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Lecture 14
Brownian Motion

The goal of this chapter is to introduce and study some of the sim-
pler properties of, arguably, the most important continuous-time pro-
cess - the Brownian motion. Before we do, however, we go over the
definition and some of the most-important features of the multivari-
ate normal distribution. We interpret the vector t ∈ Rn as a column
vector, i.e., we identify Rn with ahe space Rn×1 of n× 1-matrices.

The multivariate normal distribution

Several of the important properties of the multivariate distribution
where already covered in Problems 6.16 and 8.7 in Lectures 6 and 8.
For reader’s convenience, we revisit them here. We also remind the
reader that the characteristic function (Fourier transform) ϕγ of a mea-
sure γ on B(Rn) is defined by ϕγ(t) =

∫
Rn exp(itτx)γ(dx), for t ∈ Rn,

where ()τ denotes transposition.

Definition 14.1 (Gaussian measures). A probability measure γ on Rn

is said to be Gaussian with mean (vector) µ and variance-covariance
(matrix) Σ if its characteristic function ϕγ is of the form

ϕγ(t) = exp(itτµ− 1
2 tτΣt), for t ∈ Rn. (14.1)

A n-dimensional random vector X = (X1, . . . , Xn) is said to be Gaus-
sian or to have the (multivariate) normal distribution if its distribu-
tion is a Gaussian measure on Rn.

Remark 14.2.

1. “Normal”, “Gaussian” and “multivariate normal” are all in use to
describe the random vector with a Gaussian distribution. On the
other hand, one rarely, if ever, talks about the “normal measure”
on Rn. Here, it seems, one has to say “Gaussian”.

When µ = 0, we say that X is centered normal or centered Gaus-
sian. Similarly, we talk about centered Gaussian measures.
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2. It follows directly from the finiteness of the Gaussian measure that
Σ can be taken to be symmetric and is necessarily nonnegative def-
inite. Even more directly, differentiation yields the expressions

µi =
∫

Rn
xi γ(dx) and Σij =

∫
Rn

(xi − µi)(xj − µj) γ(dx),

for µ = (µ1, . . . , µn) and Σ = (Σij)1≤i,j≤n.

3. The uniqueness theorem for the (multivariate) characteristic func-
tions implies immediately that a Gaussian measure is uniquely de-
termined by µ and Σ. The converse - which states that given any
µ ∈ Rn and any non-negative definite matrix Σ ∈ Rn×n, the pre-
scription (14.1) indeed defines a measure on Rn - will emerge as a
consequence of Proposition 14.3 below.

4. A special, and well-known, case of the Gaussian measure on Rn for
n = 1 is the unit or standard Gaussian measure on R, which cor-
responds to µ = 0 and Σ = 1. One readily checks that the measure
γ on B(R), whose density with respect to the Lebesgue measure is
given by x 7→ 1√

2π
exp(− 1

2 x2) is, in fact, the unit Gaussian measure.

5. Note that, under this definition, the Dirac measures δµ are also
Gaussian, for any µ ∈ Rn.

Proposition 14.3 (The structure theorem for Gaussian random vari-
ables). The following are equivalent for a random vector X = (X1, . . . , Xn)

on Rn:

1. X is Gaussian.

2. For each a = (a1, . . . , an) ∈ Rn, the linear combination ∑n
i=1 aiXi is

normally distributed.

3. Either X is (deterministically) constant, or there exist

(a) an integer d ∈ {1, . . . , n},
(b) a vector µ ∈ Rn,

(c) a rank-d matrix A ∈ Rd×n and

(d) a random vector Y = (Y1, . . . , Yd), defined on the same probability
space as X, which consists of independent unit normals

such that
X = µ + AY .

Proof. 2.→ 1. Normal random variables are in L2, so the mean vector
µ and the variance-covariance matrix Σ, given by

µ = E[X] = (E[X1], . . . , E[Xn]),

Σ = E[(X − µ)(X − µ)τ ] = (E[(Xi −E[Xi])(Xj −E[Xj])])1≤i,j≤n
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are well defined. The basic observation is that the characteristic func-
tion ϕX of X can be recovered from that of Z = aτX = ∑n

i=1 aiXi as
follows:

ϕX(a) = E[eiaτ X ] = ϕaτ X(1) = ϕZ(1) = eiE[Z]− 1
2 E[(Z−E[Z])2]

= eiaτµ− 1
2 aτΣa.

3.→ 2. Follows by direct computation.
1.→ 3. By replacing X by X − µ, where µ = E[X], we can assume,

without loss of generality, that E[X] = 0. We also assume that X is not
constant. The matrix Σ is symmetric and nonnegative definite, so Rn

admits an orthonormal basis e1, . . . , en consisting of its eigenvectors.
We assume that the first d of then (where 1 ≤ d ≤ n) correspond to
strictly positive eigenvalues λ1, . . . , λd, while the remaining span the
null space of Σ. Let T ∈ Rn×d denote a matrix of a linear operator
which maps the canonical basis f 1, . . . , f d of Rd into e1, . . . , ed, respec-
tively, so that

TτΣT = diag(λ1, . . . , λd), TτT = IRd and TTτ = Ispan(e1,...,ed)
.

Since

ϕTτ X(t) = E[eitτ Tτ X ] = ϕX(Tt) = e−
1
2 tτ TτΣTt = e−

1
2 tτ diag(λ1,...,λd)t,

for t ∈ Rd, we conclude that Y = diag(λ−1/2
1 , . . . , λ−1/2

d ) TτX is a
vector of d independent unit normals and that AY = TTτX, for A =

T diag(λ1/2
1 , . . . , λ1/2

d ). It remains to observe that TTτX = X, a.s. On
one hand, we clearly have ||TTτx|| ≤ ||x|| for all x ∈ Rn. On the
other, the random vectors have the same characteristic function, and
are, therefore, equally distributed. Consequently (why?) X = TTτX,
a.s.

