mechanisms on T 2 (cf: Example 5.3), or that it must
holds for two outcome functions g, h simultaneously (cf: Example 5.6).

Our second major result explores neutral outcome functions in two-player games with
identical type spaces, that is, T 1 = T 2 and g is symmetric. In this case, Theorem 4.2 states
that one can obtain a nontrivial perturbation S1 such that g is an affine maximizer on S1×S1.
This theorem does not strengthen Theorem 1.1, since the set of IC mechanisms on S1 may not
equal to that on T 1. Indeed, if one adds this requirement to the statement of Theorem 1.1,
then it is no longer true for all g. Therefore, Theorem 1.1 still cannot be strengthened even
in this case.

In addition to a novel view on Roberts’ theorem, our proof uses and develops new results
from tropical convex geometry, which have featured in a number of economic papers [1,10,18],
including mechanism design [6]. In particular, we give a bijection between generators for
permutations that appear in the tropical determinant and cyclic equalities forced upon the
type space by a given outcome function. This result is of independent interest in both tropical
linear algebra and mechanism design. In this paper, it plays a crucial role in establishing the
equality between the set of IC outcome functions in S1 and T 1 in Theorem 1.1.

Our paper is organized as follows. In Section 2, we recall the connections between tropical
geometry and mechanism design. In Section 3, we refine these results using tropical determi-
nants. In Section 4, we prove the main results. Section 5 contains various examples, as well
as counter examples to stronger statements of the theorems. Finally, we conclude with open
questions in Section 6.
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2. Background

This section contains a brief introduction to mechanism design, and the tropical geometric
view on the topic, first investigated in [6]. For a comprehensive introduction to each of these
topics individually, see [19] for mechanism design and [13] for tropical geometry.

Consider a game with m ∈ N outcomes, n ∈ N players with finite type space T = T 1×· · ·×
T n, |T i| = ri for i ∈ [n]. We shall identify T with an m× r1 × · · · × rn tensor. For example,
for single player games, a matrix M ∈ Rr×m defines a type space with cardinality r on a
single player game with m outcomes, where the r row of M are the r type vectors in Rm. A
deterministic mechanism with quasi-linear utility consists of an outcome function g : T → [m]
and a payment function p : T → Rn. If the players declare a type s ∈ T to the mechanism,
the game outcome is g(s) and the players are required to pay p(s). If player i has true type
t, her utility from a particular outcome k ∈ [m] is tk minus what he needs to pay. Players
are assumed to declare a type that maximizes their utility, which may not be their true
types. A mechanism (g, p) is incentive compatible for player i if regardless of what the other
players declare, player i does best by declaring her true type. A mechanism (g, p) is dominant
strategy incentive compatible (IC) if it is incentive compatible for all players. An outcome
function g is called an affine maximizer on T if there exists weights α1, . . . , αn > 0, a constant
vector β ∈ Rm, and a single-player IC outcome function h : α1T

1 + · · · + αnT
n + β → [m]

such that g(t1, . . . , tn) = h(α1t
1 + · · · + αnt

n + β). For type space T = T 1 × · · · × T n, let
IC(T 1, . . . , T n) denotes its set of all IC mechanisms, and AM(T 1, . . . , T n) its set of all affine
maximizers. The following are immediate from the definitions.

Lemma 2.1. Let T = T 1 × · · · × T n, S = S1 × · · · × Sn be type spaces. Then

• AM(T 1, . . . , T n) ⊆ IC(T 1, . . . , T n)
• IC(S1, . . . , Sn) = IC(T 1, . . . , T n) if and only if IC(Si) = IC(T i) for all i ∈ [n].
• IC(Si) = IC(αSi) for all i ∈ [n] and α > 0.

For a single player type space M ∈ Rr×m and an outcome function g ∈ IC(M), let P (h) ⊆
Rm denote its set of incentive compatible payments. This is the set of x ∈ Rm such that

(1) xh(i) −Mi,h(i) ≤ xk −Mi,k ∀1 ≤ i ≤ r, 1 ≤ k ≤ m, k 6= h(i).

The following is a classical result in mechanism design, see [19, §4].

Corollary 2.2. Let M ∈ Rr×m, h ∈ [m]r. Then h ∈ IC(M) if and only if (1) is feasible.

Now let us recall the tropical view of mechanism design explored in [6]. The min-plus
tropical algebra (R∪{∞},⊕,�) is defined by a⊕b = min(a, b) a�b = a+b for a, b ∈ R∪{∞}.
The min-plus determinant of a k × k matrix M is the usual determinant with arithmetic
carried out in (R∪{∞},�,⊕), that is

(2) tdet(M) =
⊕
σ∈Sk

k⊙
j=1

Mjσ(j) = min
σ∈Sk

k∑
j=1

Mjσ(j).

If the minimum in (2) is attained at least twice, say that the tropical determinant of M is
singular. Say that a matrix M ∈ Rr×m is tropically generic if for all 2 ≤ k ≤ min(r,m), no
k × k minor of M has singular tropical determinant. Otherwise, say that M is tropically
singular.

Many classic facts in convex geometry have tropical analogues. For instance, M is tropically
generic if and only if the r tropical hyperplanes defined by the r columns of M intersect
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‘generically’, that is, no k points in this hyperplane arrangement lie in a k-dimensional
tropical hyperplane. Let H(−M) denotes this tropical hyperplane arrangement, the minus
follows the sign convention in [6]. Like in classical geometry, H(−M) subdivides Rm into
regions called cells. Each cell ofH(−M) corresponds to the set of IC payments for a particular
IC outcome function [6, Theorem 1]. This gives a way to visualize and enumerate the set of
IC outcome functions and their payment sets, as seen in the example below.

Example 2.3. This example shows how to compute and visualize IC(M) for a given matrix
M ∈ Rr×m. Let r = 2,m = 3 and

M =

[
0 1 3
0 2 1

]
.

By Proposition 3.5, an outcome function (a, b) ∈ [3]2 is in IC(M) if and only if there exists
x ∈ R3 such that

xa −M1,a ≤ xk −M1,k ∀1 ≤ k ≤ 3, k 6= a;

xb −M2,b ≤ xk −M2,k ∀1 ≤ k ≤ 3, k 6= b.

When a = b, we can always fix other xk and let xa be sufficiently small, hence (a, a) always
belongs to IC(M). When a 6= b, we get

(3) xa −M1,a ≤ xb −M1,b, xb −M2,b ≤ xa −M2,a.

The system (3) is feasible if and only if

(4) M1,b +M2,a ≤M1,a +M2,b.

