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10.

The Integers and the Real Numbers 35

Prove the following properties of Z and Z:

(@) a,b € Zy = a+b € Z,. [Hint: Show that given a € Z4 ., the set
X ={x|xeRanda + x € Z,} is inductive.]

(b) a,beZy =>a-belZ,.

(c) Show thata € Z, => a — | € Z, U{0}. [Hint: Let X = {x | x € R and
x — 1 € Z, U {0}; show that X is inductive.]

) c.d €Z=c+deZandc —d e Z. [Hint: Prove it first ford = 1.]

() c,deZ=c-deZ.

Let a € R. Define inductively

forn € Z,. (See §7 for a discussion of the process of inductive definition.)
Show that forn,m € Z; and a, b € R,

aa™ = an-+—m’

(an)m p— anm
= 1

ambm - (ab)m.

These are called the laws of exponents. [Hint: For fixed n, prove the formulas
by induction on m.]

. Leta ¢ Rand a # 0. Define ¢ = 1, and for n € Z, a™" = 1/a". Show that

the laws of exponents hold for a, b # 0 and n, m € Z.

(a) Show that R has the greatest lower bound property.

(b) Show thatinf{l/n |n € Z;} =0.

(c) Show that given a with 0 < a < 1, inf{a" | n € Zy} = 0. [Hint: Let
h = (1 —a)/a, and show that (1 4+ h)" = 1 + nh.]

(a) Show that every nonempty subset of 7 that is bounded above has a largest
element.

(b) If x ¢ Z, show there is exactly one 7 € Z such thatn < x <n + 1.

(c) If x —y > 1, show there is at least one n € Z such that y < n < x.

(d) If y < x, show there is a rational number z such that y < z < x.

Show that every positive number a has exactly one positive square root, as fol-

lows:
(a) Show thatif x > 0and 0 < h < 1, then

(x +h)? < x®>+h@2x + 1),
(x — h)? > x* — h(2x).

(b) Let x > 0. Show that if x2 < a, then (x 4+ #)? < a for some h > 0; and if
x2 > g, then (x — h)? > a for some h > 0.
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§7

Countable and Uncountable Sets

Exercises

1. Show that Q@ is countably infinite.

2. Show that the maps f and g of Examples 1 and 2 are bijections.

3. Let X be the two-element set {0, 1}. Show there is a bijective correspondence
between the set (Z, ) and the cartesian product X®.

4. (a) A real number x is said to be algebraic (over the rationals) if it satisfies some

(b)

polynomial equation of positive degree
"+ ap x4+ +ax+a=0

with rational coefficients ;. Assuming that each polynomial equation has
only finitely many roots, show that the set of algebraic numbers is countable.
A real number is said to be transcendental if it is not algebraic. Assuming
the reals are uncountable, show that the transcendental numbers are uncount-
able. (It is a somewhat surprising fact that only two transcendental numbers
are familiar to us: e and 7. Even proving these two numbers transcendental

is highly nontrivial.)

Determine, for each of the following sets, whether or not it is countable. Justify

your answers.

(a)
(b)
(c)
(d)
(e)
(f)

(2)
(h)
(i)
G

The set A of all functions f : {0, 1} — Z,.

The set B, of all functions f : {1,...,n} = Z.
The set C = (J,cz, Bn-

The set D of all functions f : Zy — Z..

The set E of all functions f : Z4 — {0, 1}.
The set F of all functions f : Z, — {0, 1} that are “eventually zero.”

[We say that f is eventually zero if there is a positive integer N such that

f(n) =0foralln > N.]

The set G of all functions f : Z, — Z- that are eventually 1.

The set H of all functions f : Z+ — Z. that are eventually constant.
The set I of all two-element subsets of Z .

The set J of all finite subsets of Z .

We say that two sets A and B have the same cardinality if there is a bijection

of A with B.
(a) Show thatif B C A and if there is an injection

f:A— B,

then A and B have the same cardinality. [Hint: Define A} = A, By = B,
and’forn > 1, Ay, = f(Ap—1) and B, = f(B,—1). (Recursive definition
again!) Note that Ay D By D A2 D By D A3 D ---. Define a bijection

h: A — B by the rule
f(x) ifx e A, — By, for some n,

hix) =
) % otherwise.]
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§3

Order Relations

6. Define a relation on the plane by setting

(x0, o) < (x1, 1)

2= v — xl2 and xg < x;. Show that this

" . 2

.1fe1ther yo — )cQ <y — xlz, or ygp — xy =

is an order relation on the plane, and describe it geometrically.
7. Show that the restriction of an order relation is an order relation.

8. Check that the relation defined in Example 7 is an order relation.

9. Check that the dictionary order is an order relation.
10. (a) Show that the map f : (—1, 1) — R of Example 9 is order preserving.
(b) Show that the equation g(y) = 2y/[1 + (1 + 4y?)!/2] defines a function

g : R — (-1, 1) that is both a left and a right inverse for f.

11. Show that an element in an ordered set has at most one immediate successor and
at most one immediate predecessor. Show that a subset of an ordered set has at

most one smallest element and at most one largest element.
12. Let Z denote the set of positive integers. Consider the following order relations

onZy X Zy:
(i) The dictionary order.
(i) (xo, yo) < (x1, y1) if either xo — yo < x1 — y1, or xo — yo = x1 — y1 and

Yo < 1.
(1i1) (xo, yo) < (x1, y1) if either xo + yo < x1 + y1, or xg + yp = x1 + y1 and
Yo < Ji.
In these order relations, which elements have immediate predecessors? Does the
set have a smallest element? Show that all three order types are different.

13. Prove the following:
Theorem. If an ordered set A has the least upper bound property, then it has the

greatest lower bound property.
14. If C is a relation on a set A, define a new relation D on A by letting (b, a) € D

if (a, b) € C.
(a) Show that C is symmetric if and only if C = D.

(b) Show that if C is an order relation, D is also an order relation.
(c) Prove the converse of the theorem in Exercise 13.
15. Assume that the real line has the least upper bound property.
(a) Show that the sets
[0,1]={x]0=<x <1},
[0,)={x|0=<x <1}

have the least upper bound property.
(b) Does [0, 1] x [0, 1] in the dictionary order have the least upper bound prop-

erty? What about [0, 1] x [0, 1)? What about [0, 1) x [0, 1]?