Corollary 14.4 (Support of a Gaussian measure). The support of a Gaus-
sian measure on Rn with mean µ and variance-covariance Σ is the following
affine subspace of Rn

µ + Im Σ = {µ + Σx : x ∈ Rn}.

Corollary 14.5 (Existence of Gaussian measures with prescribed pa-
rameters). For each n ∈ N, µ ∈ Rn and symmetric nonnegative-definite
Σ ∈ Rn×n, there exists a Gaussian measure on Rn with mean µ and variance-
covariance Σ.

Remark 14.6. The smallest integer d from part 3. of Proposition 14.3
is called the rank of the normal distribution and corresponds to the
dimension of the range of the variance-covariance matrix Σ. It also
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corresponds to the dimension of the support of X; when d = n, we say
that the distribution of X is non-degenerate. Otherwise, we talk about
a degenerate normal distribution.

Proposition 14.7 (Absolute continuity of Gaussian random vectors). A
normally distributed random vector X on Rn is absolutely continuous if and
only if it is nondegenerate. In that case, its density fX : Rn → [0, ∞) is
given by

fX(x) = 1√
(2π)n det Σ

exp
(
− 1

2 (x− µ)τΣ−1(x− µ)
)

, x ∈ Rn, (14.2)

where µ and Σ denote the mean and the variance-covariance matrix of X.

Proof. In the degenerate case, X is not absolutely continuous because
its support is contained in a proper affine subspace of Rn - a set of
Lebesgue measure 0. In the non-degenerate case, one simply checks
that the characteristic function corresponding to fX given in (14.2)
matches that in the definition of the normal distribution.

The notion of conditional normality will appear several times later
on in our treatment of Brownian motion.

Definition 14.8 (Conditional normal distribution). An n-dimensional
random vector X, defined on the probability space (Ω,F , P), is said to
be conditionally normally distributed with respect to the σ-algebra
G ⊆ F if there exist

1. a random vector µX|G

2. a random element ΣX|G , with values in the space of symmetric
nonnegative definite matrices,

such that µX|G and ΣX|G are G-measurable and

E[eitτ X |G] = exp
(

itτµX|G − 1
2 tτΣX|G tτ

)
, a.s., for all t ∈ Rn.

Random elements µX|G and ΣX|G are called the conditional mean and
the conditional variance-covariance matrix of X, given G.

Remark 14.9. Note that, for a conditionally normal random variable X,
with respect to G, we necessarily have

µX|G = E[X|G] and ΣX|G = E[(X − µX|G)(X − µX|G)
τ |G],

so that the terminology of Definition 14.8 matches the usual one. This
observation makes it not too difficult to show that a random variable
is conditionally normal in the sense of Definition 14.8 if and only if its
G-conditional distribution is normal, a.s.
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The following simple, but important observation, follows directly
from the definition of conditional normality.

Proposition 14.10 (A test for independence under conditional normal-
ity). Let X be conditionally normal with respect to G. Then X is independent
of G if and only if the random elements E[X|G] and E[(X −E[X|G])(X −
E[X|G])τ |G] are constant, a.s.

A common example of conditional normality arises when one gen-
erates a σ-algebra by a subset of coordinates of a normal random vec-
tor.

Proposition 14.11 (Conditional distribution of normal components).
Let Xo and Xu be random vectors in Rm and Rn, respectively, such that
X = (Xo, Xu) ∈ Rm+n is multivariate normal. Let µ = (µo, µu) and Σ =(

Σoo Σou

Σuo Σuu

)
be block-decompositions of the mean vector and the variance-

covariance matrix into blocks with sizes m and n, and m×m, m× n, n×m,
and n× n, respectively. Then

1. both Xo and Xu are normally distributed,

2. Xo and Xu are independent if and only if they are uncorrelated, i.e., if
Σou = 0.

3. Xu is conditionally normal with respect to G = σ(Xo). When Σoo is
invertible, the conditional mean and variance given by

µXu |G = µo + ΣuoΣ−1
oo (Xo − µo), ΣXu |G = Σuu − ΣuoΣ−1

oo Σou. (14.3)

Proof.

1. Follows immediately from Proposition 14.3, part 2.

2. When Σuo = 0, one readily checks that the characteristic function
of X splits into a (tensor) product of the characteristic functions for
Xo and Xu. The converse direction is always true.

3. Set X̃o
= Xo − µo and X̃u

= Xu − µu, so that the matrix A =

ΣuoΣ−1
oo has the property that E[(X̃u − AX̃o

)(X̃o
)T ] = 0, i.e., that

the random vectors X̃o− AX̃o and X̃o are uncorrelated. By 2. above,
they are also independent. Therefore, the conditional characteristic
function of X̃o − AX̃o, given G = σ(X̃o

) is deterministic and of the
form

E[eit(X̃u−AX̃o
)|G] = ϕX̃u−AX̃o (t), for t ∈ Rn.

Since AX̃o is G-measurable, we have

E[eitXu |G] = eitµu
eitAX̃o

e−
1
2 tT Σ̂t, for t ∈ Rn.
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where Σ̂ = E[(X̃u − AX̃o
)(X̃u − AX̃o

)T ]. The representations in
(14.3) now follow.

Remark 14.12. The assumption of invertibility of Σ00 in the part 3. above
is quite harmless. Indeed, when Σoo is singular, we can find a subset of
components of Xo whose variance-covariance matrix in invertible and
which generate the same σ-algebra, up to null sets.

Gaussian processes

The notion of a Gaussian process is a natural generalization of a nor-
mal random vector.