Therefore, any (a, b) ∈ [3]2 that satisfies (4) is in IC(M). This gives

IC(M) = {(1, 1), (1, 2), (2, 2), (3, 1), (3, 2), (3, 3)}.
Note that (4) is closely related to the tropical determinant of the 2× 2 minor of M formed

by its two rows and the column columns a, b ∈ [3], which is

tdet(

[
M1a M1b

M2a M2b

]
) = min(M1,b +M2,a,M1,a +M2,b).

In this case, the minimum is always achieved by one of the terms, so all 2 × 2 minor of M
are not singular. Therefore, M is generic

We can visualize the elements of IC(M) in the Euclidean plane, see Figure 1. Note that
adding a vector (c, c, c) to a row vector of M does not change IC(M), we may assume that
the first column of M is the zero vector. For each row vector (0, p, q) (p, q ∈ R), we consider
the standard tropical line centered at (x, y), which consists of three rays: x = p, y ≥ q;
y = q, x ≥ p; x − p = y − q ≤ 0. These rays divide the plane into three closed cells that
overlap in the rays. We label them by 1, 2, 3 such that for a point z in the i-th region, the
minimum of (0− 0, z1 − p, z2 − q) is attained at the i-th number.

Now the r row vectors of M correspond to r tropical lines in the plane. Then v ∈ IC(M)
if and only if there exists a point z ∈ R2 such that for 1 ≤ i ≤ r, z belongs to the cell with
label vi for the tropical line of the i-th row vector of M . In addition, z belongs to an open cell
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(11)(12)

(31)

(22)

(32)
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M1

M2

Figure 1. The tropical hyperplane arrangement H(−M) of Example 2.3.
By [6, Theorem 1.1], the two-dimensional cells are payment sets, and are labeled
by the corresponding outcome function in IC(M1).

if and only if the all the minima are attained only once, if and only if the strict inequalities
in (10) hold. Figure 1 shows the cell types in IC(M).

While [6] emphasized the geometry of the tropical hyperplane arrangement and its connec-
tions to outcome functions, in this paper, we take the more algebraic view. Theorem 2.5 below
gives an algebraic criterion for when IC(S) = IC(T ). This result is equivalent to the main
theorem of [7], and can be seen as a particular application of the Gröbner bases approach to
integer programming. Most importantly, it lends an interpretation to the constraints imposed
upon a type space by its set of IC outcome functions.

Definition 2.4. For I ⊆ [r], O ⊆ [m], an (I, O)-graph on [r] × [m] is a bipartite graph on
I ×O such that each node i ∈ I and o ∈ O has degree 1. An (I, O)-circuit is an ordered pair
of (I, O) graphs with no common edges.

Fix a matrix M ∈ Rr×m. View Mij as the weight of the edge (i, j), j ∈ [m] to i ∈ [r].
Define the M -weight of a bipartite graph on [r] × [m] as the sum of its edge weights. For
a particular (I, O)-circuit, define its M -weight as the M -weight of the first graph minus the
M -weight of the second.

Theorem 2.5. Fix M,M ′ ∈ Rr×m. Then IC(M) = IC(M ′) if and only if for all pairs
(I, O) ⊆ [r] × [m], the set of (I, O)-graphs with maximal M-weight equals the one with
maximal M ′-weight.

The sign of an M -weight (I, O) circuit can be seen as an order constraint on the agents’
preferences. For example, if I = {1, 2}, and O = {3, 4}, there are two possible (I, O)-graphs,
G1, G2. Their edges are

G1 = {(1, 3), (2, 4)}, G2 = {(1, 4), (2, 3)}.
This gives two possible M -weight (I, O)-circuits:

(M1,3 +M2,4)− (M1,4 +M2,3),

and the negative of this equation. Since the payment function only depends on the set of
outcomes, which is {3, 4} in both cases, the above equation expresses the difference in the
player’s total utility when her type is either 1 or 2, and the outcome must be either 3 or 4.
A maximal M -weight (I, O)-circuit thus corresponds to an outcome function that maximizes
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utility for the player should the set of outcomes be restricted to O and the type space be
restricted to I. Now suppose that the agent does not tell the mechanism designer her type
space, but instead only gives out the set of all IC outcome functions on it. Theorem 2.5
states this is equivalent to her revealing all the maximal (I, O) circuits on her type space.

We recall one last auxiliary result. The existence of type spaces with desired properties
reduces to feasibility of particular linear systems of inequalities. Our main technique for
working with such feasibility problems is the Fourier-Motzkin method [20]. It works by
eliminating variables, and should the system be infeasible, one should obtain a contradiction
of the form 0 < 0. When used to produce an infeasibility certificate, the Fourier-Motzkin is
a refinement of Farkas’ lemma in linear programming.

Definition 2.6. A circuit of a homogeneous linear system is an N-linear combinations of the
inequalities and equalities in this system such that all the variables cancel.

Lemma 2.7. Let
∑

j aijxj ≤ 0,
∑

j bi′jxj = 0,
∑

j ci′′jxj < 0 be a finite system of linear

inequalities in the variables xj’s and coefficients aij, bi′j, ci′′j ∈ {−1, 0,+1}. Then the system
is infeasible if and only if there exists a circuit that involves at least one strict inequality of
the form

∑
j ci′′jxj < 0.

3. Tropical determinant, outcome functions and type spaces

This section contains new results that link the three objects in the title. In particular,
Proposition 3.5 plays a crucial role in the proof of the main theorems. First, we give a
refinement of Corollary 2.2. Lemma 3.1 below records which inequalities in (1) must be
equalities, based on the tropical determinant of M .

Lemma 3.1. Let M ∈ Rr×m and h ∈ IC(M). Consider all possible k × k minors of M of
the form ζ = (i1, . . . , ik)× (h(i1), . . . , h(ik)). For each such k × k minor, let Σζ be the set of
permutations that achieve the minimum in the tropical determinant of this minor, as defined
in (2). Then the relative interior of P (h) is the set of x ∈ Rm that satisfies

xσi −Mi,σi = xσ′
`
−Mi,σ′

`
(5)

xi −Mi,h(i) < x` −Mi,`(6)

where (5) runs over all pairs σ, σ′ ∈ Σζ, over all minors ζ, and all i ∈ [r], ` ∈ [k], while (6)
runs over all i ∈ [r], ` ∈ [m], ` 6= h(i) such that the indices does not coincide with the first
equation.

