
TAYLOR TOWERS AND SNAITH SPLITTING

RICHARD WONG

Abstract. The goal of this talk is to understand the relationship between n-homogeneous polynomial
functors and symmetric n-multilinear functors. On the way we will understand the Taylor tower. We will

then use this to understand the derivatives of Σ∞∗ Hom(S1,−) via the Snaith splitting.

Let F : C → D be a homotopical functor between topologically enriched based model categories. That is,
F preserves weak equivalences. Our goal is to understand the following square of categories of functors. In
fact, we will construct these functors and show that they have inverses up to objectwise weak equivalence.

Homogn(Top∗,Sp) Homogn(Top∗,Top)

Linn(Top∗,Sp) Linn(Top∗,Top)

Ω∞∗ (−)

Rn(−)

∆n(−) crn(−) crn(−)

Ω∞∗ (−)

There is also a similar square for unbased topological spaces, and by inclusion, this gives us a cube of
functors that are weakly equivalent objectwise. I believe that everything in this talk can be done for Top/Y ,
the category of topological spaces over a fixed space Y .

1. Recollections about Goodwillie Calculus

Let F : C → D be a homotopical functor between topologically enriched based model categories. That
is, F preserves weak equivalences. We would like to approximate F by functors, much as one would like to
approximate a function f by polynomials. It turns out that we can make this idea make sense, and that the
thing analogous to polynomials are the n-excisive functors.

Definition 1.1. A functor F is n-excisive if it takes strong homotopy n-cocartesian diagrams to homotopy
n-cartesian diagrams.

Definition 1.2. A homotopy n-cocartesian (cartesian) diagram is an n-cubical diagram whose “last” (“first”)
object is equivalent to the homotopy colimit (limit) of the other objects.

Example 1.3. A homotopy 2-cocartesian (cartesian) diagram is a homotopy pushout (pullback) square.

Definition 1.4. A strong homotopy n-cocartesian (cartesian) diagram is a homotopy n-cocartesian (carte-
sian) diagram with all faces cocartesian (cartesian). Equivalently, if any k-cube is cocartesian (cartesian) for
1 < k < n.

Given a homotopical functor F , we can construct an n-excisive functor PnF that is an approximation of
F . In particular, we have a natural map F → PnF , and if F is n-excisive, then PnF ∼= F objectwise.

We do so by first constructing auxillary functors TnF :

Definition 1.5. Given a homotopical functor F : C → D, we construct a functor TnF : C → D that is
defined on objects X as follows:

TnF (X) = holimT∈P0([n+1])F (X ∗ T )

Where P0([n + 1]) is the poset on (n + 1) with the initial vertex removed, and X ∗ T = hocolim(X ←
X × T → T )

Remark 1.6. TnF commutes with homotopy limits, filtered homotopy colimits, and if D = Sp, then it
commutes with all homotopy colimits.
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Example 1.7. T1F (X) = holim(F (CX) → F (ΣX) ← F (CX)). Where CX is the cone on X and ΣX is
the suspension of X.

In particular, since TnF (X) is a homotopy limit, we have a map tnF : F (X) → TnF (X). Therefore, we
can make the following definition.

Definition 1.8. Given a homotopical functor F : C → D, we construct a functor PnF : C → D that is
defined on objects X as follows:

PnF (X) = hocolim(F (X)→ TnF (X)→ T 2
nF (X)→ · · · )

Remark 1.9. TnF commutes with homotopy limits, filtered homotopy colimits, and if D = Sp, then it
commutes with all homotopy colimits.

The constant term (P0F )(X) is the same, up to natural weak equivalence, as the constant functor F ().

Proposition 1.10. PnF (−) is n-excisive.

So PnF is our functorial n-excisive approximation to F . Furthermore, we can build a natural transfor-
mation qnF : PnF → Pn−1F by building the following commutative diagram:

F (X) TnF (X) T 2
nF (X) · · ·

F (X) Tn−1F (X) T 2
n−1F (X) · · ·

tnF

qn,1F

t2nF

qn,2F

t3nF

qn,3F

tn−1F t2n−1F t3n−1F

Proposition 1.11.
T inF (X) ∼= holim(U1,...,Ui)∈P0([n+1])iF (X ∗ (U1 ∗ · · · ∗ Ui))

Therefore, we have a map qn,iF is induced by the inclusion of P0([n])i → P0([n+ 1])i. This gives us the
Taylor tower of F :

· · ·

Pn+1F

PnF

· · ·

F P0F

qn+2F

qn+1F

qnF

Furthermore, just as one has a tower of polynomial approximations of a function f , one can look at the
fibers of the tower, which give us the n-homogeneous polynomials xn. We can do the same thing with the
homotopy fibers of the Taylor tower, and that gives us an n-homogeneous functor.

Definition 1.12. A functor is n-reduced if Pn−1F ∼= ∗.
Proposition 1.13. A functor is n-homogeneous if it is n-excisive and n-reduced.