Definition 14.13 (Continuous-time stochastic processes). A continuous-
time stochastic process is a family {Xt}t∈[0,∞) of random variables de-
fined on the same probability space and indexed by the set [0, ∞). Each
real-valued function t 7→ Xt(ω), for ω ∈ Ω is called the trajectory or
the path of the stochastic process {Xt}t∈[0,∞).

Remark 14.14.

1. The choice of [0, ∞) for the time-set is prevalent, but not the only
one we will use. For example, processes defined only up to a finite
time horizon T > 0 are quite common. We leave to the reader
to discern which results and concepts in the sequel need the time-
set [0, ∞), and which can be easily transfered to the finite-horizon
setting [0, T]. Other time sets, such as Q+, the set of all nonnegative
rationals, or [t0, ∞) for t0 > 0 are also in use.

2. It is important to stress that each Xt is assumed to be (−∞, ∞)-
valued, and that in the continuous-time setting we never iden-
tify a.s.-equal random variables, unless such an idenfication is ex-
plicitely made. The reason is simple; we are dealing with uncount-
able families of random variables, and the exceptional sets can eas-
ily pile up. On a rare occasion, we will need our processes to take a
value outside of R; any such instance will be explicitely announced.

Definition 14.15 (Finite-dimensional distributions of a process). For n ∈
N, the family of probability measures µt1,...,tn on B(Rn) indexed by all
n-tuples (t1, . . . , tn) ∈ [0, ∞)n is said to be the (family of) n-dimensional
distributions of the stochastic process {Xt}t∈[0,∞) if

µt1,...,tn is the distribution of the random vector (Xt1 , . . . , Xtn),

for all t1, . . . , tn ∈ [0, ∞). The collection of all n-dimensional distri-
bution, with n ranging through N is called the (family of) finite-
dimensional distributions of the process {Xt}t∈[0,∞).

Last Updated: February 1, 2015



Lecture 14: Brownian Motion 7 of 20

Definition 14.16 (Gaussian processes). A stochastic process {Xt}t∈[0,∞)

is said to be Gaussian if all of its finite-dimensional distributions are
multivariate normal.

Since the normal distribution is uniquely determined by its mean and
variance-covariance, the finite-dimensional distributions of a Gaussian
process are fully determined by two functions - the mean function
µ : [0, ∞) → R and the covariance function Σ : [0, ∞)× [0, ∞) → R.
These functions are given by

µ(t) = E[Xt] and Σ(s, t) = Cov[Xs, Xt].

A Gaussian process is said to be centered if µ(t) = 0, for all t ≥ 0.

The definition of the Brownian Motion

Definition 14.17 (Brownian motion). A continuous-time stochastic pro-
cess {Bt}t∈[0,∞) is called a Brownian motion if

1. B0 = 0 and Bt − Bs ∼ N(0, t− s), for all 0 ≤ s < t,

2. the increments Bt2 − Bt1 , . . . , Btn − Btn−1 are independent for all
0 ≤ t1 < t2 < · · · < tn.

3. There exists Ω∗ ∈ F such that P[Ω∗] = 1 and the trajectory t 7→
Bt(ω) is a continuous function for each ω ∈ Ω∗.

B

t0
1 2 3 4

−1

1

Figure 1:
A typical sample path of the Brownian

MotionThe first two requirements specify the finite dimensional distribu-
tions (distributions of random vectors (Bt1 , Bt2 , . . . , Btn) for all 0 ≤ t1 <

t2 < · · · < tn) of the process, while the third one has to do with se-
lection of the representatives in the a.s.-equivalence classes for each of
the random variables {Bt}t∈[0,∞); it is often abbreviated to “almost all
trajectories of B are continuous”.

Proposition 14.18 (Brownian motion as a Gaussian process). A stochas-
tic process {Xt}t∈[0,∞) is a Brownian motion if and only if

1. it is a centered Gaussian process with Σ(s, t) = min(s, t), for all s, t ∈
[0, ∞), and

2. almost all of its trajectories are continuous.

Proof. Exercise.

The Lévy-Ciesielski Construction

A priori, Definition 14.17 could be entirely vacuous. Indeed, one can
show that no stochastic process satisfies Definition 14.17, with the nor-
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mal distribution replaced by, say, the Cauchy distribution. Fortunately,
the Brownian motion does exists, and there are several, quite diverse,
well-known constructions (existence proofs). We present one of them
in detail, and only outline some of the others.

Before we start, we make a useful observations, namely, that one
can easily construct the full Brownian motion by concatenation, if one
knows how to do it on [0, 1]. Here is a more precise statement, the
proof of which we leave to the reader:

Problem 14.1 (A construction on [0,1] will suffice). Let {Xt}t∈[0,1] be a
stochastic process defined on the probability space (Ω,F , P) with the
following properties:

1. X is centered Gaussian with Σ(s, t) = s ∧ t, for all s, t ∈ [0, 1], and

2. almost all of its trajectories are continuous.

Consider a countable product Ω̂ = ×∞
i=1Ω, endowed with the prod-

uct measure P̂ = ⊗∞
i=1P, the product σ-algebra Ĝ = ⊗∞

i=1F , and the
stochastic process {Bt}t∈[0,∞), defined on (Ω̂, F̂ , P̂) by the following
prescription:

1. For n ∈N, and ω = (ω1, ω2, . . . ) ∈ Ω̂, let X(n)
t (ω) = Xt(ωn).

2. Set B0 = 0 and

Xn(ω) =
n

∑
i=1

X(i)
1 (ω), for n ∈N.

For t of the form t = n + s, with n ∈N0 and s ∈ (0, 1), we set

Bt(ω) = Xn(ω) + X(n+1)
s (ω).

Show that {Bt}t∈[0,∞) is a Brownian motion.

The construction we start with is due to Paul Lévy (later modi-
fied and simplified by Zbigniew Ciesielski) and produces the paths of
the Brownian motion as uniform limits of piecewise linear functions.
Thanks to Problem 14.1, it will be enough to focus on the time-interval
[0, 1].