Proof. Since h ∈ IC(M), P (h) given by (1) is non-empty. To establish the claim, it is sufficient
to argue which of these equations cannot be a strict inequality. Consider the case where all
the h(i)’s are equal. Then trivially all inequalities in (1) can be set to a strict inequality by
making the appropriate coordinate of x arbitrarily small, so the relative interior of P (h) is
given by (6). As defined, there are no equations in (5), so the claim holds. Now suppose
the h(i)’s are not all equal. Fix a k × k minor ζ with indices (i1, . . . , ik)× (h(i1), . . . , h(ik)).
By definition of the tropical determinant, the identity permutation is always in Σζ . For any
other permutation σ′ ∈ Σζ , we have

(7) xh(i`) −Mi`,h(i`) ≤ xσ′
i`
−Mi`,σ

′
i`
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for all ` ∈ [k]. Summing over all `, as σ′ is a permutation, the x-variables cancel, and one
obtains ∑

`

Mi`,h(i`) ≥
∑
`

Mi`,σ′(i`).

But the LHS equals the tropical determinant of ζ, and σ′ ∈ Σζ , so one must have an equality.
Since P (h) 6= ∅, none of the inequalities in (7) can be strict, so they must all be equal.
By rewriting this as a pairwise equality between permutations in Σζ , we obtain (5). Now
we argue that there can be no more equalities, by showing that the system (5) and (6) is
feasible. Suppose for contradiction that it is not. By Lemma 2.7, there exists a circuit in
the system (5) and (6) with at least one strict inequality in (6). In particular, the LHS
of this circuit defines a multigraph on [m] × [r] with edges (i, h(i)), while the RHS defines
another multigraph with edges (i, `) for some appropriately chosen set of indices ` ∈ [m].
Since the x-variables on the two sides cancel, these two graphs have equal degree sequences.
Therefore, they can be written as a sum of pairs of permutations on various minors of M .
Since h ∈ IC(M), on each of this minor, the LHS must attain the tropical determinant. By
the equality assumption, the RHS must also attain the tropical determinant on each of these
minor. Therefore, both the LHS and RHS are linear combination of the equations in (5),
and thus there are no strict inequality (6) in the sum, a contradiction. �

Corollary 3.2. Let h ∈ [m]r, and M be a tropically generic matrix. Then h ∈ IC(M) if and
only if the following system in x variables is feasible

(8) xh(i) −Mi,h(i) < xk −Mi,k ∀1 ≤ i ≤ r, 1 ≤ k ≤ m, k 6= h(i).

We now consider the constraints imposed upon a matrix M by the requirement that IC(M)
must contains some particular set of elements. This can be seen as a converse of Lemma
3.1. In particular, we focus on maximally generic matrices, that is, matrices with fewest
number of singular minors amongst those that satisfy the given constraints. For notational
convenience, we list these constrained elements of IC(M) as column vectors in a matrix.

Definition 3.3 (Type matrix). Fix M ∈ Rr×m. Given a matrix V ∈ [m]r×q for some q ∈ N,
say that V belongs to type M if the set of columns of V is a subset of IC(M). If the set of
columns of V equals IC(M), say that V is a type matrix of M .

Corollary 3.4. Let V ∈ [m]r×q. Then V belongs to type M for some matrix M ∈ Rr×m if
and only if the following family of linear inequalities in the X and M variables is feasible

Xv,Vi,v −Mi,Vi,v ≤ Xv,k −Mi,k ∀1 ≤ i ≤ r, 1 ≤ v ≤ q, 1 ≤ k ≤ m, k 6= Vi,v.(9)

The above is an immediate consequence of Corollary 2.2. Parallel to the generalization of
Corollary 2.2 to Lemma 3.1, our goal is to refine this result by spelling out which inequalities
in (9) must be equalities.

In particular, for all circuits in (9), set all the inequalities involved to be an equality. For
the remaining inequalities, set them to be strict inequalities. Let E(V ) ⊂ [r] × [q] × [m] be
the indices for the equations, and Ec(V ) ⊂ [r]× [q]× [m] be the remaining indices. Call the
following system in variables X and U the strict linear system of V

Xv,Vi,v − Ui,Vi,v = Xv,k − Ui,k ∀(i, v, k) ∈ E(V ),(10)

Xv,Vi,v − Ui,Vi,v < Xv,k − Ui,k ∀(i, v, k) ∈ Ec(V ),
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and call the following system in variables X and U the linear system of V

Xv,Vi,v − Ui,Vi,v = Xv,k − Ui,k ∀(i, v, k) ∈ E(V ),(11)

Xv,Vi,v − Ui,Vi,v ≤ Xv,k − Ui,k ∀(i, v, k) ∈ Ec(V ).

Proposition 3.5. Let V ∈ [m]r×q. Define the linear system and the strict linear system of
V as above.

(i) Both the linear system and the strict linear system of V are feasible.
(ii) (X,M) is a solution to the linear system of V if and only if V belongs to type M .

(iii) If (X,M) is a solution to the linear system of V , then E(V ) determines a set of tropically
singular minors of M .

(iv) If (X,M) is a solution to the strict linear system of V , then M has no other tropically
singular minors other than the ones determined by E(V ).

Proof. By construction, the linear system of V is equivalent to (9). Therefore, it is feasible,
and (X,M) is a solution if and only if V belongs to type M , by Corollary 3.4. Also by
construction, the strict linear system has no circuits, and thus it is also feasible by Lemma
2.7. So we have established (i) and (ii). For the third statement, associate to each v ∈ [q]
two bipartite graphs on [r] × [m]: the left graph consists of edges (i, Vi,v) , and the right
graph consists of edges (i, k), for all (i, v, k) ∈ E(V ). These graphs have the same out
degree sequence and the same number of edges, therefore their M -weight difference can be
decomposed as a union of (I, O) circuits. Each circuit defines a minor of M , and the two
cyclic shifts involved are two different permutations that achieve the tropical determinant.
Therefore, each circuit defines a tropically singular minor of M , which proves (iii). For (iv),
suppose (X,M) is a solution to the strict linear system. Consider any tropically singular
minor of M . By the same argument as done in Lemma 3.1, this minor must induce an
inequality of the form 0 ≤ 0 obtained by positive integer combinations of the inequalities in
(9). However, if one of these inequalities is in Ec(V ), then one would get a contradiction of
the form 0 < 0. Thus they all must lie in E(V ). Therefore, all tropically singular minors of
M are determined by E(V ). �

In other words, solutions to the strict linear system of V are the maximally generic matrices
under the constraint that it must contain V in its type. If E(V ) = ∅, say that V is cycle-
free. Combined with [6, Corollary 1.2], we obtain a characterization for the type matrices of
tropically generic type spaces.

Corollary 3.6. Let V ∈ [m]r×q. Then V belongs to type M for some tropically generic
M ∈ Rr×m if and only if E(V ) = ∅. In particular, if V has

(
r+m−2
m−1

)
distinct columns, then

V is a type matrix of M .

