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The St. Petersburg Paradox

This activity explores the difficulty of using the expected value as a method of determining the fair price of an uncertain payment.

Game 1

Game 1 is played by flipping a fair coin until it comes up heads.  Here’s how you play:

1. Get a partner.  Determine who is player #1 and who is player #2.

2. Player #1 flips a penny.  Player #2 writes down the outcome of the flip.  H for heads, T for tails.

3. If the first flip was an H, then the game is over.  And player #1 wins $1.

4. If the first flip was a T, then player #1 flips again.  If the second flip is an H, then the game is over.  Player #1 wins $2.

5. If the second flip is a T, then player #1 flips again.  Player #2 should be recording the outcomes.  

6. Player #1 continues flipping the coin until they get an H.  Player #2 counts the total number of flips.  If there are n flips, then Player #1 wins $n.

Here are some examples:

Player #1: H


 
Player #2 calculates: $1. 

Player #1: T,H



Player #2 calculates: $2. 

Player #1:  T,T,T,T,T,T,H
Player #2 calculates: $7.

Now get a partner and play 5 times as Player #1

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

What is the average amount you won?______

How much would you pay someone to play this game?______

Game 2

Game 2 is like Game 1, this time with a new rule 6:

6. Player #1 continues flipping the coin until they get an H.  Player #2 counts the total number of flips.  If there are n flips, then Player #1 wins $n2.

Here are some examples:

Player #1: T,H


         Player #2 calculates: $22= 4 

Player #1:  T,T,T,T,T,T,H
 Player #2 calculates: $72=49.

Now get a partner and play 5 times as Player #1

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

What is the average amount you won?______

How much would you pay someone to play this game?______

Game 3

Game 3 is also like Game 1, this time with another rule 6:

6. Player #1 continues flipping the coin until they get an H.  Player #2 counts the total number of flips.  If there are n flips, then Player #1 wins $2n.

Here are some examples:

Player #1: T,H


         Player #2 calculates: $22= 4 

Player #1:  T,T,T,T,T,T,H
 Player #2 calculates:$72=128

Now get a partner and play 5 times as Player #1

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

Player #1:



Player #2 calculates

What is the average amount you won?______

How much would you pay someone to play this game?______

What’s the Paradox?

The probability of getting H on the first flip is ½.  Likewise, the probability of getting T on the first flip and H on the second flip is ¼.  

Continuing, the probability of Player #1 flipping the sequence T,T,T,T,T,T,H is 1/128.  In general, the probability of Player #1 flipping n-1 tails in a row followed by a head is 1/2n
Using the formula for expected value, the average winnings in playing Game 1 many times should be

1(1/2) + 2(1/4) + 3(1/8) + ... + n(1/2n) + ... = 2

How does this compare with your results?

Now let's look at Game 2.  We can calculate the expected value of the winnings in a similar way:

 1(1/2) + 4(1/4) + 9(1/8) + ... + n2(1/2n) + ... = 6

How does this compare with your results?

Finally, let's look at Game 3.   Once more calculate the expected value of the winnings:

2(1/2) + 4(1/4)  + 8(1/8) + ... + 2n(1/2n)  + ...

= 1 + 1 +1 +1 +1 +1 +1 +1 +1 +1 +   …  =  INFINITY!

How does this compare with your results?

Is the expected value of your winnings a reasonable amount to pay to play one of these games?  If so, it means it would be reasonable to pay someone ANY finite amount of money to play Game 3.  In your experience, would you pay someone $1,000,000 for a chance to play this game? 

No way!  Daniel Bernoulli was on of the first people to study Game 3, back in 1738 at St. Petersburg Academy. This is why it is called the "St. Petersburg Paradox".
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Dan Bernoulli

For more information on the St. Petersburg Paradox, see http://www.bun.kyotou.ac.jp/phisci/Gallery/D.bernoulli_note.html

The Price of a Stock Option

Suppose today’s market value of a given stock is $25.   You know that with probability 99% that the stock price will go up tomorrow to $30.   You also know that with probability 1% the stock price will go down to  $24.

Now consider a stock option that give you the right, but not the obligation, to buy the stock tomorrow for $26.   How much would you pay for it?

Draw a diagram showing possible values of the stock and the option.  What is the expected value of the option?

Now suppose the price of the stock option was $2.  Can you find a way to make a free lunch?

What should the price of the option be so that there are no free lunches? 

How “Normal” are we?

The "fuzzy" central limit theorem says that data which is influenced by many small and unrelated random effects are approximately normally distributed.  You can tell if data is “normally distributed” if it’s histogram approximately looks like one of the following:
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Take the following measurements, and hand it in to a helper BEFORE the break!  Then, we will compile the evidence and see which histograms appear normal.

--------------------------------tear here-------------------------------------

1.
Your height in inches:__________

2.
The month in which you were born:_____________

3.
The year in which you were born:_____________

4.
The length of your foot:_____________

5.
Flip a penny 20 times.  Record your outcomes here:

__  __  __  __  __  __  __  __  __  __  __  __  __  __  __  __  __  __  __ __  

6.      How many are Heads:__________