The idea is to start with a probability space (Ω,F , P) on which
a countable collection of iid unit normals is given, and construct a se-
quence of “better and better” approximations. For convenience, we or-
ganize these unit normals into a double-indexed array {ζ(n)k }n∈N0,k∈N.

The zero-th approximation, B(0) is simply the constant function
B(0)

t = 0, for t ∈ [0, 1]. We pick the first approximation B(1) so that its
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distribution at t = 0 and t = 1 matches that of the Brownian motion,
and interpolate linearly in between. More precisely, we set

B(1)
t = tζ(0)1 i.e., B(1)

t = B(0)
t + ∆(0)

t where ∆(0)
t = tζ(0)1 .

The next step is to add in the correct distribution at t = 1/2, without
touching the end-points. To this end, we set

B(2)
t = B(1)

t + ∆(1)
t ,

and try to choose ∆(1)
t in such a way to keep the distribution intact

at t = 0 and t = 1 and to improve the match at t = 1
2 . For this,

we clearly require ∆(1)
0 = ∆(1)

1 = 0. Moreover, since the Brownian
motion is a centered Gaussian process, it looks like a good idea to
take the distribution of ∆(1)

1/2 to be centered Gaussian, and, perhaps,

independent of ζ
(0)
1 ; let us try ∆(1)

1/2 = σ1ζ
(1)
1 . In that case, we have

E
[

B(2)
1 B(2)

1/2

]
= E

[
ζ
(0)
1 ( 1

2 ζ
(0)
1 + σ1ζ

(0)
1 )
]
= 1

2

and
E
[
(B(2)

1/2)
2
]
= E

[
( 1

2 ζ
(0)
1 + σ1ζ

(1)
1 )2

]
= 1

4 + σ2
1 .

Clearly, the choice σ1 = 1
2 makes the distribution of the random vec-

tor (B(2)
0 , B(2)

1/2, B(2)
1 ) centered Gaussian, with the Brownian covariance

function on the time-set {0, 1
2 , 1}. Linear interpolation between these

values ensures the continuity of the paths of the process B(2).
The construction of B(3) proceeds in the similar fashion; we set

B(3)
t = B(2)

t + ∆(2)
t ,

where ∆(2)
0 = ∆(2)

1/2 = ∆(2)
1 = 0 and

∆(2)
1/4 = σ2ζ

(2)
1 and ∆(2)

3/4 = σ2ζ
(2)
2 ,

where the choice σ2 = 1/
√

8 = 2−3/2 turns out to be the right one.
A simple calculation, similar to the one in the case of ∆(1), shows
that, on 0, 1/4, 1/2, 3/4, 1, the distribution of B(3) matches that of the
Brownian motion. As always, to achieve continuity, we interpolate
linearly between those values.

In general, having constructed B(n), we build the process ∆(n) as in

∆(n)
t =

0, t = (2k)2−n, 0 ≤ k ≤ 2n−1,

σnζ
(n)
k , t = (2k− 1)2−n, 1 ≤ k ≤ 2n−1,

with σn = 2−(1+n)/2, and interpolate linearly between these values.
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Proposition 14.19 (Uniform convergence of the approximations). There
exists an event Ω∗ ∈ F such that P[Ω∗] = 1 and, for ω ∈ Ω∗, the sequence
of functions {B(n)

· (ω)}n∈N is uniformly convergent.

Proof. First, we estimate the size of the sup-norm of ∆(n). By piecewise
linearity of B(n), for n ≥ 1, we have

pn(δ) := P

[
max
t∈[0,1]

∣∣∣∆(n)
t

∣∣∣ ≥ δ

]
= P

[
max

1≤k≤2n−1

∣∣∣∆(n)
(2k−1)2−n

∣∣∣ ≥ δ

]
= P

[
max

1≤k≤2n−1

∣∣∣ζ(n)k

∣∣∣ ≥ 2n/2δ

]
≤ 2n−1P

[∣∣∣ζ(1)1

∣∣∣ ≥ 2n/2δ
]

.

We can now use the standard estimate

P[ζ
(1)
1 ≥ c] =

∫ ∞

c
1√
2π

e−
1
2 x2

dx ≤
∫ ∞

c
x
c

1√
2π

e−
1
2 x2

dx

= 1√
2π

1
c e−

1
2 c2

, c > 0,

to conclude that pn(δ) ≤ 2n exp
(
− 1

2 (2
n/2δ)2 − log(2n/2δ)

)
. We pick

δn =
√

Cn2−n/2, with C > log(2), so that

pn(δn) ≤ e−
1
2 n(C−log(2))− 1

2 log(C) log(n) ≤ n−αβn

with α = 1
2 log(C) and β = e−

1
2 (C−log(2)) < 1. Consequently ∑n pn(δn) <

∞ and Borel-Cantelli’s lemma implies that

P[Ω∗] = 1 where Ω∗ =
{

max
t∈[0,1]

∣∣∣∆(n)
t

∣∣∣ < δn, ev.
}

. (14.4)

Summability of ∑n δn now implies that the sequence B(n)(ω) is Cauchy
for the uniform norm (and therefore uniformly convergent), for each
ω ∈ Ω∗.

Having established the a.s. convergence of the sequence B(n), we
give a name to its limit, i.e., for t ∈ [0, 1], we set

Bt(ω) = lim
n

B(n)
t (ω), for ω ∈ Ω∗ and Bt(ω) = 0 for ω ∈ Ω \Ω∗.

Proposition 14.20 (The limit is a Brownian motion). B is a Brownian
motion on [0, 1].

Proof. For ω ∈ Ω∗, Bt(ω) is the uniform limit of a sequence of contin-
uous functions, hence, it is a continuous function itself.