Corollary 3.7. Let V ∈ [m]r×q be a type matrix of M ∈ Rr×m. Then M ′ ∈ Rr×m satisfies
IC(M) = IC(M ′) if and only if M ′ is a feasible solution to the strict linear system of V .

For n = 2, a given g ∈ [m]r1×r2 may belong to type M for some M ∈ Rr1×m, or that its
transpose may belong to type M ′ for some M ′ ∈ Rr2×m. The following shows that g imposes
the same singularity constraints on M as that on M ′. This special relation only holds for
two players, and explains why our results only hold for this case.

Lemma 3.8. There is a bijection between E(g) and E(g>). In particular, (i, j, k) ∈ E(g) if
and only if (j, i, k) ∈ E(g>).
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Proof. The strict linear system of g is

X1
j,gi,j
− U1

i,gi,j
= X1

j,k − U1
i,k ∀(i, j, k) ∈ E(g),

X1
j,gi,j
− U1

i,gi,j
< X1

j,k − U1
i,k ∀(i, j, k) ∈ Ec(g),

(12)

and the strict linear system of g> is

X2
i,g>j,i
− U2

j,g>j,i
= X2

i,k − U2
j,k ∀(j, i, k) ∈ E(g>),

X2
i,g>j,i
− U2

j,g>j,i
< X2

i,k − U2
j,k ∀(j, i, k) ∈ Ec(g>).

(13)

By substituting X2 with X1 and U2 with U1, one sees that there is a one-to-one corre-
spondence between equations in (12) and (13). Since both systems are feasible and have the
maximal number of equalities possible, this induces a bijection between E(g) and E(g>). �

Finally, we consider the constraint imposes upon a pair of matrices S1 ∈ Rr1×m, S2 ∈ Rr2×m

when one requires that AM(S1, S2) must contains a particular element. For fixed S1, S2, this
constraint also depends on the variables α1, α2. When one proves existence of such S1, S2,
however, one is making a statement about the set of all S1, S2 such that g ∈ AM(S1, S2),
and thus can disregard α1, α2. This result generalizes readily to three or more players.

Lemma 3.9. Let g ∈ [m]r1×r2. There exists U1 ∈ Rr1×m, U2 ∈ Rr2×m such that g ∈
AM(U1, U2) if and only if the following system in the variables Z,U1, U2 is feasible

Zgi,j − U1
i,gi,j
− U2

j,gi,j
= Zk − U1

i,k − U2
j,k ∀(i, j, k) ∈ E(g)(14)

Zgi,j − U1
i,gi,j
− U2

j,gi,j
≤ Zk − U1

i,k − U2
j,k ∀(i, j, k) ∈ Ec(g).(15)

If the previous system is feasible, then a solution pair U1, U2 is maximally generic if and only
if

Zgi,j − U1
i,gi,j
− U2

j,gi,j
= Zk − U1

i,k − U2
j,k ∀(i, j, k) ∈ E(g)(16)

Zgi,j − U1
i,gi,j
− U2

j,gi,j
< Zk − U1

i,k − U2
j,k ∀(i, j, k) ∈ Ec(g).(17)

Proof. By definition of affine maximizers and Lemma 2.2, g is an affine maximizer with respect
to some two-player type space if and only if the following system in variables Z,U1, U2 is
feasible:

(18) Zgi,j − U1
i,gi,j
− U2

j,gi,j
≤ Zk − U1

i,k − U2
j,k ∀(i, j, k).

Note that the constants α1, α2 do not feature in this system, since U1 and U2 are variables.
In particular, if g ∈ AM(S1, S2) for some fixed S1, S2 with coefficients α1, α2 > 0, then
U1 := α1S

1, U2 := α2S
2 must be a solution to (18). Now, for (i, j, k) ∈ E(g), the system in

variables Y, U1 is feasible only if

Yj,gi,j − U1
i,gi,j

= Yj,k − U1
i,k ∀(i, j, k) ∈ E(g).

Therefore for (18) to be feasible, one must have an equality for all (i, j, k) ∈ E(g). By the same
argument, one must also have an equality for all (j, i, k) ∈ E(g>). By Lemma 3.8, this does
not had further constraints. Therefore, g ∈ AM(U1, U2) if and only if (14) and (15) hold. The
last statement follows from applying Proposition 3.5 twice: with V = g, U = U1, X = Z−U2

in the first case, and V = g, U = U2, X = Z − U1 in the second case. In the first case,
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Proposition 3.5 proves maximal genericity for U1. In the second case, it proves maximal
genericity for U2. �

Definition 3.10. For type spaces T 1, . . . , T n with T j ∈ Rrj×m, we define their tensor sum as

a matrix C(T 1, . . . , T n) ∈ R(
∏n

j=1 rj)×m such that for i = (i1, i2, . . . , in) ∈ [r1]× [r2]×· · ·× [rn]
and 1 ≤ k ≤ m,

C(T 1, . . . , T n)i,k =
n∑
j=1

·T jij ,k.

Remark 3.11. For type spaces T 1, . . . , T n with T j ∈ Rrj×m and a matrix g ∈ [m]r1×···×rn ,
by Lemma 3.9, g ∈ AM(T 1, . . . , T n) if and only if there exist α ∈ Rn

>0 such that as a vector
with

∏n
j=1 rj entries, g belongs to IC(C(α1T

1, . . . , αnT
n)).

4. Proof of the main results

We will now prove Theorem 4.1 below, a result that clearly implies Theorem 1.1. The
proof involves setting up two systems of inequalities: one that is feasible if and only if the
hypothesis holds, and one that is feasible if and only if the conclusion holds. A delicate point
is that the exact inequalities depend on E(g). This is precisely where we make use of the
lemmas in the previous section. Without the concept of tropically generic and singular, this
result would be difficult to prove.

Theorem 4.1. Fix g ∈ [m]r1×r2. If there exist T 1 ∈ Rr1×m, T 2 ∈ Rr2×m such that g ∈
IC(T 1, T 2), then there exist matrices S1 ∈ Rr1×m, S2 ∈ Rr2×m such that g ∈ AM(S1, S2) and
IC(T 1) = IC(S1).