Definition 1.14. Let DnF (−) be the functor defined on objects as

DnF (X) = hofib(PnF (X)→ Pn−1F (X))

Remark 1.15. DnF commutes with finite homotopy limits, filtered homotopy colimits, and if D = Sp, then
it commutes with all homotopy colimits.

Proposition 1.16. DnF (−) is n-homogeneous.

Proof. Sketch. It is n-excisive since it is a homotopy limit of n-excisives (and holim commutes with Pn).
It is n-reduced since Pn−1(DnF ) = hofib(Pn−1(PnF ) → Pn−1(Pn−1F )). However, the map Pm(F ) →

Pm(PnF ) is an equivalence if 0 ≤ m ≤ n. �
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2. The functor Ω∞∗

Since the functor Ω∞∗ : Sp→ Top preserves weak equivalences and cartesian cubes, then by composition,
we have the desired functor Ω∞∗ : Homogn(Top∗,Sp)→ Homogn(Top∗,Top).

We would like to construct an inverse in the following way: If we had some functorRn : Homogn(Top∗,Top)→
Homogn(Top∗,Top) such that we had a natural transformation F ∼= ΩRnF , then we can do the following:

We consider the functor R∞F (−) sending X 7→ {RnF (X)}. This is a spectrum valued functor.
Furthermore, it is a homogenous functor by checking at each level. Furthermore, we can see that Ω∞∗ R∞

∼=
Id. Verifying that R∞Ω∞∗

∼= Id comes from considering two filtrations on {RpFqX}.
We build RnF as a homotopy pushout coming from an approximation of the map PnF

qnF−−→ Pn−1F .

PnF Pn−1F

P̃nF P̃n−1F

∗ ∼ KnF RnF

qnF

∼ ∼

p

3. Symmetric n-multilinear functors

Let ∆ : C → Cn be the diagonal functor.

Theorem 3.1. F ◦ ∆ is (d1 + . . . dn)-excisive if F : Cn → D is (d1, . . . , dn)-excisive. That is, if F is
dj-excisive in the jth variable.

Lemma 3.2. If F : Cn → D is (1, . . . , 1)-reduced, then F ◦∆ is n-reduced.

This gives us the following important corollary.

Corollary 3.3. If F : Cn → D is multilinear (that is, 1-excisive and 1-reduced in each variable), then F ◦∆
is n-homogeneous.

Definition 3.4. A functor F : Cn → D is symmetric if there are isomorphisms L(X1, . . . , Xn)→ L(Xσ(1), . . . , Xσ(n))
for all σ ∈ Σn.

Therefore, if L : Cn → D is symmetric and multilinear, then L ◦∆ is an n-homogeneous functor with a
Σn action. This is why we consider the functor categories Linn(Top∗,Sp) and Linn(Top∗,Top).

Definition 3.5. Let L : Cn → Sp be a symmetric multilinear functor with values in spectra. Then we define
a functor ∆n : Top∗ → Sp as follows:

∆nL(X) = L(X, . . . ,X)hΣn

This should remind one of how to obtain an n-homogeneous polynomial given a symmetric multilinear

function l(x1, . . . xn): consider the polynomial l(x,...x)
n! .

The functor ∆nL is n-homogeneous, since homotopy orbits is a homotopy colimit.

4. nth Crossing Effects

Given an n-homogeneous functor F , we now construct the n-th crossing effect crnF : Topn∗ → Sp. We
will then show that it is an inverse to ∆n up to weak equivalence.

To motivate the construction, consider how one can build a symmetric multilinear function given an
n-homogeneous polynomial f(x). To obtain a symmetric bilinear polynomial, we can then consider

l(x1, x2) := f(x1 + x2)− f(x1)− f(x2) + f(0)

This motivates our definition of the second crossing effect: cr2F is the total homotopy fiber of the following
diagram.
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F (X1 ∨X2) F (X1)

F (X2) F (∗)

Definition 4.1. The total homotopy fiber of a diagram is the homotopy fiber of the map from the “first”
object to the homotopy fiber of the diagram without the “first” object.

Example 4.2. In other words, cr2F = hofib[F (X1 ∨X2)→ hofib(F (X1)→ F (∗)← F (X2))] .

To define the n-th crossing effect, we index it with the following n-cube:

Definition 4.3. Given an n-tuple (x1, . . . xn) ∈ Topn∗ , we define S(x1, . . . xn) to be the n-cube sending

[n]− T 7→ ∨s∈TXs

Definition 4.4. In general, given an n-homogeneous functor F : Top∗ → Sp, we define the n-th crossing
effect as

crnF (x1, . . . xn) : tfiber(F (S(x1, . . . xn))

Example 4.5. Note that cr1F = fib(F (X)→ F (∗). We define cr0F := F (∗).

Proposition 4.6. For all n, crnF is a homotopy functor and is symmetric multilinear.