To deal with the distributional properties, we note first that, by
construction, the distribution of B(n)

t stabilizes for large enough n, as
soon as t is a dyadic rational in [0, 1], i.e., if 2mt ∈ N0 for some m.
Since Bt = limn B(n)

t , we conclude that the distribution of Bt is centered
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normal, with variance t. Similarly, each random vector (Bt1 , . . . , Btm),
for dyadic 0 ≤ t1 < t2 < · · · < tm < ∞, is centered Gaussian with the
(Brownian) covariance Σij = E[Bti Btj ] = min(ti, tj).

It remains to argue that the same is true even if not all t1, . . . , tm

are dyadic. For that, we recall that the paths of the process B are
continuous, so for (not-necessarily dyadic) 0 ≤ t1 < · · · < tm we have

(Bt1 , . . . , Btm) = lim
k

(Btk
1
, . . . , Btk

m
), a.s.

where, for i = 1, . . . , m, {tk
i }k∈N is a sequence of dyadic rationals

which converges to ti. The distribution of (Btk
1
, . . . , Btk

m
) is centered

multivariate normal with the covariance matrix Σk
ij = min(tk

i , tk
j ), and,

so, its limit as k → ∞ is centered normal with covariance Σij =

min(ti, tj). Finally, by the a.s.-convergence established above, we con-
clude that (Bt1 , . . . , Btm) is centered normal with variance-covariance
matrix Σij = min(ti, tj).

The “Kolmogorov-Čentsov” construction

Unlike Lévy’s construction which builds the Brownian motion from a
sequence of better and better approximations, the Kolmogorov-Čentsov
construction proceeds in two big steps. The first one produces a mea-
sure on a (very large) probability space, and the second one finely
modifies the coordinate process so as to achieve continuity. Unlike in
the previous construction, we only state the (two) fundamental results,
and skip the proofs.

We start with a well-known theorem of Kolmogorov (its proof is
based on Caratheodory’s construction in measure theory and we skip
it in these notes). Before we state it, we fix some notation and review
some concepts on product spaces (introduced in Chapters ?? and ??).

Let T be a nonempty set; for a family {Ωt}t∈T of sets, their product
Ω = ∏t∈T Ωt, is defined as the set of all functions ω : T → ∪t∈T Ωt,
such that ω(t) ∈ Ωt. For t ∈ T , the map xt : Ω → Ωt given by
xt(ω) = ω(t), for ω ∈ Ω is called the coordinate map. For a family
{(Ωt,Ft)}t∈T of measurable spaces, their product is the measurable
space (∏t∈T Ωt, ∏t∈T Ft), where ∏t∈T Ft = σ(xt, t ∈ T ) is the small-
est σ-algebra on ∏t∈T Ωt under which all coordinate mappings are
measurable.

Theorem 14.21 (The Kolmogorov Extension Theorem). Let T be a non-
empty set, and let

{µ(t1,t2,...,tn) : n ∈N, t1, . . . , tn ∈ T } (14.5)

be a family of probability measures on Rn, n ∈N with the property that
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1. for all n ∈ N, (t1, t2, . . . , tn) ∈ T n, a permutation σ ∈ Sn and a family
Ai ∈ B(R), i = 1, . . . , n,

µ(t1,t2,...,tn)(A1 × A2 × · · · × An) =

= µ(tσ(1),tσ(2),...,tσ(n))
(Aσ(1) × Aσ(2) × . . . Aσ(n)),

2. for all n ∈N, A ∈ B(Rn), and (t1, t2, . . . , tn, tn+1) ∈ T n+1,

µ(t1,t2,...,tn ,tn+1)
(A×R) = µ(t1,t2,...,tn)(A).

Then, there exists a probability measure P on the product measurable space
(∏t∈T R, ∏t∈T B(R)) such that that the finite-dimensional distributions of
the coordinate process {xt}t∈T are given by (14.5), i.e., the distribution of the
random vector (xt1 , xt2 , . . . , xtn) is µ(t1,...,tn), for all n ∈N, (t1, t2, . . . , tn) ∈
T n.

Remark 14.22.

1. In spite of their formal appearance, the conditions of Theorem 14.21

are very natural. They simply state that the measures µ(t1,...,tn)

satisfy the immediate necessary conditions that a family of finite-
dimensional distributions of a process with index set T would sat-
isfy.

2. The meaning of the statement of the theorem is not hard to deci-
pher, either. It basically says that if you define a family of finite-
dimensional distributions (in a minimally consistent way), there
will exist a probability space and a random process on it whose
finite-dimensional distributions are exactly the ones you prescribed.

Corollary 14.23 (A “Brownian-motion-in-distribution” exists). There
exists a probability space (Ω,F , P) supporting a stochastic process {Xt}t∈[0,∞)

which satisfies the conditions (1) and (2) of Definition 14.17.

Proof. For 0 ≤ t1 < t2 < · · · < tn < ∞, let µ(t1,...,tn) be the centered
Gaussian measure on Rn with covariance Σij = min(tj, tj). One rou-
tinely checks that the consistency conditions (1) and (2) from Theorem
14.21 are satisfied.

The second ingredient in this construction is a theorem of Kol-
mogorov and Čentsov which allows us to produce a pathwise con-
tinuous modification of a process which possesses strong continuity
properties in distribution. Here is what we mean by the word “modi-
fication”:
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Definition 14.24 (Modification and indistinguishability). A stochastic
process {X′t}t∈[0,∞) is said to be a modification of the process {Xt}t∈[0,∞)

if X′ and X are defined on the same probability space and

Xt = X′t, a.s., for all t ≥ 0.

The processes X and X′ are said to be indistinguishable if there exists
an event Ω∗ ∈ F with P[Ω∗] = 1 such that

Xt(ω) = X′t(ω) for all t ≥ 0 and all ω ∈ Ω∗.

Remark 14.25.