Proof. Consider matrices U1, X2 ∈ Rr1×m and U2, X1 ∈ Rr2×m and vector Z ∈ Rm. Let V be
a type matrix of T 1. Consider the following family of inequalities in variables X1, U1, X2, U2:

X1
j,gi,j
− U1

i,gi,j
= X1

j,k − U1
i,k ∀(i, j, k) ∈ E(g); (u1a)

X1
j,gi,j
− U1

i,gi,j
< X1

j,k − U1
i,k ∀(i, j, k) ∈ Ec(g); (u1b)

X2
i,gi,j
− U2

j,gi,j
= X2

i,k − U2
j,k ∀(j, i, k) ∈ E(g>); (u2a)

X2
i,gi,j
− U2

j,gi,j
< X2

i,k − U2
j,k ∀(j, i, k) ∈ Ec(g>); (u2b)

X1
v,Vi,v

− U1
i,Vi,v

= X1
v,k − U1

i,k ∀(i, j, k) ∈ E(V ); (u12a)

X1
v,Vi,v

− U1
i,Vi,v

< X1
v,k − U1

i,k ∀(i, j, k) ∈ Ec(V ). (u12b)

(19)

By Proposition 3.5, the equations (u1a) and (u1b) say that IC(U1) contains the columns
of g. The equations (u2a) and (u2b) say that IC(U2) contains the rows of g. Thus these
four equations say that g ∈ IC(U1, U2). The equations (u12a) and (u12b) say that IC(U1) =
IC(T 1). The claim is that if the system (19) is feasible, then the system (20) in variables
X1, U1, U2, Z is also feasible:

X1
v,Vi,v

− U1
i,Vi,v

= Xv,k − U1
i,k ∀(i, j, k) ∈ E(V ); (u12a)

X1
v,Vi,v

− U1
i,Vi,v

< Xv,k − U1
i,k ∀(i, j, k) ∈ Ec(V ); (u12b)

Zgi,j − U1
i,gi,j
− U2

j,gi,j
= Zk − U1

i,k − U2
j,k ∀(i, j, k) ∈ E(g); (za)

Zgi,j − U1
i,gi,j
− U2

j,gi,j
< Zk − U1

i,k − U2
j,k ∀(i, j, k) ∈ Ec(g). (zb)

(20)
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The equations (u12a) and (u12b) in (20) say that IC(U1) = IC(T 1). By Lemma 3.9,
equations (za) and (zb) say that g ∈ AM(U1, U2), and U1 and U2 are maximally generic.
Note that (u1a) and (u1b) in (19) has a one-to-one correspondence with (za) and (zb) in (20),
seen by substituting X1

a,b for Zb−U2
a,b. Now, suppose for contradiction that the second system

is not feasible. Then, there is a circuit obtained by summing n2 inequalities of the Z-entries
, and n1 inequalities of the X-entries, counting multiplicity. Then we have a finite list of
indices (ip, jp, kp) (1 ≤ p ≤ n2) and (iq, vq, kq) (1 ≤ q ≤ n1), such that the sum is

n2∑
p=1

[
(Zkp − U1

ip,kp − U
2
jp,kp)− (Zgip,jp − U

1
ip,gip,jp

− U2
jp,gip,jp

)
]

+

n1∑
q=1

[
(X1

vq ,Viq,vq
− U1

iq ,Viq,vq
)− (X1

vq ,kq − U
1
iq ,kq)

]
> 0.

(21)

Now, substitute X1
a,b for Zb − U2

a,b in (21), we obtain

n2∑
p=1

[
(X1

jp,kp − U
1
ip,kp)− (X1

jp,gip,jp
− U1

ip,gip,jp
)
]

+

n1∑
q=1

[
(X1

vq ,Viq,vq
− U1

iq ,Viq,vq
)− (X1

vq ,kq − U
1
iq ,kq)

]
> 0.

(22)

As (21) is a circuit, it must sum to zero. In particular, this implies that the Z-sum cancels
and the U1-sum cancels. Therefore, the X-sum in (22) must also cancel, so the new equation
is still zero. But this new equation is a circuit of the system (20), therefore they are also
infeasible. This is the desired contradiction. �

Now consider a two-player game with identical individual type spaces, that is, T 1 = T 2.
One can require that in addition the outcome function is neutral, that is, g is symmetric.
Theorem 1.1 implies that one can choose type spaces S1, S2 such that g ∈ AM(S1, S2). One
may ask if one can further require S1 = S2. The answer is affirmative, however, one must
drop the assumption that IC(S1) = IC(T 1).

Theorem 4.2. Fix T ∈ Rr×m. Suppose g is symmetric and g ∈ IC(T, T ). There exists
S ∈ Rr×m such that g ∈ AM(S, S) and S is maximally generic with respect to this constraint.

Proof. Since g is symmetric, the rows of g and the columns of g form the same multiset.
By Proposition 3.5, the strict linear system of g defined by the equations in (10) is feasible.
By Lemma 3.9, g is an affine maximizer for some two-player game with identical, maximally
generic types if and only if the following system in variables Z, S is feasible

Zgi,j − Si,gi,j − Sj,gi,j = Zk − Si,k − Sj,k ∀(i, j, k) ∈ E(g),(23)

Zgi,j − Si,gi,j − Sj,gi,j < Zk − Si,k − Sj,k ∀(i, j, k) ∈ Ec(g).

Suppose for contradiction that there does not exist such an S, so (23) is not feasible. By
Lemma 2.7, there exists a circuit with at least one strict inequality. In other words, there
exist finitely many triples of indices (ip, jp, kp), (1 ≤ p ≤ n) such that
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n∑
p=1

[(
Zkp − Sip,kp − Sjp,kp

)
−
(
Zgip,jp − Sip,gip,jp − Sjp,gip,jp

)]
= 0.

In particular

(24)
n∑
p=1

[
Sip,gip,jp + Sjp,gip,jp − Sip,kp − Sjp,kp

]
= 0.

Now in (10), we set V = g and plug-in i = ip, v = jp, k = kp and i = jp, v = ip, k = kp for
p = 1, 2 · · · , n. As g is symmetric, we have

Xjp,gip,jp
− Uip,gip,jp = Xjp,kp − Uip,kp (ip, jp, kp) ∈ E(g)(25)

Xip,gjp,ip
− Ujp,gjp,ip = Xip,kp − Ujp,kp (ip, jp, kp) ∈ E(g).(26)

Xjp,gip,jp
− Uip,gip,jp < Xjp,kp − Uip,kp (ip, jp, kp) ∈ Ec(g)(27)

Xip,gjp,ip
− Ujp,gjp,ip < Xip,kp − Ujp,kp (ip, jp, kp) ∈ Ec(g).(28)

There must be at least one triple (ip, jp, kp) ∈ Ec(g). Thus, summing over these inequalities,
we get a strict inequality

n∑
p=1

[(
Xip,kp +Xjp,kp

)
−
(
Xip,gip,jp

+Xjp,gip,jp

)]
−

n∑
p=1

[(
Uip,kp + Ujp,kp

)
−
(
Uip,gip,jp + Ujp,gip,jp

)]
> 0.