Remark 4.7. Since Σ is a homotopy colimit / left adjoint, then we have that

crnF (ΣX1, . . .ΣXn) = crn(F ◦ Σ)(x1, . . . xn)

Theorem 4.8. ∆n and crn are mutual inverses up to weak equivalence.

5. The functor Ω∞∗ , redux

As in section 2, we have functor Ω∞∗ : Linn(Top∗,Sp)→ Linn(Top∗,Top) induced by composition with the
functor Ω∞∗ : Sp → Top. We would like to construct an inverse to it in much the same way as we did for
n-homogeneous functors. That is, we are looking for some kind of delooping functor so we can run the same
argument as before. To do so, we consider the following multivariable Taylor polynomial construction:

Definition 5.1. Suppose that F : Topn∗ → Top is a homotopical functor of n variables. We say that it is
(d1, . . . , dn)-excisive ((d1, . . . , dn)-reduced) if it is dj-excisive (dj-reduced) in the j-th variable.

Definition 5.2. Let F is a homotopical functor of n variables. We define the following functor:

Td1,...,dnF (X1, . . . , Xn); = holimU1,...,Un∈
∏

j P0([dj+1]F (X1 ∗ U1, . . . , Xn ∗ Un)

Where P0([dj + 1]) is the poset on (dj + 1) with the initial vertex removed, and Xi ∗ U1 = hocolim(Xi ←
Xi × Ui → Ui). Compare this to Definition 1.5.

This construction allows us to build a delooping functor for symmetric multilinear functors:

Proposition 5.3. Let L be a symmetric linear functor. Then we have natural equivalences

L(X1, . . . , Xn)
∼−→ T1,...,1L(X1, . . . , Xn)

∼←− ΩVnL(ΣX1, . . . ,ΣXn)

Vn denotes the standard n-dimensional representation of the action of Σn. One must be careful with the
equivariance.

Since the standard n-dimensional representation contains the trivial 1-dimensional representation, we have
the desired splitting:

L(X1, . . . , Xn) ∼ Ω(ΩV̂nL(ΣX1, . . . ,ΣXn))

Theorem 5.4. We have shown that all of the functors in the following diagram are invertible up to objectwise
weak equivalence.
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Homogn(Top∗,Sp) Homogn(Top∗,Top)

Linn(Top∗,Sp) Linn(Top∗,Top)

Ω∞∗ (−)

Rn(−)

∆n(−) crn(−) crn(−)

Ω∞∗ (−)

Therefore, we have the following corollary:

Corollary 5.5. If F : Top∗ → Top is n-homogenous, then F is determined by F ◦ Σ.

Proof. By Theorem 5.5, we see that F is determined by crnF , which is symmetric multilinear. Hence

crnF (X1, . . . , Xn) ∼ ΩV̂ncrnF (ΣX1, . . . ,ΣXn)

∼= ΩV̂ncrn(F ◦ Σ)(X1, . . . , Xn)

Where the first equivalence follows by proposition 5.3, and the second is a verification of the properties of
crn(−). Therefore, since crnF is dertermined by crn(F ◦Σ), we then see that F is determined by F ◦Σ. �

6. The Snaith Splitting

We now turn to an application of corollary 5.3 to calculate the derivatives of the functor Σ∞Ω(−) :
Top∗ → Sp.

We begin with the following theorem of Snaith:

Theorem 6.1 (Snaith). Let X be a based connected topological space. Then we have a weak equivalence of
spectra:

Σ∞ΩΣX ∼
∏
n≥1

Σ∞(X∧n)

We observe that on the right hand side, that the functor Σ∞(−)∧n is n-homogenous. Hence we have that
the k-th Taylor polynomial of the right hand side is

∏
1≤n≤k Σ∞(−)∧n since this agrees with the right hand

side up to order k. Therefore, the same must hold for the left hand side:

Proposition 6.2. The nth homogenous layer of Σ∞ΩΣ(−) is Σ∞(−)∧n.

By corollary 5.5, we obtain the following:

Proposition 6.3. The nth homogenous layer of Σ∞Ω(−) is the functor ΩnΣ∞(−)∧n.

Proof. We note that by proposition 6.2,

DnF (ΣX) ∼ Dn(F ◦ Σ)(X) ∼ Σ∞(X)∧n ∼ ΩnΣ∞(ΣX)∧n

By corollary 5.5, we are done. �

There is a way to get from the James construction of ΩΣX (which says that the free topological monoid
on X, denoted JX, is homotopy equivalent to ΩΣX) to the Snaith splitting. Consider the filtration on JX
by word length, whose subquotients give a natural fibration sequence

Σ∞Jn−1X → Σ∞JnX → Σ∞X∧n

The left and middle terms are n-excisive by induction, and as a consequence, the fibration sequence must
split (a retraction can be obtained by considering a square involving the the (n−1)th Taylor approximation.
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