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equations hold; if an equality fails, determine whether one of the inclusions D

Closed Sets and Limit Points 101

Let A, B, and A, denote subsets of a space X. Prove the following:

(@ IfA C B,then A C B.

(by AUB=AUB.

(©) U4qs D JAy; give an example where equality fails.

Cr1t1_c12e the f?llowing “proof” that [ J Ay C | Aq: if {Ag} is a collection of
sets in X and. if x € | JA,, then every neighborhood U of x intersects | J Aq-
Thus UV must Intersect some A, so that x must belong to the closure of some Ag.

Therefore, x € | A,.
Let A, B, and A, denote subsets of a space X. Determine whether the following

or C holds. ~
(a) ANB=AnNBA.

(b) ﬂAa = rlfia-
(c) A—-B=A— B.
Let A C X and B C Y. Show that in the space X x Y,

Ax B=A x B.

Show that every order topology is Hausdorff.
Show that the product of two Hausdorff spaces is Hausdorff.

Show that a subspace of a Hausdorff space is Hausdorff.
Show that X is Hausdorff if and only if the diagonal A = {x x x | x € X} is

closedin X x X.
In the finite complement topology on R, to what point or points does the se-

quence x,, = 1/n converge?
Show the 77 axiom is equivalent to the condition that for each pair of points of X,

each has a neighborhood not containing the other.

Consider the five topologies on R given in Exercise 7 of §13.
(a) Determine the closure of the set K = {1/n | n € Z} under each of these

topologies.
(b) Which of these topologies satisfy the Hausdorff axiom? the 77 axiom?

Consider the lower limit topology on R and the topology given by the basis C
of Exercise 8 of §13. Lizterming the closures of the intervals A = (0, J/2) and

B = (+/2, 3) in these two tepciogies.
Determine the closures of the following subsets of the ordered square:

A={(1/n)x0|neZy,
B={(1-1/n)x5|neZ},
C=xx0|0<x <1},
D={xx3|0<x<1},

E={3xy|0<y<]l}.
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§18 Continuous Functions

1CThf: concept of conti.nuous function is basic to much of mathematics. Corim
f;l;cftzlg;lss ?III1 gllz refilﬁane ag P in the first pages uf any calculus book, and conf
—— functigns ari‘:l;a in space follow not far behind. More generd kink

S one goes further in mathematics. In this section, ¥

formulate a definis;
1tion of inui 1 -
shall study various pro continuity that will include all these as special cases, i

| i ‘ | %
direct generaljzati, it o?ﬂ?es of continuous functions, Many of these propei®|
analysis, 1Ngs you learned about continuous functions in caleu]

Continuity of aFonae:
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Ye.t a}nother method for constructing continuous functions that is familiar from
analysis is to t?ke the limit of an infinite sequence of functions. There is a theorem to
the effect ‘thﬂt if a sequence of continuous real-valued functions of a real variable con-
Verges Umforn_nly to a limit function, then the limit function is necessarily continuous.
This theorem s called the Uniform Limit Theorem. It is used, for instance, to demon-
el the continuity of the trigonometric functions, when one defines these functions
r1gorou§ly using the infinite series definitions of the sine and cosine. This theorem
generalizes to a theorem about maps of an arbitrary topological space X into a metric

space Y. We shall prove it in §21.

Continuous Functions 111

Prove that for functions f : R — IR, the ¢-8 definition of continuity implies the

open set definition.

Suppose that f : X — Y is continuous. If x is a limit point of the subset A of X,
is it necessarily true that f(x) is a limit point of f(A)?

Let X and X’ denote a single set in the two topologies 7 and 7', respectively

Leti : X’ — X be the identity function.
(a) Show that i is continuous < 7 is finer than 7.

(b) Show that i is a homeomorphism < 7' = 7.
Given xg € X and yg € Y, show that the maps f : X — X x Y and g : Y —

X x Y defined by

fx)=xxyy and g(y)=xoXxXYy

are imbeddings.
Show that the subspace (a, ») of R is homeomorphic with (0, 1) and the subspace

[a, b] of R is homeomorphic with {0, 1].
Find a function f : R — R that is continuous at precisely one point.

(a) Suppose that f : R —» P is “continuous from the right,” that is,

lim f(x)= fla),

X-—=>d
for each @ € R. Show that f is continuous when considered as a function

from Ry to R.
(b) Can you conjecture what functions f : R — R are continuous when con-

sidered as maps from R to R¢? As maps from R, to R¢? We shall return to

this question in Chapter 3.
Let ¥ be an ordered set in the order topology. Let f, g : X — ¥ be continuous.

(a) Show that the set {x | f(x) < g(x)}is closed in X.




