PDE I - HOMEWORK ASSIGNMENT 1

Due Friday, September 3, 2010

Please write clearly, and staple your work !

1. PROBLEM

Assume that u : By, C R™ — R satisfies uAu > 0. Moreover, let ¢ : By, — R be
non-negative, with ¢ = 0 on dBs,.. Prove that then,

F(VuPds <4 [ JuP(Top.
Bgr B2r
Hint: Start by applying the divergence theorem to |, 9Ba, #*uVu - vdo = 0 (why does this
hold 7).
2. PROBLEM
As above, assume that u : By, C R™ — R satisfies uAu > 0. Prove the Cacciopolli
inequality

4
/ \Vul|? dz < - u? dz .
[d r BQT\BT

Hint: Use Problem 1, with the choice ¢(x) = 1if || < r, and ¢(z) = m%m if r <o <2r.

3. PROBLEM

Let w: B, C R” — R be a C! function with « = 0 on dB,. Prove that then,

/ u? dx Sc(n)rQ/ |Vul?.
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This is the Dirichlet-Poincaré inequality.

4. PROBLEM

Prove that there exists a constant C'(n) such that for all harmonic functions u : Bg, C
R"™ — R, one has

/BQTU2dx > (1+C(n))/ u? dx

r

Note that this estimate bounds the rate at which a harmonic function can decay.

Hint: You may want to proceed as follows:
e First, use the Cauchy-Schwarz inequality and problem 2 to prove that

/ V(6u)2dz < 10/ V.
Ba, Ba

e Next, apply the Dirichlet-Poincaré inequality to the left hand side of this inequality,
and choose ¢ as in problem 2.