(29)

By (24), the latter term in LHS of (29) is identically zero, hence so is the first term in
LHS of (29), because all indices appear the same number of times and coefficients in the two
terms. Then (29) is not feasible, nor is (10), which is the desired contradiction. �

5. Examples and counter examples

In this section, we present positive examples that illustrate Theorem 1.1 (Example 5.1)
and Theorem 4.2 (Example 5.4). Unfortunately, many generalizations of these theorems are
not true. Examples 5.2, 5.3, 5.5 and 5.6 show that they cannot be strengthened in several
ways.

Example 5.1 (A demonstration of Theorem 4.1). Let r1 = r2 = 3 and m = 3. Define

T 1 =

0 2 3
0 4 2
0 3 7

 , T 2 =

0 5 −5
0 −2 9
0 1 3

 , g =

2 1 1
2 1 2
3 3 3

 .
The columns and rows belong to IC(T 1), IC(T 2), respectively, as shown in Figure 2. So

g ∈ IC(T 1, T 2). But we claim that g /∈ AM(T 1, T 2). Suppose there exist α1, α2 > 0 such that
g ∈ IC(C(α1T

1, α2T
2)). Then there exists z ∈ R3 such that for 1 ≤ i, j, k ≤ 3 and k 6= gi,j,

zgi,j − α1T
1
i,gi,j
− α2T

2
j,gi,j
≤ zk − α1T

1
i,k − α2T

2
j,k.
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So we have

z2 − z1 ≤ 2α1 + 5α2 (i = 1, j = 1, gi,j = 2, k = 1);(30)

z1 − z3 ≤ −3α1 − 9α2 (i = 1, j = 2, gi,j = 1, k = 3);(31)

z1 − z2 ≤ −4α1 + 2α2 (i = 2, j = 2, gi,j = 1, k = 2);(32)

z3 − z2 ≤ 4α1 − 10α2 (i = 3, j = 1, gi,j = 3, k = 2).(33)

(34)

But 3(30) + (31) + 2(32) + (33) gives 0 ≤ −α1, a contradiction! So g /∈ AM(T 1, T 2).
However, there exists another matrix S2 such that g ∈ AM(T 1, S2) (in this example we

can take S1 = T 1):

S2 =

0 5 4.3
0 −2 0.5
0 1 3

 .
Figure 2 visualizes the five relevant tropical hyperplane arrangements: T 1, T 2, S2, and the

tensor sums C = C(T 1, T 2), C ′ = C(T 1, S2). All of these arrangements are generic. Despite
S2 and T 2 only differ by two entries, their cell types are different. The last picture illustrates
that g ∈ AM(T 1, S2). The second last picture shows that g /∈ AM(T 1, T 2) with constants
α1 = α2 = 1. This picture does not prove that g /∈ AM(T 1, T 2) (for in theory, one could vary
α), but our calculation shows that no such α is possible.

Example 5.2 (Counterexample of Theorem 1.1 with 3 players). This counterexample demon-
strates that the analogue of Theorem 4.1 does not hold for n = 3, and therefore Theorem 1.1
also fails for n = 3. Let r1 = r2 = r3 = 2 and m = 6. We claim that there exists a
2×2×2 tensor g such that there exist T 1, T 2, T 3 ∈ R2×6 with g ∈ IC(T 1, T 2, T 3), but for any
S1, S2, S3 ∈ R2×6, g ∈ AM(S1, S2, S3) and IC(T 1) = IC(S1) cannot happen simultaneously.

We let

g1,1,1 = 1, g1,1,2 = 3, g1,2,1 = 4, g1,2,2 = 1,

g2,1,1 = 5, g2,1,2 = 2, g2,2,1 = 2, g2,2,2 = 6.

The following matrices T 1, T 2, T 3 satisfy that g ∈ IC(T 1, T 2, T 3).

T 1 =

[
3 4 5 6 2 1
0 0 0 0 0 0

]
,

T 2 =

[
5 2 3 6 4 1
0 0 0 0 0 0

]
,

T 3 =

[
5 2 6 3 4 1
0 0 0 0 0 0

]
.

The reason is that the column vectors of corresponding flattenings of g belong to IC(T i),
where i = 1, 2, 3:
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(113)(123)
(223)

T 1
1

T 1
2

T 1
3

(211)(212)

(333)

T 2
1

T 2
2

T 2
3

S2
1

S2
2

S2
3

1

3

C1

C2

C3

C4

C5

C6

C7

C8

C9

The cell type (211212333) /∈
IC(C), as the region 1 of C2

is disjoint from the region 3 of
C7.

(
2 1 1
2 1 2
3 3 3

)C
′
1

C ′2

C ′3
C ′4

C ′5

C ′6

C ′7

C ′8

C ′9

The cell type (211212333) ∈ IC(C ′).

Figure 2. Figures accompany Example 5.1. From top to bottom, left to right:
tropical hyperplane arrangements of T 1, T 2, S2, and the tensors C,C ′.

(1, 5), (3, 2), (4, 2), (1, 6) ∈ IC(T 1);

(1, 3), (4, 1), (5, 2), (2, 6) ∈ IC(T 1);

(1, 4), (3, 1), (5, 2), (2, 6) ∈ IC(T 1).
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Suppose g is the affine maximizer of some three-player game. By Lemma 3.9, this holds if
and oly if the following system of linear inequalities in variables Z, S1, S2, S3 is feasible:

Zgi1,i2,i3 − S
1
i1,gi1,i2,i3

− S2
i1,gi1,i2,i3

− S3
i1,gi1,i2,i3

≤Zk − S1
i1,k
− S2

i2,k
− S3

i3,k
∀1 ≤ i1, i2, i3 ≤ 2, 1 ≤ k ≤ 6, k 6= gi1,i2,i3 .

(35)

Here in (35) the Z entries are all variables, and the S entries are all constants. Then we
have

Z1 − S1
1,1 − S2

1,1 − S3
1,1 ≤ Z2 − S1

1,2 − S2
1,2 − S3

1,2;

Z1 − S1
1,1 − S2

2,1 − S3
2,1 ≤ Z2 − S1

1,2 − S2
2,2 − S3

2,2;

Z2 − S1
2,2 − S2

1,2 − S3
2,2 ≤ Z1 − S1

2,1 − S2
1,1 − S3

2,1;

Z2 − S1
2,2 − S2

2,2 − S3
1,2 ≤ Z1 − S1

2,1 − S2
2,1 − S3

1,1.

(36)

Summing over the 4 inequalities in (36), we get

S1
1,2 + S1

2,1 ≤ S1
1,1 + S1

2,2.