1. If X and X′ are indistinguishable then they are modifications of
each other. The converse does not hold. Take, for example, the
processes X and X′ defined on ([0, 1],B([0, 1]), λ) by

Xt(ω) = 0, X′t(ω) = 1{t=ω}, for (t, ω) ∈ [0, 1]× [0, 1].

2. Without further assumptions on the processes X and X′, one cannot
define indistinguishability by requiring that P[Xt = X′t for all t] =
1. Indeed, there is no guarantee that the set {Xt = X′t for all t} is
measurable, as it is an intersection of uncountably many events of
the form {Xt = X′t}, t ≥ 0.

We remind the reader of a particular form of the ubiquitous notion
of Hölder continuity.

Definition 14.26 (Local Hölder continuity). A real function f : [0, ∞)→
R is said to be locally Hölder continuous with exponent γ ∈ (0, 1] if
there exist constants δ, K > 0 such that

| f (t)− f (s)| ≤ K |t− s|γ for all t, s with |t− s| < δ.

The following theorem turns out to be very useful beyond its role
in the construction of the Brownian motion below. We give it without
proof.

Theorem 14.27 (Kolmogorov-Čentsov). Suppose that there exists con-
stants α, β, C > 0 such that the stochastic process {Xt}t∈[0,1] satisfies

E[|Xt − Xs|α] ≤ C |t− s|1+β , (14.6)

for all t, s ∈ [0, 1]. Then, there exists a modification {X̃t}t∈[0,1] of {Xt}t∈[0,1]
and an event Ω∗ ∈ F such that P[Ω∗] = 1 and for every ω ∈ Ω∗ and every
0 < γ < β

α , the trajectory t 7→ X̃t(ω) is locally Hölder continuous with
exponent γ.
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Remark 14.28. Theorem 14.27 above takes one type of Hölder continu-
ity and turns it into another. Indeed, the condition (14.6) requires that
the map t 7→ Xt from [0, 1] into Lα be Hölder continuous with order
γ′ = (1 + β)/α. The conclusion is that its paths can be made Hölder
continuous with any exponent smaller than γ′ − 1/α.

Corollary 14.29 (Brownian existence and regularity of pathe via Kol-
mogorov-Čentsov). The Brownian motion exists. Moreover, almost all of
its trajectories are locally Hölder continuous of order γ, for each γ < 1

2 .

Proof. We start from the process {Xt}t∈[0,1], whose existence is guar-
anteed by Corollary 14.23. Since both Xt − Xs and

√
(t− s)X1 have

the same distribution when 1 ≥ t > s ≥ 0 - namely N(0, t− s) - for
each n = 2, 3, . . . we have

E[|Xt − Xs|2n] = |t− s|n E[|X1|2n] = Cn |t− s|n ,

where Cn = E[|X1|2n] = (2n)!
2nn! < ∞. Therefore, Theorem 14.27 applies

and we can produce a continuous modification {X̃t}t∈[0,1] of {X}t∈[0,1]
- a Brownian motion on [0,1]. The same theorem implies that the
trajectories of {X̃t}t∈[0,1] are a.s. locally Hölder continuous of order
γ < n−1

2n = 1
2 −

1
2n , for each n = 2, 3, . . . .

The “Donsker-Prohorov” construction

The canonical space C[0, ∞). The set of all continuous functions ω :
[0, ∞) → R is denoted by C[0, ∞). It is typically endowed with topol-
ogy of locally uniform convergence, i.e., the topology which is induced
by the metric d, given by

d(ω1, ω2) =
∞

∑
k=1

2−k min(1, sup
t∈[0,k]

|ω1(t)−ω2(t)|), for ω1, ω2 ∈ C[0, ∞).

A sequence {ωn}n∈N ⊆ C[0, ∞) converges to ω ∈ C[0, ∞) if and only
if the restrictions ωn|[0,k] converge to ω|[0,k] uniformly, for each k ∈N.

When we speak of the Borel sets on C[0, ∞), we refer to the σ-
algebra B(C[0, ∞)) generated by the open sets in the metric d. The
functions xt : C[0, ∞) → R, t ∈ [0, ∞), given by xt(ω) = ω(t), for
ω ∈ C[0, ∞) and t ≥ 0, are called the coordinate mappings on C[0, ∞).
The subsets of C[0, ∞) of the form

{ω ∈ C[0, ∞) : (ω(t1), . . . , ω(tn)) ∈ A}, (14.7)

for some n ∈ N, (t1, . . . , tn) ∈ [0, ∞)n, and A ∈ B(Rn), are called
finite-dimensional cylinders. The collection of all finite-dimensional
cylinders is denoted by C.
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Problem 14.2. Show that

1. d is a metric, and that (C[0, ∞), d) is a separable and complete met-
ric space.

2. The σ-algebra B(C[0, ∞)) is generated by all finite-dimensional cylin-
ders.

The set C[0, ∞) is usually referred to as the canonical space for the
Brownian motion, because of the following result:

Proposition 14.30 (The distribution of a continuous process). Suppose
that almost all of trajectories of the stochastic process {Xt}t∈[0,∞) are con-
tinuous. There exists a probability measure PX on the Borel sets of C[0, ∞)

such that the coordinate process {xt}t∈[0,∞) under PX has the same finite-
dimensional distributions as {Xt}t∈[0,∞).

Proof. Since we are trying to produce the process which will match
{Xt}t∈[0,∞) only in finite-dimensional distributions, we can assume
that all of its trajectories are continuous, without loss of generality.
Therefore, we can interpret {Xt}t∈[0,∞) as a mapping from (Ω,F ) to
(C[0, ∞),B(C[0, ∞))) and define the measure PX by

PX [B] = P[X ∈ B]
(
= P[X−1(B)] = P[{ω ∈ Ω : X·(ω) ∈ B}]

)
,

provided that we show that X−1(B) ∈ F , i.e., that the mapping X :
(Ω,F ) → (C[0, ∞),B(C[0, ∞))) is measurable. For that, we pick B of
the form (14.7), and note that X−1(B) = {(Xt1 , . . . , Xtn) ∈ A} which
is an element of F by the assumption that X is a stochastic process.
Since the sets of the form (14.7) generate B(C[0, ∞)), we are done.

Definition 14.31 (The law of a process; the Wiener measure). For a
continuous process X, the measure PX as in Proposition 14.30 is called
the law or the distribution of X. When X is a Brownian motion, then
PX is called the Wiener measure.

Weak convergence on C[0, ∞) Once we understand how to identify con-
tinuous processes and probability measures on C[0, ∞), we can begin
to study convergence of processes in terms of the convergence of their
laws. A review of some of the basic notions of weak convergence (cov-
ered in Lecture 7), specialized to the space C[0, ∞), follows.

Definition 14.32 (Weak convergence). Let {Pn}n∈N be a sequence of
probability measures on (C[0, ∞),B(C[0, ∞))). We say that {Pn}n∈N

converges weakly to a probability measure P on (C[0, ∞),B(C[0, ∞))),
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and denote it by Pn
w→ P, if

EPn [ f (ω·)]→ EP[ f (ω·)],

i.e., ∫
C[0,∞)

f (ω) dPn(ω)→
∫

C[0,∞)
f (ω) dP(ω),

for all bounded and continuous functions f : C[0, ∞)→ R.

The following theorem characterizes weak compactness in the set
of all probability measures on C[0, ∞). We give it without proof.

Theorem 14.33 (Prohorov). Let Π be a collection of probability measures
on C[0, ∞). Then, the following two conditions are equivalent

1. For each sequence {Pn}n∈N in Π there exist a subsequence {Pnk}k∈N of
{Pn}n∈N and a probability measure P on C[0, ∞) such that Pnk

w→ P.

2. The sequence {Pn}n∈N is tight, i.e., for each ε > 0, there exists a compact
set K ⊆ C[0, ∞) such that supn Pn[Kc] ≤ ε.

Our next definition describes a mode of convergence weaker than
the weak convergence introduced above and much easier to work with.

Definition 14.34 (Convergence of finite-dimensional distribution). For
each m ∈N and (t1, . . . , tm) ∈ [0, ∞)m, the mapping

C[0, ∞) 3 ω 7→ (ωt1 , . . . , ωtm) ∈ Rm,

is called the natural projection, and is denoted by π(t1,...,tm). For a
probability measure P on C[0, ∞), the probability measure P(t1,...,tm),
given by

P(t1,...,tm)[A] = P[π−1
(t1,...,tm)

(A)], for A ∈ B(Rm),

is called the (t1, . . . , tm)-finite-dimensional distribution of P.
A sequence {Pn}n∈N of probability measures on C[0, ∞) is said to

converge to a probability measure P in the sense of convergence of

finite-dimensional distributions, denoted by Pn f .d.d.→ P if Pn
(t1,...,tm)

w→
P(t1,...,tm), for all m ∈N and all (t1, . . . , tm) ∈ [0, ∞)m.

Remark 14.35. The reader will realize immediately that Pn
f .d.d.→ P if

and only if the distributions of random vectors (ωt1 , . . . , ωtm), for all
m ∈ N, (t1, . . . , tm) ∈ [0, ∞)m, converge weakly on Rm. Equivalently
(and, perhaps, more clearly), suppose that Pn is the law of process

{Xn
t }t∈[0,∞) and P is the law of {Xt}t∈[0,∞). Then Pn

f .d.d.→ P if and

only if (Xn
t1

, . . . , Xn
tm
)
D→ (Xt1 , . . . , Xtm) for all m ∈ N and all m-tuples

(t1, . . . , tm) of non-negative reals.
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Problem 14.3. Let P and P′ be two probability measures on C[0, ∞)

whose finite-dimensional distributions coincide, i.e., such that

P(t1,...,tm) = P′(t1,...,tm),

for all m ∈N, (t1, . . . , tm) ∈ [0, ∞)m. Then P = P′.

It is not hard to see that Pn
w→ P implies Pn

f .d.d.→ P, but the con-
verse is only true if an additional property is satisfied:

Proposition 14.36 (Tightness + convergence in fdd = weak conver-
gence). Let {Pn}n∈N be a tight sequence of probability measures on C[0, ∞)

such that Pn
f .d.d.→ P, for some probability measure P on C[0, ∞). Then

Pn
w→ P.

Proof. Tightness of {Pn}n∈N and Theorem 14.33 imply that for some
probability measure P′ on C[0, ∞) and some subsequence {Pnk}k∈N

of {Pn}n∈N we have Pnk
w→ P′. In particular, we have Pnk

f .d.d.→ P′.

On the other hand, Pn
f .d.d.→ P and the same is true for all of its subse-

quences, so P and P′ have the same finite-dimensional distributions.
By Problem 14.3, P = P′. The same argument shows that every weakly
convergent subsequence of {Pn}n∈N must have P as the limit.

Suppose that Pn 6
w→ P. Then, there exists a bounded continuous

function f : C[0, ∞)→ R such that∫
C[0,∞)

f (ω) dPn(ω) 6→
∫

C[0,∞)
f (ω) dP(ω).

By passing to a subsequence (indexed by {nk}k∈N) we can assume that
the limit

∫
C[0,∞) f (ω) dPnk (ω) exists (remember, f is bounded) but is

not equal to
∫

C[0,∞) f (ω) dP(ω). If we pass to a further subsequence
- whose index set is denoted by {nkl

}l∈N - we can assume that Pnkl
converges weakly, and, as we have shown above, its limit must be equal
to P. This is in contradiction with the fact that

∫
C[0,∞) f (ω) dPnkl

(ω) 6→∫
C[0,∞) f (ω) dP(ω). Therefore, Pn

w→ P.