If we also have IC(S1) = IC(T 1), since T 1 is tropical generic, so is S1. Hence

S1
1,2 + S1

2,1 < S1
1,1 + S1

2,2.

However, note that (2, 1) ∈ IC(T 1) = IC(S1), which means that there exist x1, x2 ∈ R such
that

x2 − S1
1,2 ≤ x1 − S1

1,1;

x1 − S1
2,1 ≤ x2 − S1

2,2.

So

S1
1,1 + S1

2,2 ≤ S1
1,2 + S1

2,1,

a contradiction!
Hence g ∈ AM(S1, S2, S3) and IC(T 1) = IC(S1) cannot happen simultaneously.

Example 5.3. This example shows that Theorem 4.1 is false if one requires in addition that
IC(S2) = IC(T 2). Let r1 = r2 = 2 and m = 4. Define

T 1 =

[
13 46 9 11
45 47 1 24

]
, T 2 =

[
12 8 19 38
28 46 19 4

]
, g =

[
4 3
1 2

]
.

We have that

IC(T 1) = {(1, 1), (2, 1), (2, 2), (2, 4), (3, 1), (3, 2), (3, 3), (3, 4), (4, 1), (4, 4)}
IC(T 2) = {(1, 1), (1, 2), (2, 2), (3, 1), (3, 2), (3, 3), (4, 1), (4, 2), (4, 3), (4, 4)},

so g ∈ IC(T 1, T 2). However, there do not exist matrices S1, S2 such that g ∈ AM(S1, S2)
and IC(S1) = IC(T 1), IC(S2) = IC(T 2), and therefore Theorem 4.1 cannot holds with
IC(S2) = IC(T 2). Indeed, suppose for contradiction that such S1 and S2 exist. Since
IC(S1) = IC(αS1) for all positive α > 0, one may assume that the constants α1, α2 in
the affine maximizer equal to one. Since (2, 4) ∈ IC(T 1), we have (2, 4) ∈ IC(S1); since



16 BO LIN AND NGOC MAI TRAN

(3, 1) ∈ IC(T 2), we have (3, 1) ∈ IC(S2). In addition, since both T 1, T 2 are tropically
generic, so are S1, S2. Then there exists x, y ∈ R4 such that

x2 − S1
1,2 < x4 − S1

1,4

x4 − S1
2,4 < x2 − S1

2,2

y3 − S2
1,3 < y1 − S2

1,1

y1 − S2
2,1 < y3 − S2

2,3

(37)

In addition, since g ∈ AM(S1, S2) with constants α1 = α2 = 1, we can find z ∈ R4 such
that

z4 − S1
1,4 − S2

1,4 ≤ z3 − S1
1,3 − S2

1,3

z3 − S1
1,3 − S2

2,3 ≤ z2 − S1
1,2 − S2

2,2

z1 − S1
2,1 − S2

1,1 ≤ z4 − S1
2,4 − S2

1,4

z2 − S1
2,2 − S2

2,2 ≤ z1 − S1
2,1 − S2

2,1

(38)

Summing over all inequalities (37) and (38), we have 0 < 0, a contradiction.

Example 5.4. Now we demonstrate Theorem 4.2. Let r1 = r2 = m = 3. Consider

T =

0 5 6
0 0 3
0 4 0

 , g =

2 3 2
3 3 1
2 1 1


In this case, using a method similar to the one in Example 5.1, one can show that g /∈

AM(T, T ). However, there is a T ′ such that g ∈ AM(T ′, T ′) and T ′ differs from T by only
one entry:

T ′ =

0 5 6
0 0 3
0 1 0

 .
Figure 3 shows the tropical hyperplane arrangement and the cell types of T and T ′. In

particular, IC(T ′) 6= IC(T ).

(111)(211)

(212)(222)

(232)

(311)

(331)(332)

(333)

(312)

T1

T2

T3

(111)(211)

(212)(222)

(232)

(311)

(331)(332)

(333)

(231)

T ′1

T ′2

T ′3

Figure 3. The tropical hyperplane arrangement and the cell types of T and
T ′. See Example 5.4.
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Example 5.5. This example shows that Theorem 4.2 is no longer true if we require in
addition that IC(S) = IC(T ). Let T, g be the same as in Example 5.4. Then

IC(T ) = {(1, 1, 1), (2, 1, 1), (2, 1, 2), (2, 2, 2), (2, 3, 2), (3, 1, 1), (3, 1, 2), (3, 3, 1), (3, 3, 2), (3, 3, 3)},
therefore g ∈ IC(T, T ). However, there is no 3 × 3 matrix S such that g ∈ AM(S, S) and
IC(S) = IC(T ). Indeed, suppose for contradiction that such S exists. Similar to Example
5.3, one may assume that α1 = α2 = 1. Since T is tropically generic, so is S. In addition,
(3, 1, 2) ∈ IC(T ) = IC(S) (this cell type (3, 1, 2) corresponds to the unique close cell in the
left picture of Figure 3). So there exist y, z ∈ R3 such that

y3 − S1,3 < yk − S1,k ∀k = 1, 2;

y1 − S2,1 < yk − S2,k ∀k = 2, 3;

y2 − S3,2 < yk − S3,k ∀k = 1, 3

(39)

and since g ∈ AM(S, S) with constants α1 = α2 = 1,

(40) zgi,j − Si,gi,j − Sj,gi,j ≤ zk − Si,k − Sj,k ∀1 ≤ i, j, k ≤ 3, k 6= gi,j.

So we have the following inequalities

2(y3 − S1,3) < 2(y2 − S1,2)

2(y1 − S2,1) < 2(y3 − S2,3)

2(y2 − S3,2) < 2(y1 − S3,1)

z2 − 2S1,2 ≤ z3 − 2S1,3 [(i, j, k) = (1, 1, 3)]

z3 − 2S2,3 ≤ z1 − 2S2,1 [(i, j, k) = (2, 2, 1)]

z1 − 2S3,1 ≤ z2 − 2S3,2 [(i, j, k) = (3, 3, 2)]

(41)

Summing over the inequalities in (41), we obtain the desired contradiction.

Example 5.6. This example shows that in Theorem 4.1, we cannot expect to have the same
S1, S2 for a family of different matrices g ∈ IC(T 1, T 2). Let m = 3, n = 2 and r1 = r2 = 2.
Define

T 1 =

[
0 1 3
0 2 1

]
, T 2 =

[
0 4 2
0 2 0

]
, g1 =

[
2 3
2 1

]
, g2 =

[
3 1
3 2

]
.