Problem 14.4. Give an explicit construction of a sequence {Pn}n∈N

of probability measures on C[0, ∞) which converges in the sense of
finite-dimensional distributions, but does not converge weakly. Hint: Use Dirac measures.

Interpolated random walks. Our second construction of Brownian mo-
tion is due to Donsker, and starts with a sequence of random walks.

Definition 14.37 (Interpolated random walk). Let {ξn}n∈N be a se-
quence of iid random variables with E[ξn] = 0, Var[ξn] = 1, for
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all n ∈ N. The interpolated random walk with steps {ξn}n∈N is a
stochastic process {Xt}t∈[0,∞) defined by

Xt =


0, t = 0,

∑t
k=1 ξk, t ∈N,

interpolated linearly, t 6∈N0.

For n ∈N, the n-scaled interpolated random walk with steps {ξn}n∈N

is the stochastic process {Xn
t }t∈[0,∞), given by

Xn
t = 1√

n Xnt.

Theorem 14.38 (Donsker’s invariance principle). Let {ξn}n∈N be a se-
quence of iid random variables with E[ξn] = 0, Var[ξn] = 1, for all n ∈ N,
and let {Xn}n∈N be the sequence of corresponding scaled interpolated random
walks. If Pn denotes the law of Xn on C[0, ∞), then the sequence {Pn}n∈N

is weakly convergent and its limit is the Wiener measure.

Proof. We only give the skeleton of the proof:

1. The first step is to show that the sequence {Pn}n∈N is tight. This is
accomplished through some clever estimates and the use of Arzelá-
Ascoli theorem.

2. Then, we need to show that the finite-dimensional distributions
converge towards the finite-dimensional distributions of the Brow-
nian motion. The main tool here is the Central Limit Theorem, and
the procedure is simple, if a little tedious (you need to deal with
the interpolated parts of Xn).

3. Finally, we conclude that the weak limit exists in C[0, ∞) and that
its finite-dimensional distributions are those of a Brownian motion.
Therefore, the limit is the Wiener measure.

Additional Problems

Problem 14.5 (A characterization of the Gaussian). Let C denote the
subset of probability densities f on R with∫

x f (x) dx = 0 and
∫

x2 f (x) dx = 1.

Show that the standard Gaussian density ϕ maximizes the entropy

H( f ) = −
∫

f (x) log f (x) dx,

over all f ∈ C. Note: We set 0 log 0 := 0.
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Problem 14.6 (Gaussian measures of balls). Let Bn be the unit ball
in Rn, and let γn be the centered Gaussian measure on Rn whose
variance-covariance matrix is the identity matrix I.

1. Show that
lim

n→∞
nΓ( n

2 )γn(Bn) =
1
2e ,

where Γ is the Gamma function.

2. Prove that γn(Bn)→ 0 faster than any exponential.

3. Describe the asymptotic behavior of γn(Bn)/λn(Bn), as n → ∞,
where λn denotes the n-dimensional Lebesgue measure.

Problem 14.7 (Brownian motion as a random expansion). Let {en}n∈N

be an orthonormal set in L2[0, 1], i.e.
∫ 1

0 e2
n(u) du = 1, as well as∫ 1

0 en(u)em(u) du = 0, for m 6= n ∈ N. If {ζn}n∈N is a sequence of
iid unit normals, show that

1. The sequence Bn = ∑n
k=1 ζkek, n ∈N, diverges in L2[0, 1], a.s.

2. On the other hand, the sequence 〈Bn, h〉 = ∑n
k=1 ζk

∫ 1
0 ek(u)h(u) du, Hint: Show that

∑n∈N

( ∫ 1
0 en(u)h(u) du

)2
< ∞.n ∈N, converges in L2 for each h ∈ L2[0, 1].

3. With the random variable Bh defined as Bh = limn〈Bn, h〉, show that Note: This is an example of a stochas-
tic process indexed by a something other
than a subset of R. Here, in fact, it is in-
dexed by an infinite-dimensional Hilbert
space.

the stochastic process (Bh)h∈L2[0,1] is Gaussian and find its mean
and covariance functions.

4. Suppose, for this part only, that, for each pair h, k ∈ L2[0, 1] we
Note: This will be the case if and only
if {en}n∈N is an orthonormal basis of
L2[0, 1].

have

∑
n

( ∫ 1

0
en(u)h(u) du

)( ∫ 1

0
en(u)k(u) du

)
=
∫ 1

0
h(u)k(u) du. (14.8)

Consider the stochastic process {Wt}t∈[0,1], where Wt = Bht , for
ht = 1[0,t], t ∈ [0, 1]. Show that W is a “Brownian-motion-in-
distribution”, i.e., that it is centered Gaussian with the Brownian
covariance structure.

Problem 14.8 (A process with no continuous modification). Let η be a
random variable with P[η > 0] = 1, and let {Xt}t∈[0,∞) be defined as
follows:

Xt =

0, t < η,

1, otherwise.

Show that X is not a modification of any process with continuous
paths.
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Problem 14.9 (The Integrated Brownian Motion). Let {Bt}t∈[0,∞) be a
Brownian motion, with all trajectories t 7→ Bt(ω), ω ∈ Ω, continuous,
and define the process {Xt}t∈[0,∞) by

Xt =
∫ t

0
Bu du for t ∈ [0, ∞).

Show that Xt is a random variable for each t. Then, show that X is a
Gaussian process and compute its mean and covariance functions.
On the other hand, let Yt =

∫ t
0 B3

u du. Compute Var[Yt]. (*) Is the
process Y Gaussian? Hint: Approximate the integrals that de-

fine Xt and Yt and feel free to use soft-
ware for integration.
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