Note that T 1 is the matrix M1 in Example 2.3, and T 2 is not tropically generic because
the 2× 2 minor formed by the second and the third columns is tropically singular. We have

IC(T 1) = {(1, 1), (1, 2), (2, 2), (3, 1), (3, 2), (3, 3)}
IC(T 2) = {(1, 1), (2, 1), (2, 2), (2, 3), (3, 1), (3, 2), (3, 3)}.

Therefore, g1, g2 ∈ IC(T 1, T 2). We claim that there exist no S1, S2 ∈ R2×3 such that

(1) g1, g2 ∈ AM(S1, S2), and
(2) IC(S1) = IC(T 1).

Suppose such S1, S2 exist. By definition, there exists positive constants α1, α2, β1, β2 such
that g1 ∈ IC(C(α1S

1, α2S
2)) and g2 ∈ IC(C(β1S

1, β2S
2)). Then there exist y, z ∈ R3 such

that for 1 ≤ i, j ≤ 2, 1 ≤ p ≤ 3,
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yg1i,j − α1S
1
i,g1i,j
− α2S

2
j,g1i,j
≤ yp − α1S

1
i,p − α2S

2
j,p;

zg2i,j − β1S
1
i,g2i,j
− β2S2

j,g2i,j
≤ zp − β1S1

i,p − β2S2
j,p.

Hence we have the following inequalities:

y2 − α1S
1
1,2 − α2S

2
1,2 ≤ y3 − α1S

1
1,3 − α2S

2
1,3 (i = j = 1, g1i,j = 2, p = 3);

y3 − α1S
1
1,3 − α2S

2
2,3 ≤ y1 − α1S

1
1,1 − α2S

2
2,1 (i = 1, j = 2, g1i,j = 3, p = 1);

y1 − α1S
1
2,1 − α2S

2
2,1 ≤ y2 − α1S

1
2,2 − α2S

2
2,2 (i = j = 2, g2i,j = 1, p = 2)

(42)

and

z1 − β1S1
1,1 − β2S2

2,1 ≤ z3 − β1S1
1,3 − β2S2

2,3 (i = 1, j = 2, g2i,j = 1, p = 3);(43)

z3 − β1S1
2,3 − β2S2

1,3 ≤ z2 − β1S1
2,2 − β2S2

1,2 (i = 2, j = 1, g2i,j = 3, p = 2);(44)

z2 − β1S1
2,2 − β2S2

2,2 ≤ z1 − β1S1
2,1 − β2S2

2,1 (i = j = 2, g2i,j = 2, p = 1);(45)

z2 − β1S1
2,2 − β2S2

2,2 ≤ z3 − β1S1
2,3 − β2S2

2,3 (i = j = 2, g2i,j = 2, p = 3).(46)

Summing over the inequalities in (42), we get

(47) α1 ·
[
S1
1,2 + S1

2,1 − S1
1,1 − S1

2,2

]
+ α2 ·

[
S2
1,2 + S2

2,3 − S2
1,3 − S2

2,1

]
≥ 0.

In addition, (43)+(44)+(45) we get

(48) β1 ·
[
S1
1,1 + S1

2,3 − S1
1,3 − S1

2,1

]
+ β2 ·

[
S2
1,3 + S2

2,2 − S2
1,2 − S2

2,3

]
≥ 0.

And (44)+(46) we get (since β2 > 0, we can divide by it)

(49) S2
1,3 + S2

2,2 − S2
1,2 − S2

2,3 ≥ 0.

Note that IC(S1) = IC(T 1) and T 1 is tropically generic, so is S1. Then (1, 2), (3, 2) ∈
IC(S1) and thus

(50) S1
1,1 + S1

2,2 − S1
1,2 − S1

2,1 > 0

and

(51) S1
1,3 + S1

2,2 − S1
1,2 − S1

2,3 > 0.

Now if α1β2 ≥ α2β1, then we take the sum

α2β1 · (51) + (α1β2 − α2β1) · (50) + β2 · (47) + α2 · (48),

which is a R≥0-linear combination of these inequalities, and its LHS vanishes. Since (51) is
a strict inequality and α2β1 > 0, it gives 0 > 0, a contradiction!

Similarly, if α1β2 < α2β1, then we take the sum

α1β1 · (51) + (α2β1 − α1β2) · (49) + β1 · (47) + α1 · (48),
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which is a R+-linear combination of these inequalities, and its LHS vanishes too. Since (51)
is a strict inequality and α1β1 > 0, it gives 0 > 0, a contradiction, too!

So in either case there is a contradiction, and such a pair of S1, S2 does not exist.

6. Summary

In this paper, we take a novel view of the classical Roberts’ theorem and ask if a given
mechanism can be turned into an affine maximizer on an equivalent type space. We give
two affirmative results in this direction, Theorems 1.1 and 4.2, which apply to all finite
type spaces on two-player games. Through a series of counterexamples, we show that our
theorems are strongest possible in this general setup. Our proof technique utilizes insights
from tropical geometry, and raises a number of questions of interest to both economists and
tropical geometers.

The first main open question is whether Theorem 4.2 holds for more than two players. That
is, can all symmetric, neutral outcome functions on a finite type space in any dimension be
realized as an affine maximizer in some other finite type spaces, taken to be as generic as
possible? From the viewpoint of economics, this can be seen as a measure of ’richness’ for the
class of affine maximizers. Through our proof technique, the problem is equivalent to whether
a particular system of linear inequalities similar to (23) is feasible, given that a system similar
to (10) is feasible. To prove the affirmative, one needs to construct a global circuit of the
second system from one in the first. To prove the negative, one needs to construct a global
circuit in the first system. The number of inequalities one needs to consider grows with both
n and m, and thus explicit constructions are difficult. Through exhaustive computations
we can confirm that this result holds for three players with three outcomes. However, the
global circuits are closely related to the problem of determining whether a matrix is tropically
singular, which is NP-Complete [11]. Therefore, numerical verification of the open problem
quickly becomes prohibitive.

The second open question is whether our theorems hold for continuous type spaces. Contin-
uous type spaces frequently feature in the classical setup of Roberts’ theorem. Furthermore,
for type spaces such as Rn, the set of IC mechanisms completely determines the type space.
Should Theorem 1.1 holds in such setup, then it would give an alternative proof of Roberts’
theorem, as IC(S1) = IC(T 1) would then imply that S1 = T 1, which means any IC mechanis-
m can be made into an affine maximizer. While compact type spaces can be approximated
by discretization, and a number of tropical geometric results still hold in the limit [6], the
dimensions of the matrices involved become infinite. In particular, one then has an infinite
system of inequalities and variables, and thus the techniques applied in our paper no longer
hold.
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